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Chapter III 

On open-betweenness in partially ordered set 

When x>'!l>z or x<y<z for three elements x, 21 aud z in a partially 
ordered set, this relation is called open-betweenness [xyz]. 

Now, let A be a set and R be some collection of a { ab·c l ( a, b, c=--1=) 

which is aQ. element of triple product space Ax Ax A. In this chapter, 
we shall consider the conditions in order that R may be the set of open­
betweenness. In other words, we shall require the complete system of 
conditions for open-betweenness. We use the following notation: I acb Ix 
means that {acbj is not contained in R. 

In this chapter, we shall have the following results: 

Theorem. The following 8'/Jstem D. ~ is the complete system of conditions 

for open-betweenness. 

0.~ 

OB3. labcl-lcbal. 

OB4. I abc I - I acb I x. 

OB6. II ai, a2' b1 11'. II a2' a3' b2 II ...••• II a~1!+1' al' b2n+1 II -1 a,ai+la.+2 I -
for at least one i (l~i::S:2n+l); n=l, 2, ..• ; ain+i+i=a, 

a1ul a1, a 1+1 , b1=-f= (i=l, 2, ..• , 2n + 1). 
OB7. label• II b,d,e 11-labdl@ ldbcl. 

Proof. The necessity of the conditions OB3, OB4, OB6 and OB7 is clear 
from (9· 3) in chapl:er I. And by the following examples these conditions 
are independent of each other. 

Example Set 

1 a,b,c 

2 a,b,c 

3 a, b, c 
p,q,r 

4 ··a, b, c 
d,e 

R 

{abc} 

{abcl {acbl fcba} {bcaj 
!abpl {bcqj fear!, {pbal {qcbl {rac} 

I cbp I I ba1· l I acq I , I pbc I l rab I l qca I 
I par I I rcq I I qbp I , I mp I f qcr I l pbq I 
I qar I I rbp I I pcq l , I raq I l pbr I I qcp I 
I abc I I bde l I cba I I edb I 

only OB3 is not 
satisfied 

OB4 ., 
OB6 ., 

OB7 ,, 
I 

--------------'-- ----·-· ---
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And by the same way as that of § 2 in chapter I. we see that the 

condition OB6 is independent as to index n. 

Note. From the following example we see that this system D. 58 does 
not decompose in two subsets. 

Example. Set={a1 , a2 ,' ••• ,a,,, ... j 
I a1a2a3 I I a1a2a4} ·· · ·•· I a1a2a .. l · · · · · · , I aaa2ail I a4a2ail ·· · · ·· I a,.azad ... · ·· , 

I a1aaa4 I I a1aaas l ·· · · · · { a1aaa,. l · · · ·· · , I a4aaad I asaaad · · · ··· I a,.aaad · .. ·· · , 

._ ...................... . 

Next, we shall prove that the system of cop.dition~ :D. ~ is sufficient 

for open•betweenness. In this proof, we shall use the following notations. 

•· C =) D : If there exists C, we add D to C. 

R(D. ~): R which is closed concerning the system D. 58. 
R(58 11 ) R which is closed concerning the system 58 11 .• 

R(2.1) : the set which is obtained by operating II a,b,c II =) I abb I, I aab I 
and I aaa I to (all elements of) R. 1 

R(D. 58; 2.1): (R(O. 58)) (2. 1) 

Now, we consider the collection·R(D. 58). If we construct R(D. 58; 2.1) 

by operating II a, b, c II =) I ab~ I , I aab I and I aaa I to ( all elements of) R( 0. 58 ), 
then we have R(O. 58; 2. l)=R(D. 58; 2.1; 58 11 ), that is, R(O. 58; 2.1) is 
closed concerning the system of conditions 58 11 • · 

For; since it is clear that R(D. 58; 2.1) satisfies the conditions Bl, 

B211 and B3, we shall prove that it satisfies the conditions B411 , B6" and B71i. 

B4": From the construction of R(D. 58; 2.1), { xab l E R(O. 58; 2.1)­

x+b and { xba l ER( 0. 58 ; 2.1)-+ x=t=a. And when q;4a and b, from OB4 
I xab I and I xba I are not compatible. Therefore, R(D. 58; 2.1) satisfies the 

condition B4". 

From the construction of R(O. 58; 2.1), if II a, b, b II exists in R(O. 58; 

2.1),· then there exists II a, b, c II (for some c) in R(O. 58; 2.1). . ........ ( 1) 

B6" : We prove this by decomposing two cases : 
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Case 1. x 1=t=a, and at+i (i=l, 2, ... , 2n + 1): 
086 l ll al• a2 • X1 II • II a2 I a3 • X2 II ....•. II a2n+l •al, X2n+1 II - I aiai+la1+2 • 

Case 2. x 1=a1 (for some i) ® x,=at+i: · 
CD · II a,, a,+1, X1 II- II a,, a1+1 , b, II where ai, a,+i, b,==l= • • ....... -( 2) 

(2) 

So, 11 a1, a2, X1 II • ll a2, aa, X2 II · ••••• II a2 i+l' a1, X211+1 II - II a1, a2, 1/1 II • 11 a2, a3, 112 II 
086 

·····•lla2..+1,a1,1/2i+ill (where a,,a1+1,Y,4)-\a1a1+1a1+1!. Therefore, 
R(D. ?.B ; 2.1) satisfies the condition B6". 

B7" :. Case 1. X=pb ;nd d: \ abc \ • II b, d, x ll ~ \ abd 1 ® \ dbc]. 
· · (1) \ · 087 

Case 2~ x=b or x=d : \ abc \ ]I b, d, x II ~ . abc \ · ll b, cl, e 11 - I abd \ ® l dbc \ . 

Therefore, R(D. 58; 2.1) satisfies the condition B7". 

So, we have R(D. 58; 2. l)=R(D. 58; 2.1; ?.B" ). 

From the above result and (9• 4) in Chap: I,· we can introduce the 
partial order in R* such that R(2.1) is the set of betweenness and so that 
R is the set of open-betweenness.1) Hence, the system D.58 is the sufficient 
conditions for open-betweenness. 

Thus, we .have proved the Theorem. 
Remark: For the OP.en-betweenness of each speci~l case with which 

we have dealt in Chap. II, we have the complete systerr.i of conditions by 
replacing 0B6 [1], ... , OB6 [ 4] and OB6 C5J respectiv.ely for 0B6 in the 
system D. 58 : that is, 
1. For the case where A has inner radius r : 

0B6 [1]: II a.1, a2, bi II · II a2, a3, b2 II ······ II a211+1, a1, b2>i+1 II - \ a1a1+~a1+2 !­
for at least one i (1 <i:-0::2n+l), n 1, 2, ... , 1· and aJn+1+i=a1 • 

2. For the case w_here A has a center: 
0B6 [2] II a, b, c U - II a0, a, b II for some one fixed element a, . 

3. For the case where A has one extreme element: 
OB6 [3] : II a, b, c II - \ a0ab L or \ a0ba I for some one fixed element a, . 

4. For the case where A has two extreme elements : 
0B6 [ 4] : II a, b, c 11-l a0aa00 I. for some two· fixed elements a0 and a00 • 

5. For the case where A is simply ordered: 
0B6 [5]: II a, b, c_ II • II d, e, f II - ll a0 , a, d II for some one fixed element a0 

Chapter IV 

On betweenness in quasi-partially ordered set 

In a quasi-partially ordered set2', (i.e. the set in which a binary 
relation x>y is defined, which satisfies Pl and P3), when x2.y2.z or x~ys;,z 
----··----

1) Cf. § 4 in Chap. I Page 187: meaning of S"). 
2J Cf. G. Birkhoff; Lattice Theory (1948) P. 4. 
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for three elements x, y .and z, this relation is called closed-Q-betweenness 

<~"YZ> ~ 
In this chapter, we shall investigate the conditions in order that R, 

which is some collecton of elements of triple product space Ax Ax A, may 

be the set of closed-Q-betweenness of set A. 

§ l. Necessary conditions for closed-Q-betweenness. 
In this section, we shall require the conditions which closed-Q-between­

ness must satisfy. About this, we shall have the following result: 
Thoorem l. The following conditions must be held f01· closed-Q-betweenness 

in a quasi-partially 01~dered set A. 

Bl. <aaa> for all a (a EA). 

B2. <abx>-<aab>. 

B3. <axb>-<bxa>. 

QB5. <axb>•<xby> ~$b - <aby>. 

QB6. < a1a2x1>• < a2a3x2> · ·· < a2,.+1a1x211 +1>-+ < a1a,+1a,+ 2>. 
for at least one i (l::;;:i<2n +1), n=l, 2, ... , a2n+:+i=a1 and a,=1~a1+ 1 

(i=l, 2, ... , 2n +1). 

QB71• <abc>•<bdx> a$b, b$c, b$d-<abd> ® <dbc>. 

B72 • <axb> b=c -<abc>. 
where p . q means that <xvq> and <xqp> for some x. •····-Cl. l) 

Proof. J3y the similar way. to that in the proof of the necessity of 
the conditions Bl, B2, B3, B5 and B7 in § 1 of Chap. I, we see that the 
conditions Bl, B2, B3, QB5 and QB71 are necessary for closed-Q-between­

ness. So, we prove the necessity of the conditions B6 and B72 • 

B6 : We prove by decomposing two cases. 

Case 1. a 1=1=:a>+ 1 (i=l, 2, ... , 2n+l): In this case, by the similar way 
to that in § 1 Chap. I, we see that the condition B6 is necessary. 

C 2 f . o.n d ase . a,_a>+1 or some i : a,=aH1 - a1 >a,+1 an a, <a1+1 •. 

And <a1+1a1+2x1+1>-+ a1+1:2;a1+2 or a1+1 <a1+2 • So, in this case, we have 

< a;a1+ia1+2> • 
B72 : <axb>-+ a2b or a<b, and b=c-+ b>c and b::;;:c. 

So, <c,xb>·b-c-+ a;:>,b~c or a<b<c. Therefore, we have <abc>. 

Thus, we have Theorem 1. 

§ 2. Independency of conditions. 

In this section, we shall investigate the independency of the conditions 
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Bl, ..• , B72 in the following system D. Q3 by the same way as that in § 2 

Chap. I. 

Bl. 

B2. 

B3. 
QB5~ 

B6. 

I aaa I for all a (a E A).1' 

labxJ-laabl. 

I axb 1-1 bxa I • 
I a:-cb I • I xbu 1 x$b -4 l abu 1. 
I a1a2X1 I· I a2a3X2 l ··· ... I a2n+1a1X2n+ll-l a,at+lat-1·2' · 

O.Q3 
for at lest one i (l <i<Zn+l),' n=l. 2, .;, , a2,.+1+1=a1 and 

a1==1=am (i=l. 2, ... , 2n+l). 
QB71 • 

B72. 

label· lbdxl c:$b, b$c, b$d-labdl ® ldbcl. 

I axb I • b=c - I abc I . 
where p=q means that lxpq\ and \xqp\ fop some x. •·····(2.1) 

We shall have the following result : 

Theorem 2. The conditions Bl, B2, B3, QBS, B6, QBS, B6, QB71 and 

B72 are independent of each other. 

Proof. By the examples 1, 2, 3, 5, 6 and 7 in Chap. I, each of the 

conditions Bl, B2, B3, QB5, B6 and QB71 is independent of the others and 

B72. For the independence of B72, we have the following examples. 

Example 1. a=b : 

{ aab l { baa l { abb l { bba j' { aaa l { bbb l { aba} ......... (2. 2) 

T)lis example satisfies the conditions Bl, B2, B3, QB5, B6 and QB71 , 
· · B72 

but not B72. For, {baa} {aab} {abaj~{baa} a=b ~{babj, but {babj does 

not e:x;ist in (2. 2). 

Example 2. a$b : 

I abb I { aab I ! bba l ! baa l . l bee l I bbc l I ccb l I ebb l 
I bcb l I cbc l I aaa l { bbb l I ccc l · .... ··•-(2. 3) 

This example satisfies Bl, B2, B3, QB5, B6 and QB71 , but not B72. For, 
B72 

{ aab l { bbc l { bcb l { aab l · b=c ~ { abc l, but { abc l does not exist in (2. 3). 

Thus, we have Theorem 2. 

§ 3. Lemmas concerning R(O; Q3). 

In the_ following sections, we shall prove that the system of conditions 
0. Q3 is sufficient for closed-Q-betweeness of set A . 

. 1) .See P. 183 in §.9 Chap. I meaning of lxyzj and meaning of A➔B). 
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When R, which is some collection of elements of tripJ~ product space 
Ax Ax A, satisfies the system D.58, R is said to be closed concerning the 
system D. 58 and represented by R(D. 58). 

In this section, we shall investigate the properties of R(D. 58). 

Lemma 3. 1. X-Y, y=z--> x=z 

Proof. X-Y~Jax1JI for some a~JyxaJ~Jyyx\~Jo.,-yyJ; 
B72 

\~-YYI ·Y=z ~\xyzl. 

Jxyi\ ,z-y~lxzyf~\yzx[. And l~-yz\~\zyx\, 
B7z BS 

lzyxl •x y ~JzxyJ==-9\yxz\. 

So, Jyzx\ • lyxz\ ~ x=z. 

Lemma 3. 2. I byd I • b_d --> y-b . 
· . B2 • BS B7z 

Proof. \bydl-Jbby\=9lybbl; Jybb\ •b=d ==9lybd\. 

\bydl • JybdJ~ldybJ · JdbyJ~y=b. 

Lemma 3. 3. JacbJ • b=d -JaedJ. 

Proof. JaebJ~JbcaJ~lbbeJ~Jebb\; Jebb I· b J ~\ebdJ. 
We proceed by decomposing two cases. 

Case 1. b$e: Jaebl • Jcbdl~JdbcJ • 1bcaJ~\dcal~\aed\. 
lemma 8.1 

Case 2. b=e : c=b, b=d -- e d • 
B2 B72 

JacbJ-Jaac\; laacl • e-d ==9\acdl. 
So, we have that \aebl • b=d -->\acd\. 

Lemma 3. 4. label b-d -JadeJ. 
n ~· ~ . 

Proof. label-Jaab\; Jaab I b=d =9 JabdJ; JabdJ ·d=b =9 \adbJ . .. ,c3.1) 
Similarly, by interchanging a and e, we have that I abc I • b=d ~ I cba I · b d 

===9 I cbd I and I cdb I. •··(3. 2) 
We prove by decomposing three cases. 

C lemm::i. S.l 
ase 1. a=b : a=b, b=d -- a_d . From the above and (3. 2). 

B7z ll3 I ebd I • cl=a ===91 cda I ===91 aclc I . 
Case 2. a=J=b, b=e : c=b, b=cl iem~ e=d . 

. B72 . B72 

I abe I c=d - I acd I ; I acd I • d=e ===91 acle J. 
. . . M ITT ' · 

Case 3. a=J=b, b$c: From (3. 2), I edb I ===91 eccl I =9 I dee J. •·····(3. 3) 

And label~lcbal~leebl~lbccl; Jabc\ •!bee\• b$c ~Jaecl~Jaacl 
~ lcaal. . ........ (3. 4) 

From (3.1), (3. 3) and (3. 4), we have I adb I, I dee I and I eaa I. So, by 136 there 
exists at least one of lade I, Idea I and I cad I in R(D. 58). . ........ (3. 5) 

If there exists I dca I , I dca I ~ I aed I ; I acd I cl b 1•m~ I acb J • I abe I · I acb I ~ 
b=c. This contraaicts the: assumption b$c. so. Jdeal may not occur. And 
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similarly by using jdacl, b-d, lcbal and b;f=a, we can conclude that lead! 
i.e. I dac I may not occur. So, in (3. 5) only I adc I exists in R(.O. '8). There­
fore, we have label• b=d -ladcj. 

Lemma 3. 5. I ~;yz I · x=x1, Y=Y1, z=z1 -I X1Y1Z1 j. 
lemma S,4 I j I j lemma S,3 I · j n·s I I Proof. : I xyz I• y=y1 . . xy1z . XY1Z • z==z1 ===9 XY1Z1 ~ z121ix . 

I I lemma S.3 1 1 BS I I 
Z1Y1X • x=x1 ===9 Z1Y1X1 ==9 X1Y1ZL • 

§ 4. Sufficient conditions for closed-Q-betweenness. 

In this section, we shall prove that the system of conditions D. ,S is 
S!Jfficient for Q-betweenness of set A. 

When I xab I and I xba I for some x, we define a b. Then this relatiqn, 

u : x=:=y is an equivalence relation in set A. For ; 
-1) From Bl, jxxxl for all x. So we have X==X. 

def, 
2) x=y -Y==X. 

lemI!l'I 3.1 
3) x y, y-z --~x~z. 

Now, we classify the set A by this equivalence relation, and represent 
the classes X;,Xf, ....... And we define A(a-) and R(a-) as follows: 

A(u)=IX.,.}; R(a-)={ !X..;X11Xyl 1 X EX;, YE Xl, z E Xf,j~-yzj E Rj.1' 

From Lemma 3. 5, for any three elements x1 , y 1 and z1 such that 

......... (4.1) 

If we define A(a-) and R(a-) as above, then from the system D. ,s, A(a-) . . . 
and R(u) satisfy the system ,s: (Cf. § 9 Chap. I). So, we can introduce the 
Partial order in A(a-)=IX.,.l such that R(u) is the set of closed betweenness . 

......... ( 4. 2) 

Now, by the similar process to that of § 7 in Chap:. I, we shall prove 
the sufficiency of the system D. ,S . 

[1] We define the foilowing binary relation in set A: 

(1) x>y if and only if Xd>X11 (a=-h8), x EX;, y EX; (a=i=,8). 

(2) X2!/ if X, YE Xf. 

[2] The binary relation .which is defined by [1] is a quasi•order. 
For; From the definition (2) in [1], it is clear that this binary relation 

satisfies __ Pl, so we prove that the binary relation satisfies P3. 
Suppose that xEX!, yEXJ, zEXif and x;;;;,y, y2z • 

• ---,_ def.rl) X --.._X "'- def.(ll X --.._X 
X,,;;;,1/- d,:;;;. /I• Y,,;;;;,,Z- /1,e;;;, 'Y· . ·x (4,2) def. (lJ 

Xd2X11, X11~ y ==9 xd~Xy ==9 x~z. 

1) W,e use the·n~tati.on jd in!l!e case when we consider a class X;;, 11s one elenien_t. 
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So, this binary relation satisfies P3. Therefore it is a qu~!:li-order. 

[3] x?.112..z or x_s:y<z-JX1Jz\. 

(VoL 16 

For; Suppose that x EX;, y E Xf, z E _xr. x;;;,;.y"2.z ~ X,."2.Xfl"2.Xy 
( 4.2) IX V X I (4.1) I I ===!> a.J'- fl y ===!> ~'YZ • 

In the case where x<11S:..z, we have JX?Jz! by the same way as above. 

[ 4] I xyz I-+ x?.u?z or xs',,y<z. 
For; Suppose xEX;, UEX't, zEXf. JX1Jz! det~JXa,X11Xyl 

(4,2) . X X def.(lJ 
===!> X,.> fl?_Xy or· ,.<Xfl<Xy ==e> x;;;,;.y;;;,;,z or xs',,ys',,z. 

From the above results, we have the following Theorem : 
Theorem 3. The S?Jstem of conditions 0. ~ is sufficient for closed-Q­

betweenness of set A. 

From the Theorem 1, 2, and 3, we have : 
Theorem 4. The· 8'/Jstem of conditions 0. ~ is the complete system of 

conditions (necessary, eufficient, a,nd mutua!ly independent) for cloeed-Q-between­

ness of set A. 

Remark 1. From the same consideration as that in § 9 Chap. I, the 
complete system of conditions for closed-Q-betweenness of some set is as 
follows: 

QB (1.2)'. I xyz \-+] x~-y I-
B3. Jaxb\-+Jbxa\. 

QB5. \axbl • Jxby\ • x$b ➔labv]. 

B6. 

QB7~. 

B72· 

I a1a2xil • I a2aax2 I .. -· .. la2n+1a1a2,.+1 I-I a,a1+.at+2 l • 
for at least one i (1.:S:i<2n+l), n=l, 2, ... , a2,.+r+i=a1 

and a1°i=at+l (i=l, 2, ... , 2n+l). 

Jabc] • Jbdxl a$b, b$c, b$d-+!abd] @ ldbcl. 

laxbl • b=c -+label. 
where p=q means that lxpql and lxqpj for some x. 

Remark 2. When the set A is one of the five special cases of quasi­

partially ordered set (Cf. Chap. II): (1) the case being bounded; (2) having 

a center; (3) having one extreme element; (4) having two e:2{treme-elements; 

(5) being_ simply ordered, we have the complete system of conditions for 

closed-Q-betweenness of set A by replacing B6 [1], B6 [2], B6 [3], B6 [ 4] 

and B6 [5] respectively for B6 in the system D. ~. 

§ 5. Open-Q-betweenness in quasi-partially ordered set. 

When x>u>z or x<y<z for three elements x, y and z in quasi­
partially ordered set, this relation is called open-Q-betweenness <xyz>0 • 
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In this section, we shall investigate the conditions in order· that R, 

which is some collection of elements of triple product space Ax Ax A, 
may be the set of open-Q-betweenness. 

About this, we shall have the following Theorem : 

Theorem 5. The system of conditions :0. D. m : 

B311 • jabc 1-lcbal. 

OB6 11 • II ai, a2' bi II . ll a2, a3. b2 II ....•. II a2n+1' ai, b2n+1 ll - I a,at+lat+2 I• 

:O.D.m 
for at least one i (1~i<2n+l), n=l, 2, ..• , a2,.+1+i=ai. 

OB7~. jabc] · II b, d, e II a$b, b$c, l$d -label I ® jclbc I­
OB7~. II a, d, b II • b c - I abc I . 

where p=q means that I rpq I and I rqp I for some r. 

is the complete system of conditions of open-Q-betweenness. 

Proof. From the Theorem 1 and 2, it is clear that the conditions are 
necessary and mutually ir..dependent. So, we shall prove the sufficiency 

of these conditions. 
Similarly to the proof of the sufficiency of the system D. m (Cf. Chap. 

III), we construct R(:O. D. m; 2.1) by operating II a, b, c II =) I a~b I, I abb I and 
laaal to R(:O. D. ?S). Then we have R(:O. D. m; 2. l)=R(D. m). 

For; From the construction of R (:0. D. m ; 2.1), it is clear that 

R(O. D. m; 2.1) satisfies the conditions Bl, B2 and B3. 

• QB5: From Lemma 3. 2 and I axb I· x$b, we have a$b. So, we prove 

this by decomposing two cases : , 
OB7{ 

Case 1. b$y : I xby I · I axb I - I aby I ® I xba I . 
If I xba I, I a,;b I· I abx I ~ x:=b. This contradicts the assumption, so I xba I 
may not occur. Hence, in this case, we have I axb I • I xby I :1$b - I aby I . 

Case 2. b y : ,, 
OB72 

( i) x=J==a and b : I axb I • b=Y - I aby I . 
(ii) x=a ® b: I axb I- II a, b, c II for some c; 

OB7i 
II a, b, C II • b=y - I amJ] . 

Therefore, R satisfies QB5. 

By the same way as that of obtaining B6 and B71 in the proof of the 
sufficiency of the system D. m in Chap. III, we see that R(:O. D. m; 2.1) 

satisfies B6 and QB71 • And from OB7~, we easily see that R(:O.D.~; 2.1) 

satisfies B72. 
Hence R(:O. D. m; 2. l)=R(D. m). 
From the above results and Theorem 4, we can introduce a quasi-order 

in R* such that R is the set of open-Q-betweenness. Therefore, the system 
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of conditions D. 0. m is the complete conditions for-Q-betweenness. 

Thus, we have proved Theorem 5. 

Remork 3. When set A is one of the five special cases of qu_asi­

partially ordered set (Cf. Remark 2), we have the complete system of 
conditions by replacing 0B6 [1], OB6 [2], 0B6 [3], 0B6 [4] and 0B6 [5] 
respectively for B6 in the system D. 0. m. 
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