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Preface. 

In S. Bochner and W. T. Martin, Several Complex Variables (1948) p. 53, 

there has been proved the following theorem : 

If the group @ of transformations T(a) of the following forms 

T(a): 'xv= rpv(x, a)= a~(a)x"+a~1" 2(a)z" 1xl-'2 + ...... m 

is ma,jorized, namely there exists a set· of 'regular functions cpv(x) such that 

rpv(x, a) { cpv(x) 

f01· all a, then there exisfa a 1·egular transfo1.,mation S of the form 

S: 

such that 

'['(a)= s-1LIT(a)!S 

for all a, 'where LI T(a)I denotes the linear parts of T(a). Here S is given 

as follows: 

S = J~L{T(a-1)! •T(a)dµ,(a), 

where µ,(a) is an invariant measure introduced in @. 

In this paper, we apply this theorem to the finite transformation and 
the one-parameter group of transformations. Thus we shall obtain the 

solutions of the equations of Schroder<2> of the certain kind and the solutions 
of the differential equations in the neighbourhood of the singularity of the 
certain kind. 

1) a~("')xf', a~ ,.2("')x"lxf'2 etc. mean ~ a~(:x)xf', ~ a~ ,._ ("')xf'lxl'2 etc. respectively. The 
1 I' f'l,1-' 2 1 2 

unwritten terms are those of higher orders than those written explicitly. In the following, we 
use these conventions. 

2) M. Urabe, Jour. Sci. Hiroshima Univ. (1951), pp. 118-131. 
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Chapter I. Equations of Schroder. 

§ 1. Conditions for majorizedness. 

We consider the finite transformation of the form as follows : 

(1.1) T: 

(Vol. 16 

When _the group of {Tkl (k=O, ±1, ±2, ...... ) is majorized, we say that 
T itself is majorized. 

We can easily prove 

Lemma. If I T(a)j is ma,jorized, then, for any regular tra,nsformation S of 

the form as follows: 

(1. 2) S: 

where det. \s;\+O, {'T(a)l=lST(a)S-1 ! is also majorized. 

By means of a suitable linear transformation, we can transform II a~ !I 
of (1. 1) to the matrix of Jordan's form. Then, by the above lemma, if T · 

is majorized, the transformed transformation is also majorized, and con­
versely. Thus, for our purpose, without loss of generality, we may assume 

that II a,~ II is of Jordan's form. In the following, we assume this. 
Put 

(1. 3) 

then II a~(k) II = II a,~ W- Therefore, if T is majorized, the absolute values of 
all the eigen values "'v of II a; II must be unity and moreover the matrix 
II a~ II must be of diagonal form. 

We shall prove 

Theorem 1. The necessary and sufficient condition that T is majorized, is 

that the absolute values of all the eigen values :\.,., of II a~ II are unity and 

I Tk} (k=O, 1, 2, ... ) is majorized. 0 > 

The necessity is evident. We consider the sufficiency. From majorized­

ness of { Tk I (k=O, 1, 2, ... ), it follows that II a~ II is of diagonal form. 
For positive k, there exists a set of regular functions 

cpv(x) = x,,.+A~ ... x,,.1x,,.2 + ...... +A~ ., ~/1 •••••• :,/N + ..... . 
rir2 r]•••rN 

such that 
\a" (k)l~A" . 

f'l••·f'N - f'l•••f'N 

1) When there exists a set of regular functions <l>'-'(x) such that 9'-'(x, k)~ <l>"(x) for k = 0, 1 
2, ... , we say that {Tk} (k = 0, 1, 2, ... ) is majorized. 
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r-k: x" = y"('x, k) = b~(k) 'x"+b;l!,.ik)'xl'-11xµ 2 + ...... , 

then, substituting this into (1. 3), we have : 

'x" =:.\.~ [b~(k) 'x"+b" ,(k)'xf'-11xl'-2 + •····· +b" (k)'xµ 1··-'~rl'N + ······] fl-lfl-a fl-l•••µN 

+a" (k)[bfl-l(k)'xv1+bµ 1 (k)'x"'11x'"2+ •·····] l'-11'-2 v1 '"1"'2 
X [b1'-2(k)'xv2 + bfl-2 (k)'x''' 11x'"2 + •·· • •·] 

V2 h)l(t)2 

+ ........... . 

+a," (k) [bl'-1(k)'xv1 + •·····] •····· [bfl-N(k)'xvN + •·····] l'-1·••1'N V1 VN 
+ • • • • • • • •· • • • . (not summed by JJ) 

Comparing the coefficients of both sides, we have: 

)..~b~(k) _ o~ , 
)..kb" (k)+a" (k\h'" 1(k\h''' 2(k) = O 

1I µu12 ti>1M2 JVµ.1 JVµ2 ' 

(1. 4) )..kb" (k) a," (k) [b'"l (k)b'"2 (k)+b'''l (k)b'"'2 (k) ] (1) 
11 l'-1•••!'-N + '"1'''2 (µ1 1'-2•••1'-N) (P.ll'-2 l'-3•••1'-N) + •••••• 

+ ············ 
+a,~'l·•·'"/k)b;~~(k) ...... b;:(k) = O, 

•················· (not summed by JJ) 

From the first of these, we have b~(k)=or>..1~ (not summed by JJ) where v,, 1/)..,,. 

The coefficients b" (k), ...... , b" . (k), ...... of ,lr"(x, k) are successively l'-11'-2 ~·1•• 0 ,J.N T 

determined from (1. 4). We consider the transformation as follows: 

A: 

and write the inverse transformation of this as follows : 

B: 

then, among the coefficients of @"(x) and W"('x), we have the analogous 
relations as (1. 4). Comparing these relations, we have 

I b~l .. •1'-N(k)\ <B~l•••fl-N, 

namely y>('x, k){W,,('x). Thus we see that IT"! (k=O, ±1, ±2, ...... ) is 

majorized. 

When the absolute values of all the eigen values :.\,, of II a,~ II are unity, 

we put 'J...,,=i0•. We consider the case where all 0,,'s are commensurable 

1) b'c"1 (k)b"'2 ·)(k) mean ,..;. :E b'''l (k)b"'~ • where Ci1 •••.•. iN:Y is an arbitrary 
l'-1 l'-2••• l'-N .l.v. Cil•••iN) fl-i1 l'-z2 .. .!'1 N 

permutation of (123 ... N). 
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with 2:,r. Put 0.,,=2:,rp.,,, where p.,,, q.,, are integers such that p.,, and q.,, are 
q.,, 

relatively prime. Let q be L.C.M. of all q.,,'s. . Then Tq is of the form as 
follows: 

If Tis majorized, then, by the uniqueness theorem of H. Cartanm, Tq must 
be an identity. Conversely, when Tq becomes an identity for a suitable 
integer q, it is evident that T is majorized. Thus we have 

Theorem 2. When the absolute values of all the eigen values >...,, of II a~ II is 

unity and all the arguments of >...,, are commensurable with 2n', the necessary 

and sufficient condition that Tis majorized, is that, for a suitable integer q, Tq 

becomes an identity. 

§ 2. Equations of Schroder. 

We consider the equations of Schroder for the transformation T. When 
the absolute values of all the eigen values of II a~ II are either greater or 
less than unity, the equations of Schroder are already completely solved(2). 

In this paper, we consider the case where the absolute values of all the 

eigen values are unity. 

When T is majorized, by the general theorem on majorized group, there 

exists a regular transformation S of the form 

(2.1) 

such that 

S: 

(2. 2) Tk = s- 1L(Tk)S 

for k=O, ± 1, ± 2, . . . . . . . (2. 2) can be written as follows : 

(2.3) 

For k=l, we have 

(2. 4) 

These are nothing but the equations of Schroder. Conversely, when the 
equations of Schroder (2. 4) have solutions of the form (2.1), then T=STS- 1 

is of the form 

r: 
1) S. Bochner and W. T. Martin, Several Complex Variables (1948), p. 13. 
2) M. Hukuhara, Kyilshu-Teikoku-Daigaku Rigaka-Hokoku (1945), in Japanese. 

M. Urabe, ibid. 
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consequently, because I :x.,. I = 1, T is majorized, then, by the lemma in § 1, 
we see that T is majorized. Making use of Theorem 1, we have 

Theorem 3. The necessary and sufficient condition that the equations of 

Schroder (2. 4) for the trans! ormation T such tlw,t I :X., I =1 have regular solutions 

of the form (2.1), is that I Tkj (k=O, 1, 2, ... ) is majorized. 

Though it is equivalent to the proof of the general theorem on majorized 

group, in order to seek for the concrete form of the solutions, making use 
of the idea of invariant integration, we shall directly prove the existence 
of the solutions of the equations of Schroder for the majorized trans­
formation. 

For brevity, we write rp'"(x, k) as rp'"(k). Put 

(2. 5) F~n = l_ [1-rp"(k)+ }_<p'"(k+l)+ .....• +-1 -rp'"(k+n-1)1 n A,~ :x,~+1 :x,~+n-1 • 

Then, from our assumption that rp'"(k) <{ cp•, it follows that F;,. <{ <I>'". 

Consequently there exists a sequence { n, J such that, for k fixed, I Fknt I 
uniformly converges. Put these limit functions f~, then f~=x'" + •· • · • • . Now 

F~+ 1,.-Ftn= ! [A.~+nrp'"(k+n)- ~~<p"(k)], 

consequently, ~+1 n-P;,.<{~cp', therefore, when n-+oo, F~+ 1 .. -F~ .. uni­
n 

formly tend to zero. Therefore', for any integers k and Z, f~ = f~, con-

sequently we may write these n as f'. Now 

Consequently, putting n=n, and making i -+ oo , we have 

f'"(rp) = :X...f'"(x). 

Thus we see that the equations of Schroder (2. 4) have regular solutions f'", 

which are one of the sets of limit functions of {F;,.J. Now, we can prove 

that the set of limit functions of IF~ .. l is unique. For an arbitrary small 
positive number c, there exists a number G such that, for i>G, 

I Fk n, - f'" I< c • 

Then it follows that IF1nirp)- f'(rp)\ <s, consequently I :X.,.Fk+l nt -:X...f'" I <s. 
Since I :X., I= 1, I F'1+i n, -f'" I< c. Thus, for any positive integers p, we have: 
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\Fk+P n, -f"I< E. 

Then, adding these inequalities, we have : 

(2. 6) 
1
1-(Fk' +Fk' 1 + •····· +F1+ 1 )-t•l<s. m, n1 + n1 m, - n, 1 

If there exists another set of limit functions g', then, there exists a sequence 
{m,! and a positive number H such that, for i>H, 

\ F"'km, - g' \ < c • 

Then, similarly as above, we have 

(2. 7) I _!_(Fkm- +Fk-Ll m + ·•···· +Fk+n --1 nz.)-g.,, [ < c · 
1 n, ' · 1 • ' I 

Now it is evident that ml (F1 n1 + ··· +Fk+m.-1 ni)=¾-(Fkm, + ··· +Fk+n,-1 m,). 
i i 

Then, comparing (2. 6) and (2. 7) for i> max. (G, H), we have 

\f'-g'\<28. 
Here c is an arbitrary positive number, therefore it must be f•_g•, namely 
the set of limit functions of tF~nl is unique. Now, from F~,.. {: <I>', any 
sub-sequence of l~nl has a limit, and from the above result, that limit is 
/'. Thus we see that the sequence {~,..! uniformly converges to f.,,, i.e. 

·c2. 8) 

Thus, ·we see that, when T is majorized, the equations of Schrode1· (2. 4) have 

regular solutions f.,, given by (2. 8). 

When the equations of Schroder (2.A) have regular solutions ,., of the 
from (2.1), we transform the variables x" as follows: x"=f'(x). Then the 
given transformation is expressed with regard to x>-system as follows: 

'x.,=:\.,,x', namely 'x.,,=i0•x•. Therefore there exists a group @ containing 
the given transformation such that 

@: 

The operator functions [v of @ become as follows: e=i0,x', consequently, 

with regard to the initial coordinates, the operator functions t' are deter­
mined by the equations as follows : 

g,,:ar = i0 r. 
ox" ' 

Thus we see that, for the transf01·mation T such that \ X.,, \ = 1, if I Tk I 
(k=O, 1, 2, ... ) is majorized, then there exists a one-parameter group containing 
T and having regular operator functions. 
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Next we consider the case where the arguments 0.,, of the eigen values 

:\..,, are all commensurable with 2n-. Put 0.,,=2n-'P:-!.. When T is majorized, 
q.,, 

by Theorem 2, it becomes Tq =I, where q is L.C.M. of all q.,,'s. In this 

case, the regular solutions of the equations of Schroder (2. 4) are readily 
sought as follows : 

(2. 9) r(x) = ~ [ x.,, +{.,,ql(l)+{~q.i.,,(2)+ ······ +5;;~-1q.i.,,(q-l)]-

For 

fll(q.i) = ! r q.i.,,(l)+l q.i.,,(2)+ ...... + ;\~2q.i.,,(q-l)+}._~-l q.i.,,(q)] = :\..,,{ll(x). 

because q.i.,,(q)=x.,, and :\.~=1. 

When the equations of Schroder (2. 4) have formal solutions of the 
form (2.1), it follows formally that 

(2.10) 

where g.,,=(rt1• Consequently, it follows formally that 

q.i.,,(q) = g.,, [ e'q9f(x)] = x.,, , 

namely Tq =I. Therefore T is maforized. Thus, by means of Theorem 2, 

we have 

Theorem 4. When the transformatwn T has the eigen values :\..,,, of which the 

absolute values are all unity and the argumets a1·e all commensurable with 2n-, 

the following three conditwns are equivalent to one anther : 

( i ) T is majorized ; 

( ii ) there exists an integer q such that Tq becomes an identity ; 

(iii) the equations of Schroder (2. 4) have formal solutions r of the form (2.1 ). 
When one of these three conditions is satisfied, the equations of Schroder have · 

regular solutions given by (2. 9) which are of the form (2.1). 

Here we need to pay attention to the fact that we have not concluded 
the convergence of the formal solutions of the equations of Schroder if 
they exist. Our conclusion is that, if there exists at least one set of 
foi-mal solutions, then there exists at least one set of regular solutions. 

Chapter II. Differential equations. 

§ 3. Conditions for majorizedness. 

We consider the differential equation of the form as follows: 
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where 

(3. 2) 

M. URAB:E (Vol. 16 

When, in the complex plane, the eigen values J-1,v pf II c~ II lie all in the 

same side of the straight line passing through the origin, the differential 
equation (3.1) is completely solved.m In this paper, we assume that all 

the eigen values lie on a straight line passing through the origin. 

Multiplying (3.1) by a suitable constant, without loss of generality, we 

may assume that all the eigen values are of the form as follows : 

(3. 3) 

where Ov are real. Moreover, by effecting a suitable linear transformation 
of the variables, without loss of generality, we may assume that II c~ II is 
of Jordan's form. In the following, we assume these. 

We consider the one-parameter group @ of transformations with the 

operator functions e. Then the transformations of @ are given by the 
integrals 1x>=cp>(x, t) of the differential equations as follows: 

(3. 4) 

Here t is real and rp"(x, t) are of the form as follows : 

(3. 5) 

and a~(0)=o~, av (0)=0, ...... , a" (0)=0, ... .. . . Substituting (3. 5) into 
l'-11'-2 l'-1•••1'-N . . 

(3. 4), we have : 

:t 11 a:(t) II = II c: II • 11 a:(t) 11 • 

From the initial condition• that II a~(0) II is a unit matrix, it follows that 

(3. 6) II a~(t) II . i lie~ Ii. 

If @ is maj9rized, there exists a set of functions ct:>>(x) such that 
cp>(x, t)<t. <f>>(x), consequently the origin is stable for the differential equations 
(3. 4). Conversely, if the origin is stable, then, for any given c, there exists 
o such that, for \ x> I s:; o , \ cp>(x, t) \ < c, consequently @ is majorized. Thus 

we see tha,t @ is maj01•ized if and only if the origin is stable for the dif­

ferential equations (3. 4). 

1) H. Dulac, Bull. Soc. Math. France (1912). 
M. Urabe, Jour. Sci. Hiroahima Univ. (1951), pp'. 25-37. 
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From (3. 6), it is readily seen that, if @ is maj01·ized, then the matrix 

II c~ II . must be of diagonal form. 

If q>v(x, t) is majorized for positive t, name!y there exist regular func­

tions <I>'(x) such that q>v(x, t) {'. <I>v(x) for positive t,. then, in the same way 
as the proof of Theorem 1, we see that ,pv(x, t) is majorized also for negative 

t, namely @ is majorized. Thus we have the theorem corresponding to 

Theorem 1. 
We consider the case where all 0/s are mutually commensurable. In 

this case, there exists a real number (f) such that 

(3. 7) w0v = 2n'Pv 

where Pv are integers. In this case, we shall seek for the condition that 
@ is majorized. 

First we assume that @ is majorized. Then it must be 

(3. 8) V 11-V •0 11-V cµ. = µvoµ. = i voµ. • 

Substituting (3. 5)" into (3. 4), and comparing the coefficients of the products 

of xv, we have : 

ida,~ . V. 

\
' dt = i0vaµ., 

d V 

i ~µiµ?, = i0 av + c' a'" 1a"'2 
· dt v 11 1!'2 '"1'''2 fJ.l fJ.2 ' 

J ....................... . 
(3.9)1 V 

da,,J ... fJ.N=i0,a'. +c' {a"'1a'•'2 +a'"l a'''2 + .. •+a'·'~ a a"'.2 } dt 111 .. ,fJ.N '"1"'2 (1<1 fJ.2•••fJ.N) (µ1µ2 µ3 ... p.N) (, l••·· N-1 fJ.N) 
+ .......... .. 

\ ....................... . (not summed by ).I). 

From the first of these relations, we have : 

(3.10) av_ 11-veitOv µ.- Oµ. • 

Substituting these into the second of (3. 9), we have: 

Therefore we have : 

when 

when 

it(0µ1 +0µ2) -eltOv 

a;lf'-2 - c;lf'-2 ({lfll + 0µ2--0~)1,~; 

av = Cv titOv. 
µ1µ2 1-1u12 
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Since@ is majorized, for 0~=0,.,. 1 +0µ 2 , it must be c;1µ2 =0, consequently 
a~ =0. Thus a' (t) are linear combinations of i'0~ and eitC0111+ 0112 ) (inclusive 

!-'W2 fll!l2 

of zero). We assume that,_ for M:;;;.N -1, a;1 .•• !-'.M are linear combinations 
of i'os, /t(0.\1+0.\2), .•.••. , it(0µ1+···+0,.,.M). Then, from (3. 9), we have: 

a• = itO~.JrtL[it(6.\1+0.\2), ••.••. 'eit(01-11+ ···+01iN)]_. -e-itO,dt 
. 1'-l·••l'-N O 

= ,ctitOv +L[ ifO,, eit(0.\1+6.\2), ...... , it(0µ1+···+01tN )] ' 

where L[ ...... J denotes a linear combination of the arguments and " is a 

constant. Since @ is majorized, it must be ,c=0, namely a;1···!'N become 
linear combinations of d-100, i 1C0,\1+ 0,\2), ...... , i 1C0111+···+0µN). Thus, for any 

N,it is valid that 

Now, for N~2. a; 1 .•. µN(0)=0, namely, in the right-hand side of the above 
formulae, L(l, 1, ... , 1)=0. From (3. 7), i'''60 -:--i'·1<6,\1+0.\2)=···=i'°C01•1+··+01•N) 

=1, consequently a' (ro)=0. For N =1, from (3.10), a~(O)=a~(ro)=o~. 
~l·••!J.A 

Thus we see that, if @ is majorized, then g.,>(x, w) = x>, namely @ has a 
period ro with respect to the parameter t. 

Conversely we assume that @ has a period w with respect to t<. 1>. We 

take any functions ;ss such that S")e. Put·x=t,,._aa ,and X'=S,,.-=>a. 
Xµ. uXµ. 

Then, if F )> f, then X' F )> Xf. Therefore X'"(x>) )> X"(x") for any positive 

integer p. Then, for any non~negative number t, t"X'"(x~)} t"X"(x'). Now 

00 1 
'xv = <p>(x, t) = etX(xv) = ~ ~, t"XP(xv) 

,1b~ p. 

Therefore, if we put 

cI>v(x, t) =etX'(xv) = A~(t)x,,.+A:1,.,.it)x111xl'-2 + •····· , 
then 

I a~(t) I :;;;. A~(t), I a;111/t) I :;;;. A;1µ/t), ...... . 

Here A~(t), A;11i/t), ...... are power series of positive coefficients, consequent-
ly, for t such that 0:;;;.t.::s;:ro, A;(t):s;:A~(w), A~ (t):;;;.Av (w), ...... , namely 

- - !-'ll'-2 1'-ll'-2 

g.,v(x, t) { cI>v(x, w). Since w is a period of <pv(x, t), we see that, for all t, 

<pv(x, t) { cI>v(x, ro), namely that @ is majorized. 

Thus we have 

1) We may assume that,., is positive. For, if,,, is negative, _,,, being also period, it suffices 
to take - ,., instead of '"· 
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Theorem 5. When the eigen values l"v of II c; JI are all 'J)Ure imaginary and 

their absolute values are all mutually commensurable, the necessary and sufficient 

condition th.at the group @ is majorized, is th.at the group has a period with. 

respect to the parameter. 

This theorem corresponds to Theorem 2 for finite transformation. 

§ 4. Characteristic equations. 

In order to solve the differential equation (3.1), as in the case where 
all the eigen values of · II c~ II lie in the same side of the straight line 

passing through the origin, we consider the characteristic equations for 
the group @ 0 ). 

When @ is majorized, by the general theorem on majorized group, 

there exists a regular transformation S of the form 

( 4.1) 

such that 

(4.2) 

S: 'xv= f>(x) = x"+ ...... 

T(t) = s-1LIT(t)IS 

for any t. ( 4. 2) can be written as follows : 

(4.3) ST(t) = L{T(t)}S. 

Now, from (3.10), ( 4. 3) can be written as follows : 

(4. 4) f>[cp(x, t)] = it6"f>(x). 

These are the equations of Schroder for @. Differentiating both sides of 

(4. 4) with respect to t and making use of (3. 4), we have: 

Putting t=O, we have : 

( 4. 5) 

t"{'x) of>('x) = iO ito,f>(x) • 
0 1Xf£ V 

These are the characteristic equations for @. Thus we see that, when @ 

is majorized, the characteristic equations for @ have regular solutions of 

the form ( 4. 1 ). 
Conversely, we assume that the characteristic equations ( 4. 5) have 

regular solutions of the form (4.1). Substituting 'x" for x", and making use 
of (3. 4), we have: 

1) M. Urabe, Jour. Sci. Hiroshima Univ. (1951), pp. 25-37. 
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dfv('x) 
-,[f- = i0v/V('x). 

Integrating these equations, we have {V('x) = e7t00{V(x), namely ( 4. 4). When 

we transform the variables xv by xv=/V(x), ( 4 4) can be written as follows: 

These are formulae of the transformations of @ with regard to x" -system. 

From these formulae it is evident that @ is majotrized with regard to xv -

system. By the le.nma in §1,@ is majorized with regard to any coordinate 

system, consequently, of course with regard to xv -system. Thus we have 

Theorem 6. For the group @ where the eigen values of II c~ II are all pure 

imaginary, the necessary and sufficient conition that the characteristic equations 

( 4. 5) for @ have regular solutions of the form ( 4.1), is that @ is majorized. 

As in § 2, in order to seek for the concrete form of the solutions, we 

shall directly prove the existence of the solutions of the characteristic 

equations for the majorized group @. 

Since @ is majorized, there exists a set of functions <D"(x) such that 

<pv(x, t) { <t>v(x). Put 

v ( • 1 ft +n - i,Oy v( Frn x) = ~ e <p X,'T)dr, n e . 

where n is an arbitrary p0sitive integer. Since q>''(x,..,. ){ q:iv(x), F~n(x){ <f:l\x). 

Consequently there exists a sequence f n; l such that, for fixed t, f F1n. l 
i 

uniformly converges. Put these limit functions n, then f! =xv+ •····· • 

Now 

1 [ft2+n fi2] 
= n . td-n -Jt1 

= ~n::e-i(n+r)Ov<pv(x, n+r)dT-~::e-i,Oy<p"(x, r)clr]. 

Since <pv(x, n +r) { <t>v(x), If:: e-i(n+r)Ov<pv(x, n+r )dr j ~ I t2-t1 I <t>>( Ix I). 

Consequently, when n - = , Ft2n - F°'t1n tend uniformly to zero. Therefore 

n(x) are independent of t, consequently we write these n as/". Now 
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Putting n=n; and making ni- oo , · we have 

_fV [ ip(X, fo)] = eitoO>{V(x). 

These are nothing but ( 4. 4), consequently {V(x) satisfy the characteristic 

equations ( 4. 5) for @. Namely we see that, when @ is majorized, the 

characteristic equations (4. 5) for@ have regular solutions of the form (4.1), 

which are limit functions of {F:,.J. We shall show that the set of limit 

functions of lF~nl is unique. For an arbitrary small positive number s; 
there exists a number G such that, for i>G, 

\Ftn,-rl<c. 

Then I Fln;[<p(x, n1)]-fV[ip(x, n;)] I< C, consequently 

I in10"Ft+n;ni(x)-in;Ovr(x)I < C' 

namely 

IF" -fvl<c t+n1 n; · • 

Then, for any positive integer p, we have 

IF';+-pni n, - r I< C • 

Therefore it follows that 

(4. 6) i l (Ft" + F" + ...... + F" )-r I < s Im; n; t+n;n, t+(m;-I)n,n; • 

If there are another set of limit functions gv, then there exists a sequence 

lmd such that, for i>H, 

Similarly as above, we have 

(4. 7) 

Now 

'11-(F" +FV + ...... +~ )-gv/<s n; fm; t+m1m1 t+(n1-I)m1m1 • 
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- F'rn+F'r+nn+ ...... +F'r+cm-l)RR. = - e-l'C" 11<p11(X,'T)d'T 1 ( ) 1 ~&+•n • O 
m mn, 

= ! (n .. +Ff+_ .... + ...... +F'r+cn-1>mm). 

Then, comparing (4. 6) and (4. 7), for £> max. (G, H), we have 

Here c is an arbitrary pasitive number, therefore it must be /-11 g11, namely 

the set of limit functions of I F:n) . is unique~ Thus, as in § 2, we have : 

(4. 8) r =limF' , 
. n+oo tn 

Thus we see that, when @ is majorized, the characteristic equations ( 4. 5) for 

@, have regular solutions r given by ( 4. 8). 

Next we consider the case where all O,,'s are mutually commensurable. 

In this case, there exists a real number (i) such that (3. 7) Ji.old. When @ 

is majorized, by the proof of Theorem 5, we 1!3ee that <p11(x, (i) )=xV. In this 

case, the regular solutions of the characteristic equations ( 4. 5) are readily 

sought as follows : 

(4. 9) 

For, 

1 !"' -frO,, 11( t v, = - e <p x, +.,. .,.,,.,. 
(i) 0 

Because e- i-ro,,<p,,(x,.,.) have the period (i), 

Next, we assume that the characteristic equations ( 4. 5) have the 

formal solutions r of the form ( 4.1). Put 

Then, from ( 4. 5), we have formally : 
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(4.10) 

Substituting 

1XV = <py(X, t) = a~(t)x"+ •••••• +av u (t)Xf'l ••• X!J.N + .... ,. 
µ1 ... , N , 

into both sides of ( 4. 10), we have the equations which are valid formally 
with respect to X". Put 

/V(cp) = Ai(t)x,.,.+ ······ +A' (t)x!'1 •·· xP-N + •·····, 
l'·l•••f'N 

then the left-hand sides of (4.10) are i0Jv(cp) and the right-hand sides of 

(4.10) are 

<!::PY +2kv dq;" cpf'l+ ·•·••• +NkY dcp" cpl'l ••• <pf'N-1 + •••••• 
dt flfll dt 11-µ1 .. ,!•ll'-l dt 

= d-/V(cp) 
dt 

= A~(t)x,.,.+ ·•··•· +Av (t)xµ1 •·· xP-N + ...... . 
!l·l·••!'•N 

Thus we have 

j A;(tl = W.AM 

l 
Since 

A~(O) =ii' A;ll'/0) = k;lP-2' ...... ' A~l-•·µ/0) = k;l•••µN' 

integrating the above equations, we have 

A' it0v8> A" (t) itOvk> A" (t) itO,kv "= ,.,. ' 1•1µ2 = e 11-111-2' •••••• • :•1 ... 1•.iv = e 11-1 •• ,flN' •••••• • 

namely, we have formally ( 4. 4). Then, solving ( 4. 4) formally with respect 
to q;>(x, t), we have 

rp"(x, t) = g' [e't 8f(x)] , 

where gv=Cf't 1• Then <p'(x, ro)=gv[eMf(x)]=xv. Consequently, by Theorem 
5, @ is majorized. Thus we have 

Theorem 7. When the eigenvalues /.1,v of II c~ II of the g1·oup @ are pure 

imaginary and their absolute values are all mutually commensurable, the 

following three condition.<? are equivalent to one another : 
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( i ) @ is majorized ; 

( ii ) @ has a period with respect to the parameter ; 

(iii) the characteristic equations ( 4. 5) for @ have formal .~olutions of the 

form (4.1). 

When one of these three conditions is satisfied, the chamcteristic equations have 

regular solutions given by ( 4. 9) which are of the form ( 4. 1 ). 

As in Theorem 4, we remark that our conclusion is that, if there exists 

at least one set of formal so'lutions of the characteristic equations, then 

there exists at least one set of regular solutions. 

§ 5. Solutions of the differential equatiom. 

In § 4, we have seen that, when the eigen values µ, of II c~ II are all 

all pure imaginary, if (~ is majorized, the following characteristic equations 

have regluar soiutions /" of the form f"=x" + •·· ... : 

(5.1) 

where µ,=W,. 

(5. 2) 

Then it is easily seen that (n-1) functionsc 11 

1 1 
(t•)o; /(fl)Oi_ (v + 1) 

furnish the independent solutions of the differential equation Xf=O. 

For the differential equations 

dx 1 dx2 dxn 
e - t 2 - - t" • (5. 3) 

the integrals are given by putting the functions of (5. 2) constants. If we 
1 

put (f1)0i=t, then the integrals are given as follows: 

(5. 4) 
1 / 1(x) = t'i1, 

l /"(x) = C,t'i-,,, (v =I= 1) 

where C, are arbitrary constants. When all 0:s are zero, namely all the 

eigen values µ,, are zero, w in (3. 7) is arbitrary, consequently, by Theorem 5, 

cp"(x, w)=x" for any w. Thus t,,.=0. We exclude this trivial case. Then, 

without loss of generality, we may assume that 01=!=0. We assume that 

0,,.>O (a=2, ... , P), 0T<O (,r =p+l, ... , q) and 0~ =0 (:\.=q+l, ... , n). We 
consider the integrals passing through the origin. If 01>0, then, from the 

l) n is the number of the variables xi-'. 
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first of (5. 4), t->O when x"->0. Then, from the second of (5. 4), it must be 

C.,.=C>-=0. Thus, solving (5. 4) with respect to i", we have ::i/=~W(t81, Ca,t6«), 

where ~W denote the regular functions of the arguments. If 81 <O, then 
from the first of (5. 4), t->oo when x11->0. Then, from the second of (5. 4), 

it must be Ca,= C>- = 0. ·Thus, solving (5. 4), we· have x11 = ~W(t61, C.,.t6.,.). 

Summarizing the results, we see that the integrals passing through the origin 

are given by x"=~:W(C.t6•), where one of c:s is unity and all e:s are either 

positive or negative. 

When all 8/s are mutually commensurable, if the characteristic equa­
tions have formal solutions, then, by Theorem 7, the above results are 
valid. This . is an extension of the results already found by Dulacm in the 
case of two variables, though the methods are ·entirely different. 

1) M. H. Dulac, Jour. Ecole Polytech. (1904). 

DEPARTMENT OF MATHEMATICS, 

HIROSHIMA UNIVERSITY. 
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