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§1. New fundamental group of transformations in special relativity and
quantum mechanics. ' gEy !

In special relativity and quantum mechanics, special Lorentz transfor-
mations have been taken, as the fundamental group of transformations, to
represent the relations between the coordinates of two systems one of
which is moving with uniform velccity to the other. In the previous
paper [1] we have shown that, for representing the relations between the
coordinates of the two systems, a new fundamental group of transfor-
mations should be taken in place of special Lorentz transformations. Such
a new fundamental group of f{ransformations has been given without
writing detailed calculations. In this paper we will describe our theory
adding some results.

Now we consider two coordinate systems K(z, v, 2, t) and K'(2', o', 2/, )
and suppose that K’ is moving with uniform velocity to K, the z—, y—,
z— components of the velocity of the origin of K’ being «!, u?, «® with
respect to K. In order to obtain the felations between the coordinates
of K and K’, we have placed the following three postulates [1].

I. The velocity of light must be constant (=c) for the two systems
K and K'.

II. The relations between the coordinates of K and K’, should be
determined uniquely by the components u', u*, «* of the uniform velocity.
We denote these relations by

2% = fo (g1, xz; a:a,of“;ul,u2, u?) (¢ =1,+,4) . (1.1
where 2!, 22, 2*, 2' are used in place of =z,9,2,&. and f* are certain
functions of z’s and «’s.
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III. The transformations (1.1), %!, u?, 4® being regarded as parameters,
must form a 3-parameter continuous transformation group.

From these postulates the general form of the equations (1.1) has
been determined in the previous paper [2]. The simplest form of (1.1)
has been given by the equations (2.6) in the previous paper [1]. In this
paper, for our future purpose, we take —d’ instead of d* in the previous
papers [1, 2], which means no essential difference. Then the equations
(2.6) in the previous paper [1], are expressed as follows:

1—(dw)/e VI—(uu)/c  1—(dw)/c

xn=x1[3§_ d'—ut/c dj__dz{ uy/c __dji/l—_—(uu)/gz}] ‘
+t[dz(uu)/c—(du){l——l/l—(uu)/czi_ u' ] {(1.2)

§1—(du)/c}v'1—(uu)/c? 1—(du)/c
V= [t—(uz)/c?]/V'1—(uu)/c? (G,7=1,23)

In these equations we have made use of the convention, to be used
throughout, that when the same irdex appears twice in a term this term
stands for the sum of the terms obtained by giving the irdex each of its
values ; thus the first term of the right hand side of (1.2) stands for the
sum of 3 terms as j takes the values 1 to 3. And in (1.2), 8} are defined
by &=1 or 0 as i=j or ¢==j, and d,(=d") are any constants satisfying the
condition d,d'=1. Further (du) denofes the inner product of d, and #',
namely (du)=du*, and similarly (uu)=u'w'. The inverse transformation of
(1.2) is given by the equations:

(g B —ldNfe i (un)e—(d2)1—vT )/ _
2 =a"+u ‘/——%—W+d 1 (/e (i 1_, 2, 3)
— 1 {(du)/c —(uu)/c*} (dx")/c
b= V1 —(uw)/c? [ 1-(du)/c +1 ]

+[(ua") —(du) (dz")]/e*[1 - (dw)/c]
(1.3)

which are obtained by putting Z=k=0 in the equations (4.1) of the
previous paper [2] and by replacing d* by —d*.

Corresponding to the equations above, we can obtain the formula for
sum of velocities. Namely from (1.3), putting d«'/dt=w' and dz''/dt'=v",
we have
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v {1—=(du)/e} +d* [(uv)/e —(dv) {1 — 1T —(uw)/c? (uu)/02§]

w — [+u Y1 —(dv)/e} {1 —(duw)/e} V' 1T —(uu)/c? |

{(du)/c—(un)/c*}(dv)/c+1— (du)/c (uv)—(du) (dv)
V1-(uu)/c? "¢t

1.4)

which represents the composition law of velocities %' and +*.

Taking (1.2) or (1.3) as the fundamental group of transformations, it
will be considered mewly to define physical quantities (e.g. momentum, -
mass, energy) and wave equations in quantum mechanics. In the next
section a part of this problem will be considered. (The problem to define
wave equations will be treated in our future paper.)

§2. Definition of momentum and mass as an invariant vector of (1.3)
and (1. 4).

In special relativity, momentum and mass are defined such that the
equations of motion are invariant under special Lorentz transformations.
Corresponding to the above, as the first step, we will try to define newly
momentum and mass as an invariant vector of the fundamental group of
transformations (1::3). For this purpose we consider a particle moving in
the system K/, the '—, y'—, 2'— components of the velocity of the
particle being o', v?, o°. Here we assume that momentum and mass
constitute a vector M*(v) (a=1,-.-, 4) in 4-dimensional space:time, where
M=*(v) are functions of ¢!, v*, ¢* and do not contain z’s. By transforming
the coordinates from K’ to K, the vector M*(v) is transformed to
a ,p " MP @) (e, B=1, --- ,4), and the components »* of the velocity of the
particle are transformed to w’ given by (1.4). Hence, in order that the
vector M¢(v) may be expressed in the same form for two systems K and
K', it must be that

Me (’W) —_—

a ;5 Mﬁ (U) (a! B = 1, p4) - (2. 1)

where M@ (w) denotes the function obtained by replacing v by w’' in the
expression M*(v) We call the vector M*(v) which satisfies the equations
(2.1), invariant vector of the transformations (1.3).and (1.4).

Now assuming that momentum and mass constitute an invariant vector
of (1.3) and (1.4), we will find such an invariant vector M*(v). Denoting
the time component of the vector by M, (z e. M*=M) the solution of (2.1) is
given by : (see §3)
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R m WVW+ (w)/e . .
M=t v 1o(ye ot 1 -
— n m/T—(ov)/c?+()/c _ .
o= l/l-—(vv)/c‘z+ 1—(dv)/c (h=1, 2, 3) {

where m and » are arbitrary constants and I* are any constants satisfying
the condition (Id)=0. The vector defined by (2.2), gives new definition of
momentum and mass as the invariant vector of the fundamental group of
transformations (1.3) and (1.4). It may be noticeable that new constants
are introduced in our theory. Physical interpretation of (2.2) will be
done afterwards. (Also see [N. B] at the end of this paper.) ‘

If we add the condition that the vector defined by (2.2) is moreover
invariant under the group of rotations in z, 9, z space (which is equivalent
to the condition that the vector M*(v) is invariant under the general
Lorentz transformation group), we can show that the condition is equi-
valent to n=0 and ['=0 (i=1, 2, 3). Hence, under the condition of
spherical symmetry, (2.2) becomes

-

ro__ m n . m

nl/im(vv)/(?v » M= V'1—( (vv}/c‘

which coincides with the ordinary definition of momentum and mass.
From the definition of mass (2.2), energy E is defined by the same

way as in special relativity, viz. E=Mc*. Then we have the relation

between energy and momentum as follows: E?/c?— (MM)=c?{m?*+ 2mn— (ll)

Further if we put M*=M*+M"4-cl*, M=M+ M,
(L 2 ) @

. . om o n _ m T—=o)/ei+(W)/c ,n
where M= e BT i@
. m _w1- ~—(7Jv)/c +(W)/e
v VI-(w)/ct’ @ —(dv)/c

then M*, M and M"*, M constitute a vector in 4~dimensiona1 space time
(€3] (¢5] @) (€]

respectively, and the following relations hold:

M:—(MM) =c*m*, M —(MM)=0.

83 W @ @@

§3. Invariant vector of the transformations (1. 3) and (1. 4).

In this section we will show that the solution of (2.1) is given by
(2.2). For this purpose we will consider the infinitesimal transformations
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of (1.3) and (1.4), regarding %', 4?, 4* as parameters. From (1.3), diffe-
rentiating ' and ¢ by «’ and putting w'=w’=wu*=0 in the resulting

equations, we have:

(2] =ufe-U)e %, [2] =2 Gj=123 @D

U=0 ¢

By the similar manner, from (1.4) we have:
awi] . { (dv)f} dv v’ '
ow =&l + = — T 3.2)
[ auj u=0 ’ ¢

c ¢
From (3.1) and (3.2), the infinitesimal transformations for s, ¢ and v’s
by an infinitesimal change 8- of parameter «’, are given by:

L N LHR I
C C C

w' = v‘+[8§ {1_ (dcv)} + d‘:! _ 7,::;: ] 5 { (3.3)

Substituting (3.3) into (2.1) and expanding the resulting equations in
power series of &r, we have:

[ {1 - (ilc”_)} A 12w =3 {M —@c@} L

c c? | ov 3.4)
fq (dv)} dv’ o'y’ ] G M L. )
E iUl dv_vvi1 0 m=2 =123

(The first and the second equations of the above, are deduced from the
equations corresponding to the cases a=h (h=1, 2, 3) and a=4 in (2.1)).
In order to simplify the left hand member of (3.4) we introduce new
variables 7° in place of v* by the following relations:

P = —cd*]yI—(w)jet  (k=1, 2, 3) (3.5)

By the new variables, the operators of the left hand side of (3.4) are
expressed as follows: : - S

. _(dv)} dh’ __vfﬁ] 9 __ s @)oo
[8’ {1 P ¢ 1o % c o’
. fq1 (dv)} dv? v‘v’] vt (dD) .
since [8, {1 )l 4V Py o — g0, (3.6)

Therefore, by the new variables 7°, the equations (3.4) are expressed as:
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2 ae iy 0]

c o c 3.7
_cdP) oM/ =M (hji=1, 2 3) f
Solving 'these equations, we have:
r__ ;u cd” ('I)’U) n )
M =mv [C )[ {1+ et }+nc+(lv)]+cl 8
__. 1 me (vv) o )
M= @ [ {1 + } +nc+(l’7))] (h=1, 2, 3)

where m and » are arbitrary constants and I[* are any constants satisfying
the condition (id)=0. From the above, expressing ¥° in terms of ¢° by
(3.5), we have (2.2) which is the solution of (2.1).

Appeudix

§4. Determination of the operatois of the infinitesimal transformations
which generate the fundamental group of transformations satisfying
the postulates I, II and III.

In the previous paper [2] we have shown that the fundamental group
of transformations satisfying the postulates I, IT and III of §1 is generated
by the infinitesimal transformations with the following operators of
the form: '

Pt — Q;+CUR,+G¢Q (i; j :1, 2, 3) : (4:- 1)

which are the equations (2. 2) of the previous paper [2]. Here @,, E, and
@ are the operators defined by :
Q, = '9/cot+ctad/ o’ Gik=1,2.3 |, 2
R, =¢,a°0/0s", Q=2x"0/ox", (¢ =1,-.,4) B B
where &, are such that
1 if i, 7, k is an even permutation of 1, 2, 3,

& =(—11if i, 7, k is an odd permutation of 1, 2, 3,
0 in any other cases,

and ¢, and ¢, are constants determined from the condition that the com-
mutators of P, and P, are expressed by linear combinations of P, (k=1, 2, 3) .
'with constant coefficients, i.e. :

[P.P,] =d, P, 4.3)
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Without describing calculation, we have stated that the constants ¢,;, ¢,
and d,, which satisfy the condition (4. 3), are given by the equations (2. 3)

of the previous paper [2], namely :
CU = 8iﬂcdk+hd@d_’ y Cp == kdi (7:; j, k = 1) 2' 3) } (4 4)
dm = hd' (dfeurc—dzeurc)+d38m—d18m .

In this section, by writing calculation, we will show that the equations
(4.4) are deduced from the condition (4.3). Substituting (4.1) into (4.3)
and using the following relations:

[QtQJ] = GiJkRk ’ [RtR!] = _Eurchc (7:' .7.’ k= 1’ 2' 3)
[QzRJ] = _Eungk ’ [QQ:] = 0 y [QRi] = O y

we can express (4.3) as follows:

\
\ (4.5)
)

&+ €8, Qe — €18, @ — €, ymEy i
= dm (Qk+cszl +¢.Q). G k=1, 2, 3)
From the above, since the operators @, R, and Q, (k=1, 2, 3) are linearly
independent, we have:

Qi Cr = 0, i i kl=1,2 3) (4.6)
Eim—CuCmEime = BipCar » 4.7)
C3un—CuCim = Qg (4.8)

Substituting (4.8) into (4.7) we have the equations for ¢,;:
. 43— CCymEmy = (€€ —Cu€1n) Chy + 4.9
In order to solve the equations (4.9) we put
¢y =giy+Fus | (4.10)

were g,, and f,, represent the symmetric and antisymmetric parts of ¢,,.
Substituting (4.10) into (4.9), we have:

Eine - (GuGsm+ Gif st Fu@sm+ Tl 1) Eime 1
= En (9Gnc+ Inf e+ G+ T S ne) (4.11)
=& (GuTne+ Faf we+FuTnet Fofa) - J
Further, by putting _
fo==¢éud. (k=12 3), (4.12)

we express f,, in terms of d, (k=1, 2, 3) and substitute (4.12) into (4. 11)
Then, after some calculation, using the relations:

8ijk6ilm = Sjlskml—‘sjmsu ’
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we have:

. sijk—gtlgjmeklm'—éijpdpdlc I ‘

+gjlgkm6llm_8ﬂwdpd{ ;= ZQJkdi_zgv;kd.’ ) (4.13)
. : '--Vgrflglt:{n‘gﬂm'_‘Skwdlidjj

‘From (4.13), taking the symmetric and antisymmefr'ic parts with respect
to 7 and k, we have: '

—gugjmeum_g{zgkmej:n; = ZQJkdt —Gud; —Qin.'a (4.14)
and

8¢jk+gjlglcm6”m ( l

=g,d.—gud,. 4.15
'_‘Swpdpdk"Eﬂcpdpdt—“slcipdydj )( ‘gh v Il ( )

In the equations (4.14), if we put j=k and sum up for j=1, 2, 3, it
follows that :
9.4,—-Gd, =0, (4.16)

where we put G=g,,. Hence, if we multiply (4.15) by d, and sum up for
k=1, 2, 3, we have:

Epldy+ Gy, .8, —8&, 0, (dd) = g,,(did)—Gd dy. 4.17)

From the above, taking the antisymmetric part with respect to ¢ and 4,
we have
E by —E 5, (d:d)=0, (4.18)

since the antisymmetric part of the second term in the left hand side of
the equation (4.17) is reduced to zero as follows:

018 m =G yom = €, (Genon— i) =0 -
Equations (4.18) are rewritten as '
&,y (1—dydy) = 0.
Hence it must be that : -
dd, =1, (4.19)

unless d,=0 (p=1, 2, 3). But, when d,=0 (p=1, 2, 3), (4.14) and (4.15)
become ‘

98 3nCrim + 90 Fen jim = 0
and Ent 93 GemCium =0
respectively, and the sollutions of these equations become g,,==13,,, which
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are imaginary. Therefore, if we confine ourselves to real transformations,
we must have d.d,=1. Then the equations (4.15) are reduced to -
g gjlgkmgl‘lm’ = g‘t,di""gndj ’. (4'- 20)
since the remaining terms of (4.15) vanish as follows:
‘9411:'—E¢depdx_51kpdpdt—Ekwdpdj = Em"emdzdz =0
Moreover, we can easily see that the equations (4.14) are satisfied identic-
ally by (4.20). So that the equations (4.20) are the only equations to be
solved. In order to solve the equations (4.20), we put '
H,=g,-Gdd, (4.21)
and express the equations (4.20) in terms of H,,. Then
H,H, S,n+GH,Ld,+H,dd,)é&,,=H,d—H,d, (4. 22)
Multiplying the above by d., summing up for k=1, 2, 3, and using the
relations H,,.d,=0, we have
: GH,d .8, = H,,, (4. 23)
by which (4. 22) become
HJszmeum =0.
The equations (4.23) are expressed as
HJz (deetlm— 8¢z) =0.

Calculating the determinant made by the coefficients of H, in the above,
we have '
ldeeum—Stzl =—-(1+G )

which does not vanish as long as G is real. Hence it must be that H,=0.
So we have the solutions of (4.20), as given by ¢,,=Gd.d,. Here, G may
be any constant, which we denot by A. Then by (4.10) and (4.12), the
general solutions of (4.9) are given by

oy = hd d,+ &, ,d, (4.24)

where d, (=1, 2, 3) are any constants subject to the condition d.d,=1.
From (4. 8), using (4.24), d,,, are determined by the equations

duz = hdz (dlexm"'dt‘szm}"‘dcs}k _-d.!aﬂz . (4' 25)
Finally, we will solve the equations (4.6). By (4.25), (4.6) become
bl (4 ue—d o) +die,—de, =0 (4. 26)
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Multiplying the above by d,, summmg up for 7._1 2, 3, and using the
relations (4.19), it follows that

(hd &+ dd—8,) €. =0, - 4.2D)
from which we have
c,=kd,, (t=1, 2, 3) (4.28)

where k is an arbitrary constant. By (4.28) the equations (4.26) are
satisfied identically. So that the general solutions of (4.26) are given by
(4. 28).
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[N.B] The equations (2.2) of this paper which give the definition of momentum and mass,
become simpler when we take the case where the properties under consideration are
axially symmetric. Namely, if we suppose that the vector of momentum and mass defined
by the equations (2.2) is invariant under the rotations about the axis whose direction
cosines are dl, d2,d3, we have [*=0 (h=1,2,3,). Hence in this case, momentum and
mass are defined by

. m n/ 1= (vv)/c? ~
M= —wiat T i@ne 4 #TLEY
M = m ”/i—-(T)/cZ

Y/ 1I=(wo)jez  I-(@v)]c
m and n being arbitrary constants. (See the next paper).
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