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0. Introduction. Let k be an algebraically closed field of characteristic
zero and let M(0, n) be the moduli space of stable vector bundles of rank 2 with
chern classes ¢; = 0 and ¢, = n on the projective plane P2 over k. W. Barth
showed that the function field of M(0, n) over k is rational (= purely trans-
cendental) of dimension 2n over a certain field F which is rational of dimension
2n — 3 over k and hence M(0, n) is a rational variety of dimension 4n — 3 over
k for all n > 2 [1]. However, M. Maruyama pointed out later that there was a
gap in his proof of the rationality of the field F [4]. For an odd integer n, the
rationality of M(0, n) is proved by G. Ellingsrud and S. Stremme by a different
method [2]. As for an even integer n, I. Naruki showed that when n = 4, the
field F is rational over k and hence M(0,4) is a rational variety over k
[5]. For even integer n > 6, many people have pointed out that the rationality
of F is reduced to that of the moduli space M, ,, of hyperelliptic curves of
genus g = (n — 2)/2 [3] by the descent theory of vector bundles.

However, in this paper we shall give an elementary proof of the rationality
of the field F for all integers n > 3.

The author heartily thanks Professor M. Maruyama for introducing him to
this subject.

1. Now we shall explain the above field F. Let K = k(x,,..., X,
Vis---» y,) be a field of 2n variables x,, ..., x,, ¥y, ..., y, and let W, be the
group of semi-direct product of S, and H, = @ (Z/2Z):

1->H,»>W,-»§,-1,

where S, is the symmetric group of degree n which acts on H, as permutations
of direct factos.
Let G = SL(2, k) x W, act on K as follows:

x{=oax;+ By, y=yx;+6y;, for g= <z§> € SL(2, k),
xf=ex;, yi=e&y for e=(e,...,e)eH, (=11,

X7 = Xg() » Y= Yot for o€S§,.
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Then we put F to be the fixed field K¢ by the above action [1, 4]. We shall
prove that F = K€ is rational of dimension 2n — 3 over k.
2. We see that
KH" = k(él’ AR ém Nis e '7;.),

where ¢, = y,/x; and n, = x? (1 <i<n). We shall find a system of generators
of K" =k(&,,..., &Ny Ma)’ Let a; (1 <i<n) be the elementary sym-
metric polynomial of degree i in &,, ..., £, and for every integer m,

bm = Z?:l él!'ﬁ-lr’i .
Putting L = k(&,, ..., &,, 11, -..» 11,), We have the following diagram:

L
k(él, ceey 6na bO’ LR ] bn—l)

LS
k(ay, ..., @y bo, ... by_y)

LEMMA 1. LS =k(a,,...,a, by, ..., by_y).

PrOOF. Let A be the n x n-matrix (&), <;;<,. By definition of by, ...,
b,_,, we have ‘(by, by,...,b,_1) = A-*(ny, N2, ...,1,). Since det A =&, &, &,
H,.<j (& —¢;) is non-zero, #ny, ..., n, are contained in the field k(¢,, ..., ¢,
bo, ..., b,—;), and hence L = k(¢,, ..., &,, by, ..., b,—;).  On the other hand,

n! = [L:Ls"] = [k(él""’ém bo,...,b"_l):k(al,...,an, bo,..., bn—l)] .

Thus we see that L5 = k(a,, ..., a,, by, ..., by_y).

The above proof shows that for any integer d, we have
(21) LS,, bl k(al, ceey Qy, bd+1’ bd+2’ ooy bd+n) .

We assume n = 2s an even integer (for an odd n, see Remark in the final part
of this paper) and let d = —s in (2.1) to obtain

Lsn = k(al’ ey an, b_s+1, ey bs) = k(al’ ceey ana b—s; b-s+1’ cevy bs) .
LEMMA 2. Y7 o (—1)ajb,_; =0 (ao = 1).

PRrOOF. Since g; is the j-th elementary symmetric polynomial in ¢,, ..., &,,
we have the identity
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Y=o (= aili™ = apll — a, &7 + -+ a,=0.
Multiplying by &*! ™"y, and summing them up from i = 1 to n, we obtain:
0=311 Xieo (= Ya, &} ™,
= D=1 Lm0 (= 1)Ia;gs ip,
= Y=o (= a; Y0y &1 7,
=Yj-o (—1Yab,_; .
3. Since
by =30 m=Yk X,
by = Z?=1 &imi = Z?=1 XiYi»
by =Yty Emi= Y1 Vs
the action of SL(2, k) on {b_,, by, b, } is as follows:

bfl ocz Zaﬁ ﬂz b_1 B
Gl |bg | = |ay ad+By BS| | by | for g= (“ 5) e SLQ2, k).
bs 2 2 8| |b v

Let N be the normalizer of the diagonal maximal torus T of SL(2, k):

0 1
1-T->N-> —-1.
~r-n=((] )~

LEMMA 3. There is the following isomorphism

(.2)
k(al, ceny Qyy b_s+1, ey bs)SL(z'k) = k(al, ooy a,,, b_s+1, ooy bs)N N b_l = bl = 0 .

The meaning of this isomorphism is as follows: let 42" be the 2n-dimensional
affine space with affine coordinates a,, ..., a,, b_g4y, ..., b. Then the linear
subvariety Y: b_, = b, = 0 with codimension 2 is N-invariant. QOur assertion is
that in the commutative diagram

Y = A%
YN —— 4*/SLQ2, k)

¢ is birational, where A2"/SL(2, k) (resp. Y/N) is an algebraic variety over k
whose function field is isomorphic to the left (resp. right) hand of (3.2).
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ProoF OF LEMMA 3. We shall represent general points of Y/N and
A*"/SL(2, k) by the orbit 0¥(y) and 05?-¥(x) of general points y of Y and x of
A®" respectively. Then ¢ is the rational map which sends OV(y) to OSL2¥(y),
Since the orbit map y:SL(2,k) x Y — A%", y(g,y) =gy, is dominant, so is
¢. We claim the following:

(3.3) OS12B(y))AY =0%y) forall y=(a,b)e Y such thatb, #0.

Let y=(ay,...,a,,b_g41,...,b_5,0,b5,0,b,,...,b)€e Y with by #0. We see
from (3.1),

Gy =@y, @ Dlyrys...s by, 20Bby, (2 + BY)bo, 2y0bo, b, ..., b)

7
are equal to zero. The assumption b, # 0 implies that g is a member of
N. Thus

for g = (aﬁ ) € SL(2, k). Hence if gy is contained in Y, then 2afb, and 2ydb,

OSLZB()) A Y < ON(y) .

Since the converse inclusion is clear, (3.3) is proved. Then, (3.3) means that
¢ 1p0ON(y) = O%(y) for such a point y of Y, which completes the proof of
Lemma 3.

By Lemma 2 and Lemma 3, we have the following isomorphism:
k(ay, ..., ap b_gsq, ..., by)SLZ0

S k(Ayy ey Guy bogigyees BN, b_y=b=0,

= k(ay,...,a, b_g, ..., b)", by =b, =Y (—1)Yab,_;=0,

> k(ay,...,apb_g ... b)Y, b =by=b=0.

(3.4)

4. We look at the action of N on {g;} and {b,}. Let
[t 0 e 01
9=V 1) "T\-1 o)

x{ =tx;, yi=t"1y, xX{ =Y, Yi=—x.

Then we have

Thus
& =17ty ftx, =73, &= —xi/yi = —1/&;,

nf = (tx,)* = t*n;, ni = y? = (yi/x)*xt = &, .

Therefore
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af = (Lj<mvj & &) = %y,
ai = (Yjiccii Gy G = Dii<e<i (1/8) . (= 1/E5)
=(—1) Y g <<an, CarorCa S 1p=1 &p = (—Va,_i/ay,
bi = (Qies &My = Y0 (72E)™ P = 2D,
= (=1 &M = Yy (= 1/8)™
= (=)™ Y &7 = (= )" b,

This shows that the action of N on the field k(a,,...,a,, b_g,...,b) with
b_;, = by =b, =0, is as follows:

4.1)

g acts on a; and b,, diagonally.
T transposes b,, with b_,, and transforms a; to (—1)'a,_;/a,.

Now it is not hard to prove the rationality of k(a,,..., a,, b_,, ..., b)". Hence
KS =k(ay, ..., ay, b_gi1, ..., b)SE® ¥ is rational over k by (3.4).

REMARK. For an odd integer n = 25 + 1, we put d = —s in (2.1) to obtain
L3 =k(ay,...,a,, b_g, ..., b).
By the same proof as in Lemma 3 we have an isomorphism
k(@yy ..oy @y b_gy..., b)SE®P = k(a,,...,a,, b_g, ..., b)Y, b_y = b; = 0.

The action of N on k(a,,...,a,, b_, ..., b is not so complicated as in (4.1) and
we see the rationality of the field.
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