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ON AXIOM OF BETWEENNESS (Continued)

By
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: Chapter III
On open-betweenness in partially ordered set

When z >y >z or < y<z for three elements #, ¥ aud z in a partially
ordered set, this relation is called open-betweenness [ayz].

Now, let A be a set and R be some collection of a=={abc} (a,b, c=i=)
which is an element of triple product space AxAxA. In this chapter,
we shall consider the conditions in order that R may be the set of open-
betweennéss. In other words, we shall require the complete system of
conditions for open-betweenness. We use the following notation: Ia.cbl;
means that {acb} is not contained in E.

In this chapter, we shall have the following results:

Theorem. The following system O.B is the complete system of conditions
for open-betweenness.

OB3. |abc|—|cba|.
OB4. |abc|—|ach|*.
OB6. [ @;,a,,b, “‘ | @25 @3, by || -+ee I} @anars @as bansy | =100 410440 ]

for at least one i (1<i<2n+1); n=1,2, ... ; Gyp4,4,=0,

and G Gy, b= (1=1,2,...,20+1).
OB7. J|abc|-|| b,d,e | —|abd| @ |dbe]. _

Proof. The necessity of the conditions OB3, OB4, OB6 and OB?7 is clear

from (9-3) in chapter I. And by the following examples these conditions
are independent of each other.

0.8

Example| Set R
1 | abe | {abel oy OB3 Is not
2 a,b,c | {abc} {acb} {cba} {bea} oB4 ,,
3 a,b,c | {abp} {beq} {car}, {pba} {qcb} {rac} OB6
D, q,r | febp} {bar} facg}, {pbe} {rab} {gca}
fpar} {req} {qbp}, {rap} {qer} {pbq}
fqar} {rbp} {peq}, {rag} {pbr} {qep}
i 4 ~3,b,c {abe} {bde} {cba} fedb} oB7
y €
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And by the same way as that of §2 in chapter I, we see that the
condition OB6 is independent as to index .

Note. From the following example we see that this system 0.8 does
not decompose in two subsets.

Example. Set={a,, 0y, .00 ,Q,,...}

{ala,za,s } {ala2a4 } ...... {alq,2a"} ...... , §a3a2al } ga4azal } ...... {a,“q,zq,l } ...... ,
§0,050,3 {010305) -oonen {01050, -oeeer y §0,0500} {5030, -oenee { Qs y } oo ’

{ Q10 4.4 } {alana'rb+2 } """"" ’ {a'n+1a"na'1} { @y 1000y } """"" ’
§0,050,}  §@203053  ooeeer {0050, eeees y {0,050, {a'sas%} """ {0,830, 3, -

------------------------

Next, we shall prove that the system of conditioiﬁfsﬂ 0.9 is sufficient
for open-betweenness. In this proof, we shall use the following notations.
..-C=D : If there exists C, we add D to C. R _

R(Q.%): R which is closed concerning the system 2.%8.

R(B") : R which is closed concerning the system 8.

R(2.1) : the set which is obtained by operating || a,b,¢ || = |abb|, |aab|

- and |aaa| to (all elements of) R. '
R(©O.8;2.1): (R(O.9))(2.1)

Now, we consider the collection R(O. 8). If we construct R(D.8;2.1)
by operating || a,b,¢ || = |abb|, |asd| and |aaa| to (all élemerts of) R(O.B),
then we have R(0.%8;2.1)=R(0.%B;2.1; B"), that is, R(Q. B;2.1) is
closed concerning the system of conditions B”. -

For; since it is clear that R(0.%5; 2. i) satisfies the conditions BI,
B2” and B3, we shall prove that it satisfies the conditions B4/, B6” and B7".

B4”: From the construction of R(D.%B;2.1), {xab} € R(D.B;2.1)—
z==b and {aba} € R(O.B;2.1)>x=+a. And when 2-e¢ and b, from OB4
|wab| and |wba| are not compatible. Therefore, R(O.B; 2.1) satisfies the
condition B4”. ' ’

From the construction of R(D.%;2.1), if || @, b,b | exists in R(D.B;
2.1), then there exists || a,b,¢c || (for some ¢) in R(Q B; 2.1).  eeeveenes (1)

B6” : We prove this by decomposing two cases:
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Case 1. z,7a, and @,,, (i=1,2,...,2n+1):

lay,ag, 2|l -1l @G5, 25 ] -oeeee | Gsnsss @1y %nu | ’—->\a BiGipe] -
Case 2. z,=a, (for some i) @ z,=a,,,: .
@y @y s |l 2, l @ @.,,,0, || where a:i,aiﬂ P (2)
SO, | @1y Gy 2y ||+ || Ggy Qg @ || -eveee I @z, 015 Gy @304 || -2, | @1y @op 71 [] - || @5 @3, 97, i
""" | Ggngrs @1y Yzian “ (Where Cp s Gpay» Yi=t) ﬂ"l #8410, |.  Therefore,

R(D.%B; 2.1) satisfies the condition B6".

B7": Case 1. #--b and d: |abel- || b,d, 2 || ——|abd| @ |dbe].

Case 2" z=>b or v=d: |abc| || b,d, x Hﬁ»]abc] Il b, d, e\]—m;] a,bdl@ |dbe].
Therefore, R(D B ; 2.1) satisfies the condition B7”.

So, we have R(0.8; 2.1)=R(D.8B;2.1; B").

From the above result and (9-4) in Chapf I, we can ‘introduce the
partial order in R* such that R(2.1) is the set of betweennéss and so that
R is the set of open-betweenness.” Hence, the system 0.8 is the sufficient
conditions for open-betweenness. : »

Thus, we have proved the Theorem. : '

~ Remark: For the open-betweenness of each special case with Whlch
we have dealt in Chap. II, we have the complete system of conditions by
replacing OB6[1],...,0B6[4] and OB6[5] respectively for OB6 in the
system ©.%8: that is, )
1. For the case where A has inner radius 7:
OB6 [1] Dl @byl Gy g, By ] e l a’Zn+1 1@y b2n+1 I — ]“i“ulam
for at least one ¢ (1<i<2n+1), n=1,2,...,r and @,,,,,,—a, .
2. For the case where 4 has a center:
OB6[2] lla,b,c|l —1lasa b] for some one fixed element a .
3. For the case where A has one extreme element:
OB6[3]: lla,b,c| —|aab| or |aba| for some one fixed element a .
4. For the case where A has two extreme elements:
OB6[4]: llab,c|| »|a0a,] for some two fixed elements a, and a_.
5. For the case where A is simply ordered: ‘
OB6[5]: }l abc] - 1[ d, e,f ]l — li @y a,d Il for some one ﬁxed element a,

_ 4 ~ Chapter IV
On betweenness in quasi-partially ordered set

Iﬁ a quasi-partially ordered set” (i.e. the set in which a binary
relation a>v is defined, which satisfies P1 and P3), when =5z or a <y <z

1) Cf. §4 in Chap. I Page 187: meaning of S*).
2) Cf. G. Birkhoff; Lattice Theory (1948) P. 4.
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for three elements #,y and z, this relation is called closed-Q-betweenness
lwyz>. . : :

In this chapter, we shall investigate the conditions in order that E,
which is some collecton of elements of triple product space A x A x 4, may
be the set of closed-@-betweenness of set A.

§1. Necessary conditions for cloééﬂ-Q-betweenness.

In this section, we shall require the conditions which closed-@-between-
ness must satisfy. About this, we shall have the following result:

Theorem 1. The following conditions must be held for closed-Q-betweenness
in & quasi-partially ordered set A.

Bl. <aaa>> for all a (@€ A).
B2. <labx > — <aab>.
B3. <aab> - bxa_>.
QB5. <lawb >-<aby > w==b — <laby>.
QB6.  <010,%, >+ < B05%5 > +++ < Bans101¥zn41 > —> < OBy Grsr > -
for at least one i (1<i<2n+1), n=1,2, ..., Gy ,-,, =0, and a,5-a,,,
: (i=1,2,...,2n+1). '
QB7,. <“abc>>-<bda>> a==b, b==e, b==d — < abd> @ < dbe>.
B7,. <awb> b=c — <abc_>.
"w}_zere p=q means that <a,pq> and <xqp_> for some x.  ----e- 1.1)

Proof. By the similar way, to that in the proof of the necessity of
the conditions BI1, B2, B3, B5 and B7 in §1 of Chap. I, we see that the
conditions BI1, B2, B3, QB5 and QB7, are necessary for closed-Q-between-
ness. So, we prove the necessity of the conditions B6 and B7,. -

B6: We prove by decomposing two cases.

Case 1. a,=+¢,,, (i=1,2,...,2r+1): In this case, by the similar way
to that in §1 Chap. I, we see that the condition B6 is necéssary.

Case 2. a,=a,,, for some i: G,=0,,, —>a,=0a,,, and a,<a,,, ..

And <0108, > — @420, OT a¢+;ga,+2. So, in this case, we have
Oy B> :

B7,: <axb>>—>a=b or a<b, and b=c —»b=c and b<c.

So, < axb_>-b==c — a=b>c or a<b<c. Therefore, we have <Jabc_>.

Thus, we have Theorem 1. C

§ 2. Independency of conditions.
In this section, we shall investigate the independency of the conditions
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B1,...,B7, in the following system Q.% by the same way as that in §2
Chap. L.

Bl. lasa]| for all a (@€ A)V
B2. |abz|—|aab].
B3. |axb|—|bxa].
QB5. |axb|-|aby| a==b — |aby]|.
B6. |0,0,2, ] |@ya5z,] e ]a2n+1a1xzr+1l_’[aaa'cua'uz‘
for at lest one i(1<i<Zn+1), n=1,2,..., Gy, ,,=0, and
a,=+a,,, (i=1,2,...,2n+1).
QB7,. |abe|- |bdx] c$b b==c, b==d —|cbd| 6 ldbcl
B7,. |axb|-b=c —|abc].
where p=q means that |opq| and |#gp| for some L. e (2.1)

Q.B (

We shall have the following result:

Theorem 2. The conditions B1, B2, B3, QB5, B6, QB5, B6, QB7, and
B7, are independent of each other.

Proof. By the examples 1, 2, 3, 5, 6 and 7 in Chap. I, each of the
conditions B1, B2, B3, QB5, B6 and QB7, is independent of the. others and
B7,. For the independence of B7,, we have the following examples.

Example 1. a=b: v
faab} {baa} f{abb} {bba} {aaa} {bbb} {aba} 0 eeeeeenen (2.2)

This example satisfies the conditions B1, B2, B3, QB5, B6 and QB7,,
but not B7,. For, {ba,a} {aab} {aba}—s {baa} a=b Li'{ba.b}, but {bab} does
not exist in (2.2). '

Example 2. a==b: ‘

{abb} {aab} {bba} {bac}.{bec} {bbe} fecb} {cbb)
{beb} {cbc} {aaa} {bbb} {cce} PRTP PN 2.3)

This example satisfies Bl1, B2, B3, QB5, B6 and QB7,, but not B7,. For,
B7 . .
faab} {bbc} {bc’b}——‘—>{aab}-bzc —2 {abc}, but {abc} does not exist in (2. 3).

Thus, we have Theorem 2.

§3. Lemmas concerning R(Q.B).

.In. the‘ following sections, we shall prove that the system of conditions
2.9 is sufficient for clos‘ed-Q-betweeness of set A.

1) See P.183 in §9 Chap. I meaning of |xyz| and meaning of A—B).
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‘When R, which is some collection of elements of triple product space
Ax A x A, satisfies the system Q.98, R is said to be closed concerning the
system .96 and represented by E(Q.DB).

In this section, we shall investigate the properties of RB(D.B).

Lemma 3.1. =y, y=z — r=2 S

Proof. z=y -2 |azy| for some o — |y2a|— |y 2wy ;

|2yy | - y=2 ia.lxyzl.
]xyz‘lozzy:—k)lxzylélyle. And |ayz|—s|zyz|,
|eyz| - r=y = | 2wy | 2> |ywe]. o

So, |yzzx|- lyaﬁzl(ié__ﬁ~ r==z.

Lemma 3.2. |byd|-b=d —»y=b.

Proof. |byd|-=25|bby| =5 |ybb| ; |ybb|-b=d -2 |ybd|.
|byd| - |ybd| = |dyb| - |dby| =3 y=b .

Lemma 3.3. |acb|.-b=d —|acd|. ‘

Proof. |ach|->|bea] 2> |bbe| 225 |cbb| ; |cbb| - b=d —2> | cbd|.

We proceed by decomposing two cases.. , ,

Case 1. bz=c: |ach|-|cbd | == |dbe| - |bea| —=> |dca| —= |acd |.

Case 2. b=c: c¢=b, b=d —= ¢=d.
lach| —|aac| ; |aac|- c=d =B7——2>[acd|.

So, we have that |acb|. b=d —|acd].

Lemma 3.4. |abc| b=d —|adc|.

Proof. |abe|-2>|aab|; |aab| b=d —2> |abd |; |abd | - d=b —2> |adb|. «+-(3.1)
Similarly, by interchanging ¢ and ¢, we have that |abc|- b=d —=> | cba |- b=d
= |cbd| and |cdb]. -+(3.2)
We prove by decomposing three cases.

Case 1. a=b: a=b, b=d "=>*}a=d. From the above and (3. 2).
lebd | - d==t —2 | eda | =25 | ade]. |
~ Case 2. asgb, b=c: o=b, b=d ™ c—y
|abe| e=d —?7—2+|acd| ; lacd]| - d=c¢ Llwdc]. o

© Case 3. azh, b==c: From (3.2), |edb| 2> |cod| =25 |dce].  o(3.3)
And |abe|—=|cba| == leeh| == |bee] ; [abc']-lbccl-b$cé—g——ﬁ>lacc|;—i;~|aacl
== |caa|. , ceenennnn(3. 4)
From (3.1), (3.3) and (3. 4), we have ladb]», |dec| and |caa]. So, by B6 there
exists at least one of |ade|, |dea| and |cad| in R(Q.B). e (3.5)
If there exists |dea|, |dea| == |acd|; |acd| d=b Z=22 |ach|. |abe|-|ach| 22
b=c. This contradicts the:assumption b==c, so0.|dca| may not occur. And
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similarly by using |dac|, b=d, |cba| and b==a, we can conclude that |cad]
i.e. |dac| may not occur. So, in (3.5) only |adc| exists in R(Q.®B). There-
fore, we have |abc]|- b=d —|adec]. _
Lemma 3.5. |ayz|: v=w,, y=u,, 2=2, — |21z |.
Proof. - |ayz|- y=u, s |wyz]. |2nz]- 2=z, Tglaﬂhzx}#lzl%@l
leuyma 3.3

e o]« o=, #lzlylxll#{xlylzlj

§4. Safficient condltlons for closed Q-betweenness.

In this section, we shall prove that the system of conditions Q. SB is
sufficient for @-betweenness of set A.

When ]a:abl and |xba| for some 2, we define a=b. Then this relation
o: =y is an equivalence relation in set A. For;

1) From Bl, |zzz] for all . So we have x=.

2) r=y il y=x.

3) e=y, yszmxzz. ,

Now, we classify the set 4 by this equivalence relation, and represent
the classes X7, X%, ... . And we define A(s) and E(cs) as follows: - N

A()={X,}; Rlo)={|XXeX,| |2 € X}, y € X§, z€ X}, |ayz| e RV
From Lemma 3.5, for any three elements z,, 7; and z, such that
x, € X¥, v, € XE, 2, € XY, I X X X,| €R(0) > | 2102 | €ER(Q.B).  cevenennn 4.1)

If we define A(s) and E(o) as above, then from the system Q.%B, A(c)
and R(o') satlsfy the system 8’ (Cf. §9 Chap.I). So, we can introduce the
partial order in A(o‘) ={X,} such that R(o) is the set of closed betweenness.

Now, by the 51m11ar process to that of §7 in Chap I, we shall prove
the sufficiency of the system D.SB .
[1] We define the following binary relation in set A: =
(1) 2>y if and only if X, >X, (a=pB), € X*, y € X} (a==8).
(2) a=y if x yeXt
2] The binary relation which is defined by [1] is a quasi-order.
- For; From the definition (2)-in [1], it is clear that this binary relation
satisfies P1, so we prove that the binary relation satisfies P3.
Suppose that » € X%, y € X}, z€ X§ and x>y, y==z.

def.r1) def. (1)

xg X >Xﬂ, Z/ZZ—————)szx

(4.2) def. El)

ngﬁ’ Xﬁ>X¢y:X ZX'Y gz.

1) ‘We use the-natatign. X, in the case when we consider a class X% 3s one element.
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So, this binary relation satisfies P3. Therefore it is a quasi-order.

[3] z=w=z or x<y<z—|avz|.

For; Suppose that x€ X%, y € X%, z€Xf. a>u>z—5 X zxﬂgxy
B | XX Xy | 222 yz). :

In the case where <% <z, we have |zyz| by the same way as above.
[4] |zyz|—>a2=y=z or 2<y<z.

For; Suppose x € X¥, weX¥, z€ X§. |ayz|— def. K7 IX,,XBX |

= X,=Xp=>X, or X, <X,<X, LD r>y>z or s<y<z.

From the above results, we have the following Theorem :

Theorem 3. The system of conditions Q.B is sufficient for closed-Q-
betweenness of set A.

From the Theorem1, 2, and 3, we have:

Theorem 4. The system of conditions Q. B is the complete system of
conditions (necessary, sufficient, and mutually independent) for closed-Q-between-
ness of set A. -

Remark 1. From the same consideration as that in '§9 Chap. I, the
complete system of conditions for closed-@-betweenness of some set is as
follows : '

(4.2)

QB (1.2Y. |zyz| —|xay|.

B3. . |awb|—|bual.
QB5. laxbd| - |xby| - x==b —|aby].
B6. 0,3, |@ya5w, ] eee | @20 1101201 | =] @8, Gz ]
2.8 for at least one i (1<i<2n+1), n=L12,..., Cy,1,,=0,

and a;==a,,, (i=1, 2, ..., 2n+1).
QB7.. |abe]| - |bdx| a=:=b, b==c, b==d —|abd| 6 |dbc].
B7,. |aab)] - b==c —|abe].
where p==q means that |zpg| and |aqp| for some z.

Remark 2. When the set A is one of the five special cases of quasi-
partially ordered set (Cf. Chap. II): (1) the case being bodnded; (2) having
a center ; (3) having one extreme element ; (4) having two extreme elements;
(5) being simply ordered, we have the complete system of conditions for
closed-Q-betweenness of set A by replacing B6[1], B6[2], B6[3], B6[4]
and B6[5] respectively for B6 in the system Q.98.

§5. Open-Q-betweenness in quasi-partially ordered set.
When o>y >z or x<y<z for three elements x,y and z in quasi-
partially ordered set, this relation is called open-@-betweenness < xyz_>,.
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In this section, we shall investigate the conditions in order that R,
which is some collection of elements of triple product space AxAXxA,
may be the set of open-Q-betweenness.

About this, we shall have the following Theorem:

Theorem 5. The system of conditions ©.Q.B:

B3". |abc|—|cbal.
OBG”- [| @ys@ayb; |- 1] @gy @3y by |} ooeeer | Congrs @1y Baney || =1 00,1045 -
for at least one i (1<i<2n+1), n=1,2, ..., Gy, =0,
OB7". |abe|-||b,d, e assb, b=ze, t==d —|abd| @ |dbe|.
OB7;. | @ d,b|| -b=c —|abe].
where p==q means that |rpq| and |rqp| for some r.

0.2.8

is the complete system of conditions of open-Q-betweenness.

Proof. From the Theorem 1 and 2, it is clear that the conditions are
necessary and mutually irdependent. So, we shall prove the sufficiency
of these conditions.

Similarly to the proof of the sufficiency of the system Q.8 (Cf. Chap.
III), we construct R(O.Q.%; 2.1) by operating || ¢,b, ¢ || = |axb|, |abb| and
laga| to R(O.Q.B). Then we have R(O.Q.B; 2. 1)=~R(Q. B).

For; From the construction of R(D.Q.%8; 2.1), it is clear that
R(O.Q.98B; 2.1) satisfies the conditions Bl1, B2 and B3.

'QB5: From Lemma 3.2 and |axb|-#==b, we have a==b. So, we prove
this by decomposing two cases: ,

Case 1. b==y: lxbyl-laa:b]gﬂlabyl o» {abal.

If |aba|, |aab|-|abx 2, x=b. This contradicts the assumption, so |aba |
may not occur. Hence, in this case, we have |axb|-|2by| 2==b —|aby|.

Case 2. b=y: ,

(i) x==a and b: [axb]-bzyg?—glabyl. _ )
(i) &=a @ b: |awb|— [ a,b,c| for some ¢; || a,b,¢ || - b=y —>|aby].
Therefore, R satisfies QB5.

By the same way as that of obtaining B6 and B7, in the proof of the
sufficiency of the system 2.8 in Chap. III, we see that E(O.2.%5;2.1)
satisfies B6 and QB7,. And from OB7;,, we easily see that R(D.Q.8;2.1)
satisfies B7,.

Hence R(O. 2.8 ; 2.1)=R(Q.9B).

From the above results and Theorem 4, we can introduce a quasi-order
in R* such that R is the set of open-Q-betweenness. Therefore, the system
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of conditions ©.Q.%B is the complete conditions for-Q-betweenness.

Thus, we have proved Theorem 5.

Remork 3. When set A is one of the five special cases of quasi-
partially ordered set (Cf. Remark 2), we have the complete system of
conditions by replacing OB6[1], OB6[2], OB6[3], OB6[4] and OB6[5]
respectively for B6 in the system ©.Q.98.

"MATHEMATICAL INSTITUTE,
HirosHIMA UNIVERSITY.
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