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1. Introduction. In our previous paper,l’ it was shown that if x and y are
matfices of order » whose all characteristic roots u have the imaginary parts I(uw)
such that —m < I(p) <, then e¥eY=eVeX* implies xy=yx. And if x and y are
simultaneously transformed to the hermitian (symmetric or pure imaginary)
matrices, then e¥eY=e**Y implies e¥ey =eYe*. For, from e*eY=e%X+J, it follows e've'x
=e‘-’—‘+‘5’, where fx denotes the transposed matrix of x, and ¥ the complex conjugate
matrix of x; since ¥ and y are considered to be hermitian, i.e., fx=x and fy=y, we
have eVe¥=eY+%, hence eYeX*=e¥eY. (For the other cases, this fact is proved by the
similar argument). In the case where x and y are simultaneously transformed to
the hermitian matrices, the imaginary parts of the characteristic roots of x and y
are zero, hence we see that if x and y are simultaneously transformed to the
hermitian matrices, then e¥eY=e**Y implies xy=yx i.e., there exists no non-com-
mutative solution of e¥eY=e*+J. In theoretical physics, the characteristic roots of
matrices must be real, so that the matrices treated there are usually hermitian;
therefore, for the matrices representing the opetators in theoretical physics, e¥Xey
=e¥+) implies xy=2yx. '

As for the arbitrary matrices, the question concerning the non-commutative solu-
tions of e¥eY=¢X*Y seems, at least for us, to be an open one. ‘

Recently M. Fréchet? studied the matrices of order two such that eXeY—eX+y
=eYe* but xy=yx, and proved that the only non-commutative solutions x=a, y=>b
of order two of this equation satisfy: e%=v-1, D=y 1, and @, b and 1 are linearly
independent. And, in his review of Fréchet’s paper, W. Givens® wrote that if « is

al

any non-zero root of (1—{-)e§ =1, then x=(0 0

) and y:(g ;\) satisfy : e¥eV=e¥+y
but e¥ey ¢ eVe®. -

1) K. Morinaga and T. Néno, On the logarithmic functions of matrices I, J. Sci. Hiroshima
Univ. (A), Vol. 14, No. 2 (1950), p. 112. g . . ; P

2) M. Fréchet, - Solutions non commutables de I'équation matriciclle ¢A+B=¢AeB, Compt. rend.
acad. sci. (Paris), no 22 (1951), pp. 1339-1340. Les solutions non commuiables de I'équation
matricielle ¢XeY=¢X+Y, Rend. Circ. Mat. Palermo. (2) 1 (1952), pp. 11-27.

' We have nok yet read the latter, the content of which, however, we knew in the review of
Math. Rev., vol. 14, no. 3 (1953), p. 237.

3) Math. Rev., loc. cit. ) (oo
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K. MORINAGA and T. NONO

In this paper, we shall first consider the non-commutative solutions of e¥eY—e*+Y
for the complex algebras of degree two, and then, as the special cases, for the
ternary algebras of degree two, the quaternion algebra and the total matric algebra

of order two.

2. Preliminary for a complex algebra of degree two. Let A be a compléx
algebra with the unit 1 and of degree two; and let € be the field of complex
numbers. In this section we shall prove some lemmas for %. Greek letters «, B, -,
A, p, - denote the elements of € and «-1 will be written as « simply. Moreover
€ -1 will be identified with 6.

LemMma 1. If xycyx, x,ye, then 1, x and y are linearly independent, and then
x and y are uniquely expressed as ‘

x=a+%, xi=a and  y=Bi+y, =8,
respectively. And then it holds
(Ht+y0)=y  and  xyotyXk=y—a—B.

Proor. If 1, x and y are linearly dependent, then xy=yx, that is, if xy3:=yx,
then 1, x and y are linearly independent. Since the degree of U is two, x and y
satisfy

x2—200x+0,=0, ay, az€€
and
¥2—=281y+B,=0, B, B2 €

»re_spectively. If we write x=2—ay, yo=y—B1, a=ai—a, and B=B}—pB; then we
have

(@) 2i=a, =B, «,BcE.

Since 1, x and y are linearly independent, these expressions are unique. And then
Xo+ Yo, Xo—Yo€ N, so it holds that

%o+ 30)2—201(%+ ¥0)+02=0, o,02€€
and )

(x0— ¥0)*—2711(%o— ¥0) +72=0, 7€
Adding these two equations and taking account of x3=q and 3§=g, we have

—2(o1+7)%—2(a1— 1Yo+ 2(a+B) 02+ 72=0.
Since 1, ’xo and y, are linearly independent, we have
o1+711=0, oy—711=0, i.e., o=1=0;
from which it follows that

@ Ko+ 30 )=, 7e€,
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On the Non-Commutative Solutions of the Exponential Equation ¢*eY=e%+y

and consequently

©) %Yo+ yoxp=7—a—8.

In the following we shall use the notations in Lemma 1.

LEMMA 2. For x and y such that xy>cyx, if %yo=mo%o+p¥otps, then xi=il,
o= (ot y)?=(pm—p2)* and mprtpg=0.  And %3 yoxo—2u2x0+2myo, if and

only if Xoyo=p%- Yo+ ps:
Proor. By means of (3), from

C)) XoYo=paXo+ ty Yo+ 13,
we have
) YoXo=—pa%o— M1 Yo+V3,

where ps+vs=y—a—@B. Since 1, %, and y, are linearly independent, by substituting
(L, (4) and (5) into

2330 =%0(%%0) » % Yi=Choy¥0, (%o¥0)%=%3o%), (Fex)Yo=yo(%00) 5

we have

. 1
(6) pi=a, =B, mprtpe=0 and == (y—a—R),
from which y=Cu;—p2)2. By uz=v,, it follows that

@ X9Yo— YoXo=2 %0+ 21 ¥p -

" By means of (3), it is easily seen that (4) follows from (7). This lemma is proved.
REMARK. Xy—yx=2Npx+2N1y+N;, if and only if xy=wx+xy+x;. And then
Ky2+K3=0; only for xy and y,, we have Aj=«; and Ay=x;. '

Next we shall define, as usual, ¢* by ¢¥*= § —f_r—,—, then for xe¥ it is easily

r=0
verified that
(8) er=eX1e%0, eXo=p(a)%+q(a) ,
where
)= 3%/07“—’ (30
© =1 (a=0),

a(a)=ch(y/a ).

LEMMA 3. For x and y such that xy>cyx, il is necessary and sufficient for

exey—eyex that %3+ Rm2=0 or yi+m2m?=0 where I and m are nom-zero mtegers, in
other words, thal eX=v or e¥=v', v,V ¢@G. :

Proor. xy>cyx.is equivalent to Xy;=cyexy, and also exey eYeX is equivalent to
eX0edo==eY0e%0 ; by means of (8) we have
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0. . . e¥oeYo—eYoe¥o= p(at) p(B) (%o ¥o—Yo%o) »

hence, for x and y such that xy - yx, we have p(a) p(8)=0, if and only if e¥eV=ele?*, -

From (9), if p(a)=0, then /g =3/ —1lm, i.e., a=—PFx2 where ! is a non-zero

integer; and then, by (8), e*=», ve€@. If p(8)=0, then, similarly, eY=v/, »'¢6.
This lemma is proved.

3. Non-commutative solutions of eXeY=e¢¥+J. It is evident that e¥eV=e*t) is
equivalent to e¥oeYo—e%+Yo, And from (1), (2) and (8) we see that e*oeYo=e%o+Jo
is equivalent to
{ () p(B)xyo+ p(a)a(B)xo+ p(B)g(a) yo+a(a)g(B)

=p(7) %+ 30 +4(7) .

an

Here if () p(B)=0, since 1, x; and ¥ are linearly independent for non-com-
mutative x and ¥ (by Lemma 1), then from (11) it follows

12) (a)p(B)=0, p(a)a(B)=p(B)a(e)=p(y). ala)a(B)=q().
From (12) it follows
(2= p(a) p(Ba(c)a(B)=0, i.e, p(y)=0.

Since g(a)?*—ap(a)*=1, p(a) and g(a) are not both zero, therefore from (12) we
have

13) p(a)=p(B)=p(v)=0,
that is,
4 ‘ C(:—fl21r2 . B=—mcz2, T y=—nm2,

wiiete. !, m and » are non-zero integers.‘ And ther; we have '
as) ‘ ‘ (d)—‘(—l)’ 61(:8) D=,  g(y)=(L)=,

where, by q(a)q(ﬁ) q(y), it must be satxsﬁed that l+m+n—0 (mod. 2).

Thus we have the

TueoreMm 1. Al the non-commutative solutions of e*eY=eX+Y=eVeX are given
by x=wy+xy, y=01+¥ suc]z that .

K=—D?, yy=—mn?  and  (%o+y)i=—nPwl,

where o, and (3, are arbitrary complex numbers, and 1, m and n are non-zero
mtegers such that l+m+n= 0 (mod. 2).
These solutions are also given by the other condition (Frechets resull). (see

“’Lemma 321- VR ' ' '»‘ .~ A T e T i . ) BN
e*=v, ey=v' and . eX*¥=w,. v, veC. I
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On the Non-Commutative Selutions of the Exponential KEquation e%eY=e¥+y

Next if p(a)p(B) 20, then from (11) 1, xp, ¥ and xy, are lineaﬁy-\ dependent;
we shall write this linear relation as follows:
ae . %0Y6= %o+ 1Yo+ 1,
which is equivalent to (by Lemma 2) - ‘

A ' xoyo—yoxu=2/‘zxo+2/ﬂ1yo
And moreover this is equlvalent to
XY YX=2ppx+ 2#13’—2#2051—"2#151 .

Then,r by means of Lemma 2, it ‘holds that

an a=uf, B=43 Y=(p—pz)? and pry=—puy iy .
By substltutmg (16) into (11) and by using (17) and the lmear mdependency of 1
xo and yo, we have

B D e+ g ()=~ pz ),
18) DD D m+ ()= m—p)?y, -
— D) s+ aC DA pD=a(Ciss— )2y -
The last relation is satisfied identically; and’ ‘(18): can be written as follows :
{ e(—2pD=e(—2m)  for - i p,,
(19)
S e(—2pu)=e(—2u;) for  py=py,

I
where e(u)= ef—1 for p0, =1 for p=0.

Moreover p(p?) X0 is equlvalent to e(— 2/1.):3;0 and from xy ész yx it foIlows
that u; and py are not both zero. RPN E
Thus we have the ‘ o
THEOREM 2. All the non-commutative solutions of e¥e¥=e%+y Xz eYe¥ “are given
by x=a1+%, y=B1+ 3 such that , -
3‘%_:“#%, Ye=—u, (x0+y0)2 (,UJ:“,”/Z)Z' - el
and ) v o .
'y yo=paotpa Yo— gz,
(which may be replaced by %¥o—Jotoe=2prto+2p3e), where oy ‘and By are ‘arbitrary
complex numbers, and py and p; satisfy -e(— Zm)—e( —2u) 30 for m#p«z and .
eCu)=1 for p=p2>0. S S
Remark 1. If Zoo=peoortmidot o and xﬁyoe@ ‘then x%—m, yo=14, (xo+yo)2
=(u—p)? and py=—puy." (See Lemma 2). . . . . . . - : i1
REMARK 2. Since p(p?)u+q(p2)=ef and —b(m)i:(m)mm-hq(m)q(ﬂ%))-* S
= 340 =
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a((p1—p)?), by regardmg as a==u? and B = 4}, (12) and (18) are umﬁed into
p(pd)ets=p(r)
p(pd)etr=p(T)

a((p—p2))=q(7) .
We can derive from this that exther p(1)=0 or T-—([lq_ m)?, corresponding to the
preceding two cases respectively., For the case w3z pu; it is easily verified that
p(idets=p(uh)el implies p(pd)eti=p((m—p:)?), hence p((m—uz)?)=p(r). On the
other hand ¢q((u;— mp)2)=q(tr), therefore, taking account. of ¢(r)2—7Tp(7)2=1 and
q( (M—Mz)z—(m—l-bz)zﬁ(( —p)?)=1, we have
. P r—(p— Mz)z)—O
That is, p(7)=0 or r=(u3—u2)2. For the case u;=u,, we have g(r)=¢(0)=1, from
q(7)2—1p(7)?2=1 we have 7p(7)?=0. That is, p(v)=0 or T=0(=(p— pz)2).

ReMARK 3. These exist no real numbers # and #%; such that
e(w)=e(u;)  and w3 u,.

By the definition of e(#%),

ewy= """ w0
=1 (u=0).

de(u) (u——l)e —1
du u?

ing function. Therefore, if %) % u;, then e(u)) aFe(”Z,)' This proves our assertion.

Since we have

>0 for 30, e(#) is a monotone increas-

4, Complex ternary algebras of degree two.  There are two types of com-
plex ternary algebras of degree two; one of which is ’commlitative,: and the other
is as follows:D

The basic elements 1, ¢, e; satlsfy the relations:

lej=eil=¢; (i=1,2), &=1, eres=es, ere1=—es, }=0.
Any elements x and y of this é.IgeBra are eﬁpr‘esséd as -
x=¢o+£1e1+&2e;, y=mnotme;+nzez,

and then (x—£0)2=¢}, (y—no)?=7}. The candition in Theorem 1 is written as

S £1=y/—TIm;
> {

m=y/—1mm,

v

%

1) L.E. Dxckson Linear algebras, Cambndge tracts in Mathematxcs and Mathematical physics,
no. 16 (1914), pp. 23-26," ' S
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On the Non-Commautative Solutions of the Exponential Equation e¢¥e¥=e*+3

where [, m are non-zero integers such that /+m30. And it is easily seen that
xy=yx if and only if & :£&,=n:7n2  The condition in Theorem 2 is written as

{ Eim—Em=pobot 12,
(¢4))

4 0=pobr+pm, ‘
where £3=u, ni=p} Eym=—pmp, and £1:%; 37 :n;; from this we have m=¢1 and
m=—71. Therefore, py=¢, and py=—7n must satisfy : B
@2 ‘ { e(—zfl);e(z’l‘l)a.‘«‘:(‘)‘ for  &1+7 0,
‘ e(C¢p=1 -~ . . for f=—n 0.

Moreover it is easily seen that there exists no real number satisfying (22).
(See Remark 3, p. 350).

Thus summarizing these results, we have the corollary.

CoroLLARY 1. In the non-commutative complex ternary algebra bf degree -1wo,
all the non-commutative solulions of eXeY=e**Y are given by

{ x=Etot+Eie1+Eze;,
y=n0+mer+mn2e;,

where e(—2E))=e(2m) for E14+n, 0 and e(RE1)=1 for E;=—m 0, E1:&25m: 72
and &, 1o are arbitrary complex numbers. In the real ternary algebra of degree
two, e¥eY=e*+Y implies xy=yx.

5. Quaternion algebra. = Now let A be the complex quternion algebra, then
any elements x and y of A are written as -

{ a=totxg=EotEii+EojtEsk,  EnEnEnEseC
y=notyo=mtmi+nj+mk, 10,7, N2 M3€C o
where i2=j2=k?=—1, ij=—ji=Fk, jk=—kj=i, ki=—ik=j. And i_f we write 'N(x»o)

3 3
'=231§'cz‘ and N(yp)= El‘n?, then we have
i- i=

(x—£0)>=—N(x) »
(y—m0)*=—N(y).

Therefore, in this case, Theorem 1 and 2 are stated as follows. .
COROLLARY 2. In the complex quaternion algebra, all the non-commutative solu-
tions of e¥eY=eX+*Y=eVe* are given by ‘ '

{ s=bo+E1i+Erj+Esk
y=no+mi+mej+nsk
such that &y and 1y are arbitrary complex numbers and -
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3 L, ' B,
N(xp) = 215;:12'"'2 »  Neyp= 21"’7.:’”?772 ,
)= i
1 ) )
Eimt+EmetEyn=— - (P+ mz,_nz)ﬂ—z '

(the last relatzon may be replaced by N(xo+yo) = 2 (§.+n,)2 n2mr2),
and' : ) ‘ .

EiiEoiEsxxminin,

where 1, m and n are non-zero integers such that. l+m-+n=0 (mod 2).
CoroLLARY 3. - In the complex quaternion algebra, all the non-commutative solu-

tions of eXed=e**Y Xz eYe* are given by
{ x:§o+£1i+§2j+£‘3k ,

7 y=mno+mi+nj+nsk
such that

‘ 52’73""5‘3’72=#251+M1’h, ,
6)) Esm—E1ns= pokatpurz s
E1ma—Eam= ks +mns,

2% {'z Esdemioy: ’73, :

‘where e(-—2ﬂz) e( —2u) aFO for wc py and (2= 1 for /1'1——/1'23?0
And then it holds (see Remark 1 $.349) that-

(i) . N(mJE;:lé%:—m, N(yp) = zn, —,w%-

EmtEmtEam=ppma,  E1:&27E35F 0z,

and consequently
NCxpo) = (Eams—Eam )+ (Egm—Eins )2+ Erm—E21)*=0,

which is the necessary and sufficient-condition for that 1, x, y ‘and ‘xy are lz’nearly
dependent. (Now we are in the case where 1, x, y and xy are linearly dependent)
REMARK. (i) is written in the tensor notation as follows :

Giigkin;=pafptpmm, and g3k (4,5,k=1,23),
where o , |
’ "1,'# (ijk) is an even permutation of 123,
@ifg=C{ —1, if (ijk) is an odd permutation of 123,
0, for the other cases. - :

1

(ii) is -written as PR S A J

N(xp)=—p, N(yo};vm% N(a+y0)=—(pm—p} . and Ko LY. )
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It was mentioned above that (i) implies (ii). -Now- let - us’ suppose (u), and if

we put e”ké:’?j:m&k'l"l"‘lﬂk'*'tk» then from (ii) we have .
£it;=0 and n'§,=0 hence Ck-p 3"1&{-,1;,
Therefore we have
(i) - (1—p) eiintmj=pab it ks
We may suppose that p; 30 and &;19;—&xm 0, then from (iii) we have
(L—p)(EL(Ems—Eam2) —E1(Exm—E1m2))= /"1(&2771—5171’)
And furthermore, by using (u) and (iii) we have ‘
 A-Q—pmEm—tmD=0, thatis  (l—py=1.
Thus we have
a) Bidpkim j= £ (bt tmp) .

As before it is obvious that (i)’ implies (ii).
This means that

%Y=ttt mydtus, (o

which is equivalent to (see (4) and (5') in the_proof of Lemma 2)
V=t Yo ps  OF  Yoro=jutt Yot fia .
By Remark 1 after Theorem 2, this is equivalent to that
A e¥eV=¢¥*YxzeYe*  or  eYe¥=eV+¥ Xze¥ed. (

Thus (ii) is the necessary and sufficient condition that

AeV=eF+Y Ve or  eYek=eV X oXed .

3 .3 /3 2
Next for the real quaternions, by means of the fact that 2153-2117?—( b g-mi)
i=1" i= i=1

=(bom—EmP+Esm—Ema)>+ (bum—Em? >0 (since &3¢ k), we have
D=(l+m+m)(I—m+m)J+m—n)I—ni—n) <0

And from

N(xy0)=(Ems—Em2)?+(Egm—E1ma 2+ (E1ma—Eam =0

S

in Corollary 3, we have {-,-Jm;. hence there exist no real quatermops satxsfymg

efed=eX*Y Xz eVe* .. From Corollaries 2 and 3, we have

CoroLLARY 4. All the non kcommutatz_ve_ real quaternions x and y satisfying

exey—ex"y:eyex are given by

¥

{ x=§0+x0-—§'o+§‘12+§2] +§‘3k
’ Y=ot o=t mi i+ ke,
— 353 —
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such that &y and 7y are -arbitrary real numbers and
NCGay= 2 8 =Pnt, N(yoy= 2 =mim? and N(xo+yo>sé;<§,~+n.3)2’=n27r2,
where I, m and n are non-zero integers such that ‘

D=U+mn){—m+n)(A+m—n)(—m—n) <0, I+m+n=0 (mod. 2).

And there exist no real qualernions satisfying

e¥eY=eX+Y Xz e¥ed .

6. Total matric algebra of order two. As the complex total mvatric algebra
is isomorphic to the complex quaternion algebra, so the condition to be found
for the complex total matric algebra is obtained from the results of 5. But now
we shall determine the canonical form of non-commutative matrices satisfying e*ey

=eX+),

Since, by means of Theorem 1, x3=—P=2, x, is written as

—pt(V—1lm 0 ) : e .
23) x=p ( 0 —y/—ilr p, (P is a non-singular matrix).

And then, from y§=—m2n2, it follows that

7

—A > s A pr=—min?,

A
Yo=p P, n= (vv

furthermore, from (xy+y9)2=—n272, we have
Oty/ “Tlm et py=—ntm2,
therefore we haveﬁ
A= VLT (i),

_m . m ‘ '
W= 5 D= —W(l+m+n)(l+m—n)(l—m+n)(l——m—n) .

Thus we get

§ .;_1/_2-1_17:_(124—”;2—”2) M
1)  yo=pp, n= ST
1/—-171-

v
2l

(Pt m2—n?)

where pr— TW;‘D=_;'T‘122" (+myn)(l—m+n)(l4+m—n)(l—m—n). By transforming .

»n l:.w a suitable matrix (é ? ) leaving invariant ( ‘/—'01 In _ ]/O:Tl'lr) , we have

— 354 —



On the Non-Commutative Solutions of the Exponential Equation ¢*ed=e*+Y

e V=1l 0
Xo—q 1( 0 _l/:—l*lw)q!

VAT ity ()
Yo=q7! S a,
o ety LT (Pt mi—?)

(25)

where I, m and » are non:zero integers suéh’ that I4+m-+#=0 (mod. 2),.' Moreover
D=0, if and only if 1, x, y and xy are linearly dependent; and then we have, taking

account of the transformation by a matrix (2 (1)) ,

(V1T 0
xo—ql( 0 —1/1‘Ilvr)q’

»=q-1 (/:g‘mw _ ,/T];'fm'rr)q y (U4+m=0).

Since, by means of Theorem 2, x%:;ﬁ, X is written as:

— p-1 1 0
=1 (0_1“)? (X0,
(26)

‘or  =p! <g (1)>P (1 =0).

And then, from y3=43, it follows that
A
y=pmp, n= (y ibh) , 7\2+/w=p,§,

next, from Xy¥o=poXo+ 1 Yo— p1 2y We have

A=—py and =0,
that is,

1ls

By transforming by a suitable matrix <; ?) and (0 1

) leaving invariant ('“ 1 0 )
0 —m

(p30) and (g 3) respectively, we have

=71 (’3‘ _?P)q (m30),

—g-1( TH2 1)
Yo=4 ( O'qu,

@n

where e(—2p1)=e(—2p2) 3¢ 0 for pi 3¢ pz, and e(2pu1)=1 for p=p, 3 0; and
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01
b |
Xo= 7 <0 0)‘1.

—qg-1 '—/“20)’
Yo 4,( 04#211

(28)

‘o

where e(—zpz);l and p; 0.
Thus we have the

L COROLLARY 5. All the non-commutative complex matrices x and y of order. two

satzsfyzng eXeY=e%+Y are given by

I

r=a,+q %4, = y=F1+a'%4,

where q is an arbitrary non-singular matrix, oy and B, are arbitra‘ry complex
numbers, and % and § are given as follows :
(I): The case where eXeY=eYe* is salisfied.

2: (1/ —ir. 0 )

0 —y=1im)’
9 T (—1/ T@mi—n2)  (—my—n? )
Y= A+m2—mnz V:T(l2+m2—n2) ’

where 1, m and n are non-zero integers such that l4+m+n=0 (mod. 2). And
D=U+m+n)(l—mA+n)(l+m—n)(—m—n)=0 is the condition for the linear depen-
dency of 1, x,y and xy, and then

(" )
(""" Zm):

where 1 and m are arbitrary ngn-zero integers such that l-+m 0.
(I): The case where e*ed >c ede* is satisfied.

o_fm 0 ‘ :
=(fr2) o,
;oD

where e(—2u)=e(—21) X0 for p 3¢ py and e(2i)=1 for m= 0.
()
- O 0 ’

_ -*I‘20>
y (Q )

(IIy)

where e(—2p2)=1 and. p, 0.



On the Non-Commutative Solutions of the Exponential Equation e¢*eY=eY+*

The four types (even the malrices of the same type for distinct values of 1, m, n,
uy and py) are not lransformable to each other by any transformation x'=§-+ p-lxp,
y=n+p"p.

Next a real matrix ¥, such that ¥3=—~272 (1X=0) is written as

[0 =D . N oy
Ko=p1 1 o )t (p is a real non-singular matrix);

furthermore, since

O—IZWZ)__(I 0 )‘1< 0 lw)(l 0 )
(1 0/ \0o—Ir —Ir 0/\0—Imr)’
we have

xo;q—l’( (1)71' 1(7)7‘)‘1’ (gq is a real non-singular matrix).

And then a real matrix y, such that y§=—m?7? is written as
_ Ao )
y=qlyngq, 3= b )’ A2 py=—mln2 .

From (x3+ y0)2=—mn?m2, it follows that

v—p= % (12+m2—n?) .

Therefore, it is easily seen that A24-pv and v—u are invariant for the transferma-

tions by matrices leaving invariant ( ? 1(7)7') By a matrix < lt ;) leaving. in-
. - 7r -
variant ( 0 lvr)’ we have
—Ir 0
, (N )ﬁ( 1 t)-l(x @ )( 1 t) ,
= (uf )" \—t1) \wvr/\-t1
Ll = (utr)t—Am) 1 (p+2M—v82)
1+# 14-#2

1 1 ’

So if we take #={, (real number) such that

A—(p+v)t,—AE=0,

then we have
0 w
n= ( "0 ) ’

where v”—,u.”=~—7;—(lz+m2+n2) and p/'V'=—m?y2, i.e,
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W= (—(PAm—m)+y/D) and v'= J (B4+mi—nt+y/ D),

D=l4+m+n)(—m+n)(U+m—n)(l—m—n) > 0. (If D=0, then xy=yo%).
Thus we have

- 0 Ir
a1
R=r (-mo)"’

0 o (—@+m—m+,/D)
Yo=r"1 r.
-—;rl— Brmi-n+/D) 0

For real matrices xy and ¥, if 1, % and y, are linearly independent and xy,
=Xyt Yo—paprs, then gy and p, must be real. There are no real numbers such
that e(—2pu)=e(—2p2) 30 for p; ¢ p; and e(2p)=1 for p=p;0. (See Remark
3, p. 350). That is, there exist no real matrices of order two such that eXeV—eX+¥
2= eVeX.

Thus we have

CoroLLARY 6. All the non-commutative real matrices x and y of order two satisfy-
ing eXed=e*+Y are given by ‘

{ r=a;+q"'%q,
y=81+q"'%q,

where q is an arbilrary non-singular real maitrix, oy and [, are arbitrary real
numbers, and % and 5 are given as follows :

o [ 0 Im
=(_1'o):

MD: . 0 —;rl— (—(PAm2—12)+/ D)
= ,

5 (PAm—n+1/D) 0

where 1, m and n are non-zero integers such that l4+m+n=0 (mod. 2) and
D=4+m+n)(U—m+n)(l+m—n)(I—m—n) > 0.

(I1): There exist no real malrices of order two such that e¥eY=e%*YceVeX;
that is, for real matrices, eXeY=e*+Y implies e¥eV=eYe*.

Mathematical Institute,
Hiroshima University
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