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ABSTRACT. This paper proves a new regularity criterion for a density-dependent
incompressible liquid crystals model with vacuum but without any compatibility
condition.

1. Introduction

In this paper, we consider the regularity criterion for the density-dependent
incompressible nematic liquid crystals model [2, 3, 14, 18]

Oip + div(pu) = 0, (L.1)
Oi(pu) +divipu @ u) +Vrn — du= -V - (Vd O Vd), (1.2)
od+u-Vd —Ad = d\vd]*,  |d| =1, (1.3)
divu =0, (1.4)
(psu,d)(-,0) = (pg, ug,do),  |do| =1~ in R?, (1.5)
‘Xlliflw(/’a wd) = (5, 0,do), o= |x1\1£>noc por  do= le‘iinoo do,  (1.6)

where p denotes the density, u the velocity, n the pressure, and d represents the
macroscopic molecular orientations. (Vd ©QVd), ; := > 0id0;di, and hence
‘ k

V-(VdOVd) =Y AdVdy + %V|Vd|2.
k

When d is a constant vector with |d| =1, then (1.1), (1.2) and (1.4)
represent the well-known density-dependent Navier-Stokes system, which has
been an object of many studies [7, 1, 12, 15]. Fan-Ozawa [7] proved the
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following regularity criterion
we L¥U0(0,T;B; ) with 0<r<1. (1.7)

Very recently, Li [15] shows the local well-posedness of strong solutions
to the problem (1.1)—(1.6) with vacuum but without the following compatibility
condition

Vry — dug+V - (Vdy ©Vdy) = VPod

for some (mo,g) € H' x L?, which was used in [1, 12].

When u =0, (1.3) is the well-known harmonic heat flow.

Li-Wang [16] have proved that the problem (1.1)—(1.6) has a unique
local strong solution. Fan-Gao-Guo [5] and Fan-Li [6] showed some blow-up
criteria. The aim of this paper is to prove a new regularity criterion

u,Vd e L¥0(0, ;B ) with 0<r<1 (1.8)

for the problem (1.1)—(1.6) in the framework of [15]. We will prove

THEOREM 1.1. Let 0<p, <supp, < o, VpyeL’NL’ (2< p<6),
upe H', Vdye H', divuy =0 and |do| =1 in R®. Let (p,u,d) be a local
strong solution to the problem (1.1)—(1.6). If (1.8) holds true with 0 < T < oo,
then the solution (p,u,d) can be extended beyond T > 0.

REMARK 1.1.  For the case that inf py > 0, Theorem 1.1 is proved recently
in [8]. Concerning related studies, we refer to [4, 9, 10, 20] and references
therein.

REMARK 1.2. We can prove a similar regularity criterion
2 R0
u,Vd e L*(0,T; B, ).

REMARK 1.3. We can prove some similar regularity criteria in a bounded
and smooth domain.

In the proofs, we will use the following Gagliardo-Nirenberg inequality
IVl 7o < Clldll -1 4d) o2, (1.9)

and the following interpolation inequalities [11, 17, 19]:
V||, < CIVa| 5" Idllfe, (1.10)
1V2d] i < CIVAl (]l (1.11)

with 0 <r< 1 and 0 ::%, and p = _Z(ITM'



Remarks on a liquid crystals model 131
We will also use the following bilinear estimates [13]:
- Va2 < Cllull g Nl e (1.12)

Ve + CIVAl g0 g (113)

with 0 <r < 1.

2. Proof of Theorem 1.1

Due to the aforementioned existence and uniqueness theorem for local
strong solutions, by using a standard continuation argument, we only need
to establish a priori estimates on smooth enough local solutions. Hence, by
using a standard argument we assume the existence of strong solutions in the
maximal interval (0,7), and all the calculations we are going to perform are
completely justified. By proving uniform bounds for all 7€ [0, T), for appro-
priate norms of the unknowns, we will show that the solution can be continued
beyond 7, which is in contradiction to its maximality.

First, observe that, thanks to the maximum principle, it follows from (1.1)
and (1.4) that

0<p<C. (2.1)

Testing (1.2) by u and using (1.1) and (1.4), we see that

%%JP\ulzderJ\Vulzdx: —J(u-wd-dd dx. 22)

Testing (1.3) by —4d and using d-Ad = —|Vd|* and |d| =1, we find
that

1d 2 2

: EJ|Vd| dx+J|Ad| dx

= J(u -V)d - Ad dx + J(d - Ad)*dx

< J(u V)d - Ad dx + J |Ad|*dx. (2.3)

Summing up (2.2) and (2.3), we get

1 T 1
EJ(p|u\2+|\7af|2)(z)dx+J J|Vu|2dxdt§Ej(p0|uo|2+|Vd0|2)dx. (2.4)
0
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Testing (1.2) by d,u and using (1.1) and (1.4), we get

% %J Vul?dx + Jp|6,u|2dx

—qu~Vu - Ou dx—i—JV@tu :Vd OVd dx
=L+ (25)
Using (1.12) and (2.1), we bound I; as follows.

I < /7l o /ol ol - V],
< Cllv/poudl 2 llull

1—
< Clly/poullallull g0 [Vall V2l

e

2 2 2/(1-r 2
< elly/poul o+ elVul 7o + Cllull " IVul 72 (2.6)

for any 0 <e¢ < 1.
On the other hand, because (u,7) is a solution of the Stokes system,

—Au+Vrn=f:=-V-(VdOVd)— pdu—pu-Vu. (2.7
It follows from the H>-theory of the Stokes system and (1.12) that
IV2ull 2 < CIlf Il
< CIV - (Vd O Vd)||,2 + Clly/poul 2 + Cllu-Va -
< ClVdllgr [ldll o+ Clly/Boully + Clullgr [l 1.

L2

< ClIVdl|gr |IV?d|}" |V Ad]l}: + Cllv/pou]
+ Cllulls[Vull 2"V 2ull;»

< L\wulle + cllvBoud,. + IV 4d),. + Cvd) YO vl

= 2 LZ p t LZ LZ B;x LZ

1/(1-r
+ Cllull vl
which gives

IV2ull2 < Cllypoull + CIIVAd]| -

1/(1—r 1/(1—r
+ CIVdl VP o Cllal IVl (28)
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Here we used the following bilinear estimate [13]:

V- (Vd OVd)| .. < C||Vd|

B ||dHH2+r with 0 <r < 1. (29)

By integration by parts, the term I, can be rewritten as

L :%JVu :Vdovd dx—2JVu :Vd ©oVd dx
d
=: EJVM VdoOVd dx+ L. (2.10)

Using (1.3), (1.9), (1.10), (1.11) and (1.13), we bound 75 as follows.

L < CHV”H[}N(H)

vd|

Va[dHLZ

Ly

< CIVA| o IVull o (IV A 2 + VA L IV 2102

VA o VAl a2 + IV (- V)| 2)

< CVd| o IVatll 2o (VA 2 + [Vl L IV 22 + IV (- V)] 2)
< &l|VAd| 7z + CIIVA||7, V| Fair o + ClIV (- V)72

+ CIVd| 7, Ve 722

2 2 2 2 2
< e Vad|} + CIVA|G. [l + Cllull |ld] 5

2 2 2(1-0 20 20 2(1-0
+ CIVdllg lullg + CUVAIG " Nl el 5 e :2"

H1+r
2 2 2 2 2
< e VAd| 2+ Cluld. + 1Vl Yl + ld])3e-0)

< 2¢|VAd||}: + &l Aul|;

2/(1-r)

2/(1—r
o WVl + 4] ) (2.11)

+ C(lul g

for any 0 <& < 1. Here we used the interpolation inequality [11, 17, 19]:
IVl s < C||u||g;,;x|\u||};7fy with 0 < r < 1. (2.12)

Applying 4 to (1.3), testing by 4d and using (1.9), (1.10), (1.11) and (1.13),
we reach

% %J | Ad)*dx + J \VAd|*dx

= — JV(d|\7d|2)VAd dx + JV(u VAV Ad dx
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< CIVdl ., (VA Zaros + V2l o) IV Ad
+ ClV(u-Va)| |V Ad] .2
< CVd|| 1, V2d|| i [V Ad]| 2 + ClIV (- Vd)

LZ VAdHLz

2 2 2 2 2 2 2
<el|Vad|p. + CIVdl.r Nl + Cllullzr lldligee + ClIVA|lg., lullg
< 26||\VAd||. + & dul| 7

2/(1=r 2/(1-r
+ Cullg S + 1) Avallz + (V2dlIz) (2.13)

for any 0 <e < 1.
Combining (2.5), (2.6), (2.8), (2.10), (2.11) and (2.13), taking & suitably
small, noting that

Uvu :Vd O Vd dx| < |Vu|,.|Vd||?s < C||Vul|,||4d]| -,

and using the Gronwall inequality, we conclude that

IVull Lo, 7502 + WVull 20, 7,10y + IVPuill 1200, 7, 12)
+ IVl -, 7.0y + IVl 20, 712) < €. (2.14)
Testing (1.3) by d; and using d -d, =0 and (2.14), we deduce that

1d
EEJ'W‘Z‘J"*J'W‘[’“: —Ju-Vd'd, dx
1
< lullslVellslldili > < Clldill 2 < §||d,||iz +C
which gives
il 220, 7, 22) < € (2.15)
Testing (1.3) by —A4d, and using (2.14), we derive

l1d

. EJ Addx + J Vd,2dx = JV(d|Vd|2 —u-Vd)-Vd, dx

< C(IVdllzo + V|l - [V2dll 2 + llull oIV
+ [Vl Vel ) V] 2
< C(1+ Vd| g + [V2dl| ) Vel -

1
< SIVAIE: + CO1+ IVl + V2d]}),
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which leads to
||df||L2(0,T;HI) S C (216)

Taking 0, to (1.2), testing by u, and using (1.1) and (1.4), we find
that

1
5 %J/ﬂut\zdx + J |Vu,|2dx = Jx(ilV(le)ut2 dx + Jdlv(pu)(u . V)I/l u, dx

- Jp(u, -Vu) - u, dx + Jﬁ,(Vd ovVd) :Vu, dx
=L+ Is+ s+ I7. (217)
Using (2.1) and (2.14), we bound I; (i =4,5,6,7) as follows.
I = = [ s v < 2Bl Bl el 17

1/2 1/2 1/2 3/2
< Cllypud, 2 lIpud [} Vel 2 < Clly/pud | Vel

IA

1
TVl + Cllvpul

Is

- quV[(u “Vu - u)dx

IA

2 2
1Pl 2o [ell o IV aell 2 IVl oot 6 A (121 oo el 2 IV Zatl] 2 e o

2
ol e el ze IV aell o [V el .2

1
< CV2ull 2 Vel 2 < T6||Vuz||iz + ClIV2ull 2.

Is < [Vl o [IVpudl [ 2 Ve 2 |t s
1 2 2
< Cllvpu| g3 lluel| o < EHV”fHLZ + Cllvpu| >
1 2 2 2
b < CIWVd| - Vdll Vel > < eIVl + ClIVAlL- [V L.
Inserting the above estimates into (2.17), we get

Esz|ut| dx+J|Vut| dx

1
< IVallZ: + Clvpul}: + CIV2ul}: + CIVAIE. V. (218)
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Applying 0, to (1.3), testing by —4d, and using |d| = | and (2.14), we have

1 d
: $J|Vd,|2dx+J|Ad,|2dx
=— J(d,|Vd|2 +do|Vd|]* —u-Vd,)Ad, dx + JV(u, -Vd) : Vd, dx

< C(ld oIVl o + VAl oIVl s + Null LoVl )| Ad ] 2
+ C(HV”tHLZHVd”LG + ||”t||L6||V2d||L2)Hth||L3
Clldill s + Vil )| Adil| 12 + ClIVuel| 2 V]| 2

IA

IA

1 1
gl Adi + 5 Va2 + CVdl .. (2.19)
Summing up (2.18) and (2.19), we arrive at

d

G|l < waa vl + 14 s
< Clypuillz: + CIVZullz: + CIVA| L V|l + CIVdi| 2. (220)

Multiplying (2.20) by ¢,

d
a (zj<p|u,|2 n |Vd,2>dx) s vl + 14 s

< Cj(ﬂ\urlz + V| *)dx + C(L+ |V )|l y/pudllzz + IV ek72)

+ Ct|V2ul) 2, (2.21)
which implies
T
OsupTtj(p|u,|2+|Vd,|2)dx+J Vil + [ Ad|2)de < €. (2.22)
<t< 0

Now it is easy to verify that

sup Jedt < C. (2.23)

t
0<t<T

T
(IV2ull7: + Vd|l7:) + JO 1|V ?ul
It is standard to find that

r T
|, 1wl < € [ w2 o

T
<c| W) e a
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T /4 ,.1 /4 ,.1
SC<J ||V2u||izdl> (J t||V2u||i(,dt> (J 12 dt)
0 0 0

<cC. (2.24)

12

Taking V to (1.1), testing by [Vp|? *Vp (2 < ¢ < o) and using (1.4) and
(2.24), we have

d
ZIVelL, < CIvull . IVpllZ,

which implies
IVollorn <€ (2<q< ). (225)
Similarly to (2.24), we have

T T
|t e < | “walvulae< c.
0 0

thus
g 4 ’ 4 Lo 4
|, et = | vl < | 19l e
T
< CJ lulld,di < C. (2.26)
0
This completes the proof. O
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