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In the theory of invariants, an n-ary form of degree m %0, ; . @ ahale, gtm
(61, dgr ooy in=1,2, ..., n) is treated, only symbolically, in the linearized form
- 1,0 i B gvm
. L al‘liz‘“ima} lx 2 L™ = (Za,x ) y
i1, 8, ooy im=1 =1

where @, are mere symbols, satisfying the relations

—_— 1
T = Oully , @ @ oo @ =0y o D,

And, in the theory of spinors, an n-ary Quadratm form a,2'2'(a,;=a;) is
linearized by the quantities v, eatisfying v,v;=a,;, in the form

é a'uw‘“"’ =(Z”: 720,
and the structure and repreoentatwn of the Clifford algebra generated by

these v, have been investigated by many authors.? .

We wish to extend the theory of spinors, by linearizing the n-ary form of
degree m X 4,02 2 . x"" by the quantities p, in the form Sai,. in@™... 2™
.-_(2 »,2*)", and by 1nve°t1gat1ng the structure and representation of the algebra
generated by these p,. In this paper, we shall define the generalized Clifford
algebra by extending the concept of the ordinary Clifford algebra, and
consider the linearization of g} ()™ and its representation, by means of the
particular case of this algebra.l ' ' ‘

However, the above quantities p, satisfy the relations pp.= oD,
different from the Weitzenbéck’s symbols‘ a,. But, from the standpoint of
the theory of invariants, this fact does not come in_to question.

§1. Generalized Clifford Algebra
We shall define a generalized Clifford algebra (briefly G. C. algebra), by
extending the concept of the ordinary Clifford algebra.® ‘

1) R. Weitzenbick, Invarianten Thecrie, (1923), p. 3. i

2) R. Brauer and H. Weyl, Spinors in # dimensions, Amer. J. Math., vol. 57 (1935), pp. 425-
449 ; C. Chevalley, Theory of Lie groups, (1946), p. 61.

3) C. Chevalley, ibid.
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Let G be the dire¢t product of » groups Gl, G,, ..., G,, and let a symbol
e, correspond to each element A=(a,,q,, ..., ,), (@, €G,) of G. We define
the following linear associative algebra o with the basic elements e,, A€ G
on a field K of characteristic zero.
i). o is a left and right linear space on a field K.
ii). There is a mapping a—a4 in K, such that

e, 0= a4.e, for any e,, AeG and a€cK. (L.

, iii).” There is defined an assomatwe multiplication in o, such that, for
any two basic elements e, and ¢,: A=(a;, a,, ..., a,) and B=(B,, B,, ..., B,

eAeB = C(A’ B)eAB ’ AB = (“1/31! azB.zy LR ] aan) ’ (1- 2)
where D

(A, B>~ﬁpE:,:f’a:”2 o)

(5.1“2...3.7,_1).,)(-“1---311--2) ( 1)

== P (ony B1) Canets B1) oee P (2, B1)
o (eaBraaaz...xp.1) (:131«2---%-—2) ~ (x1B1ag)
*P (an, B2) *P (2n-1, B2) cer P (=2, 82)
plptyeteey Ty
in terms of p(a,c, BEK, (k>1), and R
pay, 8‘) = p(&, Bi) = 1 (& > i), 1.4)

for the unit element & of G, and the unit element 1 of K.
iv).: For any basic elements e,, e, and any element ¢ € K,

eA (a'eB) = (eAa)'eB 1. 5)

In .the following, such a linear associative algébra o shall be called a
generalized Clifford algebra (G. C. algebra), and .its elements, generalized
Clifford numbers. And moreover we shall call Gl, ...» G, the basic groups
of o, and p(a,, B,) the structure numbers of o. o |

Now we state some properties of o derived dlrectly from this definition.
From (i) and (11) we get

1) pgalﬁé )“"la‘ —1¥MF 1 “’“"1) lacking the upper indices ay,...,an; Bis...,Bn in (1.3),

Sy
means 04(xy, B) for A==(x1B81, 2282, i, %—1Bi—1, %y vy %k—1, Ee.n. €5).  The form of {(A,B) is
calculated, conversely, by the associative law of multiplication, from (1.1) and (1.12)-(1.15);
for example, for A=(xy,..., ) and B=(8), &y, ... 5;.),

. (=10 %n 1)
e4ep = €y.Cuy -+ €a, 5y == €y o- Cay, lﬂ(zm Bl)eﬁlea” = 0 (upn,B1) €a, .- Ca, 1€ Ca,
‘ (“1:---:“7»-—1) “1)
== e == 0 (a, B1) "(az, B1)esn.

o 14—
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(a+b)* = a*+b* for a,beK,.- A€G, A (1.6)
and
(ab)‘—a‘b‘* for a,bEK AGG . (1 7)
Hence, from (1.6) and (1.7), the mappmg ¢—a* is an automorphlsm of the
field K, and therefore '
I4=1. o ~ (1.8)
Next if we write e;=e. ¢, e, then, from the definition of multipi-
‘cation and (1. 8), we have v _ _
. 6060 : 60 . ' R (1. 9)
And also if we write a®==0a ("> +%) then we get |
e®*=a for any acK. (1. 10)
For, from (1.9) it folloWs €,e,a=e,a, but eoeoiazeoa"eo#(a°)“e0e0=(a°)°e0=eoa°,
hence we have ,
T et = ey, (1.1
since o is a linear argebra on a field of characteristic zero, from (1.11) it
follows a’=a . '

Moreover, from (1.3) we get a system of the following relations

- equivalent to (1.3), writing e_==e€. o e, et

Ci==€ ) = €isy e Gy (1.12)
€0 == €3,€) = €z, €,€,= €, . (1.13)
€., =€.3 (1.14)
and
€., = P(;, Blege, (1>7). ' (1.15)

Furthermore we must consider the condition for the associativity of
multiplication. This condition is written in terms of ¢(4, B), as follows :

t(A, B)§(AB, C)=¢4(B, C)§(4, BC). (1.16)
And this condition (1.16) becomes the following form, by means of (1.3),

ﬁ («1?112 11—1BJ~1°=J°~J+1.--M—1) [? (‘!1(31}'11232?2 221 Bl 1Yh—12kBE. . 2218 ~1)

L (e, B P (2484, 1)
* B ~176-1B -1) ) B B2Y2.es %I 1BIm 1Y 18 See %y m1)

ch (p% }?';k Br-1Tk—1Br+ 100851 )(11 2n [[ E:il, g;:z %Yz' 1137 1Y Fm 1800 ) . (1.17)
In particular, if we substitute in (1.17) A=(&, ..., Emys Xyy Epirs v s En)s

B==(&,, ..., &1y Bs Esarr eee s &) ANA C=(&y, cev’ E1_1y V1s Ere1s vov s En)s G >0
we get

— 15 —
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pla,, By = pla,, B)p P e, v), G>4), (1.18)
and also, substituting A=(&,, ..., &_1, Ay Epary oo » En)y B=(Eyy vy &1y Bis &1y
very En) and CE(SI, v s &30y Vs Ejils oy 8”), we have

P(&Ber 7= p B m)P(@y 1), (12>1). )

Hence, as a necessary condition for the associativity of o, we obtain (1.18)
and (1.19). We shall consider again this condition later in §3, (3.8).

Now, let two basic groups G, and G,(i_>j) be fixed, then as we shall
see. from (1.18), the mapping B,—p(a,, B)), («, fixed in Gj, from G, onto
Afa)=ip(a,, B); B G,}JCK is not always an ordmary homomorphism.
But this mapping has the following properties. ’

(1) The set Nfa)={B;; B € Gy, p(a,, B)=1} is a subgroup of G,.

For, let us take ,é,, é,eN,(oci), then we have .
p(e,, By=1, ple,, By=1. @20
But, by (1.18), it holds
| ) P(“t ’ Bjﬂj) = p(a,, BJ) P(ﬂj)( BJ) ,
hence, by means of (1.8) and (1. 20), this becomes

12 . 1 2 )
pla,,BB)=1, ie, BBeN(a).
And,' since p(a,, &)=1, obviously &€ N(a,). Moreover we have
P(“t 4 /31) P<B])(d¢ ’ B;l) = p(al ’ BJB;X) = p(a, ’ 51) =1 ’

so it holds p*(a,, 8;")=1 for B8, such that 8,€ N(a,) ie., p(e, B)=1,
and therefore p(e,, 8;")=1, ie, B; €N{a,). Thus Nja,) is a subgroup
“of G,.

(2) The necessary and sufficient condition for the subgroup N ,(a) to
be a normal subgroup of G, is that R

PP (e, 0)=p(a,,0,), forany BeN(a),0,€G,. - (1.21)
. For, the necessary and sufficient condition for N(a,) to bé a normal

subgroup of G, is that p(a,, 67'8,0,)=1 for any B,€ Nf«a,), 0,€G,. But by
(1.18) it holds |

b, 0780) = pla,, 6,90 Xat,, B0
- _ (85 Ui
s - P(at ’ 01 )p((at ’ Bj)p (atr 9])) ’
and _ '
B . - -1 (OJ 1) .
P(angj e (auoj)z 1

—16 —
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and moreover we have p(«,,3)=1 for B,€ N(a,). Therefore the above
condition is equivalent to '

p B (e, 0,)=p(a,, 0, for any B,eN/(a,), 0,€G,.

(3) The necessary and sufficient condition for the subgroup N/ «a,) to
contain the commutator group @; of G, is that ‘

12 2.1 . 1 2 .
e, BiB) = p(a,, B;8) for any B,,B€G,. (1.22)
For, the necessary and sufficient condition for N«,) to contain Q; is

ple,, ;5’;1,5;1/;],55)=1 for any [5,, ,%’,e G,. But by (1.18) we have

1g2- 2 g 21
pla,, B8 8.8) = ple,, BBY (e, , BB 8D i
and '
2 1 4 21 .21 o
ple, , (B,R) H(p(e, , BBy BB " — 1,

‘Hence the above condition is equivalent to

1 2 2 1 1 2
pla,, B,B;) = p(a,, B,B3;) for any B,,B,€G;.
Collecting the above results we obtain the theorem.

Theorem 1. Let G, and G, (i_>j) be the two basic groups of a G. C.
algebra o, and let p(«,, B)) be the structure numbers of o. Then we have .
the relations

P(aa. ’ BJBJ) -—_— p(at ’ 18]) P(Bj)(ai » ﬁ_}) fO”' a'ny a € Gi ’ BJ’ B]e GJ'
p(e, auﬁ,)—f)( X, , 8- p(a,.ﬁj) for any @, a,€G.;BEG,.

The set Nfa)={B;; B;€G,, p(a,, B;)=1} is a subgroup of G,. The necessary
and sufficient condition for \N {a,) to be a nmormal subgroup of G, is that
P, 0)=p(a,, 8,) for any B,€ N(a,), 0,€ G,. The necessary and sufficient
condition for N ,(a,) to contain the commuta,tor group Q, of G, is that
play, :31/31) pley, BJBJ) for any /3;» BJ €G;.

As for N/ (B)={a, ; a, € G, p(a,, B,)=1}, the similar results are obtamed
that is, Ni(B)) is & subgroup of G,, the necessary and sufficient condition for
N(B)) to be normal is that p(“‘>(0,,;8,)=p(0“ By for any a, € N{(B)),0,€G,,
and  the necessary and suﬁiczent condztwn for N,(B,) to contain Q, is that
plad, By)=p (@, B)) for any @, a,€ G, .

— 17 —
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§2. G. C. Algebra Reducible to G. C. Algebra Each of Whose Basic
Groups is Commutative

The structure of G. C. algebra is determined by the properties of the
set A_{p(ai,,ej) a,€G,B€Gy, i>7, 4,7=1,2,...,n} and the basic groups
G,. Now, we consider the case, in particular, where A has the followmg
properties : ‘

) 1 1 9 - .

P, BB)=p(a;, BB) for any @G, B,,B€G,, 2.1)
12 21 . 12

~p(a,a, QVBJ) = plaa;, By) er ?-ny a,a,eG, BEG,. (2.2)

These conditions (2.1) and (2.2), by Theorem 1, are equivalent to

N, (at)> Q; for any «,€G,, (2.3)
N;(B)D>Q, for any B,€G, (2.4)
respectively. S '

Let G, be the factor group G,/Q, of G, by Q,, then G, is commutative.
We write {&,} the represetative system of G, in G,, then any element «, of
G, is expresced in the form: «,=a,5,,5 €Q,. Similarly and element 3, of
G, is written in the form: B,=fr,, 7,€Q,, where {8,} denotes the re-
presentative system of G, in G,

Then, from (1 18) we get

p(at ’ B}) - p(at ’ Bﬂ-l) - p(al ’ Bj) P(p])(a¢ ’ 'rj) ’
but, from +,€Q,C N(«,) it follows that p(«,,v;)=1, and therefore
p*(a,, r)=1. Hence we have

P(“t ’ /8,}) = p(«,, :81) 2. 5)
And similarly it follows that
pa,, By) = p(do,, B) = p"¥ oy, B)-p(a,, B)).

Since atthCN‘(BJ), we have p(a,, B)=1, and therefore p("‘)(o'“ﬂ,) 1.
Hence we get

pla,, B)y=rp(a, B). (2.6)
Therefore from (2. 5) and (2. 6) it follows that
pla,, B) = p(d,,B), (G>7). 2.7)

So we may define a G. C. algebra o which has the basic groups G, and the
structure numbers p(&,, B,)=p(«,, B;). Denote by &, the basic element of 5
which corresponds to an element A=(&,, &,, ..., &,) 0f G=G, x Gy x - xG,.

— 18 —
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And we make &; correspond to the basic element e, of 0. By this corres-
pondence between ¢, and é; we may give.a correspondence betwgen the linear
spaces o and 5. Then, since e.a=a‘e,, we get €;a=a“é;, hence we have
at=a*. : (2.8)
Therefore, by (2.7), (2.8) and (1.3), we obtain '
¢(4, B)={(4, B). (2.9

- Thus we see that the G. C. algebra o is homomorphic to the G. C. algebra 5.

Next let o’ be a G.C. algebra which has the basic groups G, (i=1,2, ...
n), and has the structure numbers p’(@;, B;). And we shall define that the
G. C. algebra o is homomorphic to o’ when the basic groups G, are homo-
morphic onto G; respectively, and in the homomorphisms: a,—«; it holds
e, B )=p(c;, B)). Then by the correspondence from the basic element e,
A€G=G,xGyx G, to ¢y, A'€G'=GixG;xxG, the G.C. algebra o
is homomorphic to o’ in the ordinary sense, (see (2.8) and (2.9)).

Now let us suppose that the G. C. algebra o is homomorphic to a G. C.
algebra o’ each of whose basic groups is commutative. Then, from the
above definition, we have

pla, B)=rp'(a;, B) (2.10)
Since G; is commutative, ;é’;,éj’ =/§9,é3 for any é;, /82; €G,, hence we have
1 2 2 1 1 2
p'e, BiB;) = p'(a;, B3B5) for any a; € Gi, B;, B €G] . (2.11)
From (2.10) and (2.11) it follows that
1 2 2 1 1 2
P, BiBy) = ple, B,B)) for any e, €G,, By, By €G- 2.1)
and similarly we have '
1 2 21 1 2
plae,, Bj) = p(a,a,, B)) for any «a,, @, €G,, B,€G;. 2.2)
Thus we have the following theorem.

Theorem 2. Let G. C. algebra o be defined by the basic groups G, and
the structnre numbers p(«,, B)), (1>7, 1,7=1,2, ...,n), Then the necessary
and sufficient condition in order that the G. C. algebra o is homomorphic to
a G. C. algebra o' each of whose basic groups is commutative is that

1 2 2 1 1 2
pay, BiBy) = p(a,, BBs) for any a,€G;, By, B €G;

1 2 21 1 2
elaa,, B)=plaa,, By for any «,,a,€G,,BEG;.

—-19 —
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§ 3 G. C. Algebra Whose Basic Elements are Commutatlve w1th its
Structure Numbers

In this section we shall consider the G. C. algebray whose basic elements
e,, A€ G are commutative with ils structure numbkers p(«,,3)), i >7,
i,7=1,2,...,n. In this case, we have
’ e, pla,, B)=p(a,, B)) e, for any AGG._ - @E.1
And it follows from (1.12) that (3.1) is equivalent to
_ ‘ e.v,c-'f’(at »B)=rp(a,,B)e,,
in other words, o

(e, , B)) = plar,, B)) for any 7, €G,, k=12, .., 1. (3.2)

That is, the mapping ¢ —a* is an identical mapping on the set A. '

~ We shall prove that, in this case, A is a commutative set in K. We have
from’ (1. 16), for >4, K>, |

(e (08,)(0,,05) = p(a;, Bege, +p(1e, 8)e50,,
any by (3. 2) ‘ |
’ = p(et;, B)P(s, 8.)€3,.,03,81 - (3.3)
On the other hand, we have from (1.15)

(e“'ieﬁj)e ke—a; = p(at ’ B;)eﬁ,e e ée.

B - %%k op?
by (3.2)
= ep_,e,:‘(e“eal)f)(as » B3))
= epjextp('h ’ Bt)eﬁlelkp(ai ' B1)s
and by (3.2)
= p(7,,8)p(a,, /8 1)€s,6,,€5.0 - G4
From (3.3) and (3. 4) we obtain R |
P, BYP(Ve . 8)=p(v,,8)p(a,, B), (i>7, k>1). (3.5)

Therefore A is a commutative set in K.
Next we shall consider the condition for the associativity of o in this
case. By means of (3.2) and (3.5), it follows from (1.3) that in this case

£(4, B)= ]I p(e,, B,). (3.6)
And from (1.18) and (1.19) we get

«, llejéj) = P(at ’ éj)P(at ’ éj) ’ (3. 7)
P, , B) = p(a,, B)P(&, , B)) (3.8)

— 20 —



1952) ON THE LINEARIZATION OF A FORM OF HIGHER DEGREE AND ITS REPRESENTATION

respectively. Moreover, it is easily verified that in this case (1.17) follows

from (3.7) and (3. 8) by using (3.5). Hence, for this- case, (3.7) and (3.8)

are the necessary and sufficient condition in order that the multiplication

to ‘define the G. C. algebra is associative. '
Thus we get the theorem.

Theorem 3. Let e, be a symbol corresponding to a element A€ G=G, X ---
xG,, and let A={p(e,B); a,€G,, BEG,, i>], i,j=1,2,...,n} be a set
of numbers which are commutative with e,, A€ G. Then the necessary and
sufficient condition that there is a G. C. algebra having G, as the basic groups
and A as the set of the structure numbers is that |

1°% A is @ commutative set, and ,
1 2 1 2 ] 2
2% p(ay, BB = p(e, Byp(a,, By) for any @, €G,, B,B,€G, (3.7)

1 2 1 . 2 1 .2
p(a,ac,, BJ) = P(an BJ)P(“N /31) fO'}' any &, Q€ Gu '/31'6 Gj- (3- 8)
As we shall see from this theorem, in the G. C. algebra whose basic
elements are commutative with its structure numbers, it is evident that

pla,, ,(1312?.,) = p(q,. éjﬁ}?)) for any «,€G,, lé} , /éj eGy,

P(Clt:zti ) By) = P(&t&t ,B;) for any &‘ ’ ‘2x¢ €G,, BeGy.
So by Theorem 2 such a G.C. algebx.'a o is homomorphic to the G. C. algebra
5 constructed in Theorem 2. Therefore, in our case, the G. C. algebra o is
reduced to the G. C. algebra, as for the structure, each of whose basic
groups G,, G,, ..., G, is commutative. ’ .

In particular, let us suppose that the basic groups G,, G., ..., G, are the
cyclic groups of order m,,m,, ..., m,, respectively, ie., G= [&, e, ..., a™ 1,
a=¢,. By Theorem 3, the set A={p(a), a}-’); @, €G, \=0,1, ..., m—1,
i, 7=1, ... .n} of the structure numbers of the G. C. algebra with the basic
groups G, ..., G, is commutative and is determined by the cbnditions: '

P(at ’ a}ﬂt) = p(ai , d})p(d‘ ’ d})

play**, a)) = p(ay, a))p(ay, ay)  (E>7). 3.9)
By means of (3.9) we have

plagt, af) = (p(agt, ;)" = (p(a,, a,))*. (3.10)
Since a*=¢,, we have o

p(a, s aj)"’t = p(a:n‘) a.l) b P(8¢ ’ a.l) =1 }

(3. 11)‘
ple,, af)mj = p(a,, a;nj)= pla, &)=1

—21 —
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and therefore p(«,, @) must be a primitive l;;-th root e, of unity where I,
is-a factor of m, and m;. Then by (3.6) and (3.10) we obtain

plat, a)y = wyi® . (3.12)
and, for A=(a’1, a}?, ..., a’") and B=(a¥1, a2, , @™, we obtain
¢(4, B)= [] p(a)*, &’y = ] wl¥. (3.13)
>4 D3y i

Since we suppose that e, is commutative with the structure numbers, e. must
be commutative with «,;. Besides, o,; must be commutative mutually, A
being commutative. And conversely, from (3.12), it is easily verified that
p(at, af)y=w,i* satisfies the conditions (3.7) and (3.8) in Theorem 3.
Thus we have the theorem. _

~ Theorem 4. For the G. C. algebra with the basic groups G,=[¢,, «,, ...,
a1, aM=¢,, the structure numbers p(alt,at) are equal to ™ where
wyy 18 @ primitive 1,,-th root of unity and 1, is a factor of m, and m,;.

§4. Linearizatin of g(x‘)"‘ »

Now, in particular, we shall consider the G. C. algebra whose basic groups -
are the same cyclic group of order m: [§, «a, a?, ..., a™ '], a”=¢& and whose
basic elements are commutative with its structure numbers. Suppose that
the field K is commutative and contains a primitive m-th root of unity. If
we take m=2 and K as the field of real or complex numbers, then we obtain
the theory of ordinary spinors.» As a special case of Theorem 4 we have

Theorem 4'. For the G.C. algebra with the basic groups G,=[¢, a, a?, ce s
a™ 1], ar=g¢, the structure numbers p(a*, a*) are equal to w™*, where o is any
m-th root of unity in K. ‘

A
So if we write €€ ac . c)0 then we have
(€3]

Ap W A . 3
ee; = oMee, (i>7), (4.1)

Iz

J . n
1) If an n-ary form of degree m: 'B3y3y . I ® 17472 sx'm is transformed to 3V (at)™ by
: =1

. n —_ —_ —_
a linear transformation ’xJ==kjxt, namely, ‘a;, ; 5, == 2 h% K% ..h% where || h%|| is the invers
172 ... J17 g Im J
) ) n
matrix of llh,’]], then this form is linearized as follows: /ajljz Im ’leijz...'xj"'s N (at)™ =
t=1
(2 pg )™= (ath}- B pr)ym=(’x3’ p;)™ where ’xI=:h}xt and /ps=P5p; . (see p. 25). Only here we use
the summation convention in tensor calculus.

—22 —
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in particular,"
A X 2A A R .
ee; = oMee, (12>7). (4.2)
We shall prove the following theorem.
Theorem 5. Let 2, be the basic element €. ¢ e . e Of the G.C.
(t

algebra whose basic groups are the same cyclic group of order m and whose
structure numbers are p(a*, a*)=o**, (0 is @ primitive m-th root of unity
in K). Then we have a identity

for l=m/(\, m) if and only zf (m/(x, m), (k m))=1. .
Proof. For and only for such a integer I, [ which is a mlmmdl pos1t1ve
integer satisfying In?==0 (mod. m), satisfies In==0 (mod. m), and therefore o**

is a primitive I-th root of unity, and also (?0'=e(e,...,~¢n, .. e5=¢€. Now

A2

AT @)
we write g,,9, and r for ¢,, ¢, and »*° respzctively. :And we shall prove, by

the mathematical induction. with respect to =, that if
9.9;5=19,9, (@ > 7) (gt)l =go» (4.4)
then it holds identically

7% 1 n
(Bet9) =0 21@y.
First we shall consider the case for n=2. In this case we have
[N
(mlg1+x2g2)l — ’Z% Cr(xl)l—f(xz)r s
where the quantity C, is obtained by multiplying [—7g,’s and r g,’s together
in every possible way and by adding the terms so obtained. It follows from
(4. 4) that ,
C,=Ci=g,, C,= Atttk (g ¥ gy,
————— ' (1<r<l-1). (4.5)
If we Write h1=k1’ h2=k2+1, vee ,h,=k,-+(’r—-1), then we have
D=ri-C=__ 3 bt the g,y g,y
0 hy<hp oo < byl — 1
Shherah= (1=r<i-1). (4.6)
To prove D,=0, we shall prove, by the mathematical induction with respect
to r, '

x * viti+valat oo vele
= Z T =0 ’

Oty g, o, trl—1
(v1svzy e, =0,1,2,...,1-1), 4.7)

— 23 —
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where é means the sum of the terms for all distinct ti, tay ..., t.. In_the
case.for r=1, we have

Dy, =x =0, . (4.8)

since (Tvi)’=1 but +"==1. Next, let us suppose that

%*

D =0 for r—1=s.

§1v], V2, ..., Vs

It is easily verified that

. -1 vyl -1 vorl -1 ) %
0= ZJ ()" Z} (%) ... 2 (=)" =D,:v1,,,_,v,+R.“ (4.9)
where R is the sum of the terms of the same form as Ds K, o, k0 (T—128).

By the assumptlon of the mathematical induction we have R= 0 Hence we
obtain from 4.9) '

*

Dr;v;,vz,...,vr;—o" 4.7
In garticular, if we put »=y= - =y=1 in (4.7), then we get |
5r; L1,..,1= i Attt (4.10)

03:1, atri-1

Since D, 11 . 1(9:) "(ga) =rID,, from (4.10) we have D,=0. Therefore
from (4.6) we obtaln
C,=0. (4.11)

Thus it follows from the former of (4.5), and (4.11) that
(&g, +2%,) = go((2) +(2%)). (4.12)
Next let us suppose that '

n—1 n—1 .
(2 w‘g,> = 0o 23 (2. , (4.13)
If we write f1="21 ‘g, and f,=a"g,, then it follows from (4. 4) that
i=1

f2f1=7'f1fz- (4.14)

Therefore, as we shall see by taking f, and f, instead of g, and g,
res_pectively in the above proof in the case n=2, it holds that

(fi+foy =fi+13, (4.15)

1) For example, the sum of terms such that #,==f, and #;,¢; (j=3,4, ...,r) are all distinct
is written as follows:

T(v1+v2)tl+v [ <4, t *

33
Lt R TR T PRIIFR N

=

oé,‘l: ‘31,"',‘9‘sz~1
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and therefore we have
Hence, by means of (4.16) and the latter expression of (4.4) we obfain
| <§ w‘g;> =g, Z‘ (a*)

§5. Structure of the G. C. Algebra Associated with the Linearization
of tZ"] (aty™
In the present section we write p, and p, for ¢, and ét in § 4 respectively.
So we have from (4.5)
;= wpp, (1>7), ‘ (5.1)
where o is a primitive m-th root of unity. It is easily seen that

-

PP =10, - (5.2)

Hence we have by Theorem 5 :
(Zen) =mBner. (5.3)
And if we write p, for e, in § 4, then we have

Pa ——p“p“. .o, S (5. 4)

where A=(a't, a’s, ..., a'»). Moreover it follows from (4. 3) that

R wy th“.’ '
PPy =‘[Z " P =0 Py, (5.5)
>

where B=(a™, a”, ..., a""). For the sake of brevity we shall write A=\, .,
, \,) in place of Az(a’h, arz, ., aln). Then we have

ABZ(X1+ﬂ'1,>\,2+/ﬁ2, ...,kn"'ltﬁ)- ' (5.6)

Now we shall investigate the center and ideal of the G. C. algebra

generated by p, and p, (i=1,2, ...,n). This G. C. algebra will be called the
G. C. algebra associated with the linearization of Z (a*)y".

- Let a,_ZcApA,cAeK be any element of the center ¢ of o, then ¢ is

characterized by the property '

papit=2,(h=12,..,n) for xcc. 5.7

But we have, by (5.5)
‘z;,'/lt
. ph.pA = o -p(ll, ces ,Ah_hh‘i—l.lnn» wer :ln) 4

— 95 —
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and similarly
By
DiPr= @77 Dy, .., Ane1s An AL Ant1s e s An) ?

so we get, eliminating D, 2, 1 24+ 20e1s s 2e) ?

Ai— 22y
ppart = oS .9)
Hence it follows from (5.7) and (5. 8) that
' D= 2
ettt PP ep,=3c,p, for B=12,..,n. (5.9)
. 4 A

Since p, are linearly independent over the field K of characteristic zero,
(5.9) implies that

- 22 : '
- L (5.10)
Therefore A=()\,, \,, ..., \,) such that ¢,=-0 must satisfy
32— =0 (mod. m). (5.11)
i<h h>j
So we get from (5.11)
MF N =(mod. m), i=1,2,...,0—1, (5.12)
and
M=\, = (mod. m). (5.13)

In the case (I) when % is even, from (5.12) and (5.13) we have
A=0 (mod. m), i=1,2,..,n,
therefore the center ¢ of o is {p,}.”
Next, in the case (II) when n is odd, the conditions (5.12) and (5.13)
are reduced to

-

Il

XIE'—Rz >\,3‘=""E" ”_IEX” (md.M).

m—1

N 0 1
therefore, the center ¢ of o is {p,p, ..., » }, where
A .
P=p\P: D} ... Pa21Ps, A=0,1,2,...,m—1. (5.14)
. A
Moreover p satisfy the relation
. A M T _on=1 o YHu
PP=w 2 +P. (5.15)
For, since P29 = 0*Ppp? (i_>j), we have
A H N i H A 13 b
DD =D,07 D3 ... Vi1 Da*DiD7*D5 ... D3ty D

fn=1, A+p
-SSR
= 2 D .

1) {a1,493,...,4;} denotes the linear space over K spanned by ¢;,4s,...,4s.
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In the case (I;) when m is odd, and the case (II,) when m is even and

ety ¢ =
4(” D (=D

n=1 (mod. 4), we shall write f):m ;7; and in the case (II;) when
[

m is even, n=3 (mod.4) and there exXists an element « in K such that e=x«?2,
1 in-122 2

we shall write ;)=w— 4 p. Then we have from (5. 15)
[ : :
A m A+ .
%)- p= g) . ‘ (5.16)
Furtheremore if we write
A m—1 [
z=—=>e*p, 2=0,12,..,m—1, (5.17)
m e=o0 0

A 1 A
22 =20\u'2. (5.18)
By (5.16) and (5.17) we have
A M 1 m-—1 Avv m-1 qu
FTw BT &R T
—_— 1 ESY AV +HRKE
Tm,
If A=p, then
e L ol s Lo )
me v,x=0 [ m i=o 0

and if A==z, then

since o Is a primitive m-th root of unity and o* *1. Moreover we shall

see easily that 2 constitute a linearly independent basis of the center ¢ of
’ m=1 A )
o, and po=>)z.
A=0

Finally, we shall consider the case (II,) when m is even: m=2m,,
n=3 (mod. 4) and there does not exist an element « in K such that o==x2.
If we write, in this case

B ~d (pyu #
Pp=o * ) for any even numbers x=0,2,...,m—2,
4]

and
v ~din-12+ Ll v
g=ow * z.p for any odd numbers »=1,3,...,m—1,
4 : :
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then we have from (5. 15)

ww #+n’ ) '
P = for any even numbers x and ',
00
wy  mty o
P94 = q for any even number x and odd number »,
. 00 h : (5.19)
and }
v/ vt/ .
=0 D for any odd numbers » and »'.
Vo 0
Furtheremore if we write
* 7:(—_-"2 an
u ==
m w=2 %)
d fevem ®a=0,1,2, ..., mp—1  (5.20)
an ’ = VU, L, 4 ..y 4 .
mo+= 2 m-1 v , ° :
U = ™ q
m yv=)1 []
Codd)

‘then we obtain, by the same calculation as the above‘calculation for z

mo+@® Mo+ M
ad’m+p ot ot +ﬂ

uu—S,,ﬂu,u U =08 U , U U —b‘wﬂam a,3=0,1,2,..,,m,—1. (5.21)
" m0+w
Moreover, « and « constitute a linearly independent basis of the center
of 0. For, suppose that there exist a linear relation

m—1 mo—1 m. o+ .
;o a, u+ ,Z—':, Omyra U = 0, a,, U +a eK (5.22)
mo+p

then, by multiplying u and « on (5. 22) we have by (5.21)

B Mot3 8 Moth
Qg+ @m g % =0 and o8, U+ag u =0 (5.23)

respectively, and therefore

B
. (ag—wa,’how)u:O,
hence we have , ' ‘
ag—wa,%. +3=0. I (5.24)

By the assumption there does not exist « in K such that o=«2 so0 we have
from (5. 24)
‘aﬁ=am+,,=0 8=012,..,m—1. (5.25)

m,+&

Therefore, wand u are linearly mdependent And from (5. 20), it is easily
verified that

"yl ,

Do= > u.

a=0
Now, we shall investigate the ideé.ls of 0. To do this we consider a
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linear mapping @ —Q,(2), where

Q) = @ w—papst, h=12 ...,n;v=12 ..,m—1. (5.26)
Then we have . '

Qup4) = (o> —1)p, for pLEC (5.27)
and, sincz it follows by (5. 8) that X, = Z A — Zﬂox,$0 (mod. m) for some
hy, and p, ¢ c, we have for the ),,

Ao ’
Q/’;o(pzi) =0 for Dy ¢ C. (5. 28)
So if we write

Q(w);xlzcéh(x)’ h=1921 ---’n;x=1,2,...,m"'1, (5.29)

\ :
where // @, means the opzrator applying @, successively on « in any definite
NN

order; then the mapping « —@Q(x) is a linear, mapping such that

Q(px)z)zzl(m?‘—l)"~p_4#0 for picc, (5. 30)
and
- Qp,)=0 for p,fc. (5. 31)

Let a be any ideal-:{0}, and let =3 c,p, be any element=0 in a,
ie., any element such that €4y =0 for some A,. Then B'=p3)-x=31¢4 D,
. A Do

betongs to a and ¢,/==0. From the definition of Q(x), we have Q(2')€a.

But it follows from (5.30) and (5.31) that Q(2')€c¢, and from ¢,/==0 and
(5.30) that @(2’)==0. Therefore we have

anc == {0} . (5.32)
In the case (I) when » is even, since ¢=1{»,}, we have
Qa) = 0y @po) = e’ ] (@ =17+, (5.33)
but Q=) € a, therefore p, €a and hencz a=o.
In the case (IT) when #» is odd, first we shall prove the following lemm?..-.
Lemma. In the cases (II,), (IL,) and (ILy), any ideal q of the center ¢ ;bf
0 is some direct sum of tke simple ideals {z} of c¢; z€anc if and only if
az ==0. In the case (I1,), q is some direct sum of the simple ideals qw_{:z, 2:0";
of ¢; q,Canc if and only if ua~f:0
Proof. First we shall consider the cases (II,), (IT,) and (IIs) Let
Z a,z be any element of q, then (}"_, )2)- 2 belongs to q, and we have by
(5 18) ‘
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’ (mz—}l a,;z) z = a,,.; , (5.34)

and therefore, if a,==0, then 2 belongs to q. Hence q is some direct sum
f {2}, (»=0,1,2,...,m—1). If QEaf\c, then, obviously a%ar_o. Conversely,

suppose that a;=i=0 then there exists an element y €a such that y2=x
'-—2 cAm#O Assume that ¢4, +0, then we have 0=+Q(2")=Q(p3} 1y 2)
—-Q(p 1) z where x':pAlx_Z c,/-p, and.¢c)/’=¢c , +0. And since y € q, we
have Q(pi y)€a. Hence we see that )

0+ Q(p3l y)z€a. (5.35)
On the other hand, from (5.30) and (5.31) it follows that

0= Q(p3;-mec,
and therefore we have by (5.18) ‘

Qpzt-g)z=c-2 (c+0). (5. 36)

Thus from (5.35) and (5. 36) it follows that 2 belongs to a, ie., zeanc.
ma—1 o -1 +a@

Next we shall consider the case (II,). Let u= ZV_,‘ au+ 0}] Oy +a ?u be

m,+3 a=0

any element of q, then u- u and - % belong to q, and we have by (5.21)

B 8 my+8
u-u:(1,,3'u+a,mo_H3 u €9, 5.37
my+3 P my+ 3 , ( * )
U U =l U+ u €4,
and therefore we get
R
(aﬁ—ma;’;.o+ﬁ)u €q l
and ) - (5. 38)

(@} —wlnp) u €Q. l
If ag and a, ,+s are not both zero, then frbrri the assumption that there

exist no element « in K such that o«=«?2, we have

ai—otn 3 +0,
m.+3

and hence, from (5. 38), Z and «» must belong to q. That is, q contains
qpsizi, mch} which is a simple ideal of ¢. And, since q,9,=0 (a=-8), q is
some direct sum of q,. Now if q,Canc, then, obviously, avn,'HaO Conversely
suppOSe that au:#_O then there exists an element y € a such that O—s(:x_z cm 4
—yu. Assume that ¢4, =0, then we have 04+Q(2")=Q(pily- u)=Q(p L) u,

— 30 —
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where &'=pj &= 3lc,"p, and ¢,/=c, +0. And, since yea, we have

Q(p3}-y)€a.” Hence we see that
.  0+Quiivea. (5.39)
On the other hand, we know that |
0 =+ Q(p3;-v)€c, |
and therefore We. get by (5.21) and (5. 39),

@
mo+

oqadm&'m,,.ow u €a, - (5. 40)

and furtiermore, multiplying « on (5. 40), we have by (5.21)

my+@ |

Oln ottt 0, U €Q. (5.41)

Since 03— w1}, ,«=-0 in this case, it follows from (5.40) and (5.41) that «
andm ;; belong to a, and therefore q,Canc. q.e.d.

Since, in the cases (IL,), (II,) and (IIa), the unit element p, of o is written
as the sum 2 z of the bas1c elements z, o is decomposed into the direct

sum of the SImple ideals oz of o:

o="§ea02. (5. 42)
=
As we shall see from the above Lemma, any ideal a of o contains all Lasic

elements z such that aZ:lao. If we write a'= }'_‘, Boz, then a’Ca. Suppose

az40

that a’Za, then any element Z(a,,‘z x, €0) of a—a’ contams the term «, z
m—1

such that xaz=|=0 az_O for some a. However, from that a =0 and Zwaz €a,

=0

it follows that Z} aqz z=0 and therefore :La‘-—O by (5.18). Thls contradicts

the above acsumptlon % z=l:0 Thus we have a= 5‘_, Boz.

az40
Also, in the case (II,), 51m11arly as the above cases (II,), (II,) and (II;)
we have

m,—1
o= 3 Poa,, (5. 43)

a=]

and it is easily seen that

. 3

0q, = ou.
If we write a’'= 3} @oq,, then by the above Lemma a’Ca. Suppose that
' ax=0
o 31 =
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. ' . - my—1 a mn-l my+ e
a’=+=a, then there exists an element = 2 + 2 Tnpe U, (@ n ,+a €0)
a mg+a a=0 w=u
in a —a’ such that 0=z, Ut Tmsa U and au~—0 for some a. Since x € a and
m.+a
au 0, we have xu—O and therefore « Ut Tmva U =0. This contradicts

m.+a
0+

the above assumption xau +Tmsa U ==0. Thus we have a= > Poq,.

Moreover, we can prove fhat, in the cases (I,), (IL,) and (Ilgiﬁge simple
ideal og is isomorphic to o; (A==p)and also, in the case (II,), the simple ideal oa
is isomorphic to oﬁx. Let o,, be the subalgebra of o generated by »,, s, ... , Por»
theh xQ—O (x € 0,) implies #=0. For, since o= Z} cA

m—1 ’ ly oa

z'— Zamplpz ces Dira1y Oaw==0, We have

A A
Ay Pit e P2 and

T = Kosn, o o ME - gt
=R2=20u 25 C s @ T benlrpl pl L0 D
. =0

1. 2r
ALy eee s Moy

('C.L, A

L.\, 1S sOme integer),

from which, by the linearly independency of p)'p.2 ... pJ0%1, (taking u=0),

2r+1 9

Kosay . V\pwm'1p2 Aor
A 23 Crp 2y, @ T DT L Dy =
Tees

27r
Azr

And moreover the basic elements p;lp.: . p,,” are linearly independent,
therefore we have e .2, =0 ie, 2=0. Hence, if we make w2 (o:éo,,)
‘correspond to w7, then we get a one to one correspondence from ozfz to
0 l,.z By this correspondence, it follows from zz-—sz that o a,:z is isomorphic to
0 A,z By the fact that zz= 0z €0,,) 1mphes =0 we know that each of azrz(X-—
012 ..,m— 1) contains m"-! linearly 1ndependent elements respectlvely And
since oZ,zCDz 0= 2 EBoz and o contams m"* linearly mdependent elements,

A
we have ozrz—oz Thus the simple ideal oz is isomorphic to oz, and there-

fore these simple ideals contain m™ ! linearly independent elements respectively.
Next, . in- the -case (IL,), similarly as the above case, we can see that

m, .+
zu+a' u (x,2' €o0,,) implies @, ' €0,,. By the same consideration as above,
we obtain that these simple ideals oq are mutually isomorphic and have
2m" -1 linearly independent elements respactively.

Collecting the above results, we obtain the theorem.

Theorem 6. If n is even, then the center ¢ of o is {p,} and the ideals
of o are only {0} and the whole algebra o. If n is odd, then the center ¢ of
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. 0 1 2 me—1 “ .
-0 148 {p, D, Dy oeer P Y, where p=pip7“p; ... pi4,0%. And, in the cases (II,), (1I,)
' m—1 A
and (I1,), o is decomposed into the direct sum ) Poz of the simple ideals
n=0
of o, where

2 me -1 ip- - ®
‘ z =-m1- o T D-p for the cases (11,) and (I1,),
=0
X m—1 —1ipogyu2 *
z = 1 o TETY D for the case (I1,);
m =y .

by
moreover, as for any ideal a of o, anc is an ideal 3 Dz} of ¢, and
Py

0z==0
. @ . 3 - - mn-l o
a= 3 Poz. Similarly, in tue case (I1,), we have o= > PDoq,, (0q,=qu),
C::’:O S » Mot? -y
anc= 3V @aq, and a= 3 Doq,, where q,={u, u i},
Ces=0 a0 :
’Z — E m=2 o i"(n_“"z.;
) m r.=vo
(even)
and
m(iu'!_“: % m—1 wav—-%{n—])u7+ ;W'Z; )
m v=i
Codd>
) ,
Moreover, vz(A=0,1, ..., m—1) are mutually isomorphic and have m"* linearly

independent elements respectively, and oa (@=0,1, ..., my—1) are mutually

isomorphic and have 2m™-! linearly independent elements respectively.

§6, Matric Representation of the G. C. Algebra Associated with the
Linearization of Z"} (x4)™,
i=1
We can investigate the representation of the G. C. algebra o by means
of the structure of o discussed in § 5 and the general theory of the representa-

tions of algebra. But, in this section, we shall consider directly the actual
-representation of the G. C. algebra o. We must suppose that K contains a
primitive m-th root » of unity, and the square root w? of w.
We shall determine the general system of matrices P, P,, ... ,P,, such
that '
PP,=oP,P, (i>7)," | (6.1)
Pr=F, o (6.2)
where ¥ is the unit matrix of the same order as: P,. If we transform P,
to the Jordan’s canonical form 1‘;1 by T, then it follows from Ppr=F that

— 33 —



K. MORINAGA and T. NONO (Vol. 16

0 . ©™1 0\
P,=TP,T'= &2 ), o<q,<a,<- <@, <m—1.7 (6.3)
0 »**

If we write
0
P,=TPT, (6.4)
then we have .
00 00 . . 0
PP,=wP,P, (i>7), P, =FE. (6.5)
It follows from Ig;”-—_-E that ll?’zl =0, and therefore there exists the inverse

matrix 1%2- ' of 1?’2 . Hence we have from (6.5)
PP, P;" — P, . (6.6)

It follows from (6.3) and (6.6) that if o* is a characteristic value of P,, -
n n
then »®1! also is a characteristic value of P,. Therefore P, must be the

matrix of ordzr mt such that

(6.7
0 .wm_lEg/

where E, is the unit matrix of order ¢ ¢=1,2,.... If we substitute (6.7)

0 o 0 o 0
into P,P,=0P,P,, then we have the following -conditions for P,=|S,,]||
whose element S,, is a matrix of order ¢:

(1—©) S =0 (0—)Si3=0  ...... (™ 1—0) S, = 0
(1—-0?)S;; =0 (0—0?)S,, =0  ...... (0™ ' —w?)S;, =0
............................................................... (6.8)
11— 1HS,.,:=0 (cq-—-mm'l)sm,l 2=0...... (0™ 1= DS, _1m=0
_ 1-0o™S,,,=0 (0 —0™)Sp = o ... (0™ ' —0™)Spm =10
‘Therefore we have » ‘
S;; =0, except Sis, Soss s Sm_tims Sm1e (6.9)

0 0 :
Substituting this P, into PP=E, we have

.....................

and it is easily seen that all these relations are equivalent to

1) .J. H. M. Wedderburn, Lectures on Matrices, (New York), (1934) p. 119,

v—34v-—



1952) ON THE LINEARIZATION OF A FORM OF HIGHER DEGREE AND ITS REPRESENTATION

819825 cveeee SpoimSmi = Eev (6.10)
Thus we obtain
0 O S 0 """ 0 \
Po=[0 08500 \ . (6.11)
0 ceoerrennnne Spiim
Sy O ceeveenes 0

where S;,S:; ... Spe1mSmi=FE,. Since Sis, Sass -oe s Spoim» Sma are regular
matrices by (6.10), there exist the matrices S,, S,, ..., S,., for an arbitrary

regular matrix S,, satisfying the following relations :

Sy = Sl—lsz ) Sps = S;1S3 s eees Spoim = S;ilsm s Sy = S:nlsl . (6.12)

So if we put
S 0\ '
S = 152 , (6.13)
0 S,
then we have *
n 0 F 0 ...... O
SP:St =/ OtE'c 0--0 \- (6.14)
0 ceeennnns 0 E,
E, 0 cooeeeene 0

Since it is obvious that
SP,S-1—P,,
from (6.3) we have, by means of the matrix U=ST,

E[ 0

UPU " =""E, |=auxE,
0 'wm‘lE
. 0E, 0 ... 0
UPU '=/0 0E, 0 0\=QuxE,, ~ (6.15)
) ST 0 E,
E, 0 ooeeeee 0
1 0" 010 0
where Q,=[ ) and Q;,=/0010--0 (6.16)
0 o1 00 oeeeem 1
10 eeeen 0

And also we have
' — 35 —
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_ Q 0\
VPV ' '=E,xQ,= ', )
0o o/,
P Q 0
VP,V ! =F,xQ, = '292 )
0 o,
Next if we write
P,=UPU™", (i=12 ..,n), (6.17)
then we have
PP,=wP,P, (i>7), Pl =E, (6.18)
_ E 0o — 0FE, Q- 0,
where P, = Q, xE, = th, and P,=Q,xE,= {9 OzE, 0--0
0  o"E, [\ ST Et)
E, 0 -oooereee o’ -

By the same method as we obtained (6.11), it follows from P,P,=wP,P,,
P=FE (i=3,4, ..., n) that

]
B 0S,,0 e 0 ’
P, = ' , G=3,4,...,m), 6.19
‘=10 08,00 % ) et
0 0 -oeene 08, in
S, 0 eeeee 0 0

(4

where Slzénéﬂ' §m~1m§m1 =FE,. And each P,(i=3,4, ..., n) satisfies
P,P,—wP,P,. By substituting the actual forms of P, and P, in (6.15) and
(6.19) into the above relation P,P,—wP,P,, we have

Z 13 ¢ 3 7 i ‘v ¢ )
S12 == CDS23 ’ st = CDS34 9 sery Sm-lm = (‘)Sml ’ Sml == (Dslz . (6. 20)
If we write é’ =§12 , then we have
1 ' i [ ) 1 ’
Sys = @S, Sss = @25, ..., S,y = 0~™ DS . (6.21)

[ m{m—-1)

Moreover it follows from §,2§23 ... S;u=UF, that (é)”=m T K,.
Therefore we have

5 0 é 0 oeeee 0 ( 0 1 0 - 0 xé
— (1 —_—
! 0 0SSO 0 0 000 0
0 eeereeeennn. o-"DJ 0 ceeerreeennns (=D
P DT ) TS 0 PSS VI | U 0

(i=34,..,7), (6.22)
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where
m(m—1)

S =e t E,. (6.23)
. . 1 010 et 0 0 1 0 ----e- 0
Since Q71Q,=/" , 1 0 \/0010-0\=/ 0 0w0-- 0
P | I N PPN

00 -oeeeeen 1 O ceereernennnens PRI
0 0™\ 0 .nnnl P o | W 0 ,

: . mel g ma1 . .
if we write Q=0 %z S and Q,=0 ¥ Q; Q,, then the relation (6.22) is
expressed by '

P,=0;%xQ,, (i=3,4,..,n), (6.24)
where, from (6; 23), |
Q)"=£E.. ‘ (6. 25)
And, from P,P,—wP,P, (i>>7;i, j=3, 4, ... , 1), we get
QA =0@,Q (>7;4j=3,4,..,n). (6.26)

The above relations (6.26) and (6. 25) for @, (k=3, 4, ..., #) have the same
forms as the relations (6.1) and (6.2) for P,(i=1,2,...,#%). Hence, by
repeating the above method, we find that the matrices Q. (k=3,4,...,7n)
satisfying (6. 25) and (6.26) must be the matrices of order ¢=mt' such that

Qa = U,_l(ﬂl XE»’)U’ ’
Q. =U"YQ,xENU", © o (6.27)
Q = U"l(ﬂa x R,) U,.n

(i=5,6,...,7n),

where R, (i=5,6, ..., n) are the matrices of order ¢ such that
RtRJ = wRJRi ’ (Ri)m =K., (7'>.7 36,7 =5,6,..., n) (6. 28)
Hence we have, from (6. 15), (6.24) and (6. 27),

Po=UQXxE)NW =U (B, xU) '[QXEnxE,](E.xUNU O
P,=U Y QxE)U =U B, xU) ' [QXxE X Ey(EnxUNU
(substituting E,=FE,xE,/)
Py =U'[QyxU (O xENUNU=U " (ExU) '[Qsx Q< B, J(E,x UNU
P, =U"'[Q,xU Q2 x ENUNU =U " (B, xU") '[Q; X Qs x B,/ J(E,, x UNU
P, =U'[QyxU (QsxRYU =U (B, xU"Y '[Qsx 2y x RE,, x UNU
(i=5,6,..,7m). (6. 29)

In the case where n=2r, by repeating this process r times, we can obtain

—_37 —
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all matrices P, (i=12, ..., n), and in the case where n=2r+1 by repeating
this process r times, we can obtain P,,P,,...,P,., and then, as we see
from (6. 27), P,,,; is expressed by :
Py =W [Qyx Q3% - XxQy xRIW
wh‘ere’ R is any matrix Aof order I such that (R)”‘:E’l .
Thus we have the following r'esults.
Theorem 7. Let o be a primitive m-th root of wunity, if K contians
w', then the general system of matrices P,(i=1,2, ...,n) such that
’ PP, =oP,P, (i>7) and P]=E
m—1
are written, by means of Q,, Q, in (6.16) and Q=0 Q]'Q, as follows :
(I) If nis even: n=2r, then

Py =W '[Qgx - anxﬂlkmeme o XE xXE W

3

P2,=W;1[Q3x o XQyX QX E X By X oo XE < E W (6. 30)

- $

r

(321:2: cee ,7')

where W is an arbitrary regular matrix of oder m'l, 1=1,2, .......
(A1) If n is odd: n=2r+1, then '

L

Pz,_le_l[sz s XQg X XE,, % -+ xE, <xE W 1

P,, =W“1[~Qa>< e X QX QX Epy % oo X B X E W (6.31)

8

P,=P,,, =W '[Qsx - xQ;xR]W
. (s=12,...,7)

where R is any matriz of order 1 such tnat R"=FE,, we may take

R; ( “’zlwaz 0 ), (a,, ..., q;: any integers, 1=1,2, ...), and W is an arbitrary

v 0 -w'“"
regular matriz of order m'l.

Now if we make correspond the matrix P}'P3 ... P P, being the
matrices in (6. 30) or (6.31), to the basic element p?p?2 ... pA» of the G. C.
algebra o, then we obtain the general representation of o.

(I) The case where = is even: n=2r.

If we take I=1 in (6. 30), then the representing matrices of o are the

— 38 —
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matrices of order m”. By the Theorem 6, the ideals of o are only {0} and
o. Hence all representations of o are always faithful.. And therefore m2"
matrices PA1PA2 . PA2* (A1, Asy.., As,=0,1, 2, ..., m —1) are linearly independent,
and the complete matric algebra in m” dimensions has the (m")* basic
matrices, and therefore these PA1PX2 . Pl being the representing matrix
P, of the basic element p, in o, constitute a basis of this complete matric
algebra. Hence this representation 9 of o, generated by P,, ..., P, (for I=1)
over the field K, yields the complete matric algebra in m” dimensions.
Consequently, as a matter of course, this representation M is irreducible.
(I) The case where n is odd: n=2r+1.

It follows from Q,—e 7 Q.'Q, that, for the matrices P, in (6.31),

r\m+1)

o 2 PP;'PP, .. P P, =W [E,,xR]W. (6.32)
Since R™"=F,, among the matrices R*, A=0,1,2, ...... , there exist at most
m linearly independent matrices. And there exist exactly m linealy in-
dependent matrices if and only if the minimal polynomial of R is 2™—1, in
other words, if and only if B has the characteristic roots «° 0!, 0% ..., 0™ 1.
Therefore such matrix E of minimal order is transformable to Q,. As we
stated in the case (I), the matrices P, ..., P, for =1 generate the complete
matric algebra in dimensions m”. Hence, as we can see from (6.31), the
number of linearly independent matrices among Pi1P2 ... Pi» ()., A2y cees A
=0,1, ..., m—=1) is exactly equal to m2"*! if and only if the minimal poly-
nomial of R is 2™—1. And since the number of the basic elements in o is
equal to m*"+1, the faithful representation of minimal order of o is given by
the matric algebra St generated by P, in (6.31) for l=m and R=Q,. Then
we can see from the form of these matrices P, that this representation of
o is the direct sum of m complete matric algebras in m" dimensions. That
is, this representation is completely reducible.
Summarizing these results we obtain the following theorem.
Theorem 8.V The general representation of the G. C. algebra o associated
with the linearization of ‘_ﬁ; (a*)™ is- generated by the system of matrices
P,(i=1,2,...,n) in Theorem 7. If n is even: n=2r, then the faithful

1) Wecan obtam the same results, by constructing the regular representation of p by means

o Dup(y..dy =0

cible parts. om
By means of the matrices P; in Theorem 7, we obtam a linearization of Z‘

,,lax“":
E- Zax‘"‘—(zp‘ax‘)

— 39 —
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representation of minimal order yields the complete matric algebra in m"
dimensions, and therefore the representation is irreducible. If n is odd :
n=2r+1, the faithful representation of minimal order is the direct sum.of
m complete matric algebras in m” dimensions, and therefore it is completely
reducible. SR : ' I
Moreover, we have the following corollary.?
Corollary. Any automorphism of the G. C. algebra (of course the matric

algebra M) associated with the linearization of ﬁ(a&‘)” is inner.
t=1

§7. Linear Transformation leaving invariant Xn](x‘)"‘, (m>2)
i=1
In this last section, we shall determine the linear transformation
gt = S htas? ' (7.1)
Jj=1

leaving invariant :V_‘_,(a;‘)”‘, m_>2; namely,
=1

:V.J (@) = 2 (™. ‘ ' (7.2)
i=1 =1 - )
Substituting (7.1) into (7.2), we get by comparing the coefficient of (x7)7,
| Do =1, =129, (7.3).

Similarly, from the coefficients of (x/)"%(x*)? (j=+Fk) and from the coefficients
(x?)™-2x*a*(k=+l), we have

SRR =0 (), (@4
and .
;; (B 2hihi =0 (k==l). (2.5
. =1
respectively. If we write (7.3) and (7. 4) together, then we have
SN () -2(hy)? = 8, (kronecker’s delta) (7.6)
i=1 .
and therefore it follows from (7.6) that
det |(A)™2|=4=0. : (7D
From (7.5) and (7.7) we get ‘
Rt =0 (k==1). (7.8)

We shall see from (7.7) that there exists no index i such that A;=0 for
7=1,2, ..., n, and, by means of (7.8), that there exists only one j(i) for each

1) H. Weyl, The classical groups (Princeton), (1939), p. 280.
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¢ such that

Ky =0 (7.9)
Moreover, by means of (7.7) again, it is seen that j(i), i=1,2,...,n is a
permutation of 1,2, ...,%. From (7.3) and (7.9) we have

Ay =1, (7.10)

and therefore o

Wy, = o (7.11)
where o is a primitive m-th root of uuity and ), is any integer. Hence, it
is easily seen that there exist m”-n! linear transformations leaving invariant.
Z:i (@)", (m>2).

Thus we have the theorem.

Theorem 9. The set of all linear transformations leaving invariant
Zn] @*", (m_>2) is a finite group of order m*-n!. These linears transformations
i=1 .

are written as follows :
It = whx:m

where (1), i=1,2, ..., n is any permutation of 1,2,3, ... 1, o 8 a primitive
m-th root of unity, and \, s any integer mod. m.

MATHEMATICAL INSTITUTE,
HirosHTMA UNIVERSITY
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