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ABSTRACT. By means of the transformations of Sears and Watson for the terminating
balanced 4¢;-series, we investigate the two terminating ¢-Kampé de Fériet series @11::23:: ;

and 452212; Several reduction and summation formulae are established. They extend

the corresponding known results about the double ¢-Clausen series.

1. Introduction and motivation

For the two indeterminates x and ¢, the shifted factorial of x with base ¢
reads as

(x59)y =1 and (x;9), = (1 —=x)(1 —gx)...(1—¢"'x) for neN.
When |¢g| < 1, we have two well-defined infinite products
(X; q)oc = H(l - qu) and (X; q)n = (X; q)oo/(qnx; q)r.o

k=0

The product and fraction of shifted factorials are abbreviated respectively to

o, B,....7dl, = (0),(B:49), - -- ;)5

[ a,ﬂ,-.-,yH _ (59),(Bi@)y - (59),
A,B,....CI"],  (4:9),(B;q),---(C;q),

Following Gasper—Rahman [8], the basic hypergeometric series is defined by
aop,dy, ..., A, © " (,,) S_r[ao,al,...,a, ] n

4, 2| = S (=1 z

”"’[ bi.... by ] DA,

where the base ¢ will be restricted to |¢| < 1 for nonterminating g-series. Most
of the g¢-series results concern the case r =s. When the parameters satisfy the
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condition gapaia, ...a, = bib,...b,, the series is said to be balanced. On the
other hand, when ¢gay = a;b; = --- = a,b,, the corresponding series is well-
poised.

There are different extensions of g-series in two variables. The easier case
is about the g-extensions of Appell functions (cf. Bailey [2, Chapter 9]), which
is considered by Jain [10]. The more general bivariate basic hypergeometric
function is defined by Srivastava and Karlsson [24, P 349]

A:r;s[ocl,...,ou:al,...,a,.;cl,...,cs;q:x,y

ﬁl,...,ﬁﬂ:b],...,bu;dl,...,dv;i,j,k

v

Ly B Bty [0 i), iy g (5)+1G) o
oo lBrs - Bl [b1s - bus gl ldy - dvial, (439),(4:9),

which is generally called the g-analogue of Kampé de Fériet function. When
i,j,k €Ny, this double series (15;“% is convergent for |x| <1, |y <1 and
lgl < 1. The literatures on basic double series have been less extensive. Apart
from the aforementioned works by Jain [10] and Srivastava—Karlsson [24],
most of the published papers on this topic deal with only the case correspond-
ing to A+r=3 and u+u =2, ie., the g-Clausen series. Early works can
be found in Al-Salam [1], Carlitz [3, 4], Sinhal [21] and Srivastava—Jain
[23]. Chu-Srivastava [7], Gasper [9], Karlsson [14-17], Van der Jeugt et al.
[18, 19, 25, 26], Singh [20], Sinhal [22] made further research and obtained
several interesting results. Recently, by applying exclusively the Sears trans-
formations for j3¢,-series, Chu-Jia [6] and Jia et al [11-13] examined system-
atically transformation and reduction formulae for the ¢-Clausen series.

After the ¢-Clausen series, the next natural target should be the ¢g-Kampé
de Fériet series with A +r=4 and y+u=3. In the terminating case, there
are two non—equivalent types of such series 051123: and @;fﬁ Having escaped
from the aforementioned works, these series seem to be the only remaining
instances of g-Kampé de Fériet function cbj;i, that can be attacked by
available univariate g-series transformations. The purpose of this paper is
to investigate thoroughly these series which will result in several transformation,
reduction and summation formulae with some of them involving double ¢-series
even beyond the class of ¢g-Kampé de Fériet functions. To our knowledge,
there does not seem to exist much mathematical literature dedicated specifically
to these series. Therefore, most of the results presented here seem unlikely
to have previously appeared, except for some particular cases contained in
[6, 11, 13, 25].

The basic tools for carrying out our investigation will consist of three
transformations on the terminating balanced 4¢;-series plus the g¢-Pfaff—
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Saalschiitz theorem. For the sake of subsequent references, we reproduce them
below. The first one is the Watson transformation (cf. Bailey [2, §8.5] and
Gasper—Rahman [8, III-18]) which is fundamental in the g-series theory:

a, qa'’?, —qa/ b, ¢ d, e q" .612+”a2]

8¢7[ a'?, —a'?, qa/b, qajc, qa/d, qaje, ¢'"a

[ ga,qa/bc X uf q™", b, ¢, qalde
~ Lqa/b,qasel?], "% qa/d, qa/e, ¢ "bc/a

T bede

q;q}

In order to shorten the lengthy expressions, we shall employ the following
abbreviated notation for the very—well-poised series

b, ¢, d, e, }
qa/b qa/c, qa/d, qale, qa/f '

Then the last transformation can equivalently be reformulated as

a7 C? e? qin
4(/53[ _ ’q; q}

b,d,q'"ace/bd
bd/ae,bd ce bd bd _, ,bd

:|: / / C]] W<_:aacv_7_7q yq _) (1)
" qe e'e ac

bd/e,bd/ace

2 _ /
W(a:b7cvd7eaf; ) _8¢ |:a qa qa

Two other transformations on the terminating balanced 4¢;-series due to Sears
[8, III-15 and III-16] will frequently be utilized

|1 _[d/a,bd]ce y a,b/e,b/e,q"
7= d,bd/ace 1 n4 3\ b,bd/ce,q" "a/d

a7 C? e? q_n .
b,d,q'"ace/bd 44

_ [a,bd/ac,bd/ae
| b,d,bd/ace

—n
a? C, e, q

493 [b,d,ql"ace/bd

q; q} , (2

493 [

b/a,d/a,bd]ace,q™"
} ¢3[bd/ac bd/ae,q' ™" /a

a q} (3)

When one pair of numerator and denominator parameters cancels, the 4¢;-
series becomes a balanced 3¢,-series, which can be evaluated by the well-
known g¢-Pfaff—Saalschiitz summation theorem (cf. [2, §8.4] and [8, 1I-12])

=

—n
sa, b

Ak q
2 ¢, ¢ "ab/c

“’L' @)

The rest of the paper will be organized as follows. In the next section, we
shall investigate the series (.151 2 by considering all the applicable possibilities of
three transformations (1), (2) and (3). The results are presented as six trans-
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formation theorems and twelve specific reduction formulae. Then the anal-

ogous examination for d);lz ; will be worked out in the third section. Finally,

the paper will be concluded with comments on the series (Dgé ;

2. Bivariate terminating series (1511 ; ;

In this section, we shall investigate the bivariate terminating series

'(q_n§Q)i+,' a, ¢ e
A » & Q . 5
i,j'zzoq (b;q)i+j [(1, d, ql_"ace/bd‘q]i () (5)

=2 20

j=0

¢ |: qj_n7 a, ¢, e
Hat ¢’b,d,q' "ace/bd

q; q} : (6)

By reformulating the 4¢;-series just displayed with (1), (2) and (3), six trans-
formation theorems will be established. Then they will be employed to derive
several reduction and summation formulae, that are mainly done by carrying
out the following replacements

a5 = [ o] L i i g raesalte] )
wena0)= (' 1-dp o] o

The reduced expression (7) is obtained by specifying the Q(j)-sequence in (5)
with (8) and then evaluating the corresponding sum with respect to j by means
of the g-Saalschiitz theorem (4).

1:3; 144

§2.1. Transformation into &5’ .

be expressed as

According to (2), the 4¢;-series in (6) can

¢ a, ¢ e
q’b,d, q'~ ”ace/bd

_[4¢’bja,q’bd/ce
| ¢/b,q’bd /ace a

493 [

o

¢ ¢/ a, d/c, d/e
" 3 a ,q’bd/ce,q'~ "a/b

v

} i { ¢/ a, d/c, dfe
3 1-n
0o d,q’bd/ce,q'"a/b

Therefore we have the equality

(47":9); [ ¢/b/a,q’bd/ce
Eq(5) = S0 f{ o/
)= 220G 5" | b /b ace

»

which leads to the following transformation theorem.
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THEOREM 1 (Bivariate terminating series transformation).

bd/ace,b (47" 49) [a, c, e :
U Q
Pty q]zq By o g raepalt) 20
_ Z :q) g )iy |: a,dfc,d/e (]:| (bd/ace; q)./ ()
i,j=0 bd/ce q)1+] q, d? qlina/b i (b/a; q)j .

This theorem contains the two transformations due to Chu-Jia [6, Theorems
4.1 and 4.2] as special cases, which can be confirmed by making the simul-
taneous replacements e — be and a — ab and then letting b — co.

In order to reduce the double sum on the right hand side, rewrite it as

~ [ g™ ad/cdle ] L} [qi‘”,bd/ace ] )
q n q i q| ()
; |:q7 dvql a/b7bd/ce ,; b/a,q bd/ce i

Then specifying the Q(j)-sequence in Theorem 1 by

LB b/a
90 = e, gscpyynal] 1

and evaluating the corresponding sum just displayed by means of (4), we find
after some trivial simplification the following reduction formula to balanced
sp4-series.

ProposITION 2 (Balanced reduction formula).

Z [y (q 7q)l+j ace ﬁ,y,b/d
2 4 (b;9);; q,d,q' "ace/bd 4 :Lg,bd/ace,q' "cefy/bd g ;

i,j>0
b/a,bd/cef,bd/cey ,a,d/c,dfe,bd/cefy |
{b bd/ace,bd ] cefy } 5¢4[d bd/cef,bd/cey,q'~ ”a/b’ }

Replacing e by be and then letting b — oo, we recover from this proposition
the two transformations due to Chu-Jia [6, Propositions 4.6 and 4.11], where
the s¢,-series needs to be inverted for the latter.

When f# = b/e and y = 1/c, the last s¢,-series reduces to a 3¢,-series, which
has a closed form in view of (4). This leads to the following summation
formula, which is equivalent to Gasper [9, Equations 5.5 and 5.6].

COROLLARY 3 (Summation formula of double series).

{d/c,bd/ae qL

d,bd/ace
B Z ’”,q (@7 9y a,c,e bja,bje,1/c
q7d7q17nace/bd i Qabd/acevqlin/d

q} qurj.
J

i,j>0 l+/
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The informed reader will notice that this corollary contains the formula due to
Van der Jeugt [25, Equation 11] (cf. Chu-Jia [6, Corollary 4.12]) as the limiting
case b — oo after having replaced e by be. Another limiting case n — oo has
been conjectured by Van der Jeugt and confirmed by Gasper [9, Equation 5.3].
§2.2. Transformation into @;éﬁj Instead, the 4¢;-series displayed in (6)
can also be reformulated by (2) into

‘ﬂ‘]}

} % o [qf", a, ¢’bfc, q’bje ‘]
n—j e quv qud/ce7 qlinﬂa/d ’

qj7n7 a’ C’ e

¢’b, d, q""ace/bd
B [qud/ce,d/a
| ¢/bd/ace,d 1

493 [

which yields the following transformation formula, whose limiting case ¢ — 0
has been obtained by Jia—Wang [11, Theorem 4.1].

THEOREM 4 (Bivariate terminating series transformation).

bd/ace,d 479y [a, ¢ e
i (i
vafeesate q]z" &y o raepalt) 20

_ Z iy q",b/c,bje
zx/zoq b,q""a/d, bd/ce

} (a;9); {qlﬂ/d, bd /ace
i+_,‘(‘1§‘1),‘ b/c,b/e

d| 20
J
In this theorem, specifying the Q(j)-sequence by (8) and then applying (7), we
find after some trivial simplification the following reduction formula.
Z qi+j|: q;j’,b/c,b/@ q:| (a;Q)i |:ﬁ7yvqln/dalbd/ace q:| aj
b,q "a/d,bd/ce|" |, (4:q); Lq,b/c,b/e,q""By/b|"];

s q" a, ¢, e b/By .
1) 504 d, b/B, by, ¢ "ace/bd|T |

ProposITION 5 (Balanced reduction formula).

i,j>0

_[d,b/B,b/y,bd/ace
N [b,b/[)’y,d/mbd/ce

When = a/d and y = b/a, the last s¢,-series reduces to a 3¢,-series, which has
a closed form in view of (4). This leads to the following summation formula.

COROLLARY 6 (Summation formula of double series).

a,bd/ac,bd /ae B q7",b/c,b/e i+
|: b7d/a7 bd/(,’é’ q:|n B i;o|ib7ql_na/d’ bd/ce K i+./q
“ (a;q); {a/d,b/u, bd /ace q} o
(q;q)i q,b/C,b/@ J
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This identity extends, with an extra free parameter, the summation formula
due to Jia—Zhang [13, Corollary 2.9], which corresponds to the case ¢ — 0 of
Corollary 6.

3:1; 144

§2.3. Transformation into @5, .

4¢3-series in (6) as
qj_n7 a, ¢, e .
e { q’b. d, q"”aw/bd‘q’ q]

B {a,qud/ac,q«"bd/ae
| d,q’b,q’bd]ace

By means of (3), we can reformulate the

%Q}

:| % ¢ |: qj—n’ d/aa q-/b/a, qud/ace
P gibdac, q7bd fae, g a

This leads to the equality

(7" 9); a,q'bd Jac, ¢/bd Jae
Eq(5) = yell '){ TR
; (b§4)j d,q’b,q’bd ace

]
n—j
q; q] .

Writing the last double sum explicitly, we find the following transformation
theorem, whose limiting case e — 0 recovers that due to Jia—Wang [11,
Theorem 4.2].

¢/~ d/a,q’b/a,q’bd ace

X 463 {qud/ac, q’bd/ae,q' =" Ja

THEOREM 7 (Bivariate terminating series transformation).

’ql+/ a, ¢, e .
Q
} Z" o L,, d qlnace/bdl"}i )

nij>0
(d/a;q); (q]_”/d§Q)j é ;o
q],~+_,- (g:9);  (b/aq), (a> 20

Recalling (7-8), we can derive from this theorem the reduction formula below.

b, d, bd/ace
a, bd/ac, bd/ae

_Z A g7 b/a,bd/ace
N 4 q'~"/a,bd/ac,bd/ae

i,j=0

ProposITION 8 (Balanced reduction formula).

] sl et 1 9

s q7",a,c,e,b/py .
1) %4\ bip.b/y,d, ¢ "ace/bd|T |

Z g q",b/a,bd/ace
q'"/a,bd/ac,bd/ae

7j>0

[ b/B,b/y,d,bd/ace
B [a,b/ﬂy,bd/ac,bd/ae

When = b/c and y = b/e, the last s¢,-series reduces to a 3¢,-series, which has
a closed form in view of (4). This leads to the following summation formula.
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COROLLARY 9 (Summation formula of double series).

c,e,d/a,bd/ce B Z q",b/a,bd]/ace
a,bd/ac,bd/ae, ce/b 4 L q'~"/a,bd/ac,bd/ae

q:| qi+j
i+j

],0)

Alternatively, the 4¢;-series in (6) can be

ij=0

(d/a;q), {b/c,b/eyq"”/d
(©9); La,b/a,q""b/ce

1:3;244

§2.4. Transformation into @5 .

transformed by (3) into

qun’ a, ¢, e .
s { q’b, d, ql”ace/bd’q’ q]
_{ a,q""c/b,q" "e/b ‘ ]

q’",d/a,q'"ce/bd,q'" /b
d,q'=" /b, q'"ace/bd|"],_,

q'~"c/b,q'"e/b,q' """ [a

q; ‘1]

><4¢3{

which gives rise to the following transformation formula.

THEOREM 10 (Bivariate terminating series transformation).

b,d,bd/ace a\' (a7 )i [a, c e
a i iy Qi
[ a,b/c,b/e q]n<d) i;()q (b,q),+_/ [q, d, ¢""ace/bd q}i ()
1-n 1—n 1—n 8
_ Z - )iy {d/a,qln ce/bdl,jl /b‘q] {q /d,bd/ace q} Q0).
i,j>0 n/a q)1+j q,49 C/b7q e/b i b/C,b/(f J

This theorem contains a known transformation due to Chu-Jia [6, Theorem
4.3] as a special case, which can be seen by first replacing e by be and then
letting b — 0.

Rewriting the second double sum in Theorem 10 as

i i{q",d/a,qlnce/bd,ql"/b‘ } "z‘f[q"",q”/d,bd/ace
q q,qlfn/a,qlfnc/b’qlfne/b q q1+i7n/a’b/c’b/e

q}j:z(j)

and then evaluating the inner sum with respect to j via (4) for the specific
Q(j)-sequence
q] q’
J

we find after some trivial simplification the following reduction formula.

i=0 i =0

B v, bje, be
Q) = [q, aPy, ¢'"/d, bd/ace
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]

ProposITION 11 (Balanced reduction formula).

Z i+j (qin;q)iJrj a, ¢, e ﬁa Vs b/C, b/e
i‘jzoq (b;q)i-t,-j Qv d7 q1711aC€/bd i qa aﬁyv qlin/d7 bd/ace

‘]%‘]}

This proposition contains the two transformations due to Chu-Jia [6, Prop-
ositions 4.9 and 4.13] as the limiting case » — oo after having made the
replacement e by be, where the s¢,-series should be inverted for the former.

When f# =b/a and y = q'7"/d, the last s¢,-series reduces to a 3¢,-series,
which has a closed form in view of (4). This leads to the following summation
formula.

_[d/a,bd/ce
| d,bd/ace

q",bjc, ble, af, ay
" 4 b, bd/ce, affy, ql’”a/d

COROLLARY 12 (Summation formula of double series).

{ dja,d/c,d]e qL

dad/b,bd/ace
_ Z ~q) 45 9) iy a.c,e bja,b/c,b/e i
Q)F‘rj q, dyqlinace/bd 4 iL4q bd/ace,qlf”b/d q jq .

i,j=>0

§2.5. Transformation into @;23 1112 weighted with linear factor. In view of

the Watson transformation (1), we can reformulate the 4¢;-series in (6) as the
well—poised series

qun’ a, ¢, e .
4¢3[ g'b, d, q”ace/bd)"’ "}

_[4¢/bd/ae,q’bdce
L ¢’bd/e,q’bd/ace

q] x W(q’ 'bd /e : a,c,d/e,q’b/e,q’"; q"bd |ac).
n—j

This leads to the expression

~Y" 0 $4); [q/bd/ce .d/a
q’bd/ace,d

]
n—j

x W(g''bd/e:a,c,d]e,q’b/e,q'™"; q"bdac).

j=0 ’qJ

Writing the last double sum explicitly, we get the following transformation.

THEOREM 13 (Bivariate terminating series transformation).
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(@7 9), Ta, ¢ e
1 rj ) b .
_ Q
]S G i g aeegnalt] 20

nij>0
"bd\!
i (%)
i ac

] (bd /ace; q)j
i+j (b/eQQ)j

Specifying the Q(j)-sequence in this theorem by (8) and then appealing to (7),
we get the following formula.

bd/e,bd/ace
bd/ae,bd/ce

_ Z Ve 1bd/e a,c,d/e
l—bd/qe q,d,q"bd /e

i,j=>0

[q”, b/e,bd/qe

b, bd Jae,bd ce Q0)-

ProposiTION 14 (Balanced reduction formula).

Z 1 —¢**=1bd]e [ q™" b/e,bd/qe q"bd\
1 —bd/qge b,bd/ae,bd/ce 4 i\ ac
] { bd ace, B,y ‘ ] }
q

La.bje.q=py/b) 7,

_[b/B,b/y,bd]e,bd]ace ,a,c,e,b/By )
‘[b,b/ﬂ%bd/ae,bd/ce ]f‘ﬁ“{d b1B. b/ 1"ace/bd' ‘4

i,j=0

<@ c,d/e
¢.d,q"bd/e|’

When f=a/d and y=b/a, the last s¢,-series reduces to a 3¢,-series. Eval-
uating this last 3¢,-series by (4) yields the following summation formula.

| ()

q

i+j\ 4c

q] q.
J

§2.6. Transformation into double series with strange factorial quotient. Al-
ternatively, expressing the same 4¢;-series via (1) as

g’ ", a, ¢, e
q’b,d,q'~ ”ace/bd

_[4’b/a.q’b/c
L ¢’b/ac,q’b

COROLLARY 15 (Summation formula of double series).

- Z 1 —g*=tbd /e [q",b/e,bd/qe
91 = 1 —bd/ge | b,bd/ae,bd/ce

a,bd/ac,bd/e
b,d,bd/ce

i,j>0

" a,c,d/e
q.d,q"bd/e

a/d,b/a,bd/ace
il a.b/e.q'"/d

493 [

q} < W(q"ac/b: a,c,dfe,q'"ac/bd, g g Ve/b)
J

would lead to another transformation formula.
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THEOREM 16 (Bivariate terminating series transformation).

~(q_nQCI),‘+/ a, ¢ e
i p » Q ;
"] 2 5:9)1, [% d,ql-"ace/bd“]}i )

ni,j>0

e

_ 1 —q¢*"ac/b (¢7":4); (—b/ac)’ ()
- i.,jzz:o 1 —g"ac/b (qac/b;q); ; [b/a,b/c; q]-/q

1—j i —n 1-n

q e ac/b,a,c,d/e, ac/bd .

X ( ) [ 1 17n/ /17nq 1/7n M Q(J)-
b q,d,q "ace/bd,q' "a/b,q "c/b|" ],

By invoking (7-8), we find from this theorem the following reduction formula.
ProposiTION 17 (Balanced reduction formula).

1 —g¢*"ac/b { g "ac/b,a,c,d/e,q' "ac/bd ’ }
1—qac/b |.q,d,q""ace/bd,q'"a/b,q""c/b| "],

i,j=0

g e\ @Dy [Brid(—gblac)
x( b )(ch/b;q)i,- [q,b/a,b/c,q“”ﬂy/b;q],-q

b/p,b/y,bjac q " a, ¢, e, b/By '
{b/a, b/e,b/By "L“’S“{ d, b/B, b/y, q'—nace/bd"” "]'

Similarly for f=b/e and y =e/d, the s¢,-series in Proposition 17 reduces
again to a 3¢@,-series, which has a closed form in view of (4). This leads to
another summation formula.

COROLLARY 18 (Summation formula of double series).

g,

_ Z 1 —g¢*"ac/b (47":9);; <q1je)i
ij>0 1 =g "ac/b (qac/b;Q)ifj b

e,b/ac,bd/ae,bd/ce
b/a,b/c,d, bd/ace

{ g "ac/b,a,c,d/e,q' "ac/bd H[b/e,e/d;ﬂj(—qb/ac)j ()
g,d,q'"ace/bd, q'"a/b,q""c/b|!| [q.bJa,bjc,q ] d:q], !

3. Bivariate terminating series 45212;

In this section, we shall investigate another bivariate terminating
series
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2 [ bd L,{q,qlilfce/bd\q] 20) 9)

q " a ¢’ q’a,c,e
= Q ) ) ql. 10
2 (){ bd }“"”[qu,qfd,ql"ace/bd‘q’q] (10)

By reformulating the 4¢;-series just displayed with (1), (2) and (3), six trans-
formation theorems will be established. Then as consequences, we shall derive
several reduction formulae by simplifying the double sum displayed in (9) to a
single one in the following manner:

[b/zzj/a

2—n

]

q’. (12)

Eq(9) = a”

p q ", a, c, e
n4 gt ”a/b q'"a/d,q' "ace/bd
"—lpd/a: q).
when Q(]) :%
v 4/j

The expression in (11) is obtained by applying the g-Saalschiitz theorem to the
sum with respect to j displayed in (9) under the specification (12).

§3.1. Self-reciprocal transformation for (15512 g According to (3), we can
reformulate the s¢;-series in (10) as

} p [ q¢/~",b/a,d/a,q’bd/ace
% 483 g’bd/ac,q’bd/ae,q' " /a

p [f]’ " q'a, ¢, e
43 q’b, ¢'d, ¢ ”ace/bd
B { q’a,q’bd/ac, q’bd | ae
¢’b,q’d, q’bd /ace,d

o

which leads to the equality

q"a ~[q’a,q’bd/ac,q’bdae
Eq(9) = Q ) ) .
q( ) Z|: bad q:|j (]) |: quaq]d7q]bd/acead

Jj=0
‘ﬁ‘l}

Writing the last double sum explicitly, we get the following self-reciprocal
transformation in the sense that if it is applied to the double sum on the
right hand side, the resulting double sum turns back to that on the left hand
side.

l
n—j

q’",b/a,d/a,q’bd/ace

X 445 {qud/ac, g'bdae,q"" |a

THEOREM 19 (Bivariate terminating series transformation).
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b,d,bd/ace } I[q”,a ] c e ‘ } )
q q q n q| Q0
{a,bd/aqbd/ae ni%ﬁ b,d "] q,q" "ace/bd|" ], )
| g7, bd/ace } {b/a,d/a } )
=) 4 ny 14| L0G)-
i;:() [bd/ae,bd/ac i Lgq " al” ],

In this theorem, specifying the Q(j)-sequence by (12) and then appealing to
(11), we find the following reduction formula.

ProposiTION 20 (Reduction formula).

Z iwj| 47" bd/ace b/a,d/a
T bdjac,bdfae|?]

q} (q" 'bd; q),
1—
i,j=0 L4 4 n/a i

(4:9),

u b/a,d/a,bd/ace
a,bd/ac,bd/ae

p q", a, ¢, e 'qz g
n4 g ”a/b q'"a/d,q' "ace/bd T d |

§3.2. Transformation into @;fi’; By means of the Sears transformation

(2), we can reformulate the 4¢;-series in (10) as the well-poised series

q; ‘I}

><4¢3{

4¢ q‘/in7 ¢ qjaa e
3 q’b, ¢ "ace/bd, ¢'d

B [ql”c/aﬂql”ae/bd‘ }
~ Lq" "ace/bd,q" " /d 1 0o

¢’ " bla, ¢, q’b/e
q’b, ¢'7"c/d, q’bd | ae

615(1}

Substituting this expression into (9-10) and then simplifying the resulting
double sum, we get the following transformation formula.

THEOREM 21 (Bivariate terminating series transformation).

bd/ace,d g a e ;
i Q
[ q} Z 1 { b,d ‘q]iﬂ[%qlnace/bd‘q}i W

b ae,djel], 2=,
1.l ] e 4] 20

By applying (11-12) to this theorem, we find the reduction formula below.

q] qi+j
J

o " a, c, e .qz "q
S g "a/b q'"a/d,q' "ace/bd T pa |

=2 4 [b_ljd%fz

i,j=>0

ProposITION 22 (Reduction formula).

Z{qn,b/e q} [ b/a,c H [a,bd/ace,q”lbd/a
550 b,bd/ae|" |, q,q9""c/d|"], q,b/e,d/c

p b/a,d/a,bd/ace
b,d/c,bd/ae
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§3.3. Transformation into double series with strange factorial denominator. In
view of (2), the 4¢;-series displayed in (10) can be reformulated as

q; Q}

9", q’a, q¢’bjc,  q'ble |
} x4¢3{ g'b, q¥bd/ce, ' ajd|T |

¢ [an’ q]a7 C7 e
4 ¢’b, ¢’d, q'"ace/bd
_ [qzjbd/ce7 d/a
~ Lq’/bd/ace,q’d

Therefore we have the equality

o= a0’

q}
j=0 n—j

% uf 97", q’a, ¢’bjc,  g¢'ble |
} q’b, q¥bd/ce, q'"a/d|" |

} {qubd/ce, d/a
q’bd/ace, q’d

Writing the last double sum explicitly and taking into account

WMth:aﬂWmmn@“Wﬁwj
(d; q)n—j (d’ q)n (qlina/d; q)] 7

we get the following transformation theorem.

THEOREM 23 (Bivariate terminating series transformation).

12

nij=0

_ Z qinvavb/c,b/e
- b.q'afd |

ij=0

bd/ace,d
bd/ce,d/a

c.,e
b Q .
q} iy [% q‘-"ace/bd‘q} 20)

} (— qa/d) i=nj+(3) [q"bd/ce,bd/ace
z+j(Q7 )i(bd/cevq)i+2j b/c,b/e

q}jaw.

Recalling (11-12), we derive from this theorem the following reduction for-
mula.

PropoSITION 24 (Reduction formula).

[q”,a, b/c,bje
i,j=0

} qi+(/)( q*"a/d)’ [q”bd/ce,bd/ace,q”lbd/a
b7qlina/d i+j

(q q) (bd/ce q)1+2_/' q, b/C, b/e

|

" bd/ace,b/a
bd/ce,b

¢ " a, c, e _qz’”a
3 g1 ”a/b q'"a/d,q' "ace/bd T pa |
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§3.4. Transformation into double series with strange factorial quotient. Tak-
ing account of the Watson transformation (1), we can reformulate the 4¢;-series
n (10) as the well-poised series

¢ qj n7 q a C7 e
e q’b, ¢’d, q' "ace/bd

B [qud/ae,qubd/ce }
~ Lq¥bd /e, q’bdace 1 e

x W(g¥ 'bd/e: q’a,c,q’d]e,q’b/e,q'";q"bd | ac).
This leads to the expression
Q(j
-Xa0’,,

l
j=0 n—j

X W(qz-/_]bd/e q’a,c, q"‘d/e7 q"‘b/e7 g’ q"bd/ac).

} {qud/ae, q¥bd/ce
ir;Lg¥bd /e, q'bd [ace

Writing the last double sum explicitly, we get the following transformation.
THEOREM 25 (Bivariate terminating series transformation).

bd/e,bd ace g™ a c,e )
! Q
{ q] Z 1 [ b,d q} [+j[qaqlnace/bd‘q}i V)

bd/ae,bd/ce

nij>0
B Z 1 —g¢** % bdje[ q " a,d]eb]e o0
- 5=y 1-bdjge |b.d bd]ac, g"bd/e|! i+ /

y (bd/ge;q);15; (¢;q); (q"bd)i {bd/ace, q"bd / ce
(bd/ce; ‘1)1’+2j (4 q),- ac b/e,d/e

.

Letting @ — ad and then d — 0 in this theorem, we obtain a formula equivalent
to Jia—-Wang [11, Theorem 4.1]. Analogously, for ¢ — ad and d — oo, we
derive another slightly different transformation which is similar to Jia—Wang
[11, Theorem 4.1].

ProPosITION 26 (Terminating double series transformation).

(b/ace; q) @) [ ¢, e ’ } .
CI‘I n aq) —————= Q
(b/ae;q), i,_/zzo(q ) (0:9);1; La,q' "ace/b I i v

=24 {b b/ba/ee

i,j=0

Q)

] (¢;9); (b/ace;q)jcj
z+j(q;q)i (b/e?Q)j



248 Wenchang CHU and Nadia N. L1

By utilizing (11-12), we get, from Theorem 25, the following reduction
formula.

ProposiTION 27 (Reduction formula).

1 —g**%1pd /e " a,b/e,d/e
q] T q / { q Je.d/

b,d
{ 1 — bd/qe b,d,bd/ae,q"bd /e

bja,d/a

d
i+j

] (bd/qe; Q)H—Z_/ ¢
_/(bd/C€5 q)i+2j

q2—11a:|

nij>0

y (¢;q), (q”bd)i[bd/ace,q”bd/ce7 q" 'baja
(qv q)z ac q, b/e7 d/e

—n

¢ q ) a’ c’ e
1,2 g""afb,q'"ajd, q'"ace/bd

_ .|bd/e bd]ace )
=da |: q; bd

bd/ae,bd [ ce

In addition, specifying the Q(j)-sequence in Theorem 25 by

(¢'"a/bd, ‘])j

o) = (¢:9);

(¢"bd/a)’

and then simplifying, with the help of (4), the first double sum by letting
i+ j=k, we obtain another similar reduction formula.

d
it

" (¢;9); [bd/ace, q”bd/ce,ql‘”a/bd' } (bd/qe: q);. o
(q; Q)z q, b/ea d/e j(bd/ce; q)i+2j

B [bd/e,bd/ace } p [q”,a, q'"ac/bd, q'"ae/bd
| bd/ae,bd/ce 1 n4 3 b, d, q'"ace/bd

ProposiTION 28 (Reduction formula).

Z q"bd\'1 — ¢**¥\bd /e [ ¢ " a,bje,d/e
ac 1 — bd/qge b,d,bd/ae,q"bd /e

i,j>0

(q"bd/a)’

a

, bd
aq"—|-

§3.5. Transformation into @gf; 1 Weighted with linear factor. Expressing the
same 4¢s-series in (10) further as

qj7n7 qjaa ¢, e .
s [qu,qfd,q”ace/bd‘q’ q]

_ {ql‘”C/d,ql‘””a/d‘ }
B ql_n+jac/d7 ql—n/d n—j

x W(g'"ac/d : ¢’a,c,q’b/e,q" "ac/bd,q’™"; q' e /b)

would lead to another transformation formula.
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THEOREM 29 (Bivariate terminating series transformation).

12

nij>0

d,d/ac
[d/a,d/c

c,e
) Q o
q]iﬂ[%ql_nace/bd‘q}i V)
B Z q¥ i ”ac/d M a,q "ac/d,b/e
l—q "ac/d b,q'"a/d

q}
i,j=20 i+j

¢, ¢'"ac/bd (qe/d)'(q'0) 7 .
LI qac/d,q'~ ”ace/bd q'" ”C/d‘ },- (b/e,d/c;q); 20)

Letting @ — ab and then b — 0 in this theorem, we get a formula equivalent
to Chu-Jia [6, Theorem 4.1]. Analogously, for ¢ — ab and b — oo, we derive
another slightly different transformation which is similar to Chu-Jia [6,
Theorem 4.1].

ProposITION 30 (Terminating double series transformation).

(d/c; ‘1)” Z q,- (q7n§‘I)i+j[qu17"aC/d; q]i Q())
(d;q), 5=y [9,q' "ace/d,q'"c/d;q]; (d/c;q);

= 0 G g el 20

i,j>0

Taking the equality (11-12) into account, we may also derive from Theorem 29
the following reduction formula.

ProposiTION 31 (Reduction formula).

Z g' e\ 1 — ¢* 7 "ac/d [ q7",a,q "ac/d,b/e
550 d 1 — g "ac/d b, q'"a/d 1 i
c, “nqc/bd q" 'bd/a
X |: lfnq / 1-n ‘C]:| |: / :| (C]/ )
q,qac/d,q "ace/bd,q "c/d|"];| q,b/e,d/c|"|;

:an[b/a ,d/ac

7/1 a, c, e q2 ng
4¢3 1 —n 1-n 1-n G|
b,d/c a/b q' "a/d,q "ace/bd bd

§3.6. Transformation into (.1524 2+ weighted with linear factor. By appealing

to the Watson transforma‘uon (1), we can reformulate the 4¢;-series in (10) as
the well-poised series
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q; CI}
d
n—j

x W(qg’'bd/a:bja,d/a,c,e,q’"; q""/bd/ce).

qj_na ¢ e, q/a
q’b,q’d,q' "ace/bd
B {qud/ac, q’bd |ae
L ¢/bd/a,q’bd/ace

5|

Substituting this expression into (9-10) and then simplifying the resulting
double sum, we get the following transformation formula.

THEOREM 32 (Bivariate terminating series transformation).

c e

Y Q .
q}iﬂ{q’ql"am/bd’q]i ()

l

i+j
n+ipd\ _

o] (U2 labajacesa 20,

In view of (11-12), we have analogously the reduction formula from Theorem
32.

—n

q} >4 {qb,;ia

nij=0

bd/a,bd/ace
bd/ac,bd/ae

B Z 1 — g**~ 1bd/a q",bd/qa
1 —bd/qa b,d,bd/ac,bd/ae

i,j=0

bja,d/a,c,e
q,q9"bd/a

ProposiTION 33 (Reduction formula).

bd/ac,bd/ae Z 1 —¢*=bdja| ¢, bd/qa
bd/a.bdface|!|, 24" T ~bdjqa | b.d.bd/ac,bd/ae|'],,
b/a,d/a,c,e q"tbd\ [ a,bd ace,q"~'bd /a ;
n \ qal q
q,q"bd/a |"|;\ ce q ;
o b/a,d/a 4 q", a, c, e .q2*"a
N ba |1 g ”a/b ¢""ald,q""ace/bd|T bd |

Concluding comments. There is the third class of bivariate terminating series
<D” # given explicitly by

S Ly resnalt], o 29 "

i,j>0

E a,c qj n ([ja gic,e
o Q . . . . 14
|:b d, ql ”ace/bd‘ :| 493 [qu’qjchqlnﬂace/bd q; Q] (14)

j=0
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which has already appeared in the transformations displayed in Theorems 4
and 7. Following similar procedure to those carried out in the second and
third sections, transformation theorems and reduction formulae can be derived
by reformulating the 4¢;-series just displayed through the Sears and Watson
transformations. However, this research will not be conducted because the
double series in (13) is equivalent, under the involution i —n —i—j, to the
series 051152 displayed in (5), which has been exhaustively investigated.
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