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Recently Prof. Y. Kawada [1]1> has developed by derivations the theory 
of the relative differents in algebraic number fields, and he has proved the 

equivalence of his new definition with the usual one which was introduced 
by R. Dedekind2>. 

In this note I shall show the equivalence of both definitions in more 
direct way than that of Prof. Kawada. 

Let k be an algebraic number field. of finite degree over the rational 

number field and let K be a finite algebraic extension of k. Then the 
totalities of all algebraic integers in k and K will be denoted by o and D 

respectively. Now we consider for an ideal fil in D the residue class ring 
0/fil and define a derivation modulo fil in a subring ffi(~o) of D as a unique 

mapping of ffi into D /fil with the following properties : 

(1) D has D as an operator domain i.e. for an arbitrary element :.\. 
in O and every element a in ffi the relation 

('J,.,DX.a) = :.\.D(a) = :.\.D(a) 

holds where D(a) denotes the image of a by D and :X:- the residue class 

mod fil containing :.\. ; 

(2) D is a module ~omomorphism of ffi into D /~l i. e. for a, (3 E ffi 

D(a+f3) = D(a)+D(/3) ; 

(3) for a, (3 E ffi 

D.(tY/3) = (3D(a) + aD(/3). 

In the following we denote by ~(ffi, o; D/fil) the totality of all deriva

tions modulo fil in ffi which map o onto the null element of D /fil. 
t 

THEOREM 1. Let fil= ff ~f; be the prime ideal decomposition of an ideal 
f=l 

fil in D. Then we have a direct decomposition: 

l) The numbers in square brackets refer to the list of references at the end of this note. 
2) See E. Hec!,e [l] 131-132. 
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PROOF. See Y. Kawada [1] 308 Lemma 8. 

LEMMA 1. Let %'£, Q3 be ideals in D and ~2Q3. Then $DOR, o; D/~) is 

D-irwmorphically mapped into ~(ffi, o; D/Q3). 

PROOF. See Y. Kawada [1] 307 Lemma 7. 
LEMMA 2. Let f; be an element in D with the canonical defining equa

tion q;(x)=0v in o, and let o[fl be the ring of all polynomials of f; with 
coefficients in o. Then, a neceHsary and sufficient condition in orde1· that 

there exist a derivation DE Il(o[f;J, o; D/~) with DU;) 3 '\('\ED) is that the 

congruence 

<p'(f;)'\ = 0 (mod ~) 

holds where q;'(x) denotes the derivative of q;(x) by x. 

PROOF. This proof is easy by using properties of '.l)(o[fl, o; D/~X) and 
A. Weil [2] 12 Proposition 15. 

THEOREM 2. Let~ be a prime ideal and r an arbitrary positive integer. 

Then, D(o[fl, o; D/~'') is D-isomorphically mapped into D/(cp'(f;))i>, where 
cp'(f;) has the same meaning as in Lemma 2 and ( ,p'(f;))18 denotes the si~-com

ponent of the principal ideal (q;'(fl) in D. 

PROOF. (1) ~rC(cp'(f;))$. In this case, the totality of all elements in 

D which satisfy the congruence 

q;'(f;)'\ = 0 (mod ~r) 

forms the ideal ~\ cp'(l;));;t Now we may choose an element '\0 such that 

q;'(fl'\0=0 mod ~,. and <p'(f;)'\0$0 mod ~'"+ 1• Then there exists for every 

solution >.. of <p'(f;)>..=0 mod ~,. an element µ in D such that '\='\0µ 

mod ~r. 

Let D0 be a derivation in '.-1)( o[E], o ; D /'-W) with Do(!;) 3 >..0 • Then, by 

Lemma 2, D=µD0 defines clearly the derivation D(fl 3 '\. Derivations 

D=µD0 and D'=µ'D0 define the same derivation if and only if µ-µ' mod 

( q/(f;))m. Therefore, we obtain the D-isomorphic relation 

'.l)(o[EJ, o; D/~,.) ~ !0/(<p'(fl}i. 

(2) ~r2(q;'(f;))'l.l• By Lemma 1, '.l)(o[f;J, o; Dtln is D-isomorphically 

mapped into $D(o[f;J, o; D/(q;'(f;)'l.l), and, since by (1) 

SD(o[f;J, o; D/(cp'(f;))r,) ~ /0/(cp'(f;))'l.l, 

1) q,(x) is irreducible in o[x] with the heighest coefficient 1 and qi(~)= 0. 
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~(o[t], o; O/sin is 0-isomorphically mapped into 0/(rp'(t))'l!-
CoRoLLARY. The (set-theoretically) greatest ideal modulus ~,. for which 

~(o[g], 0;. o;sin~o/(<p'(fl)'l! is (<p'(fl}s. 
It has been proved that for an ideal & in O the number of derivations 

in ~(O, o; 0/&) is boundedu; this number is called the dimension of 

~(0, o; 0/&). Further, there exists the (set-theoretically) greatest ideal 

~o in O such that ~(O, o; O/:SJ0 ) has the maximal dimension. The ideal 

;!)0 is called by A. Weil and Y. Kawada the relative different of K/k. 

However, on the other hand, we know tbe relative different ~ of K/k 

defined by R. Dedekind. ~ is an ideal in O such that ~-1 = { µ; µEK I 

with S x 1iµw) E o for every element w in O where SK 1,l ) means the 

trace of an element in K with respect to k. 

Let t(x)=O be the canonical defining equation of an element a in 0. 

Then y'(a)--the different of a-is divisible by ~ and, moreover, ~ is the 

greatest common divisor of differents of all elements in 0. 

Now we shall prove the following theorem. 

THEOREM 3. Let ~ be an arbitrary prime ideal in O and r an arbitrary 
positive integer. Then there exists an integral primitive element 0 of K/k 

such that the 0-i!?omorphic relation 

;!)(0, o; O/~'")~~(o[0], o; 0/~'") 

holds. 

PROOF. It is well-known that one can choose an integral primitive 

element 0 such that for every element ry E O and for an arbitrary positive 

integer J) the congruence2 J 

ry = ry~ (mod ~~) ry~ E o[0] 

holds and the ideal (f 1(0));i:r 1='i5 is prime to ~ where f(x)=O is the 

canonical defining equation of 0 in o and ~ is the relative different of 

K/k. 
We shall show D(ry)=O if ry E ~,.+i_ For this purpose, we take a prime 

element II of l.l3. Then, ry is expressible in the form 

"f = fI'"+l_&_ (~, ~) = 1 
>8 

where &, ~ are ideals in 0. Obviously, we can choose an ideal ~ prime 

1) See Y. Kawada [1] 308 Theorem 5. 
2) See E. Hecke [1] 136 Hilfssatz c). 
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to si~ such that 58~ is a principal ideal (/3) in D. Therefore we can put 
for some a ED 

Hence it follows 

D(/3y) = /3D(ry)+ryD(/3) = (7+l)IraD(II)+rr~ 1D(a) = o; 
since ryD(/3)=0 and (/3, '-l-~)=l we have 

D(ry)=O. 

1) Since o[0] is a subring of D every derivation D in :!l(O, o; D/~:n 

induces the unique derivation D* in :!l(o[0], o; D/'-W). Putting for an 

arbitrary 'YEO 'Y='Y! +~ ('Y! E o[0], ~ E ~r1- 1), we obtain 

D(ry) = D(ryt)+D(~) = D(ry!) = D*(ryt), 

pecause D(f)=O. If D(ry}-t"O, it follows obviously D*('YtH~O. Hence, by 

the correspondence D->D*, :!l(O, o; 0/~n is .0-isomorphically mapped 
into :!l(o[0], o; D/~r). 

2) Conversely, let D* be a derivation in ~(o[0], o; 0/~r) and let ~* 
be an element in o[ 0] divisible by ~ru. Then, since for a prime element 

II of ~ in D there exists an element II0 in o[0] with II=II0 mod ~ 2, II0 is 

also a prime element of ~- As above proved, there exist a, /3 in D such 

that /3~*=II~Ha with (/3, ~)=l. 

Since we can choose in the ideal ~ an element 7J prime to 'l-~, a'fJ and 
/37J belong to o[ 0]. Hence, it follows obviously 

7J/3D*(~*) = 0 

so that D*(~*)=O. Now, put for an arbitrary 'YE 0 

'Y='Yt+~ 'YtEo[0], ~E~r1-i 

and define 

D(ry) = D*(ry't;). 

If we have 'Y=Yf +e with '}f E o[0] and ~IE ~ru then ~-e=1t'-'Yt E o[0] 
and ( 'Yt' -ry~) E ~r1- 1• Therefore, we obtain 

D*(ryf)-D*(ryt) = D(~-~') = 0 

so that 

D( 'Y) = D*( 'Yn = D*( 'Yt ') • . 

Thus, D is uniquely determined by D*. It is not difficult to see that 
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D is a derivation in ~(O, o; D/~.n. Clearly, by definition, D induces D* 

in ~(o[0], o; D/'ln. By 1) and 2), D(O, o; 0/'l~r) is ()-isomorphic to 

~(o[0J, o; Df'.W). 

LEMMA 3. If 0 is taken as in proof of Theorem 3, then the ~-component 

~'ll of SD coincides with that of (! 1(0)). The maximal dimension of ~(O, o; 

D/~1 ) (i=O, 1, 2, ...... ) is the absolute value of the absolute norm N?f)'ll 

of ?J:;'ll and the greatest ideal modulu.~ 'l.-;r for which ~(0, o; Ofll.n ·gives 

the maximal dimension IN~'BI is equal to ~'ll· 

PROOF. By Theorem 2, the dimension of ~(o[OJ, o; 0/~1) (i=O, 1, 2, 
...... ) is not greater than I N(f '( 0)}15 I, and, by Corollary of Theorem 2, the 

greatest ideal modulus ~r for which ~(o[OJ, o; 0/'f.n gives the maximal 

dimension IN(f'(O))'!ll is equal to (f'(O))'f>. 

Since, by assumption, (f'(0))~-1 is prime to ~. then (f'(O))'f,=°cJJ'f>. 

From Theorem 3 it follows that :!l(O, o; 0/:tl'f>) has the_ maximal dimen

sion I N?fJ"il \ and ~ 513 is the greatest ideal modulus among the 'l3"'s for 

which the :ti(O, o ; 0 ;sin·s have the maximal dimension. 

REMARK. If D_ is no prime ideal divisor of ~. then, by Lemma 3, the 

maximal dimension of :!l(O, o; 0/Dr) (r=l, 2, ...... ) is equal to 1. 

THEOREM 4-. The relative different 'v0 of K/k in the sense of A. Weil 

and Y. Kawada coincides 'With the relative different SD defined by R. Dedekind. 

PROOF. Let 2v0 ='l311 ••• ... ~ft be the prime ideal decomposition of 2v0 • 

Then, by Theorem 1, 

t 
~(O, o; 0/2v0 ) ~ 2J EB2v(D, o; 0/1,l~fi). 

i=l 

Since the dimension of :!l(O, o; D/:$J0 ) is maximal, then for each i(l <i<t) 

~(O, o; D/'q_3fi) is to have the maximal dimension IN~'f>i \ (by Lemma 3). 

On the other h:1nd, ~SB. is the greatest ideal modulus such that the 
' 

dimension of 2u(O, o; 0/13D's is equal to \N:!>'ll I. By definition, it must be 
i 

t ~ 

'vo = 112um • 
• l=l i 

Let ~ be a prime ideal divisor of ~ which is different from ~, (i=l, 

2, ...... , t). Then, by Lemma 3, the dimension of ~(D, o; D/~'!l)~2 and 

2u(O, o; O J:~\~'ll) has a greater dimension than that of :!l(O, o; D/2vo) 

but this gives a contradiction. Hence, it must be 

- t -
~ = II 2u'f> = :!l0 , q. e. d. 

1-1 I 
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In conclusion I wish to express my sincere thanks to Professor M. 
Moriya for his kind guidance. 
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