1953) SEMI-MODULARITY IN RELATIVELY ATOMIC, UPPER CONTINUOUS LATTICES

SEMI-MODULARITY IN RELATIVELY ATOMIC,
UPPER CONTINUOUS LATTICES

By _
Usa SASAKI
(Received Sept. 30, 1952)

K. Menger [1]" has introduced the following conditions to characterlze
the lattice of all subspaces of a finite dimensional affine space:

(') If p is a point, then either p=<a or a\up covers a, for any element a.

() If his covered by 1, then either a<h or a covers anh, for any
element a with anh==0. ‘ ' ' '

L.R. Wilcox [1] has shown that the lattice of all subspaces of an
affine space is semi-modular in the sense that

(A) (b, e)M, bne=0 imply (¢, b)M, and

(B) bne==0 implies (b, c)M.

The semi-modularity in this sense was used in my previous paper [1]
to characterize the lattice of all subspaces of an affine space of'arbitrary
dimensions, noting that it mlght be replaced by the following condltlons

(&Y If a,b cover ¢ and a==b, then aub covers @ and b.

P) If p<qva, r<a, where p,q,r are points and a is any element, then
there exists a point s with p<gurvs, s<a. ‘

While L. R. Wilcox [2] has shown that in a lattice of finite dimensions,
(¢") is equivalent to the condition:

(a) (b,e)M implies (¢, b)M,
which follows immediately from (A) and (B)

The purpose of this paper is to show that in any relatwely atomic,
upper continuous lattice, (¢') is equivalent to (a), and also the combined
conditions “(5") and (3)”, “(A) and (B)”, and “(¢') and (P)” are equivalent
to.each other.

1. We begin by listing the definitions and several known lemmas we
shall employ. ‘

DerinITION 1. A lattice with 0 is called relatively atomic if a<’b
implies a<avp<b for some point p. '

1) The numbers in square brackets refer to the list of references at the end of the paper.
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LEMMA. 1. A lattice L with 0 is relatively atomic if and only if every
element of L is the join of points.

Proor. Cf. F. Maeda [1] 88 Lemma 1.1.

DeriniTION 2. Let {a;; €D} be a directed set of elements in a
complete lattice L. If a;1a implies a;nb?1and for any element b, then
L is called upper continuous.

LEMMA 2. A relaiively atomic, complete lattice L is upper continuous if
and only if p<\/(P) implies p<q,vgq,V +-- Uq,, each q, being in P, where P
is a set of points in L. v

Proor. Cf. F. Maeda [[1] 90 Lemma 1.3. ,

- DeriniTion 3. Let 'S be a set of points of a complete lattice. If
V(SN \/(S;)=0 for any two disjoint subsets S; and S, of S, then S is
called an independent system and is denoted by (p; p€S)] or (S)] . If in
particular S={p;, 95, ... , 0.}, then we denote it by (D1, Dz s-ee » Pu) L -

DerINITION 4. By a semi-modular lattice, it is meant a lattice satisfying:

(&) If a and b cover ¢, and a==b, then aub covers a and b.

A relatively atomic, ‘upper continuous, and semi- modular lattice is called
a matroid lattice. i

LeEMMA 3. Let p,, Dz --. » Du be points of a semi-modular lattice with O.

Then (py,...,v,) 1 if and only if. , ‘
(DL oo IPIN D, =0 for k=1,2,...,n-1.

Proor. Cf. U. Sasaki and S. Fujiwara [1] 184 Lemma 2.

LEMMA: 4. Let D1y e sDns Qrs.ee s Qs be points of a semi-modular lattice
with 0. If (@ys...,0,) 1 and _q,g“\Zp, (7=1,2, ..., n), then ;\:/lp,‘=j=\n/1q, .

Proor. Cf. U. Sasaki and S. Fujiwara [1] 184 Lemma 2.. .

LEMMA 5. If P is an independent system of points in & matroid lattice
L, and if q is & point with ¢n\/(P)=0, then the set obtained by adjoining q
to P is an independent system.

Proor. Cf. F. Maeda [2] 179 Lemma 6, :

LEMMA 6. If P is any independent system of points wzth V(P)<a in a
matroid lattice, then there is a set QOP which is a basis of a. By a basis of
an elément ¢, we mean an independent system @ of points with ¢=\/(Q).

Proor. Cf. F. Maeda [2] 179 Lemma 7.

LEMMA 7. Let P be an independent system of points i a matroid lattice.
Then for any subsets P,, P, of P,

NVEPINNP) = \/(P1NP,).
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Proor. Cf. F. Maeda [2] 180- Theorem 1. -

LemmA 8. In o relatively atomic, upper continuous lattice, the following
conditions are equivalent. : .

(" If p is a point, then ezthe'r pga oryt;,\’J’p‘ covers @.

(") If p, q are points, and if g<pua, and gna=0, then pZqua.

Proor. Cf. F. Maeda [2] 180 Theorem 2.

DeriNITION 5. By a strongly plane lattice, we mean a lattxce satlsfymg
the condition :

P) If p<qvua, r<a, where p,q,r are points cmd ais any element, then
" there exists a point s with p‘gqurus, s<a.

. DEFiNITION 6. By (b,¢)M, we mean that
a<c implies (aub)ne=avu(bne).

A lattice with 0 is called semi-modular in the sense of Wilcox if
(A) (b, ¢)M, bne=0 imply (¢, b)M, and
(B) bnec=0 implies (b, c)M.
Obviousely (A) and (B) imply the following condition :
(@) (b, e)M implies (c, b)M. -

2. In this section, we shall show the éﬁuivalence of (&) and ().
LeMMA 9. In a matroid lottice of arbztmry dimensions, if (b, c)M then
oM. | o |
Proor. First suppose bf\c:{z().: Let d‘be any element with 0<d<b
and let p be any point such that p<(duc)nb. It follows from Lemma 6
that there exist point sets P, Q, and Rsuch that P and @ are bases of d
and bne respectively, and @ UR is a basis of ¢ smce d >0, bne¢ >0, and
b/\cSC »
‘Since p<due=\/(P)u\/A(Q)u\/(R), we have by Lemma 2:
(1) PSPIUDLY oo UD, UGGV o UQnUTyUTp o Uty
for some p, €P (i=1,2,...,1), ¢;€Q (=1,2, ... ,m), and 7, € R (k=1,2, ..., n).
We can assert that by deleting the redundaht points in (1), we obtain:
(2) PPV e DG Y e VGG o
For, let us assume the contrary and suppose that no point in (1) is
irredundant. If n=1, then we have by (»'): ‘

2) If b~c=¢, then R is the void set and ¢<5, whence the result is qbvious.
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PISPIV o UP UGN o0 UG UPZD D

Hence it holds r,<bne=\/(Q), contradicting the fact that QUR is an
independent system. If n_>1, then by a similar way we have:

' r,,gjp‘lu e UD UGV et VG UT Y e VT, VD

Put ‘rl.u -e- Ur,_;=a, then we have r,<(aub)ne, since p,<d<b, ¢,<b, and
p<b. While it holds by the hypothesis (b, ¢)M, whence r,<av(bne)=r,v
s Ur,, V\/(Q), contrary to (@, R)| . Thus (2) has been proved, whence
p<\/(P)U\/(Q)=du(brc).

Hence we have by Lemma 1, (due)nb<dwu(bnc), which secures
(¢, b)M, since the co'vnverse inequarity is true in any lattice.

If bne=0, the set Q is a void set and the proof is similar to the above.

However it is well known that if a lattice satisfies the condition («),
then it is semi-modular. Cf. G. Birkhoff [1] 101, Ex. 1, and L. R. Wilcox
[2] Theorem 1. ,

Thus we have the following

THEOREM 1.2 A relatively atomic, upper continuous lattice is semimodular
if and only if it satisfies the condition :

(a) (b,¢)M implies (¢, b)M.

3. Now we shall show several lemmas in order to prove the equival-
ence of the combined conditions “(A) and (B)”, “(5'") and ()", and “ (&)
and (P)”.

LEMMA 10. Let L be a lattice satisfying the condition (B). Then L
satisfies the condition :

() If h is covered by 1, and o is any element of L with hna==0, then
either a<h or a covers anh. '

PROOF. Assume ax7%, and let b be any element of L such that
hna<b<a. Since kna==0, we have in view of the condition (B), (%, a)M.
It follows (bvk)na=bu(hna), whence we have hAna=b if b<h, and a=b
if bxh, since bk yields buh=1. Consequently Zna is covered by a.

LEMMA 11. Let L be a matroid lattice sdtisfying‘ the condition (7). Then
L is strongly plane. ‘ ‘

3) -Since no point in (1) is redundant, (P, -+ P, ~q1~ - ~gm) ~p=0, whence we have
the former inequality by applying (9’) to (1). The latter is obvious, since p;<d<b, ¢;<b, and
p=b. ‘

4) As to the case of a lattice of finite dimensions, cf. G. Birkhoff [1] 101 Theorem 1, and
L.R. Wilcox [2] Theorem 2. .
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Proor. Let p<qua, r<a, where p,q,r are points and « is an element
of L. We shall show that there exists a points s with

PEQUTrVUs, s<a.

We can assume pa, since otherwise the result is trivial. It follows
also g=a. ' '

We may also assume (p,q,7)_| , since the contrary implies in view of
‘Lemma 3, p=q Or p=+q and r<pugq, whence p<qgvur, in either case the
results being obvious.

Now since r<g, there exists by Lemma 6, an independent system of
points S such that (», S) | and a=r v\/(S). Since ¢gna=0, it holds (¢, r, S) |
and gua=qurv\/(S). By making use of Lemma 6 again, there exists an
independent system of points T such that '

(1) (7S, T) L, and 1=qurv \/(S)V\/T).

Put h=ru\/(S)V\/T), then & is covered by 1, and An(pvqur)=r_>0.
Furthermore A*(puqur), since the contrary would imply %>>q, contra-
dicting (1). It follows from (3):

(2) puqur covers An(puqur).

While puqur<gua, since p<<gua. It follows:
(3) (pvaurInk=(pvgur)nfgurv\/(S)n {rv\/(S)V\AT)
=(puqur)na,
the latter equality following from Lemma 7.

From (2) and (3), it follows that puwgur covers (pwvgur)na, whence
(pugur)ne_>r. Therefore there is a point s such that

(4) sginuqur, s<a, and s==r.

While it holds sfqur, since otherwise ¢<sur, contrary to ¢xa. It
follows at once from (4), p<qurvus, completing the proof.

LeMMA 12. Let L be a strongly plane matroid lattice, and p be a point
such that p<awub; a,b being elements (=0) of L. Then there exist points
0,7 (Za); st (D) such as p<gurusut.

Proor. In view of Lemma 2, there exist DOINtS Dy, Dy oo » Do’ Q1» Qs »
.+ s Qy SUch that p,<a (=1, 2, ...,%); ¢,<b (=1, 2, ... ,m) and

(1) DPEDIVUDV o UD UGG - Ul .

First we shall show by induction that there exists a point ¢(<b) with

(2) p=<pyPyV s VDV IEL

When n=], (2) is trivial, since L is strongly plane. Let us assume that
(2) is true for n=Fk—1. It follows from (1) that there exists a point p''with
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PEPVUDVD, PP UD Y e UDI GG e I
By the induction hypothesis, it holds:
PPy IPy I oo up,;uqlut, for some point ¢ (<b).

Hence (2) holds for the point .
Since L is strongly plane, there exists, from (2), a point s with

PEIVQVS, SEQVUDIDa Y e UDy,
whence again there exists a point r with’
‘ SSAUDLIT, PEPUD, U e UDISE

Consequently p<twuq,up,ur, where {,¢,;<b; p,,r<a.

LEMMA 13. In o sirongly plane matroid lattice L,

bne==0 implies (b,c)M .

PROOF. Let bne==0. It is sufficient to prove that e<c implies (a¢\b)
'ncSau(b’r\c); since the converse ‘inequality is true in general. In view
of Lemma 1, we need only to show that if agc and if » is a point with
p<(avub)ne, then pSau(br\c)

From Lemma 12, there are points pl ) P21 Q15 0 such that

(1) pgfpl UPs U VG, Where py, D, <05 1, ¢ <D.

It may be assumed that pp,up,, and piq,vq,, since otherwise the
result is trivial, because p<e. Hence we can suppose that we obtain by
deleting the redundant points from 1), »<p,vq,, Or P<p,Up,\uq,, Or
PEDPIVEALIVGe s OF PEPIVUDP, VGG, -

In the case pSpluql, it holds qlgplup<c, whence ¢,<bne. It
follows that pgau(bnc), which is to be proved

In the case PEP1VUD s the proof is similar to the above.

In the case p<p,uUq,Vvq,, let r be a point with r<br\c, then it follows
pgpluruqluqz . Since L is strongly plane, there exists a point s with

(2) p<p,vurvus, and (3) s<rugq,vg,. '

We may assume p£p,uUr, since otherwise the result is obvious. It follows
from (2), s<p,vrup=<e¢, while s<b by (3), whence s<bne¢. Consequently
the result follows immediately from (2).

Finally we shall assume that no point is redundant in (1), then

(4) (P1sP2r010a2) 1, and (5) (P1,22:0 1) 1.

It follows from Lemma 4, '
(6) DP1UPIDVUQ =D UP UGV,

A14
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Let » be a point with »<bwue, then the following cases occur:
Case 1. r£p,up,upuq,.
It follows from Lemma 5 and (6),

(7) (»D?:5P2,9)L, and (8) .(r»p“?z-tQ:"‘Iz)_L-'
By (1) and (5), it holds ¢,<q,Vup;Vvp,;vp, whence we have: .

<0, V(rup,up,Up).

Therefore there exists a point s with

(9) @.<q,vurvus, and (10) s<rup,up,up.
Then sxrup,up,, since otherwise (9) would yield ¢,<q,vrup,up,,
contrary to (8). Hence we have from (10);

(11) p<p,vp,urus. .
It holds s<¢ by (10), and s<b by (9) and (8). And so the result is obvious
from (11).

Case II. r<p,vp,upyuq,, but rE£p,up,up.

It follows from (5) and Lemma 5 that (, p,,p,,p).| ,» whence we have
from (6) and Lemma 4 :

PUDPLUDUD = Py UP, UDPUG, = Py UDy UG UG, -

Therefore q,vg,<rvup,vp,up<c, while q,vq,<b, whence ¢,vq,<bnec.
Hence the result is immediate from (1).
Case I1I. r<p,vp,up, but r£p,up,.
It follows at once, p<p, up,ur<au(bne¢), which is to be proved.
Case IV. r<p,up,. ' ‘
We can assume 7==p,, without loss of generality. So we have p,ur
=p,D,, and it holds by (5),
12y (p,p>7m) L.
It follows from (1), p<p,vrvuq,vq,. Hence there is a point s with
(13) p<p,vrvus, and (14) s<rvq,vq,.
We have s<p,vrup=<c by (12), (13), and s<b by (14). Therefore the result
is obvious in view of (13).
. This completes the proof.
From Theorem 1, Lemma 8, 10, 11 and 13, we obtain the following
THEOREM 2. In a relatively atomic, upper continuous lattice, the combined
conditions “(A) and (B)”, “(5') and ()", and “(§') and (P)” are equivalent
to each other:
(A) (b,e)M, bne=0 imply (¢, b)M, and
{(B) bne==0 implies (b, c)M.
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(»") If p is o point, then either p<a or a\Up covers a, for any element
a, and ‘
() If h is covered by 1, then either a<h or a covers anh, for any
element o with an h==0.
(& If a, b cover ¢ and a==b, then a\ub covers a. and b, and
{(P) If p<qva, r<a, where p,q,r are points and a is any element, then
* there exists a point s with p<<gurus, s<a.

In conclusion, the author wishes to express his hearty thanks to Prof.
F. Maeda for his kind guidance. ' . .

This research has been performed under the Grant in Aid for the
Miscellaneous Scientific Researches given by the Ministry of Education.
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