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The set of all closed linear manifolds of a (not necessarily separable) Hilbet
space is a (I) complete, (II) relatively atomic, and (IV) orthocomplemented lattice
satisfying (III) the exchange axiom of MacLane [170, together with the following
condition : .

(V) If b, ¢ are orthogonal elements, then it holds (b,c)M, ie., a<c imph'és
(a~b) ~c=a~ (b~c). _

The purpose of this paper is to study an abstract lattice L satisfying these five
conditions (I)-(V). The main results are as follows? :

(1) Any element g of L has an orthogonal basis, that is, there exists an-ortho-
gonal system of points whose join is equals to a.

(2) If P, Q are both orthogonal bases of an element, then P and @ have the
same cardinal numbers provided that L satisfies furthermore an “ counrability con-
dition of dependence ”.®

(3) Any quotient lattice of L has the same properties as L.

(4) L is a direct sum of irreducible sublattices.

(5) Projections and permutability of elements are defined and their interrelation
is investigated.

§1. The lattice of closed linear manifolds of a Hibert space.

Let  be a (not necessarily separable) Hilbert space, and let the set of all closed
linear manifolds of § be denoted by L. It is well known that L is a complete,
relatively atomic, and orthocomplemented lattice, partially ordered by set-inclusion.
Croisot [1] has shown that L satisfies the exchange axiom of MacLane¥. Hence we
have the following :

1) The numbers in square brackets refer to the list of references at the end of the paper.

2) An exchange lattice of MacLane [1], which is equivalent to a “ matroid latlice” in the ter-
minology of F. Maeda [3], is a complete, relatively atomic lattice satisfying the exchange axiom
together with the “finiteness condition of dependence”. MacLane [1] has shown that analogous
theorems to (1)-(3) above are valid in any exchange lattice (cf. ibid. 458, Theorem 3, 4 and 6);
(4) has been shown for an exchange lattice by U. Sasaki and S. Fujiwara [17] 188, Theorem 4.

3) Cf. the condition (VI) in Theorem 2.2 below.

4) Cf. Croisot [1] 259, Lemma 1 and 261, Lemma 3 which are respectively (4//) and (¥') in
Remark (2) below. o
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TueoreM 1.1. The lattice L of all closed linear manifolds of a (not necessarily
separable) Hilbert space 9 satisfies the following conditions :

() It is complete.

(1) It is relatively atomic: a<b implies a<<a p b for some point p.

(III) It satisfies the exchange axiom of MacLane :

() p=qwva, ﬁha=0' imply q<p-va.

(V) It is orthocomplemented: There exists a one-lo-one mapping a— a* of L
into L such that (1) a < b implies a*-=>b", (2) (a*)*=a, and (3) a ~ a-=0%,

V) b c* implies (b,c)MPO. ‘

Proor. It remains merely to show the condition (V). As is well known, L is
isomorphic to the lattice of all projections in 9, partially ordered by the relation
=< which is defined as follows: EXF if and only if EF=FE. Now let F, G be
orthogonal projections in §, and let E be any projection with EXG, then it is
obvious that (E+F)G=E, completing the proof.

" ReMARK. The following propositions will be used frequently in the sequel with-

out further reference: ‘ '

(1) In a relatively atomic lattice, any element a is the join of all pointé ‘con-
tained in a’. .

(2) In a relatively atomic lattice, the following conditions are equivqlént to each
other® :

(n) bp=qvae pra=0 imply q<p-a.
(") If p£a then p—a covers a.

(&) If a covers a~b then a-—b covers b.

(3) An orthocomplemented lattice is self-dual, whence any proposition yields its

dual. For example, in a lattice satisfying the conditions (II), (III), (IV), it holds
the dual of (&) : A : S :

(&M If avb covers a then b covers a~b.

If L satisfies (IV), (V), then the dual of (V) is valid:
v V) If b <c*, then it holds (b,c)M, ie. a=>c implies (a ~b) c=a~ (b o).

§2. Orthogonal bases. , o
DEeriNiTION 2.1. In an orthocomplemented lattice, an element ¢ is said ortho-
gonal to b, denoted by a-+ b, if a=b*. It is obvious that ¢+ b implies b--a. By
an orthogonal system, we mean the the set of elements {a,; ae€l} such that if

5) . Cf. Halmos [17 24, Theorem 1, 3, 5.

6) By (b,c)M, it is meant that ¢<c implies (¢~ b) ~c=a—~ (b ~¢).
::7) Cf. F. Maeda [2] 88, Lemma 1.1.

8) Cf. F. Maeda [3] 180, Theorem 2.
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a3 then am\—l-ag. V(as; ael) is denoted by V(®as; ael) provided that {a,;
a eI} is an orthogonal system. In particular, if P is an orthogonal system of points,
V(p; peP) is denoted by V(®P), and P is called a arthogonal basis of a, if
a=\(®P).

LemMa 21. In a lattice satisfying the the conditions (II) and (IV) in Theorem
1.1, the condition (V) is equivalent to "

V) p=<adb and p=b* imply p=<a.

Proor. First we shall show that (V) implies (V/). Let p<ab, and p, a<b".
Since it holds (b,5)M by (V), we have (@ b)~b*"=a, and it follows p<a. Next.
we shall prove that (V/) implies (V). Let a<c, then it holds (@ b)~c=a(b~c)
in general. Thus it is sufficient to prove that p < (a—b) ~c¢ implies p<a- (b
~¢). Now p<(a~wb)~c implies pa-w b and p<c. Since b-r¢, it follows arb
and p < ¢ < b, whence we have p<a by (V).

Unless otherwise stated, in the remainder of this section we shall denote by L
the lattice satisfying the conditions (I)-(V) in Theorem 1.1. ) ’

LeEMMA 22. If a>b in L, then there exists a point p such that a=bdp.

Proor. There exists a point g such that a=>b\ ¢>b by (II). In view of the

fact (b, 5)M, we have {(b q) ~b*}—b=bq. Since L satisfies. (9"), b~ gq
covers b, whence (b q) ~ b~ covers {(b~ q) ~ b} ~b=0 by (£"). The point
p=(b q) ~ b* is the desired one.

TuroreM 2.1. Let L be a laltice satisfying the conditions (1D~(V) in Theorem 1.1.
If P is an orthogonal system of points such that \/ (DP) < a, then there exists an
orthogonal basis of a containing P. Consequently every element a(>=0) has an or:
thogonal basis.

Proor. Let S be the set of points contained in a, then there exists by Zorn’s
Iemma a maxxmal orthogonal system of points @ such that PC QcS. Then Q
is a basis of a, since otherwise we have V(®®Q) < a, which implies the ex1stence of
a point p such that pPV(DQ) < a, whence {p, @} is an orthogonal system contain:
ing @, contrary to the maximality of @.

LemMmA 23. Let S be an orthogonal system of points of L. If p < \(DS), then
there exists a unique subset T of S such that p < N (®T), but p £ V(QT') for any
proper subset T' of T.

‘ProoE. (i) Put T={teS;t£p*} and R={reS; r=<p*}, then we have
PSV@TYDV(®R), and p <{V(@R)}*. It follows from (V') that p < V(@T).

(ii) For any teT, put T'=T—¢ If p<V(®T'), then we have p.<t- con-
tradicting the definition of 7. Thus p £ V(®T") for any proper subset 7Y of 7.

(iii) Let U be a subset of S such that p < V(®U), and p £ V(@U") for any
proper subset U’ of U. If reS—U, then it holds = V(®U)=p and so reR-—iS—T,
whence we have U= T. Hence it holds that U=T, completing the i)roof.
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It is known that all bases of an element have the same c¢ardinal number in any
exchange lattice?. However, in a lattice satisfying the conditions (I)-(V), the unique-
ness of the cardinal number of orthogonal bases of an element is secured under an
additional condition stated below.

..TueoreM 2.2. Let L be a lattice satisfying the conditions (1)-(V) in Theorem
1.1. and in addition

(VIO p <V (P) implies p < V(p;; i=1,2 ) for some p; e P(i=1,2, --), where
P is a set of points of L.

" Ifboth P and Q are orthogonal bases of an element a, then P and @ have the
same cardinal number. :

‘Proor.” Case 1. Either P or @ is a finite set.

By symmetry we can assume that P is a finite set {p;; i=1,2,-,n}. The
cardinal number of @ can not exceed 7, For otherwise there exist points ¢, gy, -
e , qnﬂeQ and it follows from U. Sasaki and S. Fujiwara [1] Lemma 22 that

V((—B g;)= V(@ p,) agq“l, contrary to the orthogonahty of Q Similarly P, the

cardinal number of P, can not exceed Q, and so we have P—-Q.
. €ase. 2.. Both P and @ are infinite sets.

Since .a=V(@®P)=V (@), it follows from the cendition (VI) and Lemma 2.2 that
for any g€ @ there exists a countable subset 7, of P such that ¢ < V(®T,) and
q £ V(@T) for any proper subset 77 of T,. Since any point of P belongs to some
F(qe @), we have P=\/(T4: qe Q). On the other hand the cardinal number of
\J(Tq; qe @) can not exceed'é- 1{0=§. Thus we have ?g 5 Similarly we have
Q < P, completing the proof.

§3. Quotient lattices.

DeriniTION 3.1. Let @ > b in an orthocomplemented lattice, we shall denote by
a/b the lattlce of all elements ¢ such that azc22b, and by a©b we shall mean
the element a ~b™.
LemMma 3.1. In a latlice satisfying the conditious (V) and (V), the following rules
of computation hold :
a2 b implies a=bD(@aOb).
c<a itmplies a© (aOc)=c.
bPc<a implies a®©(Bd®Dc)=@Ob)Oc.
aDx=a®Dy implies x=y.
rLy<a and aCx=aQy imply x=y.
9) Cf. MacLane [1] 458, Theorem 6:
160) Compare with the condition (F) of MacLane [1] 458. Remark also that (VI) is satisfied
in the lattice of all closed linear manifolds of a Hilbert space, cf. Halmos [1], 22 Theorem 1.

11) In fact, suppose that a point p(eP) belongs to none of Tq(geQ), then we have p <\/(BQ)
< V(P-p) £ p*+, which is a contradiction.

S
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Proor. (1)-(3) are obvious.

(4) a@x=a®Dy implies (avw x) ~a-=(avwy)~a", whence it ho]ds x=y in
view of (¢,a")M, and x,y < a*.

(5) 1t follows from (1) that x@® (@O )=y D (a @y), whence .we have x—y
by (4).

TueoreM 3.1. Let L be a lattzce satzsfymg the conditions (1D—(V) in Theorem 1. 1
If a>b in L, then the quotient lattice a/b satisfies also (1)-(V), and ils points are all
the elements of L of the form b ® p, where p is a point of L such that p Db< a.

Proor. Such an arbitrary element 5 @ p is a point of a/b, since b @ p obviously
covers b which is the zero element of a/b. Conversely if d is a point of . a/b, then
a=d and d covers b, it follows from Lemma 2.1 that there exists a point p with
d=bdp=Za. v

" Now it is sufficient to prove (II)-(V), since a/b is obv1ously complete ' .

(ID If ¢,dea/b and ¢ > d, then we have c = d @ p > d for some point p of L
by Lemma 2.1, whence it holds c=d (0 ® p) >d. Thus a/b is relatively atomic.
- (III) Let b@®p be a point of a/b which is not contained in cea/b, then ¢ (cDp)
=c p covers c since p £ c. 'Thus a/b satisfies (9”) and so does (/).

(AV) Put ¢/=(aBc)®b for any cca/b. We shall show that ¢’ is the orthocomple-
ment of ¢ in a/b. Let c¢,dea/b and ¢’=d', then the applications of (4) and (5) of
Lemma 3.1 yield ¢c=d, which shows that the mapping ¢— ¢’ is one-to:one. Ohviously
¢ <d implies ¢/ = d'. The applications of (3), (2), and (1) of Lemma 3.1 yield ¢’=c.
Since it holds (¢ e)M, we have b<c~d=c~{(a@c) b} <c~(c"— b)=b.
whence ¢ ~ ¢’=b. - Hence a/b is an orthocomplemented. lattice. . -

(V) Let y,2ea/b and y <2/, then x < z implies »

e~z nzS(E v zt) ~z2=x,
whence we have (y,2)M.

This completes the proof. .

If L satisfies in addition the condition (VI) in Theorem 2.2, then it is easily séexi
that the quotient lattice a/b satisfies also (VI).

§ 4. Direct decomposition.

DeriniTION 4.1. In a lattice with 0, if p, ¢ are points such that p<gqva, p~a
=0 for some element @€ L, then p is said perspective to q and denoted by p~g.
Remark that p~gq is equivalent to g~p in a lattice satisfying the conditibn (ﬁ’).
Lemma 4.1. Let L be a lattice salisfying the conditions (ID), (IIL), AV).  If p=<q-—a;
b, q being points and a being an element- (+0) of L, then there exisis a poz'ni’ r such
that p<q~r and rZ a. S ' '
Proor. We can assume without loss of generality that p+q, and p £ a. Since
q £ a, we have by (%) that (p— g) w a=q'v a covers a. It follows from ({-”) that
(P~ q) ~a is covered bp p q, whence r=(p— ) ~a isa point of L with »<a
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and r<p- q. By using (#') we have p<qw 7.

An immediate consequence of this lemma is the followihg corollary which will
be used frequently without further reference.

CoroLLARY. In a lattice satisfying the conditions (II), (II), (IV), two poinis p,q
are perspective to each other if and only if p < q— 7 for some point r(==p).

Now we shall show that the perspectivity is transitive.

LemMma 4.2. In a lattice satisfying the conditions (I1), (II1) and (IV),

p~q and g~r  imply p~r.

Proor. We may assume without loss of generality that p, g, » are distinct and
DEqg—r. Since p=<q-s and g<7r ¢ for some points s(&p) and #(Zq), it holds
that p <7 s Now suppose that p <s. £ then we have s f=p-—s>q and
swi=qt=r by (), and it follows from U. Sasaki and S. Fujiwara [1] Lemma
2 (2°) that g~ 7»=s-— ¢t and so g\ r=p, contrary to the assumption. Thus we
have p ~ (s~ £)=0, and it follows that p~7.

DeriNiTION 4.2. In a lattice with 0, by ap b, we mean that (a- x) '\b-—xAb
for every xe L. If S is any subset of L, we denote by S” the set of @ such that
‘ap b for all beS.

« Unless otherwise. stated, we shall denote by L in the remainder of this section
the lattice satisfying the conditions (I)-(V).
LemMA 4.3. The following conditions are equivalent in L:

() aphb.
€°)) There exist no points p, q such that p<a, q< b, and p~q.

Proor. The implication (a)—»(ﬁ) may be proved by a verbatim repetition of
F. Maede [2] Lemma 1.6, while to prove the converse we need a slight modification.

Let us assume that (@) is false, then there exists x>0 such that (aw—x) ~b
>x~b. 1t follows from Lemma 2.2 that there exists a point g such that (e x)
A= (x~b) Da. "Then £~b~ q=0, ¢ b ‘and so we have q ~ x=0. Now since
gl avwx=x® {(aw x) ©x}, the element (@ x) @ x contains at least one point 7
" which is not orthogonal to g, for for otherwise we have ¢ < {(aw %) ©x}* and it
follows from the condition (V') that ¢ <, contrary to the preceding statement. Then
we have » <a ' x and » <x", whence 7 is not orthogonal to some point p < g, since
otherwise we have » <a* and so »<(a- x) ~a" ~x =0, which is a contradic-
tion, Here we remark .that fwo points which are not orthogonal are perspective o
each other. Consequently we have g~7 and r~p and so it holds q;vp and p<a,
contrary to (B). | b o

DEFINITION 43. Let {Ss; aeI} be a family of subsets of L. If

12) Proof: If g is not orthogonal to 7, then we have g™, Smce gsrrh it holds q~r
by Definition 41. : - . : o .
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(1) every ae L is expressible in the form
a=V(as; ael), aseS«ael), and
(2) afB implies Sz<S7,

then L is called a direct sum of S.(aeI), and is denoted by L=3(® S»; ael).

Lemva 44. If bpasCael) in L, then it holds by \V(aw; ae’l).

Proor. Suppose that & p V(as; aeI) is false, then it follows from Lemma 43
that there exist points p, g such that p < V(as; ael), q<b and p~q. Now let
{p8; Bel,} be the set of points contained in @, then we have p < V(p8; Bels, ael).
It follows that there exists a point p3 which is not orthogonal to p, whence Pi~p
and so pi~ q for some € I, Bel,, contrary to bp a..

'By making use of this lemma, we can easxly verlfy the following :

Lemma 45. If L is a direct sum of sublattices Sa(cceI), then any element ae L
is expresszble umquely as

a=V(as; ael), aw€Su(ael),

and L is isomorphic to the direct product TI(Su; ael).

Proor. Cf. F. Maeda [1] Lemma 2.2 and Theorem 2.1.

By a similar argument-as in F. Maeda [2] Theorem 1.1, we obtain the following!3.

LemMa 4.6. L is a direct sum of sublattices Su of L, that is, L=3(® S«; acel).
And any two points of the same S. are perspective to each other, and two poinis
which are contained in distinct S, and Sg are not perspective.

- Thus we obtain the following theorems by verbatim repetitions of the arguments
in U. Sasak1 and S. Fujiwara [1], Theorem 3 and 4.

Turorem 4.1. A lattice satisfying the conditions (1)-(V) in Theorem 1. 1 is :rre-
ducible if and only if any two poinis are perspective to each other, |

" THEOREM 4.2. A lailtice L satisfying the conditions (1)~(V) in Theorem 1.1 is a
direct sum of irreducible sublaillces which satisfy the same conditions as L.

§5. Projection.

In this section, we shall denote by L a Iattlce satisfying - the conditions (I)-(V)
in Theorem 1.1.

LeMMA 5.1. Ifp£b, p<a®bin L, then (p ~ b)~a is a point. v

Proor. By virtue of (a,b)M, we have {(p—b)~a}w b=p-—>b. 1If follows
from (77”) that {(p '\« ) ~ a}« b covers b, whence it holds by (&) that {(pvb)
~a} ~b=0 is covered by (p - b) ~ a, completing the proof.

LemMMA 52. If p<a®b, a,b0in L, then p<q@Dr for some points i<a,
r = b; in particlar if p £ a,b, then q,r are determined uniquely dependent on p, a, b.

13) Remark thatif p < \/(P), where P is a set.of points whi¢h is perspective to a fixed point
Do, then it holds p~py, in fact p is not orthogonal to some point p'e P, whence p~p/~py.
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Proor. We can assume without loss of generality that p£a and p £5. Put
g=(p b) ~a, then by Lemma 5.1, ¢ is a point such that g<<p\ b and ¢<a.
Hence by (#') we have p <q@® b. Then by a similar argument, r=(p\— q) ~b is
a point and » b, r <p '\ q, whence p <g@r by (n).

Next suppose that p ¢ @7, ¢ =a, and » < b. In view of (') it holds that
dSp—r=p-b, whence ¢ <(p -~ b) ~ a=q. Consequently we have qd=q. By
symmetry it holds #’=(p v a) ~b.

ReEMARK. If ¢ is an element (0,1) of L, and if p is a point such that p £ q,
p £ a*, then there exist uniquely determined points q,» such as p<qg@®7r», q=a,
r<a“-;aq,r bemg (p~ a*)~a, (p — a) ~ a*, respectively.

We may consider that this fact corresponds to the one in a Hilbert space § that
if fis an element of § and M is a closed linear manifold, then there exist elements
g, h such that f=g+h, geM, he M, motivating the following:

DeriNiTion 5.1. Let @ and p be respectively an element and a point of L. We
shall define @ap by (P~ a™) ~ a and call it a projection of p on a. In particular
we shall define @,0=0.

REMARK. For any point’ p and any element a of L, we have p = pap ® @a-p in
view of the preceding remark. ' v

LemMma 53. The following propositions are valid in L:

(¢h @pap=p  if and only if p=a.
@) ‘ Pap=0 if and only if p=<a".

Proor. (1) The necessity is trivial and the sufficiency follows from the fact
(a*,a)M. (2) The sufficiency is obvious and the necessity is immediate from
Lemma 5.1. - " o

LEMMA 54. If p<b®c, b=<a, c<a+ for some element a in L, then it holds
Pad=Psp=(p~~¢) ~b. _

Proor. It follows from ¢ <<b" that (p—c) ~b=<(p b*) ~b, whence we can
infer (pc) ~b=@pp. For otherwise we have 0=(p\c) ~b < @pp, it follows
from Lemma 51 that p <c, whence p <b4', contrary to 0< Pop by Lemma 5.3.
Similarly ( p o) A~ b=gap, whence we have @ap=gqsp.

Now we shall characterize the prOJectlons.

Tureorem 5.1. Let L be a lattice satisfying the conditions O (V) Theorem 1.1,
and let P be the set of all points of L together with 0. A mapping ¢ of P into P is
identical to a projection on some element a of L if and only if il salisfies the follow-
ing conditions : ’

¢)) PENV(ppe; ael)  implies  @p=p.
@) Drpq implies ppLq.
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@ - pP=q-~r implies  @gp <@g @r. -,

Proor. Necessity. (1) is obvious, since @aps <a(aeI). (2) Suppose p- Pad
then it holds (g a*) ~a <p* whence p <(g*~a)®a* It follows that p < a*
S(g-~a)®@a*, and so (pvar) ~na<{(g-~a)Da'} ~a=qg-~a<q" That
is, @apL+q. (3) Since q <cpaq @ Pa-q, and 7= @ar ® @q-7, we have

= (¢aq ~ (Paf) Q (Parq~ ¢a*f) -

It follows from Lemma 54 that Pap is equal to the projection of p on @.q v @ar,
whence we have Pap = =< Pad ~ Par.

Sufficiency. Put a=V(@q; ge P). Then since @op <a=\ (9q; g€ P), it follows
from the COndltIOI’l ( 1) that @(@.p)=@.p. Next we have qxpa*p—-o in fact, it
holds @a-p-+ @q for every qe P, and so P@a-p is orthogonal to every ge P by the
condition. (2), whence qxp,fp =0. Now p = @ap ® @q*p for any peP. It follows
from the condition (3) that ¢p < @@.p ® @@a-p. Hence by the above results
we have @p < @ap which yields gp=gqp for every pe P. For otherwise 0=gp<@.p,
and it holds @p-q for every ge P, and so p is orthogonal to every ¢q(qe P), whence
p-La, contrary to the fact @,p>0. Now it is clear that the condition (1) yields
@0=0. Hence @ is identical with @, '

CoroLLArY. If a b in L, thern papsp=qap for every point pe L:

Proor. For any point peL, it holds p < @sp ® @s+p. It follows Theorem 5.1
(3) that @up < @apsp ~ @apo+p. Since a b, we have @,pp+p=0 by Lemma 5.3
(2). Hence @ap < @a@sp, whence we can infer without difficulty that @.p=@aepsp.

DeriniTION 5.2. Let a,b be elements of L. If a=(a~b) ® (a~b"), then a is
called permutable with b.

LemMMA 55. If a is permutable with b, then b is permutable wzth alv

Proor. Since a=(a ~b) ® (a ~b*), we have a*=(a ~b)* ~(a" - b), whence
it holds b ~ a*=(a ~b)* ~(a“ b)) ~b=(a~b* ~b. It follows from the fact
(@~ b)*, a ~b)M, that :

brna)®dB~aH)={@~b+~b}—(a~b)=b.
Interrelation between the permutability of the elements @, b and the com-
mutativity of the projections @q, @s is verified by the following:

TueoreM 5.2. Lel a, b be elements of a laltice satisfying the condition 1-V in
Theorem 11 Then the followmg proposztums are equzvalent to each other:

(a) ais permutable_wzth b.
(B)  Papsp=gsPap=@a~sp  for any point peL.

(D gp<a for any point p<a.

14) Cf. F. Maeda [4] 207, Lemma 1.2.
o — a0 -
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Proor. (@)—>(B). Since a=(a ~b) ® (a ~t+), we have @ip <(a~b) D (a~
b-) for every point pe L. By virtue of the fact a ~ b5, a ~ b~ <b*, it follows
from Lemma 5.4 that @s@ep=@a~s@ap. An application of Corollary of Theorem 5.1
vields @y~sPap=qa~sp, whence we have @p@op=@q,~sp. In view of Lemma 5.5, it
holds similarly @.@sp=@a~sp. ,

(B)—(y). Since @ p=p for any point p = a, we have

PLO=PsPap=@a-sp = a.

(y>—(a). It is sufficient to prove that d_S_(a ~b)® (a~b*), since the con-
verse ineq'i:tality is valid in general. Now let p < g, then it holds by hypdthe‘sis,
¢’bl’ <aA b. We have in general pS Pop D pup, W where we can assume p ¢ @sf,
smce otherw1se the result is obvious. It follows from (%) that @p-p<p - psp Z a,
whence qib-'*ﬁ <a~b". Hence p=<(a~ b ® (a ~b*). Thus we have in view of
the condition (II), ) ‘ '

a=(anb)®(a~b").

. This completes the proof. ..

In cornclusion, the author wishes to express h1s hearty thanks to Proof. F. Maeda
for his kind guidance. ‘
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