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Preface.

In S. Bochner and W.T. Martin, Several Complex Variables (1948) p. 53,
there has been proved the following theorem :

If the group & of transformations T(a) of the following forms

(@) 2= e @) = e Gy (R e O
is majorized, namely there exists a set-of regular functions ®*(x) such that

(2, @) € ©(2)
for all a, then there exists a regular transformation S of the form
S | IV = fY(x) = &V ceeeen

such that
T(a)= S*lL{T(a)}S

for all a, where L{T(a)} denotes the linear parts of T(a). Here S is given
. a8 follows: ‘

§ = LT} - T(@iua),

where p(a) is un invariant measure introduced in @.

In this paper, we apply this theorem to the finite transformation and
the one-parameter group of transformations. Thus we shall obtain the
solutions of the equations of Schrioder® of the certain kind and the solutions
of the differential equations in the neighbourhood of the singularity of the
certain kind.

1) ai(eda*, a},‘,lgz(a)xf*lxw etc. mean 3 ai(x)x*, 3 aﬁlﬂz(a)xﬁlxw etc. respectively. The
& BT, 02

unwritten terms are those of higher orders than those written explicitly. In the following, we
use these conventions.
2) M, Urabe, Jour, Sci. Hiroshima Univ. (1951), pp. 113-131,
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Chapter I. Equations of Schroder.

§1. Conditions for majorizedness.
We consider the finite transformation of the form as follows:

1.1) T: ' = X&) = auzt+ay a4 e
When the group of {T*} (k=0, +£1, £2, ...... ) is majorized, we say that
T itself is majorized.

We can easily prove

Lemma. If {T(«)} is majorized, then, for any regular transformation S of
the form as follows:

. 7y — fv — gVoph v 2102
1.2) S: 7= fY>) =82 + 8y L, T ,

where det. |sy|=-0, {T(a)}={ST(a)S~1} is also majorized.

By means of a suitable linear transformation, we can transform | a; ||
of (1.1) to the matrix of Jordan’s form. Then, by the above lemma, if 7
is majorized, the transformed transformation is also majorized, and con-
versely. Thus, for our purpose, without loss of generality, we may assume
that || a.| is of Jordan’s form. In the following, we assume this.

Put A
1.3) T*:  lav =¥, k)= a;:(k)x“+a;m(k)x*“1x‘*2 4 ceenen ,

then || ay(k) || = || a.|*. Therefore, if T is majorized, the absolute values of
all the eigen values A, of | @] must be unity and moreover the matrix
|l @ || must be of diagonal form.

We shall prove

Theorem 1. The necessary and sufficient condition that T is majorized, is
that the absolute values of all the eigen values N, of | ayi| are unity and
{T*} (k=0,1,2,...) is majorized.

The necessity is evident. We consider the sufficiency. From majorized-
ness of {T*} (k=0,1,2,...), it follows that | a;| is of diagonal form.
For positive k, there exists a set of regular functions

By W [
OY(z) = x“+A:‘x"2x 172 4 eene +A"11m‘wm 1.......;1; o oeeees

such that
lay, . () < A

(ST Y. A

1) When there exists a set of regular functions ®V(x) such that ¢'(x, k) dV(x) for k==0,1
2,..., we say that {T*} (k=20,1,2,...) is majorized.
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Put
T*: ¥ =z, k) =bi(k) v +b} (kYo" Vab2p ... ,
then, substituting this into (1.3), we have:
‘wr =M [bu(k) 'at +by (Y 2P a2 4 e +b;1_“gN(k)rxu1,,,,xuN e ]

+ar (B [B53(E) "a" +B5E, (k)& Va2 + --eee]
x [b52(ky 2" + 52, (k)22 4 oo 1
o oeereeenen .
+a;1,,w(k) [b*;;(k)’xvl+ ...... Jeeeees [bfﬁ(lc)’x“’ e ]
A eeerneeenaes . (not summed by )

Comparing the coefficients of both sides, we have:

Abi(k) = o,
Mby (k) +a, , (k)b (e)by2(k) = 0,
AR SO R NI LG S ORI R B
+ ............
+“Z>1...«m(k)b:i(k) ...... b;’;"(k) =0,
.................. . (not summed by v)
From the first of these, we have b(k)=8:\"k (not summed by ») where M/, =1/,
The coefficients b, (), ...... AN () N of 4 (x, k) are successively
determined from (1.4). We consider the transformation as follows:
A : fxv — @V(m) —_— xV_A:‘ulzxt"‘lxu‘z_ cee —_A;I...}J.ngl res xP“N_ ...... ,

and write the inverse transformation of this as follows:

. Vo vi! —— lasv v P a2 11 4el2 cee v L2 iar SR PV A S
B: x»=v(2)="x +B; ,,a" e + +B“1.__M,x " 4 ,

then, among the coefficients of ©*(x) and ¥*('z), we have the analogous
relations as (1.4). Comparing these relations, we have

|5,

“1...0¥
namely 'z, k) ¥*('z). Thus we see that {T*} (k=0, +£1, +£2, ...... ) is
majorized.

(k)| =B,

TS

When the absolute values of all the eigen values A, of || a} || are unity,

we put M,=¢'». We consider the case where all ¢,’s are commensurable

oF 1 O] €2):
] 22 1 2 . 2N s .
D b(m(k)buz.--wv)(k) mean (il.%‘iﬂ)b“il(k)b“iz---”iﬁ where (7 ...... ix) is an arbitrary

permutation of (123... N).
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with 2=. Put 0,:27:32, where p,, ¢, are integers such that p», and ¢, are

relatively prime. Let ; be L.CM. of all ¢,’s.  Then 7% is of the form as
follows : : '

T ¥ = @p*(x, q) = a:“+a;m(q)x“1x“2 SRR .

If T is majorized, then, by the uniqueness theorem of H. Cartan‘®, T? must
be an identity. Conversely, when T°¢ becomes an identity for a suitable
integer ¢, it is evident that T is majorized. Thus we have

Theorem 2. When the absolute values of all the eigen values N, of |layl|l is
unity and oll the arguments of \, are commensurable with 2=, the necessary
and sufficient condition that T is majorized, is that, for a suitable integer g, T*
becomes an identity. '

§2. Equations of Schroder. .

We consider the equations of Schréder for the transformation 7. When
the absolute values of all the eigen values of || aﬁ || are either greater or
less than unity, the equations of Schréder are already completely solved®.
In this paper, we consider the case where the absolute values of all the
eigen values are unity.

When T is majorized, by the general theorem on majorized group, there
exists a regular transformation S of the form

@1 S v = (&) = @ e

such that

2.2) v T* = S~1U(T")S

for k=0, x+1, =2, ...... . (2.2) can be written as follows:
(2.3) ST* = I(T*)S.

For k=1, we have \

(2.4) FlLe@)] = M)

These are nothing but the equations of Schréder. Conversely, when the
equations of Schréder (2. 4) have solutions of the form (2.1), then T=STS-!
is of the form

T: gy = ANa¥,

1) S. Bochner and W. T. Martin, Several Complex Variables (1948), p. 13.
2) M. Hukuhara, Kyasha-Teikoku-Daigaku Rigaka-Hokoku (1945), in Japanese.
M. Urabe, ibid.
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consequently, because |\,|=1, T is majorized, then, by the lemma in §1,
we see that 7 is majorized. Making use of Theorem 1, we have

Theorem 3. The necessary .a,nd sufficient condition that the equations of
Schrider (2. 4) for the tmnsformat;‘on T such that |\, | =1 have regular solutions
of the form (2.1), is that {T*} (£k=0,1,2,...) is majorized.

~ Though it is equivalent to the proof of the general theorem on majorized
group, in order to seek for the concrete form of the éolutions, making use
of the idea of invariant integration, we shall directly prove the existence
of the solutions of the equations of Schréder for the majorized trans-
formation.
For brevity, we write ¢¥(x, k) as @¥(k). Put

2.5)  Fto= 1 | 0)+ g e 1)+ oo + b =1y .
Then, from our assumption that o¥(k) < ®Y, it follows that F;, < @
Consequently there exists a sequence {n} such that, for k fixed, {Fy, }

uniformly converges. Put these limit functions f%, then fi=a>+ ------ . Now
y 171 1
”+ln_—Fkn = %"[Xf?ﬁ?’ (k + n)"‘ﬁg(/)v(k)] ’

consequently, Fy,,n—Fin £ %(IJ”, therefore, when 7 — oo » Fro1n—Fy, uni-
formly tend to zero. Therefore, for any integers & and I, fi=f,, con-

sequently we may write these f; as f. Now

i) = ;lz [%¢”(k+1)+ ------ + )-‘,5}—,,,—1(;)”(k+n)] =\ Fipn®) .

Consequently, putting n=n, and making { — co, we have
@) = M=) .

Thus we see that the equations of Schrioder (2.4) have regular solutions f*,
which are one of the sets of limit functions of {Fi,}. Now, we can prove
that the set of limit functions of {F},} is unique. For an arbitrary small
positive number &, there exists a number G such that, for i>G,

!F,;ni~fv|<e.

Then it follows that | F},, (p)— ()| <&, consequently |NF, 1, —Mf|<€.
Since |, | =1, |Fj 4 ,,i——f”] < &. Thus, for any positive integers p, we have:
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| Fhppn— 1< 6.
- Then, adding these inequalities, we have:
) P Y . i
(2.6) . E(Fk"i+Fk+1m+ ...... +Fk+mi—1n5)_fy <&,

If there exists another set of limit functions g*, then, there exists a sequence
{m,} and a positive number H such that, for i >H,

l F"/,@mz—_gy 1 < & d
Then, similarly as above, we have
) v '
@7 Ly, 4 Fyg b e 4Py 1 )= | <6

1,
Now it is evident that "l% (F b+ Fypn 1 m):%;(ﬁ’,;mﬁ S
Then, comparing (2.6) and (2.7) for i > max. (G, H), we have

- |fr—g*|<2e.
Here ¢ is an arbitrary positive number, therefore it must be f'=g", namely
the set of limit functions of {F%:.} is unique. Now, from F},< ®*, any
sub-seQuence of {F},} has a limit, and from the above result, that limit is
f*. Thus we see that the sequence {F%.} uniformly converges to f, i.e.

(2.8) f*=1mF.

Thus, we see that, when T is majorized, the equations of Schrider (2. 4) have
regular solutions f* given by (2. 8).

When the equations of Schréder (2..4) have regular solutions f* of the
from (2.1), we transform the variables z¥ as follows: Z'=f*x). Then the
given transformation is expressed with regard to Z’-system as follows:
'zv=A\,%", namely 17v—¢"%". Therefore there exists a group & containing
the given transfarmation such that

: 7 = et
The operator functions £’ of & become as follows: £'=i6,z", consequently,
with regard to the initial coordinates, the operator functions £ are deter-
mined by the equations as follows:
gwg{; = i0,f".

Thus we see that, for the transformation T such that |M,|=1, if {T*}

(k=0,1, 2, ...) is majorized, then there exists & one-parameter group containing

T and having reqular operator functions.
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Next we consider the case where the arguments 6, of the eigen values
A, are all commensurable with 2=. Put 6, _Zfrp“ When T is majorized,
by Theorem 2, it becomes T¢=1I, where ¢ is L C M. of all ¢,’s. In this

case, the regular solutions of the equations of Schroder (2.4) are readily
sought as follows :

29 =1 [xu- LW+ b g @t o+l 1)]
For |
P =[P+ P @+ o+ G @D 5@ | = Mf @),

because ¢'(¢)=2" and M=I1. .
When the equations of Schréder (2.4) have formal solutions of the
form (2.1), it follows formally that

(2.10) (&) = g*[f()],
where g*=(f")"'.. Consequently, it follows formally that
P"(@) = g"[e**f(x)] = 2",

namely T°=1I. Therefore T is majorized. Thus, by means of Theorem 2,
we have

Theorem 4. When the transformation T has the eigen values \,, of which the
‘absolute values are all unity and the argumets are all commensurable with 2w,
the following three conditions are equivalent to one anther :

(i) T is majorized ;

(ii) there exists an integer q such that T° becomes an identity ;

(iii) the equations of Schrider (2. 4) have formal solutions f* of the form (2.1).
When one of these three conditions is satisfied, the equations of Schroder have
regular solutions given by (2.9) which are of the form (2.1).

Here we need to pay attention to the fact that we have not concluded
the convergence of the formal solutions of the equations of Schréder if
they exist. Our conclusion is that, if there exists at least one set of
formal solutions, then there exists at least one set of regular solutions.

| Chapter II. Differential equations.
§3. Conditions for majorizedness.
We consider the differential equation of the form as follows:
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— s Of _
(3.1) xt=e2 =0,
where
(3. 2) & =it +c L T, .

r1r2 .
When, in the compiex plane,‘the eigen values p, of | ci ][. lie all in the
same side of the straight line passing through the origin, the differential
equation (3.1) is completely solved. In this paper, we assume that all
the eigen values lie on a straight line passing through the origin.
Multiplying (3.1) by a suitable constant, without loss of generality, we

may assume that all the eigen values are of the form as follows:
(3- 3) Hy — iev ’

where 6, are real. Moreover, by effecting a suitable linear transformation
of the variables, without loss of generality, we may assume that | ¢} || is
of Jordan’s form. In the following, we assume these. '

We consider the one-parameter group ® of transformations with the
operator functions &. Then the transformations of & are given by the
integrals '2"=q¢"(2, t) of the differential equations as follows:

d'z”

3.4 ‘ g &('x).
Here ¢t is real and ¢%(z, t) are of the form as follows:
(3.5 g¥ = @"(2, t) = a,”.(t)a:“+a;1w;(t)x“x“2 e,
and @(0)=5;, @’ (=0, ......, @ (0)=0, ....... Substituting (3.5) into
(3.4), we have:
ey =Nel-la®l.
From the initial condition- that || @X(0)|| iS a unit matrix, it follows that -
(3.6) o lamr=dTE

If ® is majorized, there exists a set of functions ®(x) such that
@¥(x, )€ ®'(x), consequently the origin is stable for the differential equations
(3.4). Conversely, if the origin is stable, then, for any given &, there exists
8 such that, for- |2*| < §, |p'(%, t)| < &, consequently & is majorized. Thus
we see that & is majorized if and only if the origin is stable for the dif-
ferential equations (3. 4).

1) H. Dulac, Bull. Soc. Math. France (1912).
M. Urabe, Jour. Sci. Hiroshima Univ. (1951), pp. 25-37.
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From (3.6), it is readily seen that, if & is majorized, then the matrixz
Il ex || must be of diagonal form. ‘

If ¢'(«, t) is majorized for positive ¢, namely there exist regular func-
tions ®¥(x) such that ¢'(x, t)< ®'(x) for positive ¢, then, in the same way
as the proof of Theorem 1, we see that ¢*(«, t) is majorized also for negative
t, namely ® is majorized. Thus we have the theorem corresponding to
Theorem 1.

We consider the case where all 6,’s are mutually commensurable. In
this case, there exists a real number » such that

3.7 Co ' 0, = 27p,
where p, are integers. In this caéé,‘we shall seek for the condition that‘
®& is majorized.
First we assume that ® is majorized. Then it must be
(3.8) | ¢ = w8, =140,
Substituting (3. 5) into (3. 4), and comparing the coefficients of the products

of ¥, we have:

(day,

]-a? = 29.,0'
da
3 L R v (.)1 mz
Tdt =100 !11'12+ 0‘010’2 w1 o’
|
<3.9)§ a
*1.. v v a®l g2 a®l g : (27
\—'Zi"ti—w a’u1..-pN+cf-’1"’2{ (1 %0 T (uxuzafla en) T +a(“1--'5‘N 1'1"‘1")}
‘ T
i -+ c;‘.‘)l mN(‘(,;’: ...... a,: 1‘: ,
L ........................ (not Smnmed by V)-

From the first of these relations, we have:
(3.10) ay = 8uetth .
Substituting these into the second .of (3.9), we have:

. t .
v o— v et ftmtla—0) g,
e D] 0 .

Therefore we have:
¢it(OuatOun) _ ity
v
when 6,4 Ot Ora s O, = O G, 05

0
when 60, =0y,+6.,, @ te't%,

u.luz u.luz
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Since @ is majorized, for 6,=80,,+6,,, it must be ¢! =0, consequently
@ . =0. Thus ¢! , () are linear combinations of ¢ and ¢'/(*11+%2) (inclusive
of zero). We assume that, for M<N—1, e, -, are linear combinations
of &%, PRICSE LYY gt mrt-+%)  Then, from (3.9), we have:

@’ = e"“’”j'tL [e”(‘.’“*‘ow y reeens , ettt +°“N>]- e gt
0

— ottt L[enov’ FHOM+0%) e«rt<0m+--v-+oym>] ,

where L[...... ] denotes a linear combination of the arguments and « is a
constant. Since @ is majorized, it must be «=0, namely a; , become

linear combinations of ¢%, ¢XP+0), , ¢/tOuit o) Thus, for any
N, it is valid that
(&)= L[e{toy’ GO , eit(om+...+o”‘>] .

Now, for N=2, aul (LN(0)=0, namely, in the right-hand side of the above
formulae, L(1,1, ...,1)=0. From (3.7), ¢“%=e "t . —goCut-+hr)
=1, c0nsequent1y %1 M(m)=0. For N =1, from (3.10), ¢.(0)=a.(e)=3..
Thus we see that, if & is majorized, then ¢'(z, 0)=2", namely ® has a

period » with respect to the parameter t. .
Conversely we assume that @ has a period o with reSpect to £V, We

take any functions E* such that E'S§£. Put X= 'g‘“ o ‘and X’-—E“aa'L

Then, if F»f, then X'F»Xf. Therefore X"'(o:“)>>X’(a,”) for any positive
integer p. Then, er any non-negative number ¢, t*X'?(x*) >E*X?(2*). Now

"2V = p¥(x, t) = ¥ (a*) = 2= lt”xp(x”) .

Therefore, if we put

D¥(x, £) =¥ (a*) = AUtr+ A% (D2 + o
then
6| < 4KD), laL, O <AL, (&), e -
Here AX(t), A} , (1), ...... are power series of positive coefficients, consequent-

ly, for ¢ such that 0<t<w, A)(t)<ANw), 4 o (@) venee. , namely
oz, 1) PY(#, o). Since » is a period of ¢*(z, t), we see that, for all ¢,
¥z, t) & Pz, »), namely that & is majorized.

Thus we have

<4,

®ilk2

1) We may assume that o is positive. For, if » is negative, —w being also period, it suffices
to take —w instead of e.
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Theorem 5. When the eigen values p, of || c. | are all pure imaginary and
their absolute values are all mutually commensurable, the necessary and sufficient
condition that the group G zs ‘majorized, is that the group has o period with
respect to the parameter.

This theorem corresponds to Theorem 2 for finite transformation.

§4. Characteristic equations.

In order to solve the differential equation (3.1), as in the case where
all the eigen values of | ¢, | lie in the same side of the straight line
passing through the origin, we consider the characteristic equations for
the group G,

When & is majorized, by the general theorem on majorized group,
there exists a regular transformation S of the form

(4.1) S: v =fAx)=2a"+ -+e---
such that
(4.2) ‘ T(t) = S-IL{T(t)} S

for any t. (4.2) can be written as follows:
(4.3) - ST(t) = L{T(#)}S
Now, from (3.10), (4.3) can be written as follows:
(4. 4) Loz, t)] = ().
These are the equations of Schrioder for @. Differentiating both sides of
(4. 4) with respect to ¢ and making use of (3.4), we have:
Eu(/x)af (&) _ — i0,6"™Y(x) .
Putting =0, we have:
Vo af Y —_ v

(4.5) Xf¥ = 5“55‘ =16,f".
THese are the characteristic equations for . Thus we see that, when &
is majorized, the characteristic equations for & have regular solutions of
the form (4.1). '

Conversely, we assume that the characteristic equations (4.5) have

regular solutions of the form (4.1). Substltutmg 'x¥ for ¥, and making use
of (3.4), we have:

1) M. Urabe, Jour. Sci. Hiroshima Univ. (1951), pp. 25-37.
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WD) = io. ().

Integrating these equations, we have f*('z)= ”O”f”(x), namely (4.4). 'When
we transform the variables z¥ by #'=f*(2), (4'4) can be written as follows:

17 =&z .
These are formulae of the transformations of & with regard to z’-system.
From these formulae it is evident that & is majorized with regard to -

system. By the lemma in §1, & is majbrized with regard to any coordinate
system, consequently, ¢f course with regard to a*-system. Thus we have

Theorem 6. For the group & where the eigen values of | c.| are all pure
imaginary, the necessary and sufficient conition that the characteristic equations

(4.5) for @ have regular solutions of the form (4.1), is that & is majorized.

As in §2, in order to seek for the concrete form of the solutions, we
shall directly prove the existence of the solutions of the characteristic
equations for the majorized group .

 Since ® is majorized, there exists a set of functions ®*(x) such that
" (x, t) L ¥ (x). Put
&+n .
Fr(e) = lj e~ ™z, rYr
nJe -
where % is an arbitrary positivé integer. Since @'(, 7)K PY(&), Fil2) P¥Y().
Consequently there exists a sequence {n,} such that, for fixed ¢, | Fiy i

uniformly converges. Put these limit functions f;, then f{=2a"+ .-.... .
Now
- v __ 1T t2+”_ ttn].
e e
1 —Vz-ﬂ-ﬂ gfz] '
T a L)t )y
C(t s . t _;
=1 LS e ZC"JFT)O"(,D"(:U, ’n+'r)d'r—S ‘¢ zrovgo“(a?, -r)cﬂfr] .
n LIk t

' , . . |
Since ¢Y(x, n+7) PY(2), l L“e"(”“L‘)O“q)”(x, n+q-)drri <|ta—t, | DY (|2]).

. 1 i
Consequently, when # —co, F} —F; , tend uniformly to zero. Therefore
fi(x) are independent of ¢, consequently we write these f; as f*. Now
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. t+n
Filp(e )] =5 "e™ "™ ot t) 7dr

1 t+n —-Z'Toy N
= e (&, 7 +1t,)dT

7 Je

1 jt+t0+n ~1(T t0)0y v
— d
= t1to " (z, v)dr

ztoovp;+t n(a’) .
Putting n=n, and making n,—> co, we have
Lo, t)] = ¢ fY(a).

These are nothing but (4.4), consequently f*(x) satisfy the characteristic
equations (4.5) for G. Namely we see that, when ®& is majorized, the
characteristic equations (4.5) for @ have regular solutions of the form (4.1),
which are limit functions of {F%,}. We shall show that the set Of limit
functions of {FX;,} is uniqﬁe For an arbitrary small pos:’clve number &,/
there exists a number G such that, for z>G

lF;ni—f"l<5 .
Then |F}, [¢(x, n,)] ~ Lol n)]l< e, consequently
L™ (@) — ()| <&,
namely
Iva*{"”i "f—fv’l < €.
Then, for any positive integer p, we have
lF;J;—/mi"v:_fvl< €.
Therefore it follows that
1 v TV v v
(4.6) [E(Ftni B pmmgF oo +Ft+(m,—1)mn,.,>—f |<5.

If there are another set of limit functions g*, then there exists a sequence
{m,;} such that, for i >H,

Similarly as above, we have

l 1 'y v v
wn |1 ( T R +pt4_<ni_1)mm>_g <e.
Now '
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_ 1 1 t+mn —iTov vy
-’”?(F}In + F}‘Mm + eeeeee + F}'.,.(m—l)'l”) = %’I; St ¢ ? (x' T)d‘r
= % (F;m +F}‘+mm F e +F}'+(n~1>"""> *

Then, comparing (4.6) and (4. 7), for > max. (G, H), we have
|f*—g"|<2¢.

Here & is an arbitrary positive number, therefore it must be f*=g", namely
the set of limit functions of {F:,} is unique. Thus, as in §2, we have:

(4.8) f=lmF

Thus we see that, when & is majoﬁzéd, the characteristic eduations (4.5) for
®, have regular solutions f* given by (4.8).

Next we consider the case where all 4,’s are mutually commensurable.
In this case, there exists a real number o such that (3.7) hold. When ®
is majorized, by the proof of Theorem 5, we see that ¢'(, 0)=2". In this
case, the regular sdlutions of the characteristic equations (4. 5) are readily
sought as follows: ' ' '

(4.9) | @)= -i—f}‘"’"@%m, )dr .

For,

f

e o p(, t), v]dr

e i70y¢,(x' t+7)dr

-]

Loz, £)]

| 8= &= g

t+

I

Cmmy ey
o

e (T "z, 7)dr

o

[\
-,
~
=3

<

4o,

S e_"O“qo"(a:, 7)dr
t

E= ito"f“(a:) . ‘

Because e~ *"p¥(2, ) have the period o.
Next, we assume that the characteristic equations (4.5) have the
formal solutions f* of the form (4.1). Put

V(e — AV v U182 1 ... v L SV A .
fUla)y==« +kpmm ¥ 4 +km.‘_”:c a2y 4

Then, from (4.5), we have formally:
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(4.10) 16, [’m“+k;w2’x"”x"2 oeeeans +k11...p. S R 5 1
= E('x)[ 8} + Zk;m’a:‘”+ ...... + Nk;!*l . llxm 7 L BTN ]
= E('2)+ 2k}, E(ZYaM + o + Nk, B @Y .
Substituting
'5Y = pU(, t) = QUE)TF A+ -oeeen +“';1...9N(t)xm e @ e

into both sides of (4.10), we have the equafions which are valid formally
with respect to a*. Put

@) = AUt + ~oveee +A M('t)xm v B e ,

then the left-hand sides of (4.10) are i0,f*(¢) and the right-hand sides of
(4.10) are

do® oy de* do* |

Bl ..., v UV -1 4 evnen
TF kuul 7 + +Nlt:uul wxagg PP +
—-— Y
—dtf (@)

= AYE)a 4 veeree + All M(t)x“l ...... )
Thus we have '

Ax(t) = i0,A%(t) .

------------------

, AL D) =i0,45 , (D),

..................

Since .
AY0) = 8y, A;M(o) = k;m ...... AL (0= k**l By ,
integrating the above equations, we have
__ito i10y7.v i0y7.y
AL = e vy, ulpz(t) — vkuluz ...... , Alil...l*zv(t) =€ vksll...!‘zv’ ...... ,

namely, we have formally (4.4). Then, solving (4. 4) formally with respect
to ¢*(x, ), we have '

@@, t) = g*[¢**f(2)],
where ¢g*=(f*)"1. Then ¢'(, 0)=g"[€*“*f(x)]=2". Consequently, by Theorem

5, @ is majorized. Thus we have

Theorem 7. When the eigenvalues u, of | c.| of the group & are pure
imaginary and their absolute values are all mutually commensurable, the
following three conditions are equivalent to one another :
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(i) O is majorized ;

(ii) @ has a period with respect to the parameter ;

(ili) the characteristic equations (4.5) for & have formal solutions of the
form (4.1).

W hen one of these three conditions is satisfied, the characteristic equations have

regular solutions given by (4.9) which are of the form (4.1).

As in Theorem 4, we remark that our conclusion is that, if there exists
at least one set of formal solutions of the characteristic equations, then
there exists at least one set of regular solutions.

8§ 5. Solutions of the differential equations.

In §4, we have seen that, when the eigen values g, of | c.| are all
all pure imaginary, if & is majorized, the following characteristic equations
have regluar solutions f* of the form f'=a¥+ ----- :

(5.1) XfY = gf*-g% =i0,f",

where p,=if,. Then it is easily seen that (n—1) functions®

1 1
(5.2) ‘ S/ (v==1)

furnish the independent solutions of the differential equation Xf=0.
For the differential equations

- da' _ dx? da”

0.3 oy T s TS oeerses T

( ) gl {;2 zg—n

the integrals are given by putting the functions of (5: 2) constants. If we

1 .
put (f1)%i=¢, then the integrals are given as follows:
{ fl(x) =1 I

(5- 4) fv(w) = Cvtg” s (V == 1)

where C, are arbitrary constants. When all 8,’s are zero, namely all the
eigen values p, are zero, o in (3. 7) is arbitrary, consequently, by Theorem 5,
oYz, o)=2" for any w. Thus &=0. We exclude this trivial case. Then,
without loss of generality, we may assume that 6,==0. We assume that
0,>0 (¢=2,...,p), 0,<0 (r=p+1,...,9). and 6,=0 (A=q+1,...,n). We
consider the integrals passing through the origin. If 6,0, then, from the

1) = is the number of the variables a*.
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first of (5.4), t—0 when 2*—0. Then, from the second of (5. 4), it must be
C.=C,=0. Thus, solving (5. 4) with respect to 2, we have a*=P(t%, C,t%),
where 93* denote the regular functions of the arguments. If 6,< 0, then
from the first of (5.4), t—>cc when 2*—0. Then, from the second of (5. 4),
it must be C,=C,=0. Thus, solving (5.4), we have z¥=L"(t", C,t%).
Summarizing the results, we see that the integrals passing through the origin
are given by =P (C.t%), where one of C/’s is unity and all 6’s are either
positive or negative.

When all 6,’s are mutually commensurable, if the characteristic equa-
tions have formal solutions, then, by Theorem 7, the above results are
valid. This is an extension of the results already found by Dulac in the
case of two variables, though the methods are entirely different.

DEPARTMENT OF MATHEMATICS,
HiroSHIMA UNIVERSITY.

1) M. H. Dulac, Jour. Ecole Polytech. (1904).
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