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THEORY OF THE SPHERICALLY SYMMETRIC
SPACE-TIMES. IV.
CONFORMAL TRANSFORMATIONS”

By
Hybitir6 TAKENO
(Received March, 20, 1952)

§1. Spherically symmetric conformal transformation.

In the previous papers we have obtained some properties of s. s. space-
" times. In the present paper, further, we shall study conformal transfor-
mations which transform a given s. s. spaceﬁtime into s.s. one again.

A conformal transformation of a Riemannian space is given by

Clv): 98 =€"9, (v=1(a")). (1.1)
If g,; gives a s.s. space-time S,, the space-time. defined by g% is not

necessarily s. s., but it is evident that when v is s.s. with respect to a
c.s. (K) of S, i. e. when

v, = —(a’,) a,+(Bv,)B,, (v,=rw), 1.2)
holds for (X), the resulting space-time becomes s.s. again. We shall call
such a transformation a spherically symmetric conformal transformation (or
S. 8. ¢. t. in short) with respect to the S,. If (1.1)is s.s. with respect to S,
its inverse conformal transformation is also s. s. with respect to S,* defined
by g% . If a scalar v is s. s. with respect to a c.s. it is also s.s. with
respect to any other c.s. to within m-transformation at most.? Hence
we know that any v obtained from » of a s.s.c.t. by any m-transfor-
mation ’deﬁnes a s.s.c.t. again. In this paper we shall obtain the
transformation equations of the c. s. corresponding to a s.s.c. t. to within
&-transformation and then study the general form of C(v) which preserves

the spherical symmetry of S,.

§2. Preliminary formulae.

Transformation equations for Christoffel symbols and curvature tensor
corresponding to (1.1) are given by®
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AP =} + 8w+ — 909"V, 2.1)
e ¥ K¥i o = Kyp + 49000+ 209 cncdins » (2.2)
where vy=VFi;v—ovrs, p=gvu;. (2.3)

Let C(v) be an arbitrary s.s.c.t. If we take any s.s. coordinate system
of S,, we have

ds? = — A(r, t) dr2— B(r, t)(d6* +sin? 0d¢*) + C(r, £) dt?, (2.4)

and v becomes a function of # and ¢ by a suitable m-transformation at
most. Then from (2.1), (2.2) and (2. 3), we have

ve=v, v, =7, v,=v;=0, (2.5)
vy ="' —(A'/24)v'—(4/2C)v—v"?, etc., (2.6)
0% = A'/2A+0", {#}*=A/2C+(A/C)v, etc., 2.7

I a* = e (A +vy;/A+0vy/B—p), B = e *(B+v;/B—v,/C—p),
7= ey +01,/0), EF = e ¥(E+vn/A—v,,/C—Dp), (2.8).
7yt =€ (5 +205/B—p); p=—0"/A+¥*/C.

Using the formulae concérning c. s. given in (I) and .the relation

(@ —R)Yv, = —205/B, ¢"v,=[lv—0p,
(b= —aa;+ BB, [1=9"FF.), (2.9

we can prove :
Theorem [2.1] Let v be s.s. with respect to a (K) of an S,, then for
the s. s. c. t. C(v) we have
1 1
p:}: — g—2? p s F?‘ﬁ — F-"U , (2- 10)
4 4 4
p¥=e2{p—-Ag"—FNv,—2p} = e ¥(p—2 w+21v,), (2.1
1 4 ’
as the transformation formulee for p, F and p. When S, admits w-transfor-
mation (2.11) holds for all c. s. obtained from (K) by any o-transformation.
Furthermore the formulae holds for all c.s. provided that v undergoes the
same m-~transformation as (K).
We shall call the property stated at the end of the theorem the
invariancy under m-transformation for brevity’s sake. It is to be noted that

the tensor %, is invariant under o-transformation.
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§3. C(v) which transforms S, into S,*.

Theorem [3.1] Let v be s. s. with respect to a c.s. (K) of an S,, then
o mnecessary and sufficient condition that ¢ s.s.c.t. C(v) transform S, into
an S,;* again is given by

P=a'Bv, =0, Q@=(a’'+L'B)v,=0. (3.1)

And this condition is invariant under m- and o-transformations.

Proof : Taking the standard coordinate system for (K) and using the
theorems concerning c.s. obtained in (I) we can prove that the condition
that C(v) transform S, into S,* is given by (v,,=0, v,,/A +v,,/C=0) which
is equivalent to (3.1) by virtue of (2.6). Further if («,, B/) is any pair
of c.v. obtained from («;, B,) by an e-transformation, we have

| P'=a"@", = Pcosh 20+ 1 Qsinh 2,
2 (3.2)

| @ =(a"a”+8"8%) v, — 2P sinh 20 +Q cosh 2,
from which the latter part of the theorem is obvious.

We shall denote such a s.s. c. t. as stated above by C,(v). Then we
easﬂy obtain :
Theorem [3.2] In C,(v), the transformation equation for ;2)(=:)) is given
by

;* = ;;* = 6-21’{;4—2(9“—2}5“) ’Ustf ’ . (3‘ 3)

where («,, B,) is any pair of c.v. of the S,.

(3.3) coincides with the transformation equation for M given in §5.
Theorem [3.3] In C,,(v), we can establish one to one correspondence between
(@, Bi; oy 03 1, k) of S, and (a*, B*; o*,---) of S* by the following
relations :

af=¢ea,, BF*=ep,, ie. a¥t = e‘” a Bt =e" B
F=e"(c—F",), F=e"(G+ar’); ' GRS
=€ (k+a'w,), ©*F=-e7"(x+B,),

-t0 within an m-transformation.

Both S, and S,* admit e-transformation of c.s. and if we use -the
formulae concerning this transformation we can easily prove the theorem.
When both S, and S,* are neither [A] nor [B], their c.s. are invariant
under m-transformation,” hence we obtain one to one correspondence
between both c.s. Of course another way of correspondence may exist.
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§4. C(v) which transforms S, into S,*.

From [3.1] it follows that a necessary and sufficient condition that
the S,* obtained by a s.s.c.t. from an S, be S,* is that (3.1) be not
satisfied.. We shall denote such a C(») by C.(v). In this section we shall
give transformation equations for c.s. under C,(v). Here it is to be
noticed that S, admits o-transformation of c.s. though it is not the case
for S,*.

Theorem [4.1] In C,(v), it holds that

| o= et 2g" —2h") v+ 20 (P 4Q)
er=eiora L u20C )

a* = e’ (a;cosh Q+B,sinhQ), B*=-¢e"(a;sinh Q+pB,coshQ), (4.2)

(4.1)

where tanh 20=—2Q/P and e==1 is chosen so as to satisfy eP=0. Further-
more if (a,, B,') is obtained from (a;, B,) by an w-transformation, it holds
that

J ;* — e~2v{;+2(gst_knt) v“+2e,l/(_‘1—372—:47Q724)§ ’

s 2 ] (4.1%)
L p* = 6"2”{P+2( ”» )?)8,"‘23,1/( ”» )} ’

af = e’{a,’ cosh (Q'—w)+ B, sinh (Q'—w)}, (4.2
{ B* = e’{a,’ sinh (Q'—w)+ B, cosh (@' —w)} , )

where o is the parameter of the o-transformation, €' is chosen so as to satisfy
e'P'=0, and

tanh 20’ = (P’ sinh 20 —2Q’ cosh 2)/(P’ cosh 20 —2Q’ sinh 20).  (4.3)

Of course (4.1), (4.2), (4.1’) and (4.2") are invariant under m-transfor-
mation.
Proof : Using the relation®

a* = e” (o, cosh {* + B, sinh £*), B,* = e’ («, sinh {*+ 3, cosh ;‘*) , (4.4
tanh 20* = 2)/C/A v*/(a*—B¥) = —2Q/P, (4.5)

(P=v,/A+v,,/C, Q=—v,,/) AC), and putting { =, we can obtain (4.2)
and (4.2"). Then from (2.8), we have ‘

M¥ = e (M2 —21) 0,0}, (M = p = p); N¥=20-2"/(Pr—4Q?), (4.6)

But #°* and P?—4@Q? are invariant under m-trénsfdrmation, so we have (4.1)
and (4.1").

— 302 —



1952) THEORY OF THE SPHERICALLY SYMMETRIC SPACE-TIMES, IV.

Theorem [4.2] In C,(v), it holds that

| o =e"{(c—a'Q,—Bv,)cosh Q—(a+BQ,+a'v,)sinh O} , 4.7

I ¥ =e""{—( » )sinh Q+( » )cosh Q} ; -0
. j k¥ = e "{(x+a’v,) cosh Q +(k + Bv,)sinh O}, (4.8

\ ot = _.v{( ” )Sinh Q+( ” )COShQ} ’ . )

| o= e Lo/ — (0, —w.)—B",} cosh (@ —w)— (7 + B0/~ ) +a",}
f sinh (Q'—w)], (4.7)
| e*=e[—f , }sinh(Q'—w)+{ , }cosh(Q'—w)]; '

¥ = e={(' +a',) cosh (Q' —w)+(#’ +8",) sinh (Q'—w)} ,

¥=e’{( , )sinh(Q@'—w)+( , )cosh(Q'—w)}, (4.8)

RPN,

where Q,=9,0 and »,=0%,w, corresﬁondi’ng to (a;, B,) and (', B,") respec-
tively as in [4.1].

Proof : Using the relations®
o* = M*cosh § —N*sinh{*, o* = —M*sinh {*+N*cosh¢*, (4.9)

M* = e (c—a'tF—f'v,)
= e *{(¢’' +a"w,—a"*¢*—p"v,)coshw+ - }, etc., (4.10)

and putting {*=Q, we can prove (4.7) and (4.7’). Similarly we have (4. 8)
and (4.8"). Of course the right hand sides of (4. 7") and (4. 8') are indepen-
dent of o, and (4.7), --- (4. 8') are invariant under m-transformation.

§5. C(v) which transforms S, into S,*.

As in the preceding sections we can easily prove:
Theorem [5.1] A mnecessary and sufficient condition that a s.s.c.t. be
Coo(v), (i. €. @ s. s. c. t. which transforms S, into S,*), is given by

(p—p)+4P =0, (i.e. N+2P=0), and Q=0. (5.1)

When this condition is satisfied for a c.s. (K) of S, it holds for all c.s. of
the S, with a proviso that v undergoes the same m-transformation as (K).
By this theorem we know that an S, is transformed into S,* by a s. s. c. t.
when and only when (5. 1) is not satisfied. In the following we shall con-
sider the transformation law of the c.s. under such a C,,(v).
Using the formulae concerning c.s. of S, given in (I) we can easily
obtain :
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Lemma [5.2] In C,(v), the following relation concerning the transfor-
mation law for ¢, the quantity which appears in the formulae for c.s. of S,,
holds

r=t+Q, (5.2)
where tanh 20 = —2Q/{(;—;)/4+P} . (5.3)

By using this lemmé., we have
Theorem [5.3] In C,(v), we have the trapsformation equations (4.2),
(4.7) and (4.8) for (a;, B,), (o, o) and (x, i) respectively, with a proviso that
Q is given by (5.3), and for p and p, it holds that :

¥ = e 2(g" —B*) v, +(p + 4 a,,) cosh? Q — (p— 48 B'v,,)
sinh? Q +4@ sinh 20} ,
P =e 2, You—(  , sinh? Q+( ., )
cosh? Q—4Q sinh20} ,

(5. 4)

where Q is given by (5.3) again. These equations are invariant under m-
transformation of S, .

Proof: We can prove the former part by using the formulae con-
cerning c.s. of an S, given in (I), and then by substituting this result
into the identities (3.9) of (I) we can obtain (5.4). From this theorem
we have:

Corollary [5.4] In C,(v), it holds that

M* =e 2§ M +2(g" —2h*) v}, N* =e ?{(N+2P)cosh 2Q +4Q sinh 2Q} .
(N*¥)2 =e *"{(N +2P)*—16Q%} . (5.5)

§6. C(v) which transforms S, into S, *.

The condition to be satisfied by C,,(v) is given by [5.1]. If this con-
dition is satisfied Q defined by (5.3) is indeterminate and we can not
determine «*, 8%, o*,..- from the formulae given in the last section.
This fact is natural since the c.s. of an S,* admits eo-transformation.
Theorem [6.1] In C,(v), it holds that

2 3 2 a
p* = p* = e ¥{(p+p)/2+2g" —2I) v} »
and this holds for all ¢ s. of S,. (a*, B*; o*, ) is given by

( “i* =ea,, Biﬁ, —e° Bt; o¥ = e"° (a___"éfvs) , of = e_',, (5-4-a’vs) . (6 2

{ f=e"(k+av,), ©*=-e"(x+p,), -2)
and those obtained from this by m- and o-transformations.
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Proof : To prove the latter part of the theorem we have only to show
that (a*,---) given by (6.2) gives a c.s. of S,;*. Since the proof is easy but
tedious, we shall omit it here. v

By the discussions given in §§3, 4, 5 and 6, we have succeeded in
expressing the transformation formulae for c.s. of an S, under any s.s.c.t.
in invariant form in terms of the c.s. of given S, and the conformal
factor ».

§7. Conformal transformation which preserves spherical
symmetry of an S,.

Let S* be the space-time obtained from an S, by (1.1) whose v is any
function of «'. Obviously S* is not necessarily s.s. but in some special
cases both S, and S* can be s.s. notwithstanding that (1.1) is not s.s.
In this section we shall give some theorems concerning this problem.

We shall denote by S,, the s.s. space-time whose line element can be
brought into the form

dst = —A(r, £)dr*+C(r, t)dt?—B(d6*+sin?0dg?), ~ (7.1)

where B=const. and &£=const. Hence S,, is an S;; whose (7, t)-space is
of constant curvature (i. e. f:=COIlSt.). Specially when S,, is conformally
flat we have g=—y=1/B. Therefore in the coordinate system in which
A=1, we have £=(/C )’/ ¢ =—1/B and the general form of C is given
by (ae™ +be~™")? where a and b are arbitrary functions of ¢ and m=1/,"B .
Theorem [7.1] A mnecessary and sufficient condition that an S, be con-
formal to an S,, is given by f)le‘2F=COnst. (7.2)
Proof: (i) (7.2) is necessary: The condition for S, to be cqnformally
flat is f}=0 i. e. a special form of (7.2), hence we have only to deal with
S, whose plr#O. Then we have

ds? = e?ds*?, ds*® = — A¥dr?+C*dt*— BX(d0? +sin® 0d¢?),  (7.3)

where ds** gives an S,y and v=w(r, 6, ¢, t). By the same method as the
one used in the next theorem we know that a c.s. of S, must be either
of the following two forms: (a) P,,4-0 and other P,,=0, (b) P,;-=0 and
other P;,=0 where P,,=«8,. Then we can easily obtain (7.2). (ii) By
taking standard cdordinate system for c¢.s. of S, and using (2.10) we can
prove that ds*?=ds*/B(r, t) gives an S, -
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Theorem [7.2] Let S, be mot conformal to any S, . A necessary and
sufficient condition that the S*. obtained by g,;*=e*"g,, from the S, be s. s. again
is that v be’s. s. with respect to a c.s. of the S,. (i.e. the C(v) be s.s.c.t.).
Proof : The sufficiency is evident. Next, let S* be s.s. and take any
standard coordinate system for g,,. Using the first fundamental equation
for c.s. (F,) and (2.2), we can prove that only either of the following
two cases is possible® : (i) When P,,=+0 and other P,=0. From this we
have a,=a;=8,—=8;=0 and further by using (F,), (F,)® and (2.1) we can
prove v,=v;=0 i. e. the C(v) is s. s. (ii) When P,;==0 and other P,,=0. In
the same way we have a,=a,=B,=B,=0 and from (F,) we have
e*’=¢" /B(r, t) where 7=2(0, ¢). Then using (F,) and (2.2) we can vnrove
that ds® defined by g,—e *"g}, gives an S,, contrary to our assumption.
Thus the theorem is proved. '

From the proof of this theorem we know that when (7.2) holds there
exist some C(v)s which are not s.s. and yet transform S, into s.s. S*¥
again. (The constant in (7.2) is invariant under s.s.c.t. but not neces-
sarily so under other ones). Concerning this we have the theorem:
Theorem [7.3] The general form of the conformal transformation
g5=e*g,, where both g} and g, define [B] (i.e. Minkowski type S,) is
given by the following two types: (a) The one whose V;=—0G:;/240. In this
case the C(v) is s. s. (b) The one whose v,,=0. In this case the C(v) is not s. s.
Proof : Using the coordinate system in which ds?=—dx?—dy*—d2®+d¢?,
we have e’=—mz'z, +n,2'+s where a'=x,, and m, n,, and s are constants
satisfying n,n'=—4ms, (n,=n*). Then we can prove that when m==0 or
m=0 we have (a) or (b) respectively. (In the case of (a) we must use
m-transformation). v

In connection with the above we shall add the following theorem.
Theorem [7.4] The fundamental form of any conformally flat S, is
reducible to

ds? = A{ —(dr?+12d6% + 17 sin? 0dp?) + di2} (7. 4)

where A=A(r, t) and A={a(t)+7r2b(t)}2. Namely any conformally ﬂdt S, is
given by a suitable choice of A(r, t), a(t) and b(t).
Proof : (2.4) is transformable into isotropic form

ds* = —A(r, £)(dr?+12d6" +92 sin? 0de?) +C(r, £)dt2,  (1.5)

using which we can easily obtain (7. 4).
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From this theorem it must be that by a suitable C(v) (7.4) is transform-
able into [B]. If we assume that v=u(r, t), however, this is not neces-
sarily the case. This will be seen if we look for the condition to be
satisfied by A in order that (7.4) may give [B].

When b=0, by taking A=const. or =({2—72)? taking a=1 by a trans-
formation of ¢, we have [B]”. Hence we assume that b=-0 and by
a transformation of ¢ we take b=1. Calculating K;;”=0 for (7.4) we can
show that (7.4) can be [B] when and only when ¢=0 or +1 or (2t+¢)2
where ¢ is any const., and we can obtain the corresponding A(r, t). Examples
of the line element of [B] in these cases are given by

When ¢=0: ds? = —r*dm?+dt?, (dm? = dr>+r*d6*+1r*sin®0d¢p®). (7.6)
When a=1: ds? = —e** (1 +r2) 2 dm?+e'"di?, (7.7
or putting e**=2it, ds? = 4t(1+7%)"2dm?+dé*. ‘ (7.8)
When a=—1: ds* =4 1—r2)"2dm?+di?. |

When a=(2t+¢)2: dsz = (2t +q)* (r*—a) *{ —dm* +((r* +a) dt*} .  (7.10)

(7.8) was obtained by the writer from another point of view.”

Research Institute for Theoretical Physics,
Hiroshima University, Takehara-machi,
Hiroshima-ken. )
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