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K. Menger [1] 1> has introduced the following conditions to characterize 

the lattice of all subspaces of a finite dimensional affine space : 
( 71 ") If p is a point, then either p~a or avp covers a, for any element a. 

(;j) If h is covered by 1, then either a<h or a, covers ar.h, for any 

element a with a r. h=J=O. 

L. R. Wilcox [1] has shown that the lattice of all subspaces of an 

affine space is semi-modular in the sense that 

(A) (b, c)M, br.c=O imply (c, b)M,' and 
(B) br.c=J=O implies (b, c)M. 

The semi-modularity in this sense was used in my previous paper [1] 

to characterize the lattice of all subspaces of an affine space of arbitrary 
dimensions, noting that it might ·be replaced by the following conditions : 

(~') If a, b cover c and a=j=b, then av b covers a and b. 

(P) If p~qva, r~a, where p, q, r are points and, a is any element, then 

there exists a point s with p;;;;;,,qvrvs, s~a. 

While L. R. Wilcox [2] has shown that in a lattice of finite dimensions, 

(f) is equivalent to the condition : 
(a) (b, c)M implies (c, b)M, 

which follows immediately from (A) and (B). 

The purpose of this paper is to show that in any relatively atomic, 

upper continuous lattice, (~') is equivalent to (a), and also the combined 

conditions "(r/') and (:;j) ", "(A) and (B) ", and "(e) and (P),, are equivalent 
to each other. 

1. We begin by listing the definitions and several known lemmas we 
shall employ. 

DEFINITION 1. A lattice with O is called relatively atomic if a<b 
Co 

implies a<avp~b for some point p. 

1) The numbers in square brackets refer to the list of references at the end of the paper. 
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LEMMA 1. A lattice L with O is relatively atomic if and only if every 
element of L is the· join of points. 

PROOF. Cf. F. Maeda [1] 88 Lemma 1.1. 

DEFINITION 2. Let { a5 ; o ED I · be a directed set of elements in a 

complete lattice L. If a5 1 a implies aaf\b 1 ar\b for any element b, then 

L is called upper continuous. 

LEMMA 2. A relatively atomic, complete lattice L is uppe1· continuous if 

and only if psV(P) implies psq1 vq2 v •·· vq,., each q, being in P, where P 

is a set of points in L. 

PROOF~ Cf.·F. Maeda [l] 90 Lemma 1~3. 

DEFINITION 3. Let .S be a set of points of a complete lattice. If 

V(S1)f\ V(S2)=0 for any two disjoint subsets S1 and S2 of S, then S is 

called an independent iystem and is denoted by (p ; p E S)J_ or (S)j_ • If in 

particular S={P1 , p2 , ••• , p,.I, then we denote it by (p1 , p2 , ••• , Pn)J_. 

DEFINITION 4. By a semi-modular lattice, it is meant~ lattice satisfying: 

(E') If a and b cover c, and a=!=cb, then avb covers a and b. 
A relatively atomic, upper continuous, and semi-modular lattice is called 

a matroid lattice_ 

LEMMA 3. Let .Pi , p 2 , ••• , p,. be points of a semi-modular lattice with 0. 

Then (p1 , ••• , p,Jl if and only if 

(P1 v ··· vpk)f"\P1:+1=0 for k=l, 2, ; .. , n-1. 

PROOF. Cf. U. Sasaki and s~ Fujiwara [1] 184 Letnma 2. 

LEMMA 4. Let p 1 , ••• , p,,. , q1 , ••• , q,,. be points of a semi-modular lattice 
n n n 

with 0. If (q1, ... , qn)j_ and q1sVp, (j=l, 2, ..• , n), then VP,=Vq1 • 
· l=l _ _ i=l J=l 

PROOF. Cf. U. Sasaki and S. Fujiwara [ll 184 Lemma 2. 
LEMMA 5. If P is an independent system of points in a matroid lattice 

L, and if q is a poi11,t with qr\ V(P)=0, then the set obtained b-Jf_ adjoining q 

to P is an independent system. 

PROOF. Cf. F. Maeda [2] 179 Lemma 6. 

LEMMA 6. If P is any independent system of points with V(P)sa in a 

matroid lattice, then the1·e is a set Q~P which is a basis of a. By a basis of 

an ele·ment a, we mean an independent system Q of points with a=V(Q). 

PROOF. Cf. F. Maeda [2] 179 Lemma 7. 

'LEMMA 7. Let P be an independent 8'/Jstem of points in a matroid lattice. 

Then for any subsets P1 , P 2 of P, 

V(P1)f\ VCP2) = V(P1r\P2) • 
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PROOF. Cf. F. Maeda [2] 180· Ti:leo..rem J:., · · 

LEMMA 8. In a relatively atomic, uppe1; -continuous la.ttice, the:following 
.· - - t, • . - • 

conditions are equivalent. 

(e) If a and b cover c, and a=J-=b, then av b covers a and b. 
• ' \ .• ' • .. •• ~ \ ; ' • , , ., ' • ~ "> ' '. ' : 

(,i-J") If p is a point, then either p<a or avp covers a. 

('l}') If p, q are points, and if q:::;;,,pva, and qf"\a-0, then',p~q'va. 

PROOF. Cf. F. Maeda [2] 180 Theorem 2. 

DEFINITION 5. By a strongly plane lattice, we mean a lattice. satisfying 
the condition: 

(P) If p:::;;,,qva, r:::;;,,a, where p, q, r are points and a is any element, then 

· there exists a point s with p<qvrvs, s:::;;,,a . 

. DEFINITION 6. By (b, c)M, we mean that 

a:::;;,,c implies (avb)f"\c = av(br'lc). 

A lattice with O is called semi-modula1· in the sense of Wilcox if 

(A). (b, c)M, br'lc=O imply (c, b)M, and 

( B) b (\ c+O implies (b, C )M. 

Obviousely (A) and (B) imply the following condition : 

( a) (b, c )M implies ( c, b )M. 

2. In this section, we shall show the equivalence of (e) and (a). 

LEMMA 9. In a matroid lattice of arbitrary dimensions, zf (b, c)M. then 

(c, b)M. 

PROOF. First suppose bf\c+O. Let d be any element with O.<d:::;;,,b 

and let p be any point such that p:::;;,,(dvc)f\b • .It follows ,from Lemma 6 

that there exist point sets P, Q, and R such that P and Q are bases of d 

and bf\c respectively, and QvR is a basis of c, since d>O, bf\c>O, and 
bf"\ c :::;;,,c_?) 

Since p:::;;,,dvc=V(P)v V(Q)v V(R), we have by Lemma 2: 

(1) p:::;;,,p1VP2V ... VP1Vq1Vq2V ... vqmvr1Vr2V .... vrn, 

for some p, E P (i=l, 2, ... , l), qJ E Q (j-1, 2, ... , m), and rk ER (k=l, 2, .· .• , n). 

We can assert that by deleting the redundant points in (1), we obtain: 

( 2 ) p ~P- v · · · v p. , v q . v · · · v q . , • 11 ti Ji Jm 

For, let us assume the contrary and suppose that n.o point in (1) is 

irredundant. If n=l, then we have by ·h'): 

2) If b,..._c=c, then R is the void set and c:5:.b, whence the result is qbvious. 



U. SASAKI (Vol. 16 

r1~P1V ... VP1VQ1V ·••.Vqmvp'~b.?). 

Hence it holds r 1~'bf\c=V(Q), contradicting the fact that QvR is an 

independent system. If n>l, then by a similar way we have: 

r,.~P1V ••• Vtp1Vq1V ... VqmVr1V ... vr,._1V'P. 
' . . . . ' 

Put· r 1,v ... vr,._1=a, then we have r~~(avb)f\c, since p,~d~b, qJ~b, and 

p~b. While it holds by the hypothesis (b,c)M, whence r,.<av(bf\c)=r1 v 

·•· vr,._1 vV(Q), contrary to (Q, R)_l_. Thus (2) has been proved, whence 
'P~V(P)v V(Q)=d v(b f\C ). 

Hence we have by Lemma 1, (dvc)f\b~dv(bf\c), which secures 
(c, b)M, since the converse inequarity is true in any lattice. 

If bf\c=O, the set Q is a void set and the proof is similar to the above. 
However it is well known that if a lattice satisfies the condition (a), 

then it is semi-modular. Cf. G. Birkhoff [1] 101, Ex. 1, and L. R. Wilcox 
[2] Theorem 1. 

Thus . we have the following 

THEOREM 1.4> A relatively atomic, upper continuous lattice is semi-modular 

if and onlv if it satisfies the condition : 

(a) (b, c)M implies (c, b)M. 

3. Now we shall show several lemmas in order to prove the equival­
ence of the combined conditions "(A) and (B) ", '.' (17 11) and (77) ", and "(E') 
and (P) ". 

LEMMA 10. Let L be a lattice satisfying the condition (B). Then L 

satisfies the condition : 

(77 ) If h is covered by 1, and a is any element of L with hr\a=l=O, then 

either as:..h or a covers aflh. 

PROOF. Assume a$ h, and let b be any element of L such that 
hflaS:..b:::;;,,a. Since hfla=l=O, we have in yiew of the condition (B), (h, a)M. 

It follows (bvh)fla=bv(hfla), whence we have hfla=b if b<h, and a=b 
. . 

if b$h, since b$h yields bvh=l. Cqnseq,uently hfla is covered by a. 

LEMMA 11. Let L be a matroid lattice satisfying the condition (ij). Then 

L is strongly plane. 

3) ·-Since no point in (1) is redundant, (Pi'-' ... '-'Pi'-'ql'-' •·· '-'qm),-..p=O, whence we have 
the former inequality by applying (,{) to (1). The latter is obvious, since A:;;;.d:;;;,_b, qJ:;;;,_b, and 
p:::;..b. 

4) As to the case of a lattice of finite dimensions, cf. G. Birkhoff [1] 101 Theorem 1, and 
L. R. Wilcox [2]. Theor!!m 2. 
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PROOF. Let p<qva, r.:,;;:a, where p,q,r are points and a is an element 

of L. We shall show that there exists a points s with 

p<qvrvs, s.:,;;:a. 

We can assume p$'a, since otherwise the result is trivial. It follows 

also q$a. 

We may also assume (p, q, r)J_ , since the contrary implies in view of 

Lemma 3, p=q or p=J=-q and r.:,;;:pvq, whence p;;;,.qvr, in either case the 

results being obvious. 

Now since r ;;;.a, tb,ere exists by Lemma 6, an independent system of 

points S such that (1·, S)J_ and a=rvV(S). Since qf\a=O, it holds (q, r, S)J_ 

and qva=qvrvV(S). By making use of Lemma 6 again, there exists an 

independent system of points T such that 
( 1) (q, r, S, T) L, and l=qvrv V(S)vV(T). 

Put h=rvV(S)vV(T), then h is covered by 1, and hr\(pvqvr);;;;;_r>O. 

Furthermore h;J;.(pvqvr), since the contrary would imply h>q, contra­
dicting (1). It follows from (17): 

(2) pvqvr covers hr\(pvqvr). 

While pvqvr;;;,.qva, since p;;;,.qva. It follows: 

( 3) (pvqvr)r\h = (pvqvr)n {qvrvV(S)} f\ {1·vV(S)vV(T)l 

=(pvqvr)r\a, 

the latter equality following from Lemma 7. 
From (2) and (3), it follows that pvqvr covers (pvqvr)r\a, whence 

(pvqv1·)r\a>r. Therefore there is a point s such that 

( 4) s;;;,.pvqvr, s<a, and s=J=r. 

While it holds s;tqvr, since otherwise q;;;,.svr, contrary to qji;a. It 

follows at once from (4), p.:,;;:qvrvs, completing the proof. 

LEMMA 12. Let L be a strongly pla~ matroid lattice, and p be a point 

lfUch that p ;;;.av b ; a, b being elements ( =-i=oO) of L. Then there exist points 

q,r(;;;.a);s,t(;;;,.b) such as p;;;,.qvrvsvt. 

PROOF. In view of Lemma 2, there exist points p1 , p2 , ••• , p,.; q1 , q2 , 

.•• ,q,,. such that p 1 ;;;,.a (i=l,2, ... , n); q1sb (j=l,2, ..• ,m) and 
(1) p;;;,.p1VP2V ••• vp,,.VQ1VQ2V ••• VQm• 

First we shall show by induction that th~re exists a point t (;S;;.b) with 

(2) psp1vp2 v ··· vp,,vq1vt. 

When n=l. (2) is trivial, since L is strongly plane. Let us assume that 

(2) is true for n=k-1. It follows from (1) that there exists a point p1·with 
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By the induction hypothesis, it holds: 

p1:;;;,p2vp3v ··· vp~vq1 vt, for some point t(<b). 

Hence (2) holds for the point t. 
Since L is strongly plane, there exists, from (2), a point s with 

pstvql vs, s<q1 vp,,. VP,.-1 V ... VP1, 

whence again there exists a point 1· with. 

Consequently pstvq1 vp., vr, where t, q1sb; p,,., r<a. 

LEMMA 13. In a strongly plane matroid lattice L, 

b A c=l=O implies (b, c )M • 

PROOF. Let bAc=!=O. It is sufficient to prove that a<c implies (avb) 
. . 

ncsav(bnc), since the converse inequality is true in general. In view 

of Lemma 1, we need only to show that if a:;;;,c and if p is a point with 

p<(avb)nc, then psav(bAc). 

From Lemma 12, there are points p~ , p2 , q1 , q2 such that 

( 1) p:;;;,p1 VP2 vq1 vq2, where P1, P2~a; Q1, q2<b. 

It may be assumed that P$P1 vp2 , and p$_q1 vq2 , since otherwise the 

result is trivial, because p <c. Hence we can suppose that we obtain by 

deleting the redundant points from (1), psp1vqi, or p<p1vp2vq1 , or 

psp1 vq1 vq2 , or p<p1 vp2 vq1 vq2 • 

In the case p<p1 vqi, it holds q1 <p1 vp<c, whence q1 <bnc. It 

follows that psav(bnc), which is to be proved. 

In the case psp1 vp2 vq1 , the proof is similar to the above. 

In the case psp1 vq~ vq2 ·, let 1" be a point with 1·<bnc, then it follows 
. . 

psp1 vrvq1 vq2 . Since L is strongly plane, there exists a· point s with 

( 2) p::;;,.pl vrvs, and ( 3) ssrvql VQz. 

We may assume p$_p1 vr, since otherwise the result is obvious. It follows 
from (2), s::;;,.p1 vr vpsc, while ssb by (3)j -whence. s<bn c. Consequently 

the result follows immediately ftom (2). 

Finally we shall assume that no point is redundant in (1), then 

( 4 ) (P1 , Pz , Q1 , Qz)J_ __ , and ( 5 ) (P1 , P2 , P, Q1)J_ • 

It follows from Lemma 4, 
(6) P1VP2Vpvql =P1VP2VQ1VQ2 , 
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Let r be a point with r;;;;.b vc, then the following cases occur: 

Case I. r$p1vp2vpvq1. 

It follows from Lemma 5 and (6), 

( 7) (r, P, Pu P2, q )J__, and ( 8) (r, P1t P2, q , Q2)J__. 

By (1) and (5), it holds q2 $,.q1vp1vp2 vp, whence we have: 

Q2SQ1 v(rvp1 vp2 vp). 

Therefore there exists a point s with 

( 9) q2sq1vrvs, and (10) ssrvp1 vp2 vp. 

Then s;trvp1 vp2, since otherwise (9) would yield q2 <q1 vrvp1 vp2 , 

contrary to (8). Hence we have from (10); 

(11) p<p1 vp2 vrvs. 

It holds ssc by (10), and ssb by (9) and (8). And so the result is obvious 

from (11). 

Case II. r$.p1vp2 vpvqi, but r$P1VP2 VP. 

It follows from (5) and Lemma 5 that (r, p1 , p2 , p)J__, w)lence we have 

from ( 6) and Lemma 4 : 

Therefore q1 vq2$,.rvp1 vp2 vpsc, while q1 vq2sb, whence q1 vq2 $.bf\c. 

Hence the result is immediate from (1). 

Case III. r$.P1 vp2 vp, but r$P1 VP2. 

It follows at once, psp1 vp2 vrsav(bf\c), which is to be proved. 

Case IV. rsp 1 VP2 . 

We can assume r=J=p 1 , without loss of generality. So we have p1 vr 

=P1 vp2 , and it holds by (5), 

(12) (p, P1 , r)J__ • 

It follows from (1), p$,.p1 vrvq1 vq2. Hence there is a point s with 

(13) psp1 vrvs, and (14) ssrvq1 vq2. 

We have s;;;;.p1 vrvpsc by (12), (13), and ssb by (14). Therefore the result 

is obvious in view of (13). 

This completes the proof. 
From Theorem 1, Lemma 8, 10, 11 and 13, we obtain the following 
THEOREM 2. In a relatively atomic, upper continuous lattice, the combined 

conditions "(A) and (B) ", "(7] 11 ) and ( 17) ", and "(f) and (P),, are e-quivalent 

to each other : 

{(A) (b, c)M, bf\c=O imply (c, b)M, and 

(B) bAc=!=O implies (b, c)M. 
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1
(17 11) If p is a point, then either p~a or avp covers a, fo't any element 

a, and · · 

( 17 ) If h is covered by 1, then e_ither a<h or a covers a/"\h, f01· any 
element a with a/"\ h,+O. 

{([;') If a, b cover c and a+b, the.n a vb ·covers a and b, and 

(P) If p~qva, r~a, where p, q, r are points and a is any element, then 
there exists a points with p~qvrvs, s~a. 

In conclusion, the author wishes to express his hearty thanks to Prof. 
F. Maeda for his kind guidance. 
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