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In this paper we shall give an n (~5) dimensional generalization of the 

th~ory of the spherically symmetric space-times developed by the present 

writer.D Almost all properties of the four dimensional S0 given in the 

previous papers also hold for then dimensional case to within some slight 

modifications, but as will be seen ·in due course, the theory concerning 
the latter is simpler than the four dimensional theory in some respects 
owing to the condition n-22.3. In this paper, emphasizing the properties 

which do not hold for the four dimensional S0 , we shall give the main 

results. 

§ 1. Definition of S 0 and identities concerning c.s. 

Definition : An n (2-5) dimensional s. s. space-time S) is an n dimensional 
Riemannian space having the following properties : 

( I ) Its curvature tensor satisfies 
l 2 3 4 

Ktjlm = pa(iaczi3;i3ml + pg(lClaJJa,n) + pgcm/3;i3,n) + pg(i(lg})m)' (F1) 

where i, j, •. • =1, •·· , n, at and /3 1 are mutually orthogonal unit vectors 

satisfying 

a 

v,a1 = a-atf31 +1e(g,1-a,a1-f3tf31)-<t/3,/31, 

vJ31 = u{3,aJ+"ic(giJ-ata1-{3J31)-a-ataJ, 

and p ; a-, ct ; 1e, R are scalars determined from these equations. 
l 4 

(II) One of the five scalars p, .•• , p and K is such that its gradient vector 

is a linear combination of at and /3, • 
4 

(III) p+2(1e2 +;c2)+0. (F4) 

(IV) Moreover for the sake of simplicity and symmetry, we shall assume 

that the fundamental form is positive definite and a,a'=/3,/3'=1. 

Corresponding theory for the case of g,1 of the type ( - - ··· +) and 
-a,a'=/3,/3'=1 is obtained by making some slight modifications. Through-
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out this paper the similar definitions and the same notations of the c. s., 

c. v., m-transformation, etc. as those used in the four dimensional case 

are adopted. 
Then we can easily show that various identities similar to those 

given in § 2 of (I) hold. For example, 

<T = asf3tV sat= -asatv ,/3n ... ; (n-2) ,c-ct = V ,a•' ... ; a•v ,at= <T/31' ... (1.1) 
I l 2 3 

p = 4 [ -K +(n-l){(n-2), +T +Tl]/(n-2)(n-3), ...... (1. 2) 
I l 2 3 4 

T = a 1/31a 1fJ"'KtJlm =(p+p+p+2p)/4, 
2 . ' l 2 3 4 (1. 3) 
T = a~a1K;1 = -{p+(n-l)p+p+2(n-l)p}, ·····• 

2 3 

a 1K 1z = Taz, /31K 11 = T/31 • (1. 4) 
23 4 l 2 l 3 

4K1z = - f p+ p +2(n-l)p}g11 - {p+(n-2)p }aJa1- {p+(n-2)p l/31/31 , ••• (1. 5) 

. v1cP,; = g1cu(tc/3;1-•Ra;1)+F1cPij' ( -F. = ,ca, +'R/3t). (1. 6) 

The condition (2vckVt1a1=K:,t;za·, 2,lckVo/3J=K,,tJ1/31) is equivalent to that 

<T, & ; tc, 1c are s. s. and 

I 

T+<T2 +u2 = a'&,+/38<T8 , ic(u+tc)+/38tc8 = 0, tc(<T+ic)+a'Ks = 0, 
2 4 3 4 

p +2p = -4( -<Tic+'tc2 +a'tc,), p +2p = -4(-utc+R2 + /3"R.,). 
(1. 7) 

Bianchi's identity is equivalent to 
l l l 2 2 l 2 3 

l Pt= ( a• P,)a; +(ff p,)flt , Pt= (a'p,)a, + {P'R+ P<T-P('R+<T )l/3,, 
3 l 3 2 3 ~ 2 3 

Pt= {ptc+pct-p(tc+u)la,+(ffp.)/31, P, = p,cat +PR/3t. 
(1. 8) 

Theorems [2.1] and [2. 2] · in (I) hold as they are. 

§ 2. Standard form for c. s. and s. s. coordinate system 

As in the four dimensional case we can prove the following theorem : 

Theorem [2.1] For any c. s. of an S 0 there exists a coordinate system in 
which the fundamental form is given by 

ds2 = A(r, t)dr2 +B(r, t)dl2 +C(r, t)dt2 , (A,B, C>O), (2.1) 
where 

dl 2 = (d02) 2 +sin202[(d03)2+sin203 {(d04 )2+ ... +sin2011- 2(de'1-1)2 •·· l], 

and 7 = Ki;t" = 0, (a= 2, •··, n--1; not summed for a), 

hold, and the c. s. takes the form 
1 2 3 1 

(2.2) 

(2.3) 

p=4(~+7J-a--/3), p=4(a-7J), p=4(/3-7J), p=27J, (2.4) 
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fa,= VA o}, /3, = vc 8J, (x1_r, xa=ea, x"=t), 

lo-= -A;2Avc, a-= -c1;2cv11; tc=B'/2Bv11, 1c =B/2Bvc, C2· 5) 

where a K .. Ia i:J==-1{,.an !;==.K. .. l" ==.]{.,ab (a, b=2, ... , n-1; not) (2. 6) 
- la ' ,_, an ' In ' 'IJ ab ' summed for a and b • 

This coordinate system is standard for the c. s. dl2 in (2.1) and (2. 2) defines 
an (n-2) dimensional space of constant curvature whose scalar curvature 

is equal to 1. By a transformation (r, t)-(r, t) satisfying (or /or)(or /at)A 

+(at/ar)(at/at)C=O, we have a s. s. coordinate system, in which (2. 3) is 
not necessarily satisfied though ds2 takes the form (2.1). In general, 
however, any s. s. fundamental form can be brought into the form in which 

(2. 3) holds by a suitable transformation of (r, t) and such a coordinate 

system is the standard one for g0 • Hence in a standard coordinate 
system for g,1 , one c. s. is given by (2. 4) and (2. 5). 

The non-vanishing components of the Christoffel symbol and the 
curvature tensor in a s. s. coordinate system are given by 

Bil =A'/2A, {iil=-A/2C, B .. l=A/2A, {i,.l=C'/2C, {~ .. l=-C'/2A, {:,.l=C/2C; 

l1al=B'/2B, !~l=B/2B; gsl= ··· =!2~;~il=cot 02; 

14 l- -{ n-1 l-c·ot03 ! n-1 l-cote"-2· 34 - · • • - S,n-1 f - , • • • , n-2,n-1 j - , 

D2 l = -B' /2A, g3 l =-(B' /2A) sin202, ••• ' !n-l~n-il = -(B' /2A) sin202 ••• sin20"- 2 ; 

li2l=-.B/2C, {a3}=-(.B/2C)sin202, ···, L,-~ .. -il=-(.B/2C)sin202 ··· sin20"-2; 

Hsl=-sin02 cos02 ; {!4l=-sin02cos02 sin203, n4l=-sin03 cos03 ; (2.7) 

rnsl =-sin 02 cos 02 sin203 sin20t, ms! =-sin 03cos 03sin204, !ls l =-sin 04cos04 ; 

!,.-l, .. -il =-sin 02 cos 02 sin2 03 ••• sin2 0"- 2, {,._f.,._11 =--sin 03 cos 03 sin2 04 ...... 

sin20"-2, ... , ! .. -'i:-Ld =--sin 0"-3 cos 0"- 3 sin20"'-2, L,-'i;-;-il =.-sin 0"- 2 cos 0"- 2, 

a= -(1/4AB){2B"-B'2/B-A'B'/A+AB/CI, 

f3 = --(1/4BC){2B-fJ2/B-BC/C +B'C'/AI, 

'Y = (l/4BC){2B'-BB1/B---AB1/A-BC1/CI , 

'IJ = (l/B2){B-B'2/4A--fl2/4Cl , 

!; = -(1/4AC){2(A+C")-A'C'/A-AC/C-•-A2/A-C' 2/CI, 

where a, b=2, ... , n-1 and not summed for a and b. 

In the standard coordinate system for the c. s. it holds that 
2 4 3 4 1123 4 4 

(2.8) 

4a=p+2p, 4(3=p+2p, ry=O, 4!;=4r=p+p+p+2p, 2'1J=P, (2.9) 

and F, = -(,ca, +«/3,) = v ,F = ( -B' /2B, ... , 0, ---B/2B). 
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4 

We normalize F by p = 2(e2F _IC2 __ ic2) • 

Hence in the above coordinate system we have B = e-2F. 

(2.11) 

(2.12) 

Furthermore we can prove the following identities concerning F : 

a'/31v1v 1F = a 1f]1v1v,1F-:- Kie= -(<nc+a'ic,) = -(<tic+/3'K,), etc. (2.13) 

§ 3. Freedom of c. s. in an S 0 

In the same way as in the four dimensional case, we have the following 

theorems concerning c - , i-, and ro-transformations : 
" Theorem [3.1] Let [KJ: (a"fJ"P,···) be a c.s. of an S0 • Then (a't,fJT) 

given by 

( i) af = ca, , fJT =E/3; , ( .. ) * r., f]* ii a, = t-Jt , ; = a; , (3.1) 

where c2=S2=1, are again c. v. of the S 0 and the remaining members of the 
, a a 

c. s. corresponding to (i) and (ii) are given by (i) [K1]: p*=p, a-*=Ea-, u*=c<t, 
1 12 33 24 4 

IC*=c!C, R*=ER, (F*=F), and (ii) [K2]: p*=p, p*=p, p*=p, p*=p, a-*=u, 

u*=a-, IC*=ic, R*=IC, (F*=F), respectively. 

Theorem [3. 2] A necessary and sufficient condition that 

ay= a; cos ro -/3; sin ro, fJf=a, sin w+f3t cos ro, (ro~J-=mn-/2, m is any integer), 
(3.2) 

2 3 
be again c. v. of the S 0 is given by p=p and Vtro=ro,=(a'ro,)at +(/3'ro,)f3t, and 
a . 
p*, a-*,•·· corresponding to (af, (3f) are given by 
a a 
p*=p, (F*=F); IC*=IC cos ro-ic sin ro, ic*=IC sin ro+ ic cos ro; 

(3.3) 
o-*=(o--a'ro,)cosro +(er+ /3'ro,)sinro, u*= -(a--a'ro, )sinro +(<t + /3'ro,)cosro. 

Both a 1 and (3' give the principal directions of K 0 and corresponding 
2 3 

invariants are T and T respectively. In the standard coordinate system for 
a c. s., non-vanishing components of K;J are 

where a=2, •··, n-1 and not summed for a. Hence the n principal 

invariants of Ku are 
1 I 3 2 4 3 n-1 2 3 4 

}I'= -!P+P+(n-IXr+2p)}/4, ).I=···= ).I= - !r+r+2(n-l)rl/4, 
I" 1 2 3 4 (3. 5) 

JJ = - !P+P+(n-1Xp+2p)}/4. 

Hence, in general, there exists an (n-2)-ple invariants. Next, 
I n I a n a 
JJ=JJ, JJ=JJ, JJ=JJ, (a=2,··•,n-l)j (3. 6) 
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are equivalent to 
2 3 1 2 1 3 
p = p, p +(n-2)p = 0, · p +(n-2)p = 0, (3. 7) 

respectively and in the standard coordinate. system these become 

a= (3, l=--.B+(n-3Xa·-11) = 0, l=-a+(n--3X;3- 17 ) = 0. (3. 8) 

Then we can prove the following to within s- and i-transformati9ns : 

Case I. When µ's are of the form (a, .• : , a, b, c), (a, b, c=t= ), c. s. is deter­
mined uniquely. 

Case II. When µ's are of the form (a, •··, a, b, b), (a=t=b), c. s. is determined 

uniquely to within an ro-transformation. Since n-2>2, the numbers of a 

and b can not be equal. So there is no need of the special treatment of 

the case in which Band E are constant, different from the four dimensional 

case. 

Case III. When µ's are of the form (a,•··, a, b), (a=t=b). When and only 

when ds2 is reducible to 

ds2 = e2"'') (l-r2/4R2)-2(dr2 +r2dl2)+dt2 , (R2 is a constant=t=O), (3. 9) 

where g+e- 2" /R2=t=0,2> the S0 admits m-transformation and in other cases 
c. s. is determined uniquely. In the S0 defined by (3. 9) one of the following 

l 2 ,i 

relations holds for all c.s.: (i) p=p=ct=a-+;c=a•p.=0, (a1 is determined 
1 3 ,i 

uniquely), (ii) p=p=a-=ct+1e=fJ'p,=O, (/31 is determined uniquely). 

Case IV. When µ's are of the form (a,•··, a). When the S0 is of constant 

curvature c. s. is determined to within ro- and m-transformations and its 

ds2 is reducible to 

d 2 = (l + k2r2)-1dr2 + r2dz2+(l + k2r2,r1t2 (~2 is ~ny const.) . (3_ 10) 
8 JW ' mcludmg O · 

When the S0 is not of constant curvature we can easily prove that c. s. is 
determined to within an ro-transformation, different from the four dimen­

.sional case. 

Hence we have determined the freedom of the c. s. in all So's. If we 
use c. s. in place of µ's we have the following table to within S- and 

i-transformations. 

In all cases p's are determined uniquely and it is also to be noticed 

that p's are invariant under any m-transformation as is seen from the fact 

that they are determined by KiJlm in the standard coordinate system for 

the c. s. 
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1 2 1 3 

p+(n-2)p =I= 0, p+(n-2)p =I= 0 unique 
1 2 1 3 

p+(n-2)p = 0, p +(n-2)p =!= 0 
1 2 a 

r=p=o=u+<=a'p,=0 for all c.s. (m) 
Sb ( a, is determined uniquely) 

2 3 
other So's unique (p=!= p) 

1 2 1 3 

lP+\n-~)pcJaO, p+(n-2);=0 . 
S, p=p=<F=u+,c=f]'p,=0 for all c.s. (m) 

\ (fl, is determined uniquely) 
other So's unique 

1 2 J 3 

Sa. \P+(n-2)p = p+(n-2)p =I= 0 
1 

2 3 {p =I= 0 
(p=p) " = " =0 1 

· p = 0 (ro, m) 

(ro) 

(ro) 

(const. curvature) 

§ 4. Miscellaneous theorems 

(Vol. 16 

(Case I) 

(Case III) 

(Case III) 

(Case II) 

(Case IV) 

(Case IV) 

As regards the formulae for c. s. in any s. s. coordinate system, theorem 
characterizing S1 and Su, theorem concerning s. s. coordinate system of 
an Sa, etc., we can obtain similar results as those given in § 5 of (I) by 
making some slight modifications. - So we shall omit them here and shall 

add two theorems concerning an S0 •3) 

Theorem [ 4.1] In an S0 , nC2 principal invariants of KAB-K•Jim are all real. 
They are composed of two (n--2)-ple roots, one n-2C2 -ple root and one simple 

root in the general case. 

Proof. The theorem is evident from the fact that in any s. s. coordinate 
system the equation IKA8 -vo! I= 0 becomes 

(v--l=Xv-'.'J)P{v2 -(a+fj)v+(a,8-72A/C)}n- 2 = 0. (P=n_2C2). (4.1) 

Theorem [4. 2] A necessary and sufficient conditwn for an S0 to be an Su 
is that 2(n -2) of the principal invariants of KAB is equal to zero and another 
,,._2C2 are equal to a 1wn-vanishing constant. (The remaining one is arbitrary).3>, 

Proof. It is evident that the condition is necessary. Conversely if the 
condition is satisfied we have 71=const.=t=O and a+B=a,8-ry2A/C=O in 
any s. s. coordinate system, from which we can easily prove that this S0 

can not be an S1 • 

§ 5~ Orthogonal ennuple intrinsic to an S 0 

This problem was not treated in the four dimensional case. In any 
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a 
s. s. coordinate system, (n-2) unit vectors 'fo (a=2, •:·, n-1), defined by 

2 3 
"It= (0, VB, 0, ···, 0), "It . (0, o, J/Fsin 02, o. ··· , 0), ···, 

n-1 

'Y, = (0, ···, O, J/Fsin 02 ••• sin 0"-2, 0), (5.1) 
a 

form an orthogonal ennuple together with a 1 and (3,. These 'Y, satisfy 

a a 2 2 a-1 a-1 a a+l a+l n-1 n-1 

V!'Y1 = 'Y/P1-µ"1 1- ··· -µ 71)+ µ{ 7, "11 + ··· +'Y, "11), (a=2, ··· , n-1), (Fs) 

where 
2 ;\ n-1 

µ=cot 02/VB, µ~cot 03/-,/l:fsin 02, •··,µ=cot 0"- 2/-,/B sin 02 •·· sin 0"-3 , 

and 
a 

Then µ satisfies 

1 n-1 n 
µ=µ=µ=0. 

b b 2 2 b-1 b-1 2 b b 

(5.2) 

(5. 3) 

v,µ = µ{P,-µ7 1 - •·· -µ 7 1)- !(µ)2 + •·· +(µ)2 +e2Fhtt (b=2, ···, n-2). (F6) 

Conversely we shall assume that (1i-2) unit vectors ;, constitute an 
a 

orthogonal ennuple together with a, and /30 and satisfy (F5) where µ, 

(a=l, •··, n-1), are determined from (F5) and (5. 3). Moreover we shall 

assume that these µ's satisfy (F6). Then we can prove: 
a a 

Theorem [5.1] In an S 0 , 'Y; and µ are determined uniquely to within c-

and m-transformations where c-transformation is defined by 
a a a a a a. a 
7f = c 'Y,, µ* = c µ ;·, ((c)2 = 1; ~t summed for a). (5. 4) 

Proof. The proof concerning (5~ 4) is evident. We shall prove the remain-
a a 

ing part by showing that in any s. s. coordinate system "It and µ are 

transformable into the form of (5.1) and (5. 2) to within an c-transformation 
by a suitable transformation which keeps ds2 invariant. First take any 

s.s. coordinate system. Then from (F5 ) and (F6), we have 
2 a-1 a 

v{e2F+(µ)2+ ... +(µ)2 h1=v1Ta, (a=2,··•,n-1). (5.5) 

If we transform the coordinate system by 

r = r , 7Ja = Ta , t = t , ( a = 2, · · · , n-1 ), (5. 6) 

then the forms of a 0 . /3 0 p, •·· , F, g1 , g1,. ( =0) and g,,,. are kept invariant 

and in the new coordinate system, we have 

to within an c-transformation. From (F 6), we have 
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b a-1 

v,Xb = -(l+X;)o~ where Xb=µ/v{e 21+ .•. +('µ )Z}, ,(b=2, ... ; n-2)' (5. 8) 

from which we get Xb=cot (0b + const.). By the transformation 0b -7i=0b 

+const. we obtain (5. 2). Then using (F5 ) and (5. 7) we can show that ds2 

a 
is of the same form as its original one and 'Y, take the form (5.1). Q.E.D. 

a 
For the orthogonal ennuple formed by a,, /3; and 7 1 above stated the 

following relations hold: 
b b n-1 a a 

v.,'Y'=(n-b-1)µ, V,7'=O, a•v.'Y;=/3'v,'Y1=0, (a=2, ···, n-1, b=2, •··, n-2), 
b a a b 2 2 a-1 a-1 

'Y'V,'Y;=O, (b<a); =J.&'Ytt (b>a); =F. -µ7,- ····-µ'Yo (b=a), 
2 23 3 24 4 33 2 

µ = -'Y''YtVe'Ys = -'Y''YtVt'Ys = ... = 'Y''YtV,'Ye = ... , etc. (5. 9) 
a a a a a a a a a 

a•v,'Y,=-tc'Yo fl'Vt'Y,=-1c71, a•rytV,'Ye=-tc, ···, a'µ,,=µa'F,=-tcµ, etc., 
b a a b a 
7'µ, =0, (b>a); = -µ,µ,, (b<a); = -{e2F+ •·· +(µ)2l, (b=a). 

We can easily obtain the corresponding results in the four dimensional 
I n a • a 

case. If we put a,=:\.t, /3,=X,, 71=:\,, the non-vanishing components of 

the coefficients of rotation 'Yrn, ( = ·-'Y;,k) for this orthogonal ennuple are 
given by 

b 

'Y..11 =a-, 'Y1nn=o", 'Ya1a=-tc, 'Yana=-ic; 'Yaba=O, (b>a); =-µ, (b<a). (5.10) 

from which we can obtain the geometric interpretation of a-, a, tc, 1c arid µ,'s. 

§ S. Group of motions 

We shall denote the group of rotations in an (n-1) dimensional 
euclidean space by Gq, (q=(n-l)(n-2)/2). Then in the coordinate system 
of 

(6.1) 

its symbols are given by zaab-z''oa, (a4cb; a, b=l, •··, n-1). If we trans­

form (6.1) into the polar coordinate form by the transformation: 

Z 1=r COS 02, z2=r Sin 02 COS 0a, •··, z"-2=r Sin 02 Sin 03 •·•Sin 0"- 2 COS 0"- 1 , 

z"- 1=r sin 02 sin 03 •·•sin 0~- 2 sin 0"- 1 , 

we have dm2=dr2 +r2dl2, where dl2 is given by (2. 2). Then we have 

Z201-Z102 = -COS 03 o/o02 +C0t 02 Sin eao/003 1 

Z301 -Z103 = -Sin 03 COS 04 3/002 -COt 02 COS ea COS 040/003 

+cot 02 cosec 03 sin 043/304 , 
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As in the case of four dimension, by solving the Killing's equation we 

have 

Theorem [6.1] If we classify So's from the standpoint of the group of 

motions we obtain the same scheme as the one given in § 4 of (II). The 

numbers of the parameters of the respective groups are given by 

Sr : {[A], [BJ···••n(n+l)/2; [CJ····•(n2 --n+2)/2; [DJ, [EJ-···••n(n-1)/2; 

[F1], [F2}····•(n2-3n+4)/2; [GJ, [HJ···••q(=(n-l)(n-2)/2). 

Su: [JJ•···•(n2 -3n-t8)/2; [J1], [J2}····•(n2 -3n+4)/2; [KJ···••q. 

We can easily express this classification in an invariant form by using 

c. s. of each space-time and also can obtain the concrete forms ·of the 

symbols for ~he motions of each group but we shall omit them here. 

§ 7. Class 

As in the case of four dimension, by solving 

.. (7.1) 

we can prove the following theorem : 

Theorem [7.1] The class of an S0 is 2 or 1 or 0. And a necessary and 

sufficient condition that an S0 be class one is given by 

4 l 4 2 3 

p =4= 0, 2pp :-- pp . . (7. 2) 
4 23 

Specially when the S0- is conformally flat, (7. 2) is reduced to (p=4=0, pp 

=0). In any s. s. coordinate system (7. 2) becomes 

(7. 3) 

Further when the S0 is an Sr and the coordinate system is such that 

B=r2, (7. 3) becomes 

A=4=1, 2(A.+C")-(.A2 +A1C1)/(A-l)--(C12 +AC)/C = 0. (7. 4) 

When (7. 2) is s!itisfied b;; is determined uniquely to within a sign different 

from the four dimensional case where, in some special cases, b;,; has some 

arbitrariness other than a sign owing to the fact that the rank of [b0 ] can 

be less than three. 

By using the theorem in § 4 we can express (7. 2) in terms of the 

principal invariants .n, .n, .n1 and .n2 of KAB, where both .n and n are 

(n--2)-ple roots and .n_ and .n2 are n-2C2 -ple and simple roots respectively. 

In fact (7. 2) is equivalent to 
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(7. 5) 

Furthermore, concerning the concrete form of b;1 , that of z'", etc. we 

can make similar consideration as in the four dimensional case. 

§ 8. Spherically symmetric conformal transformation 

In this section we shall give some results concerning s. s. conformal 

transformation. As is easily seen all the results given in § 1, .. • , § 6 of 

(IV) hold also in then dimensional case to within some slight modifications. 

For instance, as regards the theorem [2.1] of (IV), (2.10) holds as it is, 
and in, place of (2.11) we have 

;* = e- 2"{;-n~ig"-a'a'-,8'/:1t)v,e-2P} (p = V;v'), 

= e- 2•{; _ _!__ □v-2(n-4)p +__!__ (a'a' + ,8'/:l')v,,} • (8.1) 
n-2 n-2 n-2 

But with respect to § 7 of (IV), the circumstances are somewhat 

different. Now we shall give the main differences. When n~5, in the proof 
of [7. 2] of (IV), we can show that c. v. of the type (P1,,=0) can not satisfy 
(F1). Hence the main theorem [7. 2] of (IV) must be replaced by the 
following better one : 

Theorem [8.1] If an S0 is not conformally flat, a necessary and sufficient 

condition that the space-time S 0' obtained, by a con! ormal transformation from 

the S0 be s. s. again is that the conformal trans! ormation be s. s. 

Research Institute for Theoretical Physics, 
Hiroshima University, Takebara-macbi, 
Hiroshima-ken. 

Notes 

1) (I) H. Takeno, Journ. Math. Soc. Japan, 3(1951), 317; (II) -, this Journal, 16 (1952), 
67; (III) - , this Journal, 16 (1952), 291; (IV) •-, this Journal, 16 (1952), 299. The same 
notations as in these papers are used throughout the present paper. See also H. Takeno, Prog. 
Theor. Phys. 8 (1952), 317. 

2 3 • • • • 
2) This condition is equivalent to p=f=p, since 0<=~=-(g2+g) and 13~~,,=-g2+e-zu;R2 in 

the standard coordinate system for the c. s. 
3) See also H. Takeno, this Journal, 12 (1942), 125. (Japanese). 
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