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Recently Prof. Y. Kawada [1]" has developed by derivations the theory
of the relative differents in algebraic number fields, and he has proved the
equivalence of his new definition with the usual one which was introduced
by R. Dedekind?®.

In this note I shall show the equivalence of both definitions in more
direct way than that of Prof. Kawada. '

Let k& be an algebraic number field of finite degree over the rational
number field and let K be a finite algebraic extension of k. Then the
totalities of all algebraic integers in ¥ and K will be denoted by o and O
respectively. Now we consider for an ideal % in O the residue class ring
/U and define a derivation modulo A in a subring R(o) of O as a unique
mapping of R into O/A with the following properties :
| (1) D has © as an operator domain i. e. for an arbitrary element A
in © and every element « in R the relation

holds where D(«) denotes the image of « by D and A the residue class
mod 2 containing »; v
(2) D is a module homomorphism of R into O/ i.e. for @, BeR
Dla+RB)= D(a)+D(B) ;
(3) for a, BeR
D(eB) = BD(@)+aD(B).
In the following we denote by D(R, o; O/A) the totality of all deriva-
tions modulo U in R which map o onto the null element of O/A.

t
THEOREM 1. Let U= ][] P’ be the prime ideal decomposition of an ideal

=1
N in O. Then we have a direct decomposition :

1) The numbers in square brackets refer to the list of references at the end of this note.
2) See E. Hecke [1] 131-132.
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DR, 0; O/A)~ ;;lea‘&(?ﬁ, 0; O/,

Proor. See Y. Kawada [1] 308 Lemma 8.

LEMMA 1. Let U, B be ideals in O and ADB. Then D(R, 0; O/N) is
O-isomorphically mapped into D(R, o; O/B).

Proor. See Y. Kawada [1] 307 Lemma 7.

LEMMA 2. Let & be an element in O with the canonical defining equa-
tion @(x)=0" in o, and let o[£] be the ring of all polynomials of & with
coefficients in o. Then, a mecessary and sufficient condition in order that
there exist a derivation D e D(o[£], 0; O/N) with DE)> M\ e€O) is that the
congruence

P (EM=0 (mod )

holds where ¢'(x) denotes the derivative of ¢(x) by .

Proor. This proof is easy by using properties of D(o[£], 0; O/U) and
A. Weil [2] 12 Proposition 15.

THEOREM 2. Let B be a prime ideal and r an arbitrary positive integer.
Then, (o[ €], b; O/PB") is O-isomorphically mapped into O/(p'(€))y where
@'(€) has the same meaning as in Lemma 2 and (p'(£))y denotes the P-com-
ponent of the principal ideal (p'(€)) in L. :

Proor. (1) P U@'(€))p- In this case, the totality of all elements in
© which satisfy the congruence '

'€ =0 (mod P7)

forms the ideal EB"(go’(E)),il. Now we may choose an element )\, such that
P'(E=0 mod P" and ¢'(E\=E0 mod L"*%. Then there exists for every
solution A of @'(E€)A=0 mod P" an element x in O such thal A=\pu
mod ‘B”.

Let D, be a derivation in D(o[£], 0; O/P") with D,(£)>N\,. Then, by
Lemma 2, D=uD, defines clearly the derivation D(£)>\. Derivations
D=uD, and D'=y'D, define the same derivatioen if and only if /Lz,zb"mod
(@'(E))p. Therefore, we obtain the O-isomorphic relation

D(o[€], 05 O/ = O/ (ENs.
(2) P XAp'(E))s. By Lemma 1, D(o[£], 0; O/P") is O-isomorphically
mapped into D(o[£], v; O/(¢(E)s), and, since by (1)
| D(o[£], 0 O/('(ENe) = O/ ('€ »

1) o¢(x) is irreducible in p[x] with the heighest coefficient 1 and (&) == 0.,
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D(o[£], 0; O/P") is O-isomorphically mapped into O/(¢'(&))s.

COROLLARY. The (set-theoretically) greatest ideal modulus R* for which
D(o[£], 0; O/BN=O/(# €Ny is (9"

It has been proved that for an ideal A in O the number of derivations
in DO, o; O/A) is boundedV ; this number is called the dimension of
DO, o; O/N). Further, there exists the (set-theoretically) greatest ideal
D, in O such that (O, o; O/P,) has the maximal dimension. The ideal
D, is called by A. Weil and Y. Kawada the relative different of K/k.

However, on the other hand, we know the relative different ® of K/k
defined by R. Dedekind. ® is an ideal in © such that ®'={u; pecKj}
with Sy (puw)€o for every element o in O where Sg,( ) means the
trace of an element in K with respect to k.

Let y{(2)=0 be the canonical defining equation of an element « in O.
Then /(a)—the different of a—is divisible by ® and, moreover, D is the
greatest common divisor of differents of all elements in O.

Now we shall prove the following theorem.

THEOREM 3. Let P be an arbitrary prime ideal in O and r an arbitrary
positive integer. Then there exists an integral primitive element 6 of K/k
such that the O-isomorphic relation

DO, 0; O/P)=D(o[0], 0; O/P")
holds. '

Proor. It is well-’known that one can choose an integral primitive
element 9 such that for every element v € O and for an arbitrary positive
integer v the congruence?®

v =¥ (mod P*) v¥€o[d] _
holds and the ideal (f/(0))®-'=% is prime to P where f(z)=0 is the
canonical defining equation of @ in o and ® is the relative different of
K/k. ‘

We shall show D(y)=0 if vy € P$"*1. For this purpose, we take a prime
element II of P. Then, v is expressible in the form

A

T=Is (B, P)=1

where %, B are ideals in O. Obviously, we can choose an ideal € prime

1) See Y. Kawada [1] 308 Theorem 5.
2) See E. Hecke [1] 136 Hilfssatz c).
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to P such that BE is a principal ideal (B) in ©. Therefore we can put
for some a €O
=L (B P)=1.
v 3 (B, B)
Hence it follows
D(BY) = BD(v)+vD(B) = (y+1DIT"aDIN) + 11" D(a) =0 ;
since vD(B)=0 and (B, B)=1 we have
D(v)=0.

1) Since o[d] is a subring of O every derivation D in (D, o; O/
induces the unique derivation D* in D(o[6], 0; O/P"). Putting for an
arbitrary vy € O y=v§+& (v§€o[0], E€P!), we obtain

D(y) = D(v§)+D(&) = D(v§) = D*(7{),

because D(£)=0. If D(y)--0, it follows obviously D*(y¥)4-0. Hence, by
the correspondence D-—D*, (O, o; O/P") is O-isomorphically mapped
into (o[ 0], 0; O/B"). .

2) Conversely, let D* be a derivation in D(o[d], 0; O/P") and let £*
be an element in o[ @] divisible by PB"+%. Then, since for a prime element
IT of P in O there exists an element II, in o[ 6] with I=II, mod P2, 11, is
also a prime element of P. As above proved, there exist «, 8 in O such
that B&*=II;*'a with (B, P)=1.

Since we can choose in the idezil ¥ an element 5 prime to B, @y and
8y belong to o[¢]. Hence, it follows obviously

BD¥*(E*) =0
so that D*(&*)=0. Now, put for an arbitrary vy€ O
Yy=vs+& vseol0], EeP?
ahd define
D(7) = D*() -
If we have y=7§"+& with ¥ €o[d] and & € R"*! then £—F' =y —y¥co[d]
and (v§'—7v,)eP 1. Therefore, we obtain

DXy —DXv)=D(E—§)=0
so that
D(y) = D¥(v5) = D*(7g") -
Thus, D is uniquely determined by D*. It is not difficult to see that
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D is a derivation in (9O, o; O/P"). Clearly, by definition, D induces D*
in D(o[0], 0; O/P"). By 1) and 2), OO, o; O/P") is O-isomorphic to
D(o[8], 0; O/B).

LEMMA 3. If 0 is taken as in proof of Theorem 3, then the PB-component
Dy of D coincides with that of (f'(6)). The maximal dimension of D(O, v;
O/PBY (1=0, 1, 2, ...... ) is the absolute value of the abcolute norm NDg
of Dy and the greatest ideal modulus P~ for which D(O, o; O/P") gives
the maximal dimension |NDgy| is equal to Dy.

Proor. By Theorem 2, the dimension of D(o[ 6], 0; O/PB") (1=0, 1, 2,
...... ) is not greater than | N(f()):|, and, by Corollary of Theorem 2, the
greatest ideal medulus P for which D(ofd], o; O/P") gives the maximal
dimension |N(f'())s| is equal to (f(6))g.

Since, by assumption, (f(6))D! is prime to %, then (f/(8))p=Dy.
From Theorem 3 it follows that (O, o; O/Dg) has the maximal dimen-
sion |N®g| and Dy is the greatest ideal modulus among the PB~s for
‘which the (O, o; O/PB")’s have the maximal dimension.

REMARK. If Q isno prime ideal divisor of <, then, by Lemma 3, the
maximal dimension of D(O, o; O/Q7) (r=1,2, ...... ) is equal to 1.

THEOREM 4. The relative different D, of K/k in the sense of A. Weil
and Y. Kewada coincides with the relative different © defined by R. Dedekind.

Proor. Let D,=P4...... P¢ be the prime ideal decomposition of D,.
Then, by Theorem 1,

DD, v; O/Dy) = DOV, 0; O/BY).

Since the dimension of D(O, v; O/D,) is maximal, then for each (1<)
DO, v; O/BY) is to have the maximal dimension ]N@_g;i[ (by Lemma 3).
On the other hand, ®p is the greatest ideal modulus such that the
dimension of (O, 0; O/B;)’s is equal to lNﬁgi\. By definition, it must be

¢
éOZH@ggi.
i=1

9

Let R be a prirhe ideal divisor of ® which is different from 9B, (i=1,
2 , t). Then, by Lemma 3, the dimension of (O, 0; O/Dy)=2 and
ND, 0; O/D,Dg) has a greater dimension than that of (O, o; O/D,)
but this gives a contradiction. Hence, it must be
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In conclusion I wish to express my sincere thanks to Professor M.
Moriya for his kind guidance. '
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