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§ 1. Introduction.

Dirac’s wave equation is

-3
{E+ e<p+BEo+k§1 ar(cpr +eAr) 1Wr=0, (1D

where

Ar(k=1,2,3): " vector potential, ¢: scalar potential, E: energy, Ey=m?,

pr= i (k=1,2,3), b= aw(k=1,2,3) and 8 are 4—4 matrices

such as 1
0 0 0 1) 0 0 0 —7 -
o o 10 | 00 i 0
M=o 1 0 o0 1l o—i 0 0
Ll 0 0 0 J i 0 0 0.
~0 0 1- 0 1 0 0 07
0 0 0-1 01 0 O
3= B=
1 0 0 O 0 0—1 O
LO—-1 0 O J 0 0 0-1.

which satisfy the relations:
awdn=8u, PBBR=1, arB+Bar=0, (k1=1,2,3)
Yr: "1—4 matrix having components Vi, ¥y, V3, Yy
Denoting the space and time coordinates x,y,z and ¢ by 1, 42 23 and %, the equation

(L1) can be expressed in the form which is symmetrical with respect to space and
time coordinates as follows:

v (g —P=pb =10, 1.2)

In this expression, according to usual convention which will be used throughout,
the term of the left hand side stands for the sum of 4 terms as 7 take the values
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1 to 4. Here i (=1,2,3,4) are defined by
vk=—Bar (k=12,3), vi= % B, (13)
and satisfy the following relations:
yiydD=gii  (3,j=1,2,3,4)

¢/ being the fundamental tensor of the space such as
l=gP—g8B=—1 M= 1
» cz 1]

gii=0 if  ixj,
and

_ i . Z'M()C
r= g B=

pr=— g A (R=L23), o= —1-eq.

Since the equation (1.2) is expressed in a vector form we can consider the
equation (1.2) by polar coordinates as well as by rectangular coordinates. Hereafter
we take polar coordinates 7,0, ¢ instead of x,y,2. ‘

The equation (1.2) gives the system of 4 equations for vy, Y, V3 ¥y Now we
consider differential equations for Y which are not multiplied by ¢ such thatl

: a ° —. F— aee ’
(g -Ti)¥=2  G=1,-0), 14
which give a system of 16 equations for yr,Vn, VYra, . Here I’; (i=1,,4) are
certain 4—4 matrices determined from the following relations:

oyh . ..
_6?;7 +{;lz-}')']—_'l i')’h‘f"')’hri:(), (h’ Z,]=l, Ty 4)’ (1-5)

{ ]’i} being christoffel symbol formed with respect to ¢/, and 2; (=1, --,4) are any
4—4 matrices. .

In this paper we shall show that if we determine 2X; suitably under certain
conditions the equations (14) give the same solutions as the solutions of Dirac’s
equation for hydrogen atom, namely, the solutions of (1.2) in the case of @pi=¢,

__0 o 7 Ze?
=@3=\, ¢4—h r -

, §2. The' actual form of the equations (1.4).

We take polar coordinates 7,60, and put xl=7,22=0,x3=¢@. Then by the
transformations: x=7sinfcos @, y=rsinfsing, z=rcosd, the matrices v (k=1,
2,3) defined by (1.3) are transformed to 7,9, ¢ as follows:
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"= sin 0 cos @ry*-+ sin 8 sin @y?+ cos fy?,

1 1 1 .
9oe & xy = i —_—
Y= v cos 8 cos.py*+ - cosf sin @yy— —- sin fyz, 21) -

sing
@ —
k4 7sin @ 7*+ 7 sin

cos @
6')’:

where %, ¥ 4z mean 1!, 2 o3 defined by (1.3) respectively. Hereafter we write

97, 7%, v¢ newly as fl, 2, o3 while leaving 74: —}B as it is. For these matrices

o

v, 9%, v%, 74, from the equatlons (1 5) we can show that I’,—O
If we put o ys=cr? sin 9’7’7”7‘”')’4 ’ _ 4 .‘ (2.2)

we know that i, ,yn,),p s YViys (7,7=1,2,3,4) and unit matrix together form basis
of 4—4 matrix, namely any 4—4 matrix.can be expressed by linear combination of
these 16 matrices. Hence now we express J; of the equations (1.4) in the form:

Zi= At Alys+ Aijhy Yo+ A jryi+ Ayydys (2.3)

where A,,A, Air Aij, Al j; are vectors and tensors w1th respect to the sufﬁxes
respectlvely and A;jp=—A;t;.

So long as 2; (7=1, -, 4) are arbitrary 4—4 matrices these vectors and tensors
are arbitrary. However, under certain consideration .(which will not be deseribed
in this papér since we want to state briefly the result only) for hydrogen atom we

can determine these vectors and tensors as follbws:_ o ‘ \

1 1 . E :
A1:_7’ Ay=——5cotl, As=im, A=-— zh : L )
=0 (i=1,2,3,4) .
¢ K Ze N
Ajy=—A=—; o7 (Eﬂ" - ) ,
1 A i
« Agp=—Am= 27 A?gs— App= 2 mr?, } (24)
Agy= —Ag= %« rsin28, Asgp=—Amm= “1— r2sinf cosd,
\ other 4;;=0
Ap=—i —”—;ZO—C— , Au= —Crk— » other A4;;=0,
AS=Frsin@, other A%;=0, /

where k and m are any constants. In this manner the eciruations(l.4) are e'gptessed
—afj,;,-—“l":(AH Aijeyigk +AjyI+ A vy .'(_2'75)'



T. SHIBATA

Here xl=7,x2=0, x3=¢@ and ql=nyr, y2=vb, o3=q¢ are defined by (2.1) and yi= %B.

Also 75 is defined by (2.2) and A4, A;jr 4ij A?,- are given by (24). In the next
section we shall show that the equations (2.5) have the same solutions as the solu-
tions of Dirac’s equation for hydrogen atom.

§3. Solutions of the equations (2.5).

Substituting (2.4) into (25), the equations (2.5) are expressed as

= (BB Yyt T R iy

—867 Y= {-— % co* 8+ % ryToy04-imylryby® + ky sin 075 75}\]r s ) 3.1
aiq) y= {z‘m+ %— ¥ sin2 Gryry? + %— 72 sfn 0 cos ny"fy"}\lr , |
ait\l,z_ E g (31,2

Caleulating the actual forms of the matrices on the right hand side of the above,
the second and the third equations of (3.1) are written down as follows:

‘, (m— %) cot g, (m+k— %)e""" 0 0
(m—k+ L)ei"’ —<m+ —1~) cot 6 0 0
o, 2/ 2
20 ¥= 1 I ¥ (3.1,6)
0 0 (m— —) cot 6, (m—k——)e‘k’
2 2
. 1\, 1-
0 0 (m+k+ —)e'“‘ ——(m+ —) cot 6
~ : 2 ’ 2 P
(m—y 0 0 o )
8 0 m-t ——;—— 0 0
P 1
0 0 m— —— 0
2 .
0 0 0 + 1
§ m+ o)

The equations (3.1, ¢) and (3.1, @) can be easily solved and the equation (3.1,0) is
solved by considering separately the case when the constant k is negative or
positive. Hence we shall classify the solutions of (3.1) into two classes according
to k<0 or k>0, ‘ ‘
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Case I. When k <0, putting k=—(/+1), the solution of the three equations
(3.1, %), (3.1, ) and (3.1, '#) is given by ‘

( zf<r>/ Emid2y, %w » )

2143
iE if(r)/itgfa’gg— Yiirmey 6,9 :
=e TEmsle 32>
g(r) “—2m——‘* Y’.m..%(e: ¢)
. I-m+1/2 y
\ g(r)/ S Yimni (@)
where Y;,m((),'zp) is defined by
Ym0, p)= —ie— )/_ Pim(B)eim ]
pim(8)=,/ 2L _G=m)! pm (o5, S X

2 (U+m)!

m 1+m
P,"’(x):_._ZIll! (1—a2) 2 ;xl*m (x2—1), (¥=cos@),
and f(r) and g(») are functions of » only. Substitutiné (3.2) into the first equatibn
of (3.1) and using some identities among the functiqns $in @9im, cos Opun and Prm, we
can reduce the first equation of (3.1) to the following two equations between f(7)
and g(»):

_af(r) _ jﬁ?i_ﬁl_( >
- +(k—1) y = oh E g,
dg(r) ) 1 Ze? GD
_ag(r &) 1 e 2
B0 e £ == (E+ g )f(r),
Case I. When k> 0, putting k=/, the solution of (3.1) is given by
(ifn/ =l 6 )
— —-1 2
. _’f(")/ m / Yy 1m0 @)
\Il’:e~ ] (3.5)
FONE ’—;’;3:11/2 Y ey (6 )
_ &D itg}_'i_’ll»/ 2 Y, ey (6 @) J

Here f(r) and gf 7) are the solutions of the same equations as (3.4).
We see that the solutions (3.2) and (3.5) accompanied by (3.4) coincide with the
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solutions of Diiac’s equation for hydrogen atom,? regarding the constants./ and m
as azimuthal quantum number and magnetic quantum number respectively and
determining energy E from the equations (3.4). Further the inner quantum number

7 is given by j=I+ —;—-(l:O, 1,2,-) or j=Il— % (I1=1,2,-) corresponding to the

solutions (3.2) or (3.5). Therefore we can say that the aggregate of the differential
equations (2.5) corresponding to all (po'ssible ‘values of constants k and m, is equiva-
lent to Dirac’s equation for hydrogen atom.

1) The equations of the form (1.4) have been treated in many papers on wave geometry
published during 1935—1942, this journal Vol. 5 (1935)—Vol. 11 (1942).

2) Darwin, Proc. Roy. Soc. (A) Bd. 118 (1928) 654; Gordon, ZS. f. Phys. Bd. 48 (1928), 11;
Bethe, Handbuch der physik, Bd. XXIV/1 (1933), Kap. 3, 311 )
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