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ABSTRACT. Our aim in this paper is to prove the boundedness of fractional integrals
from the Herz—Morrey space with variable exponent MK;I‘;I(_)(R") to MK;Z’_;Z(_)(R”).

1. Introduction

The fractional integral operator I” is defined by

1 /()
I’f(x) = J dy, 1
RNT77) AT W
where 0 < < n and p(f) := % I? is a bounded operator from the

usual Lebesgue space L”'(R") to L”(R") when 1< p; < p;<oo and
l/p1 —1/p» =p/n. This is well-known as the Hardy-Littlewood—Sobolev
theorem, and generalized results on some function spaces have been studied.
Lu and Yang [8] have proved the boundedness in the setting of Herz
spaces. On the other hand, recently the Hardy-Littlewood—Sobolev theorem
is extended to the case of Lebesgue spaces with variable exponent. Capone,
Cruz-Uribe and Fiorenza [1] and Diening [3] have independently proved that
I? is a bounded operator from the Lebesgue space with variable exponent
LPO(R™) to L7 (R") provided that pi(-) satisfies the log-Hélder conditions,
Supyerr p1(¥) < /B and 1/pi() = 1/pa(-) = B/n.

Motivated by the results above, we consider the Hardy-Littlewood—
Sobolev theorem on Herz—Morrey spaces with variable exponent in this
paper. The «class of Herz—Morrey spaces with variable exponent
MK;;O(R”) is initially defined by the author [6], and the boundedness of
sublinear operators satisfying a proper size condition on MK;‘;(‘)(R") is
proved. We also note that Herz—Morrey spaces with variable exponent are
generalizations of Morrey—Herz spaces [9] and Herz spaces with variable

exponent [5].
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Throughout this paper |S| denotes the Lebesgue measure and yg means
the characteristic function for a measurable set S = R”. A symbol C always
means a positive constant independent of the main parameters and may change
from one occurrence to another. Given a ball B={yeR":|x— y|< R}, a
cube QO =T[",(x;— R/2,x;+ R/2) (x=(x1,...x,) eR", R>0) and a con-
stant s > 0, we write

n
sB:={yeR":|x— y| <sR}, sQ = H(x_,» —sR/2,x; + sR/2).
=1

2. Definition of function spaces with variable exponent

In this section we define Lebesgue and Herz—Morrey spaces with variable
exponent. Let E be a measurable set in R” with |E| > 0. We first define
Lebesgue spaces with variable exponent.

DeriniTioN 1. Let p(-) : E — [1,00) be a measurable function.
(1) The Lebesgue space with variable exponent LPC)(E) is defined
by

LPY(E) := {f is measurable :py(f/2) < co for some constant 4 > 0},

where p,(f) == [ |/ ()P W dx.
(2) The space Lfcf(;) (E) is defined by

LP(

loc

)(E) = {f: feLPY(K) for all compact subsets K c E}.
LPY(E) is a Banach space with the norm defined by
1/ oo i) == inf{A >0 p,(f/7) < 1}
We denote
p— :=essinf{p(x) : x € E}, py =esssup{p(x) : xe E}.

The set 2(E) consists of all p(-) satisfying p_ > 1 and p, < co. p’(-) means
the conjugate exponent of p(-), namely 1/p(x)+1/p’(x)=1 holds. If
p(-) € Z(E), then the norm || f|| . g is equivalent to

supf [ 1/l Nl < 1}

More precisely, equivalence

1 o) < sup{L S ()g()ldx gl ooy < 1} <l (2)
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holds for all f e LPV(E), where r,:=1+1/p_ —1/p,. We also note that
generalized Holder’s inequality

Lr'O(E)

JJﬂﬂMﬂWxﬁmWmemm

is true for all f e LPO(E) and all ge L?'V)(E) (see [7]).
Next we define Herz—Morrey spaces with variable exponent motivated by
[5, 9]. We use the following notation. For each k € Z we denote

B = {x eR": \x| < 2k}, Ry = Bk\Bk—l, Xk = XR,-

DEeFINITION 2. Let e R, 0 < g < o0, p(-) e Z(R") and 0 < 1 < o0. The
Herz—Morrey space with variable exponent MKZ‘;(,)(R”) is defined by

MK (R") = {f € LI R™N{OD) < /]l yygns gy < 0}
9.p(") q-p(»)( )

where

L 1/q
. —LA ki
INWWng2«ZzwmbWQ~
' k=—o0

It obviously follows that MKZ’I,O(A)(R”) coincides with the Herz space with
variable exponent K;("?(R”) defined in [6)].

3. Properties of variable exponent

Given a function f e L (E), the Hardy-Littlewood maximal operator M
is defined by

Mf(x) := sup r’”J

>0 B(x,)NE
where B(x,r) :={yeR":|x—y| <r}. AB(E) is the set of p(-) € ?(E) satisfy-
ing the condition that M is bounded on L?)(E). In this section we state some
properties of variable exponents belonging to the class #(E). Cruz-Uribe,
Fiorenza and Neugebauer [2] and Nekvinda [10] proved the following sufficient
conditions independently. We remark that Nekvinda [10] gave a more general
condition in place of (4).

lfDldy  (xe E),

ProPOSITION 1. Suppose that E is an open set. If p(-) € P(E) satisfies

-C '

lp(x) — p(¥)| < Tog(lx =) if |x—yl <1/2, 3)
C ,

lp(x) — p(¥)| < fogle + D) if [yl = [x], (4)

then we have p(-) € B(E).
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The next proposition is due to Diening [4, Theorem 8.1]. We remark that
Diening has proved general results on Musielak—Orlicz spaces. We describe
them for Lebesgue spaces with variable exponent. Given a function f and a
cube O, we write fp ::‘1@ | 0 f(x)dx. Let % be all families of disjoint and
open cubes in R".

PROPOSITION 2.  Suppose p(-) € P(R"). Then the following conditions are
equivalent.
(1) There exists a constant C >0 such that for all Ye% and all
feL’ORY),

< (/]
LPO(R™)

Z |f|QXQ

QeY

LIO®R™- (5)

(2) p(-) e AR").
(3) p'() e AR

The following are the key lemmas due to the author [6].

Lemma 1. If p(-) € B(R"), then there exist constants 0 <J <1 and C >0
such that for all balls B in R" and all measurable subsets S < B,

5
sl oo r) - C<|S|> . ()

”XB”LF(‘)(R”) B | Bl

LemMma 2. If p(:) € B(R"), then there exists a constant C > 0 such that for
all balls B in R",

_ 1
c'< _||XB||Lﬁ(~)(R”)||XB||L1”(-)(R") <C. (7)
|B|

In order to prove Lemma 1, we use the next proposition proved by
Diening [4, Lemma 5.5].

ProposITION 3. If p() € B(R"), then there exist constants 0 <o < 1 and
C > 0 such that for all Y € %, all non-negative numbers tg and all f € L} (R")
with fo #0 (QeY),

- |0

ZZQLXQ

<C
5o e

®)

> toro

QeY

LrO(R") LrO)(R")

ProOF (Proof of Lemma 1). Take a ball B and a measurable subset
S < B arbitrarily. p(-) € Z(R") implies that M satisfies the weak (p(-),p())
inequality, i.e., for all e L?")(R") and all 2 >0 we have

Mxprcosillorown < CIL Lo wn-
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If we take A€ (0,|S|/|B|) arbitrarily, then we get

sl rowey < At coscallown < Clixsllpo ey

namely
HXB”LM-)(R“) <.
llxsl LrO(R")
Since A is arbitrary, we obtain
sl _ 18 0
”XS”LI’(')(R”) N

Now we can take a open cube Qp so that B = Qp = \/nB. Putting f = y¢ and

Y = {03} in (8), we get
sl oo r) - C( |S| )J.
XQBHLP(J(R") |05
By virtue of B < Qp = /nB and (9), we see that

125l Lo _ sl rowny xo,llLromn)

||XB||U<->(R") B ||XQB||LP(->(R") HXBHLP('>(R”)

lesllowny 12yl we

= lxo, ”LP(-)(R”) HXBHLM(R“)

<<(ioa) "

()

Hence we have proved Lemma 1.

PrOOF (Proof of Lemma 2). The left-side inequality in (7) is easily
obtained by the generalized Holder inequality. We will prove the right-
hand side inequality. Because p(-) € Z(R"), Proposition 2 implies that

S loxoll oo rry < Cll %ol Lt r
for all cube Q and all fe LPU)(R"). Using (2) we obtain

X0 |Ll’<')(R")”XQ”L/”(')(R”)

1
10|

1 . .
< g el sup{ | 0oLl 1l < 1
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= sup{[flpllxoll Lrown : I/ lLromny < 1}
< Csup{[|fxollprowr : 1/ 1o wny < 1}

<C.

For each ball B we can take a cube Qp such that n~'/2Qp < B < Qp. Thus we
get

1 C
m”%s”u(»(k") XB”U’(-)(R”) = @ ZQBHL/’<"(R”)||XQR| Lr'O(R")

<C.

Therefore we have obtained Lemma 2.

4. Boundedness of fractional integrals

In this section we prove boundedness of fractional integrals on Herz—
Morrey spaces with variable exponent under proper assumptions. The next
result is the Hardy-Littlewood—Sobolev theorem on Lebesgue spaces with
variable exponent due to Capone, Cruz-Uribe and Fiorenza [1, Theorem
1.8]. We remark that this result is initially proved by Diening [3] provided
that p;(-) is constant outside of a large ball.

THEOREM 1. Suppose that pi(-) € P(R") satisfies conditions (3) and (4) in
Proposition 1, 0 < < n/(p1),, and define p>(-) by

11 B
-

=+

Then we have

”IﬁfHLPz(')(R”) = C”f”u](-)(R")
for all feLPO(R").
Let ps(-) € 2(R") satisty conditions (3) and (4) in Proposition 1. Then

so does pi(-). In particular we see that pj(-) € Z(R"). Therefore applying
Lemma 1 we can take a constant 0 <r < 1/(p5), so that

sl sy _ (i5) (10
e |Lpg<->(Rn> |B]

for all balls B in R"” and all measurable subsets S < B.
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The next theorem is the main result in the present paper.

THEOREM 2. Suppose that p,(-) € P(R") satisfies conditions (3) and (4)
in Proposition 1, and take a constant 0 <r < 1/(p;), so that (10) holds. Let
O<p<nr, O<a<nr—pf, 0<q <q< o0 and 0 <A <o Define the vari-
able exponent p;(-) by

Then we have

’flpni oy < C c*i o (RY
15 ke, ey < Cl Mg, e

Sor all feMKOM | (R").

q1,p1(")

Proor. Take f eMK;‘1 ;/71
apply inequality

o q/q ©
(Z “’1) <> a (@20, (1)
h=1

h=1

(R") arbitrarily. Because 0 < ¢q;/¢q2 < 1, we

and obtain

92.02(")

q1/9
1A ks ey = $9D 27 *{ > 2NNl }
k=—w

L

< sup 2770 37 2O
LeZ k=—o0

If we denote f; := f; for each j e Z, then we can write [ = >r . fi. Thus
we have

Hlﬁf| MK7/ (R”)

42:02()

a1
< C sup 2L E 2°““k< E (TP )>
j**x

LeZ k=—o0

. 92
+ C sup 2714 Z 2““( Z 1P )l s R”))
Jj=

LeZ k= k-1

= U + U,.
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First we estimate U;. Using the generalized Holder inequality, we have
that for every j,keZ with k<L and j <k -2,

L[ L)
PRI o | I

< C2Mn j Oy - 74 ()
< C2k(ﬁ7n)”ﬁ||m<v>(n”)||Xj||Ln{(->(Rn) 1k (X).

By virtue of Lemma 2 we obtain

177 (f))

LPO)(R™)
< C2Kn) ||fj||Lm<->(R") H)(j||Lpl’<->(Rn) ”Xk”LI’z(')(R")

—k
< C2PNill o ey 12l ot ey + 27 e on ey

-1
= C2kﬂ”]}”L”l<')(R")”Xj”Lpl’(')(Rn) s, L740 (R
W1l 000 g
= 2| fll oy 51 o0 s+ 18,1 050 ey T
. -1 i—k
= CzkﬂHfj||L/’l('>(R”)||Xj||L111’(v)(Rn)”XB,»HLPZ’(-)(Rn)zm(j ).

Now note that

IP(xg)(x) = T (3, (X)15,(%)

1 dy .
= y(ﬂ) JB]_ |x _ y|n_ﬂ XB,(X)

> C2yp (x).

On the other hand, pi(-) belongs to Z(R") and satisfies 0 < f <n/(p1),, (3)
and (4). Thus applying Theorem 1 and Lemma 2 we get

L7O(R") < C27jﬂ||lﬂ(XB,)||Ll'2(')(R”)

< 27y

125,

i) (R")

< C27F . on

-1
XB./’”L”I/(')(R”)

< 2P|y

—1
o R")
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Therefore we obtain

P )l oo e
< O Loy 27z b - 1, | s g 2709
= C2Fmk)) ||f]'HL”l(‘)(R")(27j}1|‘XBj | 200 mmy 123, ||Ln§(->(R”))71
< C2UFmmt) Il L0 -

Hence we have

L k=2 o
Uy < C sup 27 Fa Z ( Z 2“j2<ﬁ"H“)(kﬂ”ﬁ“umv)(k”)) :

LeZ k=—00 \j=—o0

Remark that ff—nr+ o < 0. We consider the two cases “1 < g; < o0”

“0 < q] S 195.
If 1 <¢q; < oo, then we use the Holder inequality and obtain

L
U <C sup 27L/1q| Z ( Z 2%419 (B—nr+o)(k jq1/2Hf| “ )(R”)>

LeZ k=—o0 \j=—o©

k=2 ql/‘h’
« ( Y 2</f—nr+a><k—j>q;/2>

j=—

Lig u]q (p—nr+o)(k—j)q1/2
= C sup 27+ E g 2% A LMOR")
Lez k=—00 j=—0

= C sup 2~ M Z 2741 | [FAI

2[1’ nr+a)(k—j)q1 /2
L) (R")
LeZ

j=—o0 k=j+2
L-2
<C sup 2” Lign Z 2yqu||f]HLp1() R")
LeZ j_fgo
<|f ME (®Y

q1.1()
If 0 <g; <1, then we apply (11) replacing ¢1/¢q> by ¢ and get

L k=2

Uy < C sup - Liq Z Z 2rqu12/3 nr+a)(k ]l11||f/||L,’l \®")
LeZ k=—o0 j=—o0

L-2

L
— C sup y-Ligi Z 2 %41 ||];| @ Z 3 (f=nr+a) (k=)
Lez j= k=j+2

351

and
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< Csup 27 o S

Le [

<M oy

Next we estimate U,. Using Theorem 1 we have

q1
U, < C sup 2~ Z ZWIk( Z 51l o0 R”)
j=

LeZ k= k—1

L . q1
= C sup 274 Z ( Z 2x}2a(k_'/)||fj|Lm()(R”)) :

LeZ k=—oo \ j=k—1

Now we consider the two cases “1 < ¢ < 0” and “0 < ¢q; <17
Because 1< o, we can take a constant 6 > 1 so that A —a/d0 <0. If
1 < g < oo, then we use the Holder inequality and obtain

U, < C sup 2—Lig Z < Z 2%jg1 Y ak—j q|/5||f| o )
J

LeZ k=—o0 =k —

o q1/4
% Z 2«(kj)q,’(51)/t5>
(j—kl

= Csup 2~ Ligqi Z Z 2%q1 9ok ]ql/(;”f”Lm

LeZ k=0 j=k—1

— C sup 5—Ligq Z Z 2 %19 (k= ql/(SHfjl -

LeZ k——?ﬁj

+ C sup 2744 2 k=101 /o fo||
LeZ k_z_:x ]Z;

Lt (Rn)

=1L+ Db.

Because o > 0, we get

j+1

=Csup 2~ Lig Z 2 %41 ||f| 111‘11,I Z 2ak=iq1/s
k:—%

LeZ j=—o0

= C sup 2~ Z 2% Ji
le7 e || ||LW1()R"

< U o
q1.01 (")
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On the other hand, it follows from 1 — /5 < 0 that

L= C sup —Lig Z Zzak a1 /o “]‘“Hf,|

Lp] Rn
LeZ k*—OOj
< C sup 2714 E : § :27(1( Naifd . i
LeZ k—*OOj L
—jAq amq
x 27/ E 274 || foall %, R
m=—0oo

< C sup 2~ Z Zzik —Na/s . pikq ”f”ql » .
LeZ K, o (R")
k=—o0 j=L a1.71(

L 0
= C sup 2714 ( > 2*’%”) <Z 2/ =so) ) [V [y orap—,

LeZ k=—o0 j=L a1.01()

=C sup 2- Ligqy 2ozq1L/o 2Lq1 A—0/0) ||f||11| i i
LeZ K‘11 418 (R )

= C||fHMqul/pl<)(Rn)

If 0 < g1 <1, then we use inequality (11) replacing ¢;/¢> by ¢; again and
get

U, < C sup 2714 Z Z 20 22 (k=) £

Lt
LeZ k=—o0 j=k—1 R
=Csup 2~ Lig Z Z %417 21 (k=) ||f||Lp1
LeZ k=—o0 j=k—1

+ C sup 7—Liq Z sz/qlzwl -J) Hf|

Lr
LeZ k=—o0 j= :
= J + /5.
The estimate of J; is obtained by
Jj+1 A
Jy = C sup 27 Z 2aqu||fHLpl Yo Z 2%q1(k=j)
LeZ Jj=— k=—o0
-1
Ligq ajq
O 2
< CIf1,

1/ ny*
qu ﬁl()(R )
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Because « > 0 and 4 — o < 0, we have the estimate of J, by

J2 =C sup 2714;'(]1 Z Zzlql (k=J) ng] ||f||Lm )(R™)

LeZ k—fi)O

< C sup 2714 Z Zzwl (k=) i || 0
MK, R

LeZ k=—o0 j=L
L 0
_ ~L aqile i(i—a)
= C sup 2~ P Z 2941 qul./
Leg £ ||f| MK“/ (R”)
k=— j=L a-r

—C sup 2~ Liq zaqlL 2Lq| A—o) f q1 s
LeZ, H || Kj(] ’)1 (Rn)

— q1
= CI N s o

q1.01()

Consequently we have proved the theorem.
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