1953) LATTICE THEORETIC CHARACTERIZATION OF GEOMETRIES
SATISFYING “ AXIOME DER VERKNUPFUNG ”

LATTICE THEORETIC CHARACTERIZATION OF
GEOMETRIES SATISFYING ““ AXIOME DER VERKNUPFUNG”

By
Usa SASAKI
(Received Sept., 30, 1952)

In my previous paper [1], I have characterized lattice-theoretically
an affine geometry of arbitrary dimensions,? i.e. a geometry satisfying the
Euclidean axiom of parallel lines and *“ Axiome der Verkniipfung” of D.
Hilbert [1],” except for the restrictions on the dimensionalit'y.

The purpose of this paper is to characterize lattice-theoretically a
geometry satisfying “ Axiome der Verimiipfung ” alone. The main theorem
is as follows:

THEOREM. An abstract lattice L is isomorphic to the lattice of all
subspaces of a space satisfying “ Axiome der Verkniupfung” of .D. Hilbert [1],
except for the restrictions on. the dzmenszonalzty, if and only zf L isa strongly
plane matroid lattice.”

1. We shall begin by showing several preliminary lemmas,

DEFINITION 1. Let A be a set of points such that for any pair of
distinct points p, ¢ there exists a subset pvq (called line), containing p, ¢
and for any trlple of points p, q, », which are not on a line, there is a
subset pvqvr (called plane) containing p, g, r, which satisfy the followmg
conditions:

A.1. Two distinct points on o line determine the line.

A.2. Three non-collinear points on & plane determine the plane.

A.2'. The line through two distinct points on a plane is contained in the
plane.

By a subspace of A, we mean a subset S such that if p, ¢ are distinct
points of S, then pv ¢S and if p, ¢, r are non-collinear points of S, then

1) The numbers in square brackets refer to the list of the references at the end of the
paper.

2) Cf. U. Uasaki [1], Definition 2.

3) Cf. Ibid. 3 and 20.

4) Cf. Definition 3, below.
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pvgvrcS. If there exist four points p,, P, Py, P, which are not on a
plane, the least subspace containing these points is called a 3-space and
is denoted by P, VD, VD3V D, .

A.4. If two planes contained in a 3-space have a point in common, then
they have at least one more point in common.

REMARK 1. These conditions A.1-A.4 are equivalent to “ Axiome der
Verkniipfung ” 1-I; of D. Hilbert [1], provided that A is especially
3-dimensional, i.e. A is equal to the 3-space p, Vv p,V p; Vv p, for some points
Dy» Dz» D3» P, 0f A. Thus we may consider that our space A is a space
satisfying ¢ Axiome der Verkniipfung” of D. Hilbert [1] from which
the restrictions on the dimensionality are omitted.

The independence and consistency of these conditions may be easily
shown by simple examples.®

DEFINITION 2. Let us define:

PVDP=Dp,
PVAVTr=DpVvq if TEPVQ, and
pvgvrvs=pveqvr if sepvgvr.

S, T be subsets of A. If S, T==0, void set, then we shall define SPT
"to be the set union

\j(sLVszvtlvtz; 81, 8,€8, t,,t,€T).
When S=0, we shall define S@T:T@S:T.

REMARK 2. It follows at once from Definition 2:
(1) S@T=TDS
(2) S'CS, T'CT imply S'@T'TSPHT.

5) The following examples i - iv show ths independence of A.1-A. 4, respectively;
(i) Let A be the set of points p, ¢, », and let pvg=gqvr=A, and pvr={p, 7}
. (i1) Let A be the set of points p, g, 7, s, and - xv y={x, y} for any a, y€ 4, and let

- {p, q, v}, if {x, Y, z}"—'{ﬁ: q, 73,
xVy Vz"{A, otherwise.

(iii) Let A be the set of points p, ¢, 7, s, and
xvy= {{q, 7, s}, i {z y}C{q, 7, 53,
{x, y}, otherwise.

and let xv yvz=={x, y, z}, for non-collinear points x, y, z

(iv) Let A be the set {o, p, q, 7, s} and xvy=={x, y} for any x, y€ A, and let for any
distinct points x, y, z €A), o

oyven ({00 B0 g S0 )

The consistency of the conditions is secured by the existence of the affine space of three

dimensions over the field of real numbers.
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LEmMMA 1. Let p,, D,, 5, D, be four poinis of A, then
DD (P VP VD) =01V DV D3V Dy
Proor. As it follows immediately from Definition 2 that:

D D(DVPVP)ED VP VPV Dy

it is sufficient to prove the converse inequality.

For this purpose, we shall show: -

(*) pe'plvpzvpa\/p4 implies pe€ep,vp,veg for some point
QEDPVP3VD,. l » . o '

We can assume without loss of generality that p., p,, p;, D, are not
onaplaneand p¢p Vvp,. Since the two planes pvp,vp,, P,V sV, have
the point p, in common, there exists a point ¢ (5=p,) such that

qEPVPIVDP,, and QEP,VP;VD,.

It follows from A.2, p€qVp,vp,, completing the proof of (x). While (x)
shows p, VP, Vo;V0,S0:D (p, Vs VD) which is desired.

This lemma shows that ;D (D;,VP:, vV 0; )=0:D (0. V3 V D), for any
permutation ’z'l‘, g, 93, 84 Of 1,‘2, 3, 4.

LemMA 2. If S is ¢ subspace conta,ining- o point s,, and if p is a point
of A, then p®S=\/(pVvs,Vs; s€f).

Frocr.. Let ¢ be a point of pPHS, then gepvr,vr,, for some points
r €S, whence clearly gepvr,vr,vs . It follows from the proposition
() that g€pvs,vs for some ser,vr,vs , whence s€S, in view of. the
fact that S is a subspace of A. Consequently we have ¢®SS\J/(pvs vs;
s€S). The converse inequality is obvious from Definition 2.

LEMMA 3. Let D, Dss D3» Dy Ds be points of A, then

DP1D (P2 V Da vV Py v D5) = DD (P1VPs VDV Ds).

Proor. Let ¢ be any point of p,®P (v, v D; VD,V Ps) then we have by
Lemma 2, ¢€p,vp,v?, for some point r€p,VvpsVp,Vps, whence by (*)
ré€p,vp; Vs, for some point s€p;vp, v Ps- ' :

It follows from Definition 2:

9QE P (PvP;V8) -
=p,P (p,vpsvs) (by Lemma 1)
C p,® (P, Vs v vDs) (by Remark 2)
Thus it holds p & (P VD5V Py V D5)P DB (D1 V Ps V Py V Ps)-
—419—
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By a similar way, we have the converse inequality, completing the proof.
This result shows that p; © (p;,vP; vD;, vD;)=D:1D P2V D5 VDV Ds),
for any permutation ¢,, 4, 43, ¢, %5 of 1, 2, 3, 4, 5.

LEMMA 4. Let Dy, Dy D3, Dy» Ds be points of A. Then

DD P2V D3 VDV Ds) =(P1V D) DD VDsVDs)-

Proor. Let q be a point of p,P (p,vpsvP,vDs), then by a similar
way as Lemma 3, there exists a point s with g€p, vp,vpsvs, and
S€ps VP,V DPs, whence q€(p,vp,)PB(p;V D,V Ds) by Definition 2. It follows:

21D (P2 VD3 VDV Ds) & (P1V D) D (D3 VDV Ds) .

By a similar way, we obtain the converse inequality, completing the proof.
LEMMA 5. Let S be o subspace containing a point s,, and let T be any
subset of A. Then

S@T=U(30V8thvt2; SES, tl’ tZET).
Proor. Let » be any point of S @ T, then we have:

p € s vsvitvt,, where s,s€S; t, t,eT,
C(tvt)D(svsvs,) (by Definition 2)
=t,D (f,vs,vs,vs,) (by Lemma 4).

It follows from Lemma 2 that p €¢,v ¢, v 7, for some point r€t,vs,vs vs,,
whence re€t,vs,vs, for some point se€s,vs, vs,. Consequently pe€t v,
vs,vs, where s€ 8, since S is a subspace. Thus we have:

SHTN\J(s,vsviviy; s€S, &, t,eT).

This completes the proof, since the converse inequality is trivial.

LEMMA 6. Let S be a subspace, and T be any subset of A, and let p be
a point. Then (p D S)PD TTpD (S P T). ‘

ProoF. Let ¢ be any point of (p & S) P T, then we have:
qg€r,vravt,vt,, where ¢, t,€T, and 7., 7,€p P S, whence r, €pvs,vs;,
for some points s, €S(i=1,2) by Lemma 2, s, being a point of S.” It
follows: g€(pvs,vs vs,) D (t vi,), whence by Lemma 5, g€pvrvi,vi,,
for some point r€pvs,vs,vs,. Hence by Lemma 1, there exists a point
s with repvs,vs, and s€s,vs, vs,CS. It follows:

6) We may assume the existence of the point sy, since otherwise the result is trivial.
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g€ (Pvsvs)D(tvi,)
=pP(s,vsvivt,) (by Lemma 3 and 4)

CpR(SBT).
Hence we have the result.
LEMMA 7. A subset S of A is a subspace if and only if S @ S=S.
Proor. By Definition 1, S is a subspace if and only if p, ¢, r €S imply

p\)qugs. This is equivalent to S @ SC.S by Definition 2 and Lemma 5.
And it is also equivalent to S @ S=S, since, SCS @ S in general.

‘ LEMMA 8. Let S be a subspace and p be a point of A; then p P S is
the least subspace containing p and S.

Proor. Repeated applications of Lemma 6 and 7 yield:
PBS)D@EHSrDP@DS).

Since it is easily seen from Definition 2 and Lemma 2 that p® (p P S)
=p@ S, we obtain PSP S S)p DS, whence (P D S)D (p B S)
=p P S, because the converse inequality is obvious. Hence p @ S is a
subspace of A by Lemma 7.

Clearly p and S are contained in p © S, while any subspace containing
p and S contains p @ S, whence it is the least subspace containing » and S.

2. In this section, we shall characterize the lattice of all subspaces
of the space A in Definition 1.

DeFINITION 3. If in a lattice L with 0, a<’d implies a<lap<b for
some point p, then L is called relatively atomic.

Let {a;; €D} be a directed set of elements in a complete lattice L.
If a5 e implies a;~b?1a~b for any element b, then L is called upper
continuous. '

A lattice is called semi-modular if it satisfies:

(&) If a and b cover ¢, and a==b, then a~b covers o and b.

By a matroid lattice it is meant a lattice ‘which is relatively atomic,
upper continuous, and semi-modular.

A lattice L with 0 called strongly plane if for any points-p, ¢, », and
any element ¢ such that p<qwea, r<a, there exists a point s with
p<qg—rws and s<a.

ReEMARK 3. A relatively atomic, upper continuous lattice is semi-
modular if and only if it satisfies:
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(") If p,q are points, and a< a~p<aq, then a—p=a-q.”

THEOREM 1. - An abstract lattice 2 is isomorphic to the lattice of all
subspaces of a space in Difinition 1, if and only if U is a strongly plane
matroid laltice.

Proor. (i) Let A be the set of all subspaces of A. Then it is easily
shown that 2 is a relatively atomic, upper continuous lattice ordered by
set-inclusion.®’ It follows immediately from Lemma 8 and Lemma 2 that 2%
is strongly plane. Next let a<ap<a-q, p, ¢ being points. Then p<g-—a
and p~a=0. We may assume without loss of generality that there is a
point » with r<a. Since % is strongly plane, there exists a point s<a
such that p<qg-rws, whence ¢<p-wrws by A.2.2 It follows g<pwau,
and so ¢wa<pwa. Hence we have ap=a-q. Consequently U is semi-
modular in view of Remark 3. Thus % is a strongly plane matroid lattice.

(ii) Conversely let 2 be a strohgly plane matroid lattice, and let A(%)

be the set of points of % We shall define lines and planes in A(2) as
follows:

pva=1{s; s<pq, s€AA)},
pVavT={s; s<pwq-r, s€c AN},

Then it is easily shown that A(2) satisfies A.1, 2, 2/, and 4 in Defini-

tion 1, and that ¥ is isomorphic to the lattice of all subspaces of the space
A(S)l).lﬂ)

3. Now we shall give a remark to the characterization of an affine
geometry.

In a space A in Definition 1, two lines pvg, 7 vs are called parallel to
each other and denoted by pvaql rvs provided that they are contained in
the same plane and have no point in common.

If especially A satisfies the following condition :

A.3. If p,q, r are non-collinear points, then there exists one and only
one line pvs with pvs|qvr,

then A.2’ is redundant,’® and A is an affine space. Cf. U. Sasaki, [1]
Definition 2. -

7) Cf. F. Maeda [2] 180 Theorem 2.

8) Cf. F. Maeda [1] 93 Theorem 2.1.
. 9) Obviously: prors=pvrvs, since pvrvs is the least subspace containing p, 7 and s.
" 106) Cf. U. Sasaki [1] Theorem 2.2.

11) Cf. U. Sasaki [1] Lemma 1.1.
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Hence we obtain the following thecrem in view of Theorem 1.

THEOREM 2. An abstract lattice L is isomorphic to the lattice of all
subspaces of an offine space of arbitrary dimensions, if end only if L is a
strongly plane matroid lattice satisfying the following :

(a) Let p, q, v be independent points of L, then there ewisis one and only
one element | such that

p< < pegq—r and I~(qgr)=0.

While, in view of U. Sasaki [2] Theorem 2, a relatively atomic, upper
continuous lattice is semi-modular and strongly plane if and cnly if it is
semi-modular in 1he sense of Wilcox, i.e.

(A) (b, ¢)M, b~c=0 imply (¢, b) M, and

(B) b~c==0 implies (b, ¢c) M.*?»

Thus Theorem 2 may be stated as follows:

An abstract lattice L is isomorphic to the lattice of all subspaces of an
affine space of arbitrary dimensions, if and only if L is a relatively atomic,
upper continuous lattice which is semi-modular in the semse of Wilcox and
satisfies the condition (a) cited above.

It was the main theorem of U. Sasaki [1], obtained by making use of
the result of Wilcox [1].

In conclusion, the author wishes to express his hearty thanks to

Prof. F. Maeda for his kind guidance.
This research has been performed under the Grant in Aid of Miscel-
laneous Scientific Researches given by the Ministry of Education.
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