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MacLane [1]? has proved that the relatively algebraically closed sub-
fields of any field O form a matroid lattice®, and the transcendence degree
is obtained as a lattice-theoretic dimension in this matroid lattice. But he
did not consider the -lattice-theoretic. character of algebraic -and trans-
cendental extensions of subfields of Q. On the other hand, in the lattice
of convex sets there are two cases of the adjunctions of a point p to a
convex set A, namely (1) p is contained in the least linear set A containing
A, and (2) p is not contained in A. In the case (1) the convex set obtained
by the adjunction of p to A has the same dimension as A, but in the case
(2) by the adjunction the dimension increases. These two cases are similar
to a simple algebraic extension and a simple transcepdental extension of
subfields respectively.' Hence we may expect that there exists a lattice
theory which contains both the theory of extensions of fields and the theory
of extensions of convex sets. . . : ,

In this paper, I first ﬁnd‘ a ®-relatively molecular, upper continuous
lattice L such that the lattice of all subalgebras of an abstract algebra
with finitary operations and lattice of all subgeometries of an abstract
geometry with finitary pperatiOns3> are special cases of such a lattice L,
where ® is the set of principal subalgebras and the set of principal sub-
geometries, that is points, respectively. Ihtroducing in ® the dependence
relation formulated by van der Waerden [1, p. 204], I investigate the theory
of extensions in L, with a view to showing that the theory of extension
of fields and the theory of extension of convex sets are the special cases
of this general theory. -

1) The numbers is square brackets refer to the list of references at the end of this paper.

2) MacLane used “exchange lattice” instead of “matroid lattice”, but these two concep-
tions are equivalent. Cf. Maeda [17] 181.

3) For the abstract geometry with finitary operations, cf. Maeda [1].
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§1. @®-Relatively Molecular, Upper Continuous Lafttices.

DerINITION 1-1. Let a(==0) be an element of a lattice L. We call a
a molecular element® of L, when for the directed set {a;; € D} such that
a5 1 &, some individual a3, is equal to .

Let ® be a set of molecular elements of L, if a<d implies a<la—h<b
for some A€ ®, then L is called ®-relatively molecular. Especially when &
is a set of points of L, we say that L is relatively atomic®. ‘

REMARK 1-1. An element o (5=0) of a lattice L is a molecular element
of L, if and only if a=\/(z;x€S) (where S is a subset of L) implies
a=\/(z; x €v,) for some finite subset v, of S, For, put a,=\/(x; r €v) for
every finite subset » of S, then «,1a. Hence there exists v, such that
a=a.,=\/(z; x€y,). Conversely, if a;1a, then since a=\/(a;; € D), we
have ¢=as,~— --- —a3,. Therefore a=as, for &, such that §,,...,5,<3,.

THEOREM 1-1. A lattice L is ®-relatively molecular, if and only if each
element a(==0) of L is the join of molecular elements in ® which are contained
in a.

Proor. We prove as Maeda [1] p. 88 Lemma 1-1, where molecular
elements in ® must be used instead of points.

THEOREM 1-2. In a ®-relatively molecular, complete lattice L, the follow-
ing two propositions () and (B) are equivalent.

(@) L is upper continuous.®

(B) Let k be an element of ® and S a subset of ®. Then h<\/(k; keNS)
implies h<k,— --- <k, for some k, €S (i=1, ... ,n).

Proor. (a)—(B). Let v be any finite subset of S, and put

a, =\/(k; ke, a=\/(k;keS).

Since a,1a, by («) we have a,~k?ta—~h. But h<a, we have a,~h1h.
Since % is a molecular element, there exists v,={k;,...,k%,} such that
a,,—~h=h. That is,

hgayo _ kl\/ s \-/k

n e

(B)—(a). Using Theorem 1-1 we can prove as Maeda [1] p.%0 Lemma
1-3, where elements of ® must be used instead of points.

1) Birkhoff and Frink [1, p. 301] called such an element a { -inaccessible element.
2) Cf. Maeda [1] 88.

3) In a complete lattice L, if a5 a implies as~b1a~b, we say that L is an upper con-
tinuous lattice.
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THEOREM 1-3. Let I be a family of subsets of a set S, which satisfies
the following conditions:

(1°) SeMk.

(2°) Let M, be any mnon-empty subset of M, then the intersection

NX; X €M) belongs to M.
(3°) Let {X,;8€ D} be any directed subsets of M, such that 8<8" implies
X, <Xy . Then the set-union \ J(X;; &€ D) belongs to M.

Then WM is a D-relatively molecular, upper continuous lattice partially
ordered by set-inclusion. If we denote by {p} the least set in I which contains
o single element p, then ® is the set {{p};p €S} deleting the zero element
of M.

Proor. (i) By (1°)and (2°), M is a complete lattice partially ordered
by set-inclusion, where the meet /(X ; X €M,) is the intersection NX;
XeM,). By (3°)the set-union \ /(X,; 6€D) is the join \/(X;; € D), hence
X; 1 X implies \ /(X;; 6 € D)=X. By the set-calculation, we have

\UX,NY ;8 ED) =\J(X;;8€D)\Y,
which means in the complete lattice IR,
X,~Y 1 X~Y.

That is, 9% is upper continuous.?
(ii) By (2°) {p}eM. When X, 1 {p} in M, since

\U/(X;; 8€ D)= {p}, (1)
we have p €\ /(X;; 8 € D). Therefore p € X5, for some 8, € D. Then {p}<X3,.

But by (1) {p}=Xs,, hence we have {p}=X;,. That is {p} is a molecular
element of M, when {p} is not the zero element of Mt. ’

Let X<Y in 9, there exists an element p €S such that p¢ X, peY.
Since {p}X£X and {p}<Y, we have X< X—{p}<Y. That is, if we put
®={{p}; p € M} deleting the zero element of M, M is ®-relatively molecular.

REMARK 1-2. By Theorem 1-3, the lattice IL{A) of all subalgebras of
an abstract algebra A with finitary operations is a ®-relatively molecular,
upper continuous lattice, where ® is the set of principal subalgebras of A.

Maeda [1, p. 87] showed that an abstract lattice L is isomorphic with
the lattice of subgeometries of a suitable abstract geometry G with finitary
operations, if and only if it is a relatively atomic, upper continuous ‘la!:tice.

1) Cf. Birkhoff and Frink [1] 301, and Birkhoff [1] 64, Ex. 3 (b).

—385—"



F. MAEDA ’ (Vol. 16

In this case G is the set of points of L.
REMARK 1-3. We give here some notes on matroid lattices. A lattice
L is called semi-modular if it satisfies

(¢) If @ and b-cover ¢, and a-+b, then a—b covers @ and b.

And a relatively atomic, upper continuous, semi-modular lattice is called
a matroid lattice which is equivalent to an exchange lattice defined by
MacLane [1, p. 456] as a relatively atomic, upper continuous lattice which
satisfies the following exchange axiom:

(') If p, q are peints, and a< a—g<a-—p, then a—p =a—q.?

The sublattice I(a,b)” of a matroid lattice L is aleo a matroid lattice,
and points of I{a,b) are all the elements of L of the form a—p, where p
is a point of L such that a< avpgbl.’”

In a complete lattice L, a set N of elements is called an independent
system if and only if \/(z; 2 € N)~\/(#; « € N,)=0 for any diéjoint subsets
N,, N, of N. If L is upper continuous, N is an independent system if and
only if every finite subset of N is an independent system.* When L is a
matroid lattice, a finite set of points {p;,...,»,} is independent, if and
only if ,

(pr~ ++- ~pPi)~P;; =0 for i=1,...,n—-15%

For an element ¢ of a matroid lattice L, the independent system N of
points, such that a=\/(p; p € N) is called a basis of a. If N,, N, are two
bases of @, then N, and N, have the same cardinal number.®

THEOREM 1-4. In a matroid lattice L, if P is o set of points such that
a=\/(p; p € P), then there exists a subset N of P such that N is the basis of a.

ProOF. Let It be the family of all independent systems composed of
the points contained in P. M is partially ordered by set-inclusion. Let
M, be a directed subfamily’ of M, then by Remark 1.3, the set-union
\J(X; X €M) is an independent system and it is an upper bound of 0,
in M. Hence by Zorn’s lemma there exists a maximal set N in M. If ¢ is
a point of P with ¢£\/(p; p € N), then by Maeda [2, p.179, Lemma 6] the
set obtained by adjoining q to N is an independent system. This contradicts

1) Cf. Maeda [2] 181, Theorem 3.

2) L(a, b) consists of all elements x¢ L such that a<x<b.
3) MacLane [1] 458, Theorem 4. :

4) Maeda [2] 178, Lemma 4.

5) Sasaki and Fujiwara [1] 184, Lemma 2.

6) MacLane [1] 458, Theorem 6.
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the maximality of N. Hence ¢<\/(p; p€ N) for every g€ P. Since N<P,
we have . '
e=\(g;2€P)=\/(p;pEN).
§2. Dependence Relation in ®-Relatively Molecular, Upper
Continuous Lattices.

In this section, L is a ®-relatively molecular, upper continuous
lattice.

DeriNiTION 2-1. For an element -2 of @ and a non-empty subset S of
®, we shall define a relation “% depends on S with the following five
properties:?

(1°) If A<\/(k; keS), then % depends on S.

(2°) If % depends on S and S<T, then % depends on 7.

(3°) If % depends on S, then % depends on some finite subset S, of S.

(4°) If % depends on S,={k,,...,k,} but not on any prdper subset of

S,, then k, devends on {k,,...,k,_,h}.
(5°) If % depends on S and if every element of S depends on T, then
h depends on T.

Let S and T be two subsets of ®. If every element of S depends on
T, we say that S depends on T. If S depends on T and 7T depends on S
we say that S and T are equivalent with respect to this dependence relation.?

If every element & of S does not depend on the set obtained by S
deleting %, we say that S is irreducible with réspect to this dépendence
relation.® ' ‘ o

REMARK 2-1. By (2°) and (3°), a set S is irreducible, if and only if
every finite subset of S is irreducible.

REMARK 2-2. If an element % of ® depends on an element k of &,
then & depends on k. For, since % does not depend on the proper subset
of the single element k, by (4°) 2 depends on A.

DErFINITION 2:2. For e € L and S<®, put

S(a) ={k; k<a, ke ®}, aS)=\/(k;EkeN).
DEriNITION 2:3. For A€ ® and 0<M<®P, we say that % depends on

1) Our postulates are related to the properties of algebraic dependence as formulated by
van der Waerden [1, p. 204], where instead of (1°), the following postulate (1/) is used.

(1) Each & depends on the set of the single element A.

2) Cf. van der Waerden [1] 205.

3) Cf. van der Waerden [17] 205.
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M with respect to o if and only if % depends on S(a)\ /M.

LEMMA 2-1. The dependence relation relative to o defined in Definition
2.3 have the following properties:

(1) If h<a—\/(k; k€M), then h depends on M with respect to a.

(2,) If hdepends on M with respect to o and M<N, then h depends on
N with respect to a.

(3.) If h depends on M with respect to a, then h depends on some ﬁnite
subset M, of M with respect to a.

(4,) If h depends on M,={k,,...,k,} with respect to a, but not on any
proper subset of M,, then k depends on {k,, ... , En_1s B} with respect
to a. |

(5s) If h depends on M with respect to a and if every element of M
depends on N with respect to a, then h depends on N with respect
to a.

Proor. (1,) By Theorem 1.1, a=\/(k; k€ S(a)). Hence if A<a-\/(k;

ke M), then A<\/(k; ke S(a)\ /M), and k depends on M with respect to a.

(2,) and (3,) are evident.

(4,) Let % depend on M ={k,,...,k,} with respect to ¢, but not on
any proper subset of M,. By Definition 2.1 (3°), there exists a finite subset
U, of S(a)\ /M, such that # depends on U,. Let U, be the least subset
which has the above property, then U, contains all elements of M,. Hence
if we put M,=U.—M, then M,<S(e), and % depends on M,\ /M, but not on
any proper subset M,\ /M,. Therefore by Definition 2.1 (4°) k, depends on
M\J{ky, ... s Koy, h}. Consequently %, depends on S(a)\ ik, ..., Ku_ys B},
and (4,) holds.

(5,) is evident.

DEFINITION 2-4. As Definition 2.1, we define equivalency and irreduci-
bleness with respect to a.

DEFINITION 2:5. When S is a subset of ®, S means the set of all
elements of & which depends on S. If S=S, we say that S is a closed set
with respect to this dependence relation.

By Definition 2-1 (5°), we have S=S. ‘Hence S is a closed set.

Let £(®) mean the set of all closed subsets of ®.

THEOREM 2-1. (@) is a matroid lattice, partially ordered by set-inclusion,
where {h} (ke ®) is a point or a zero point in D).

1) This theorem is essentially given by MacLane [1, p. 457 Thereom 1] without proof. {4}
means the set with a single element 4.
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Proor. (i) It is evident that ® € ¥(P). Let {M,; a€l} be any non-
empty subset of (®), and put T=/\(M,; acl). If k depends on T, by
Definition 2.1 (2°), % depends on M,. Since M, is closed, we have A€ M,
for every a€l. Therefore eT. That is, T € (D).

Next let {M,; €D} be a directed subsystem of £(®), such that 8< &
implies M;<M, . Put S=\/(M;;8€D). If h depends on S, by Definition
2-1 (3°), k depends on a finite subset {A,,...,#%,} of S. Then there exists
8, .such that &, € Ms, for i=1,...,n. Hence k€ M;,. Consequently A€S
and S € {(®).

Therefore by Theorem 1.3, ¥(®) is a ® -relatively molecular, upper con-
tinuous lattice, where ® ={{A}; h € ®}» deleting the zero element of (D).

(ii) If there exists S € (@) such that 0< S<{4}, then for any k€ S we
have {k}<S<{Ah}. Hence k depends on k. Therefore by Remark 2-2, &
depends on %k, and we have {A}={k}. Consequently S={A}. That is {A}
is a point in ¥(P).

Therefore £(®) is a relatively atomic, upper continuous lattice.

(iii) In ®), let S< S {A}<S—{k}. Then & depends on S—{k}. Since
S—{k}<S\J{k}, k depends on S\/i{k}. Therefore by Definition 2.1 (3°),
there exists a finite subset {015 ..« »gn} Of S such that % depends of {g,,...,
gn»>k}. In this case we can take {g,,...,¢.} such that # does not depend
on proper subsets of {g,,..., g, k}. Hence by Definition 2-1 (4°), & depends
on {g1, ... »gm» B}, that is k€ S—{h}. Consequently {k} <S—{A}, and S—{A}
=S—{k}. Thus {(®) satisfies (»') in Remark 1.3, and ¥(®) is a matroid
lattice.

DEFINITION 2-6. For a€L, if h€® depends of S(a), we say that %
depends on a.2 We call a a closed element of L,” if the relation % depends
on a always implies Z<a. Denote by L the set of all closed elements of L.

LEMMA 2-2. Let S be a subset of ®. If he ® depends on a(S), then h
depends on S.

Proor. Since a(S)=\/(k; k€ S), h depends on T=i{k; k<\/(k; ke S)}.
By Definition 2-1 (1°), k€T depends on 'S, and by Definition 2-1 (5°) A
depends on S.

1) In Theorem 1-3, {A} means the least set in Q(®), which contains a single element A.
But this is equivalent to the closed set {A} in Definition 2-5.

2) If h<a, since h<\/(k; ke S(a)), by Definition 2-1 (1°) h depends on S(a), that is, &
depends on a.

3) The notion “closed element” is introduced by Prenowitz [17] 670.
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THEOREM 2-2. Between () and L, there exists a one-10-one correspond-

ence such that '
S—aS), a-—Sa),
and L is & matroid lattice by the same partially ordering as L.

Proor. (i) Let Se@(®). If %z depends on a(S), by Lemma 2-2, %
depends on S. Since S is a closed set, we have k€S, that is AZ<a(S).
Therefore a(S) is a closed element.

(ii) Let a€ L. If & depends on S(a), by Definition 2.6, # depends on
a. Since a is a closed element, we have A<a, that is, 2€ S(a). Therefore
S(a) is a closed set.

(iii) Let Se¥®). If A<a(S), since 2<\/(k; k€ S), by Definition 2-1
(1°), & depends on S, that is, 2€S. Conversely if £¢S, then A<a(S).
Therefore, 2<a(S) if and only if A€ S, and

S = S(a(S)).
By Theorem 1-1 we have
a=\/(k; k<a) = a(S(a)).
Therefore by S—a(S), a—S(a), there exists a one-to-one correspondence
between &(®) and L, preserving the partially ordering. Hence L is lattice-
isomorphic to &(®), and by Theorem 2.1, L is a matroid lattice.

REMARK 2-3. For M,ec¥(®) (a€l), put T=/\(M,;acl). Then by
Theorem 2-1 proof (i), we have T € & ®). That is, T is the meet of {M,; a € I}
in ®). Therefore by Theorem 2.2, a(T) is the meet of {a(M,); @ €I} in L.

Since T<M,, we have o(T)<a(M,) for every a€l. Hence o(T)</\
(a(M,); a€l)in L. If h<a(M,) for every a €1, then by Definition 2-1 (1°)
h depends on M,. M, being a closed set, A€ M, for every aw€I. Hence
heT, and 2<a(T). Consequently

a(T) = N\((M,); a€l)
in L. Therefore the meets of {a(M,); e« €I} in L and L coincide. There-
fore in L we may use the same symbol ~, /\ as in L.

But the join in L of {a(M,); a €I} differs from that in L. Hence in
L we use v, V for joins.

DEFINITION 2-7. For a €L, ¢ means the least closed element which

contains «.
LEMMA 2.3. For any o € L, we have

a(S(a)) =a.
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Proor. It is evident that S(a)<S(@). By Theorem 2.2, S(a) is a closed
set, hence we have S(a)<S(@). Since by Theorem 1-1, a(S(&))=a, we have
a(S(a)<a. By Theorem 2.2, a(S(a)) is a closed set and

o = o(S(a))<u(S(a)).
Therefore a<a(S(a)). Thus we have a(S(a))=d.

REMARK 2-4. For hec®, we have S(h)={h}. Hence by Lemma 2-3 we
have «({%})=h. By Theorem 2-1 {#} being a point or a zero element in
@), by Theorem 2-2 & is a point or a zero element in L.

LEMMA 2-4. (i) he® depends on S<®, if and only if h<a(S).

(ii) A€ depends on a €L, if and only if h<a.

Proor. (i) If % depends on S, then %€ S, that is 2<a(S). Conversely
if A<a(S), then % depends on S by Definition 2-1 (1°). Therefore A€ S
and # depends on S. ‘

(ii) By Definition 2.6, “ & depends on a” is equivalent to “ % depends
on S(a)”. Hence by (i) this is equivalent to “ A<a(S()).” Since by Lemma
2-3 a(S(a))=a, & depends on a if and only if A<a.

LemMmA 2.5, For a,€L(a€l), we have in L ,

Vit @€l) = V(@ a€1). (1)

Proor. Since a,<\/(a,; ¢ €I), we have V(d,; acl)<\/a,; a€l).
Since @,<@,<V(d,; @€I) in L, we have \/(a,; a €)<V(a,; ¢ €I)." Since
V(@ ; a€I) is a closed element we have \/(a,; EI)gV(aw, a€l). Thus
we have (1). '

LEMMA 2-6. hec® depends on M<d with respect to a, if and only zf
% depends on-M with respect to @. '

Proor. (i) Necessary. Since S(a)<S(a), by Definition 2.3, it is evident.

(ii) Sufficient. If %2 depends on M with respect to @, then % depends
on S(a)\ /M. If g€ S(a), then g<d. And by Lemma 2-4 (ii) g depends on
a, that is, g depends on S(a¢). Hence by Definition 2-1 (2°) andA(5°)’, h
depends on S(a)\ /M, that is, & depends on M with respect to a.

LemMA 2.7. The following three propositions (a), (B) and (v) are
equivalent.

(@) A dependé on M with respect to a.

(B) h depends on a~~\/(k; k€ M).

(") h<avV(k;keM).

Proor. (a)—{B). Since S(a)\/M<S(a—\/(k; k€ M)), by Definition 2-3
and Definition 2-6, (a)—(B) is evident.
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B)—(a). Since ,
a\/(k; ke M)=\/(k; ke S(a)~\/(k; ke M)=\/(k; ke S(e\/M),

by Lemma 2.2, (8)—(«a) is evident.
(8)2(y). By Lemma 2-4 (ii) and Lemma 2.5, (8) is equivalent to

h<avV(k;keM),

which is equivalent to (v).
THEOREM 2-:3. Two subsets M, N of ® are equivalent with respect to a,

if and only if in L
avV@E; heM)=avV(k; keN). (1)

Proor. (i) Necessary. Since A€ M depends on N with respect to a,
by Lemma 2.7 we have

h<avV(k;keN).
Hence avVh; heM)<avV(k;keN).

Interchanging M and N, we have (1).
(ii) Sufficient. From (1), for every k€M, we have

h<avV(k;keN).

Hence by Lemma 2.7, & depends on N with respect to a, that is M depends
on N with respect to ¢. Interchanging M and N, we conclude that M and
. N are equivalent with respect to a. '

THEOREM 2-4. A subset M of @ is irreducible with respect to a, if and
only if {avh; heM} is an independent system of points in I(a,1).

Proor. From Remark 1.3 and Remark 2-1, it is sufficient to consider
the case where M is a finite subset {A,,...,A,}.

(i) Necessary. Since &, does not depend on {Ay,.cc, gy Byyyyeee s By
with respect to ¢, by Lemma 2.7 we have

hEavhiv < Vh_ VAo,V - Vh,. (1)

Then 7%,55a, that is a<avh,. Hence by Remark 1-3 and Remark 2.4,
{avh,;i=l,...,n} is a set of points in I(a,1). Put l,=avh, by (1) we
have, in L(a, 1),

ltééllv e VvV e v,
Therefore (I,v - vi,_ )~ <(v - vi_ vl Vv - vi)~l,=a. Hence by
Remark 1-3 {l,;i=1,...,#n} is an independent system in L(g,1).

392 —



1953) A LATTICE FORMULATION FOR ALGEBRAIC AND TRANSCENDENTAL
EXTENSIONS IN ABSTRACT ALGEBRAS
(ii) Sufficient. Since {Gvh,; i=1,...,%n} is an independent system of
points in I(a, 1), we have

avh,E@vh)v - v@avh )v@vh,)v - v(avh,).
Therefore A, xavhy = VA VB,V - Vh, (i=1,...,7).

Hence by Lemma 2.7, %, does not depend on {A, ..., By, Bisys ... s B} with
respect to @. That is {A,,...,A,} is irreducible with respect to a.
DEFINITION 2:8. Let aeL, and M<®. We say that

b =av\/(h;h€M)

is an extension of a by adjunction of M. Especially when M is a single
element, we say that b is a simple extension of a. When M depends on a
we say that b is a dependent extension of a, otherwise we say that b is a
transcendental extension of a. When M is irreducible with respect to a,
we say that b is a purely transcendental extension of a.

THEOREM 2-5. When a< ¢ in L, then there exists a purely transcendental
extension

b=a-\/(h;heN)

of a, and ¢ is o dependent extension of b. In this case, the cardinal number
of N is uniquely determined.

Proor. Since L is a ®-relatively molecular lattice, by Theorem 1.1
there exists a subset M of ® such that | ”

c=a—\/(h;heM).
By Lemma 2.5 we have, in L,
c=avVk;heM)=\(avh; heM).

If we delete # from M such that avh=a, then we have a subset M, of

M such that _ .
c=V(@vh; heM,)

and @v#% >a for every h€ M,. By Remark 1-3 and Remark 2-4, av Ak € M,)

is a point of I(d,1). Hence by Theorem 1-4, there exists a subset N of

M, such that {av%;he N} is a basis of ¢ in L(d@, 1), and by Remark 1.3,

the cardinal number of N is uniquely determined. Thus '
¢c=V(@vh;heN)

and {avh; he N} is an independent system of points in I(d,1). Therefore

by Theorem 2-4 N is irreducible with respect to @, and

~393 —



F. MAEDA (Vol. 16

b=a-\/(h; heN)

is a purely transcendental extension of a.
Let N'=M—N, then

ce=a-\/(h; heM)=b\/(h;REN").
For he N', we have h<c, that is

h<c = V(@avF; heN)=avV(k; heN).
Hence by Lemma 2.7 %k depends on b=a—\/(#; ke N). That is N’ depends
on b. Consequently ¢ is a dependent extension of b.

DEFINITION 2-9. The uniquely determined cardinal number of N, in
Theorem 2.5, is called the ¢ranscendence degree of ¢ over a.

§3. Applications to the Extensions of Fields.

Let IL(Q) be the set of all subfields of a field Q. By Theorem 1.3,
IL(Q) is a d-relatively molecular, upper continuous lattice partially ordered
by set-inclusion, where the zero element of I{Q) is the prime subfield =,
and @ is the set {#(8);6€Q—=}.0

We introduce a dependence relation in ® from the algebraic depen-
dency in Q as follows. Let v€Q-—w, M<OQ—= and put S={=(5); s € M.
z(v) depends on S, if and only if v depends algebraically on W with respect
to =, that is v is algebraic over z(M). Then this dependence relation
satisfies Definition 2-1 (2°)—(5°), since the algebraic dependency satisfies
(2°)—(5°).» With respect to (1°), if =(»)<\/(=(8); §€ M), then v e\/(=(5);
SeM)==n(W). Hence » is algebraic over =(M) and =(») depends on
S={=(8); 8 € M}.

Let A be a subfield of Q, and M be a subset of Q—=. Then »(¢ )
depends algebraically on 98 with respect to A, if and only if v is algebraic
over A(M). Since A(M)=\/(#(8); € (A—=)/M), this means that =(v)
depends on {#(8); d€(A—=x\JM}. Since

{7(8); S€(A—m\JM}={=(8); € A—nm}\J{=(8); S € M}=S(AN\J{=(8); § € W},

by Definition 2.3 this means that =(v) depends on M={=(8); § ¢ M} with
respect to A. Hence v depends algebraically on W with respect to A in Q,

1) When R is a subset of Q, =()1) means the subfield obtained. by adjunction )}t to =, that
is, the least subfield which contains both = and .
2) Cf. van der Waerden [1] 204.
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if and only if w(v) depends on M={=(8);8€ M} with respect to A in
D={m(5); s Q—mf. ' o '

Thus we can apply the theory of §2 to the extensions of fields. In
this case the algebraic and the transcendental extensions of subfields cor-
respond to the dependent and the transcendental extensions in §2 respect-
ively, and the closed element of L(Q) is the relatively algebraically closed
subfield & of O, in the sense that every element of Q algebraic over R is
contained in R.9 C

§ 4. Applications to the Extensions of Convex Sets.

We introduce the linear dependence in a relatively atomic, upper
continuous lattice L, as follows. Let p be a point of L, and S a set of
points in L. If for some disjoint subsets S, and S, of S,

fp—\/(g; g €8)}~\/(a; ¢€8,)+0,
- V(e 9€8)~\(g;¢€8,)=0
we say p depends linearly on S.?
This linear dependence satisfies Definition 2.1 (1°)—(4°), as follows.”
(1°) When p<\/(¢; q€8), put S;=0, S,=S in the above deﬁmtmn,
then p depends linearly on S.
(2°) is evident.
(3°) When p depends linearly on S, by the definition, for some disjoint
subsets S,, S,, there exists a point » such that

r<{p—\/(q; ¢ €SN} ~\/(g; ¢€Sy)
and \V(g;a€8,)~\/(a;q€8,;)=0
From Theorem 1.2, there exist points ¢{b, ¢§* such that
rEP—gie e g (P €S,
r=giP e P (g7 €S,).
Then ' (D= oo @)@ oo —gP) =0,
(@ -+ )@ v —gP) =0
Therefore p depends linearly on the finite subset {¢{, ..., d®, ¢, ..., ¢®}.

1) When Q is an algebraically closed subfield, the closed element of L (Q) is the algebraic-
ally closed subfield of Q.

2) Prenowitz [1, p. 667] defined the linear dependence when S is a finite set of points.

3) By Theorem 1-1 and Theorem 1.2, ®-relatively molecular, upper continuous lattices have
the same properties as relatively atomic, upper continuous lattices, we can define as above
the linear dependence for ¢ ® and S<®. Then this linear dependence satisfies Definition 2-1

1°)—(4°).
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(4°) Let p depend linearly on S,={q¢,...,¢.} but not on any proper
subset of S,. Then there are points ¢ ..., g™, ¢§?, ... , ¢ which belong
to S,, such that

(P g oo )@ oo D)0, (1)
(@ -+ —gP)~N@P— - D) =0.

Since p does not depend linearly on proper subsets of S,, it must be that
So={41 ... , € ¢®, ... , ¢P}. When ¢,=¢i", since p does not depend on
§@15 .40 s Qu_y}s We have

(Pt e Pt o AP @) =0, (2)

By (1) and (2) ¢,=¢$" depends linearly on {q,... ,¢u_.,P}. Similarly when
2,—9%, we have

(PP o+ g P) (P v —gPi g e g D) = 0. (3)

By (1) and (3) ¢,=¢$ depends linearly on {q;,... s @n—;»P}-

Thus the linear dependence satisfies the conditions of dependence
relation except the transitiveness of dependence, i.e. (5°).

By Prenowitz [1, p. 660], the lattice L, of convex sets of a descriptive
geometry G is characterized by the following properties in a slightly
modified but equivalent form.

I. Relative atomic.
II. Upper continuous.?
III. Transitiveness of dependence.?
IV. Quasi modularity. That is, let ¢ be closed, then a<c implies

((L\Jb)"c = av(bf\c) .
V. Quasi simplicity. That is, there exist only trivial complete
congruence relations.
VI,. Not every element is closed.

Thus in L., the linear dependence satisfies Definition 2.1 (1°)—(5°),
hence we can apply the theory of §2 to the extension of convex sets.

1) By Theorem 1-2, the finiteness of dependence is equivalent to the upper continuity.
2) That is, Definition 2.1 (5°).
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