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The present paper is a continuation of the previous paper [12] of the
same title collaborated with R. Shiraishi. We investigated there multiplica-
tion between distributions centering around the two definitions of multiplica-
tive product of two distributions; one is due to Y. Hirata and H. Ogata [3]
and the other J. Mikusinski [8]. We have shown that these two definitions
are entirely equivalent. In the sequel the multiplicative product of two
distributions S, T € D'(RY), if it exists, will be denoted by S7. It has been
pointed out there that multiplication under consideration has the following
properties:

(1) if ST exists, then (aS)T, S(aT) also exist for any a €& and

(aS)T =8S(aT)=a(ST),

@ if 957,j=1,2 .., N, exist, then ST,52L  j=1,2 .., N, also
G'x,- axi
exist and
9 58 oT
S =0T + 5T

With necessary modifications, our treatments will also hold for distribu-
tions defined on an open subset of RY. The multiplication is of local charac-
ter. For the case N=1, the first part of (1) and (2) are postulated by
H. Koénig [4] as fundamental in his axiomatic approach to a multiplication
theory for distributions. It might as well be said that these properties
together with local considerations express a precise statement of Schwartz’s
observation that the multiplicative product of two distributions is well de-
fined if locally one is “more regular” than the other is “irregular”.

On the other hand, H. G. Tillmann [ 13, 147] has investigated the repre-
sentation theory of distributions by the boundary distributions of locally
analytic functions with certain properties. In accordance with the idea of
H. J. Bremermann and L. Durand [17], he suggested another approach of
defining multiplication between distributions when N=1. Let S(z) and 7(z)
be locally analytic functions corresponding to S and T respectively. Putting
Se(x) = S(x +ie) — S(x —ie) and Te(w) =T (x +ic) — T (x — ie), e >0, he defined
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the product S-7 to be lim S.7. if it exists, or more generally the finite part

2 A . 6_)0 . . . .
of S.T. (in Hadamard’s sense) if it exists. We shall concern ourselves mainly

with the case when lim S.T. exists, and write SOT =lim S.7. which is re-
&—-0 &E=0

ferred to in this paper as the multiplicative product of S and 7 in Tillmann’s
sense.

Our main purpose of this paper is to investigate this multiplication by
making a comparison with the former one.

Section 1 is concerned with a supplement to our previous paper [127].
We shall show that (S:®S,) (I'®T,) exists and coincides with S;S;:QTT, if
S1S; and 7,7, exist (Proposition 3). In Section 2, after giving a short discus-
sion on Tillmann’s product which is confined to the case N=1, we shall
remark that a natural extension of his definition to the case N>2 presents
serious difficulties. This will be shown by examples. However, in a special
case, where distributions are of compact support and certain conditions are
satisfied, the existence of ST implies the existence of the multiplicative
product of S and 7 in Tillmann’s sense and both products coincide with each
other (Proposition 4). Section 3 is devoted to a comparison of multiplication
between two distributions in accordance with the two definitions mentioned.
above. Hereafter we confine ourselves to the case N=1. It is shown that
multiplication in Tillmann’s sense has a really wider range of application
than the former one, and that both products coincide with each other when
the product in the former sense exists (Theorem 1). However, the multiplica-
tion SOT in Tillmann’s sense fails to satisfy the properties (1) and (2) cited
above. In the final Section 4 the two definitions are compared from another
standpoint, by considering scalar product of two distributions in a fairly
general sense. This concept of scalar product was introduced by S. Lojasie-
wicz [5] by making use of the concept of the value of a distribution at a
point. We have shown in [127] that ST exists if and only if Sx(aT)Y, a € D,
when restricting it to a neighbourhood of 0 which may depend on «, is a
bounded function continuous at 0. Thus Sx(aT)v, a € D, has the value at 0,
which we denote by (Sx(aT)¥)(0). But, if we require only that the value
(S*(aT))(0), x €D, exists, the multiplicative product ST need not exist.
However, if we then define after S. Lojasiewicz the scalar product <S, aT>
by the equation

<8, aT>=(S*(aT)) (0),

then since the linear form a—<S, aT> is continuous on O, it will be
natural to define a multiplicative product SX 7' by the equation

<SXT,a>=<S, al>, a €D,

where the left side of the equation denotes the scalar product between the
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spaces @D and ©D. We can show that in this case S X T coincides with SOT.
This is a special instance of a more general result (see Theorem 2). A
necessary and sufficient condition in order that SOaT may exist for every
a €& is given (Theorem 2 and Proposition 9).

§ 1. Supplement to the previous paper [127].

We denote by D'(RY), or simply by &, the space of distributions S, 7,
... defined on N-dimensional Euclidean space RY. @’ is the strong dual of
D, the space of infinitely differentiable functions with compact support in
RY. We denote by &’ the space of distributions on R with compact support.
&’ is the strong dual of the space & of infinitely differentiable functions on
RY equipped with the usual topology. Unless otherwise stated, the symbol
<, > is used to denote the scalar product between @' and @, or between
& and & We understand by ST the multiplicative product of S and T in
the sense of Y. Hirata and H. Ogata ([ 3], p. 151), or equivalently in the sense
of J. Mikusinski ([87], p. 264). We have shown in [127] (p. 229) that ST exists
if and only if there exists for any given « € D a neighbourhood U of 0 in RV
on which aS*7 is a bounded function continuous at 0, or more precisely
speaking, the restriction of aS=7T to U is equivalent to a bounded measurable
function continuous at 0. U may depend on «, and <ST, a> = (aSxT) (0),
where the right side denotes the value of distribution aS+7T at 0 in the sense
of 8. Lojasiewicz [5]. Let us denote by L™(U) the Banach space of bounded
measurable functions defined on U with the usual norm. If K is a compact
subset of RY, then Dx will stand for the space of functions in & with sup-
ports contained in the same K. We note that @Dy is a space of type (F).

For our later purpose we show

Proposttion 1. If ST exists and K is a compact subset of RY, then there
exists a nesghbourhood U of 0 in RY such that the restriction of aS*T, a € Dy,
to U is an element of L=(U). The linear map a—aS*T of Dx into L=(U) is
then continuous.

PropositioN 2. If ST exists and K is a compact subset of RN, then there
exists a meighbourhood U of 0 in RN such that the restriction of aSx(BT)Y,
a, B € Dg, to U is an element of L>(U). For such a U the bilinear map («, B)—
aS*(BT)Y of DrgxDg into L(U) is then continuous.

We shall here give the proof of Proposition 2 since the proof of Proposi-
tion 1 will be carried out along the same line.

Proof of Proposition 2. Let us denote by E; s for a positive integer k
and B € Dy the set of all a € Dx such that the restriction of aS+(BT)" to
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B(0, %) is an element of L""(B(O, —i—)) whose norm does not exceed £,

where generally B(x, r) denotes the open ball with center x and radius r > 0.
E, s is a closed convex subset of Dg. Evidently it is a convex subset of Dy.
We shall show that it is closed. Consider any sequence {«,}, «, € E, s, con-
verging in Dx to @. Then for any ¢ € Dy, 1, we have because of the

definition of E,; just mentioned
| <a,Sx(BT), 6> <k|  Iblan
Passing to the limit as n—>oo, we obtain

| <aS*(RT)", > |ngRN[¢|dx for any ¢ € Dy, 1,

Consequently, the restriction of aS*(8T)* to B(O0, %) is an element of

L°°<B(0, %)) whose norm does not exceed k, that is, « € E, 5, as desired.

It follows since ST exists that any « € Dg is an element of some E, g, that

is, Q)K=0Ek,ﬂ. Dk is a space of type (F). Owing to Baire’s category
1

theorem some E, s must be a zero neighbourhood of Dg.

Let {U,} be a fundamental system of zero neighbourhoods of @Dx. Let
us denote by F, the set of all €Dy such that the restriction of aS*(8T)"
to B(0, —;—) is for every « € U, an element of L“(B(O, i—) )
<k. From the first part of the proof we see that any € @Dg is an element
of some F;,. As before we can show that F, is a closed convex subset of D.
Therefore, applying again the category theorem, we can conclude that there
exists a neighbourhood U of 0 in R" such that for some % the restriction of
aSx(BT)", a, B € Uy, to U is an element of L=(U) with norm <k. Consequently,
we see that the first statement of Proposition 2 holds.

If there exists a U stated in the first part of Proposition 2, the bilinear
map considered there is always continuous. This is an easy consequence of
the closed graph theorem. Thus the proof is complete.

From the preceding proposition we have immediately

with norm

CoroLLarY. If S, T €& and ST exists, then there exists a neighbourhood
U of 0 in RY such that the restriction of aSx(BT)*, a, B €&, to U is an element
of L*(U) and the map (a, B)—>aS*(BT)" from & x& imto L°(U) is continuous.
There exists for any positive ¢ a positive & such that aS+(BT)Y s for any
a, B €Dy.sy an element of L=(B(0, ¢)).
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If S;¢D'(RY) and S, € D'(RY:), where N,+N,=N, we denote by S;&®S,
the tensor product of S; and S,, a distribution on R". By making use of
Proposition 1 we show

ProrosiTioN 8. Let Sy, Ty € D'(RYY) and S, T> € D'(RY?), where N=
N1+ N, If $;T, and S;T, exist, then (S;RS,) (T'RT:) does exist and coincide
with SlT1®Ssz.

Proor. For any ¢ e D(RY), we can write

¢ = i:‘lcn (an®3n)9

where >)|c,| <1 and {a,}, {8.} are bounded subsets of D(R":) and D(R"?)
respectively ([ 27, p. 51, [97], p. 98).

By virtue of Proposition 1 we can choose zero neighbourhoods U, CRM:
and U, CR": such that {(a,S)*T:} and {(8.S.)*T,} are uniformly bounded
functions on U; and U, respectively. Since

(@@ Br) ($1R82)) * (T1 Q@ T3) = (@pS1 % T1) R (BnS2 % T),
we obtain for any sequence {0;}, 0; € D(RY), of regularizations
1) <G®S:) (Th Q@ To)*05), ¢>
=Sl (@S T @B+ T), 0>,

where we may assume that supp 0; CU; x Us.
Now there exists a positive constant M independent of =, j such that

| <(ansl*Tl)®(3nSZ*Tz), 0;> lgMg 0;dx = M.
And

lim < (@S + T @ (8,52 % T2), 0,>
= (S1+T1) (0)) ((8.S:+T>2) (0)
=<SiTh, aw> <S:Ts, B>
= <SITi @ STz, An® B>,

since (,S;*T1)®Q(B,S:+T3) is bounded on U, x U, and is continuous at 0 in
R". Therefore from (1) we have
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Im<($1®8y) (11 Q@ T2)*0,), ¢>

=£1':cn<slTl®szT2, R B>
=511 R S8,T, ¢>,

which was to be proved.

§ 2. Multiplication in the sense of Tillmann.

Let C be the complex number field with usual topology. According to
H. G. Tillmann ([(14], p. 122) we shall denote by H,(C\ R) the space of locally
analytic functions g(z) on C\ R satisfying an inequality |g(z)| <M(|z]|)|y|"'*"
for all z==x+iy, where 0<|y|<1 and M(), n(r) are continuous functions
which may depend on g. Let us denote by g.(x) the difference g(x+ie)—
2 (x—ie), where ¢ is any-positive number. Tillmann proved that g. converges
in @'(R) to a distribution g as ¢—0 and the map g—g of H(C\R) into
@D'(R) is an epimorphism whose kernel is the space of entire functions. It is
to be noticed that 2(z) is analytic in C\suppg. The fact is not explicitly
stated in his paper [14], but is really shown in the proof of Satz 3.3 there.
In accordance with the idea of H. J. Bremermann and L. Durand (1], p. 251)
he has suggested the definition of multiplication between distributions of
D'(R) as follows: Let S(z) and 7(z) be locally analytic functions of H,(C\ R)
which correspond to S and 7T respectively by the process just mentioned.
A distribution W € D'(R), denoted by S-T, is by definition a multiplicative
product of S and 7 when W is the distributional limit of S.7. as ¢—0, or
more generally when the finite part of S.7. (in the sense of Hadamard) exists
and equals W. W, if it exists, does not depend on the choice of S and 7
corresponding to S and T respectively. We shall concern ourselves mainly
with the case where the distributional limit of 5.7, exists and we denote the
limit by SOT instead of S-7T to distinguish the case. In the sequel SO7,
if it exists, will be called simply a multiplicative product of S and 7 in the
sense of Tillmann. If Se &'(R), we define S(z) by the equation:

. 1 1
@) =gry <Se 2

It is shown in [18] (p. 77) that S is an element of H(C\R) corresponding
to S.

The generic point of the product space C" is denoted by z=(z1, z3, ---, zn),
zj € C. Similarly the generic point of R" is denoted by x=(x, xs, ---, xy),

N
x; € R. We use an abbreviation L for 1 1
x—2z 1 X%;—2;

. Let 6=(0,,0,...,0x) be
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any vector, where ¢;=+1. Then (C\ R)" is the open subset with 2" com-
ponents G,={z:0; Im z;>>0}.
For any distribution S ¢ &'(RY), we put

~ 1 1

S(z) =@y <8y 7>
as before. Let 5°(z) denote the component of S(z) in G,. We define for any
¢ >0 the function S.(x) by the equation:

_ N
Se(x) = 2([:[ 0;) S§°(x+ieo).

e 1

= . S. converges in
T xi4el é g

—=

We can write S.=Sxh.;, where h«(x) =]

D'(RY) to S as e—0 (18], p. T7).
We can define SOT for S, Te€&(RY) as in the 1-dimensional case:
SOT-—hm S:T. if the distributional limit exists. However, the fact that,

generally, S does not converge in E(R¥\ supp S) to zero as ¢—0, causes
some difficulties. For it is possible that S.7°: does not converge to zero in
the case supp SNsupp 7=¢. The example will be given later on. We note
that the analogous statement to Proposition 3 concerning tensor products
holds also for the multiplicative product under discussion. This follows
easily from the definition of multiplication just given.

H. G. Tillmann has developed the representation theory for distributions
on RY of finite orders ([147, p. 117), where locally analytic function S(z) with
certain properties determines the distribution S of finite order as the bound-
ary distribution as mentioned in the case Se¢ &. Here the map S— S is not
unique as in the 1-dimensional case. If we attempt to define SOT in the
same way as in the case S, T € &', we shall be led to some serious difficulties.
It occurs that S.7. does not converge to zero even in the case S=0.

-

Exampres. Consider the case N=2. Let S, T be the Dirac measures
concentrated at point (1, 0) and (0, 0) respectively. We obtain

~ 1 € e
Se@ =71 1T e ajt e

1 e e
Te@W =" o g+ e
To carry out the estimation of S.7°. it is convenient to note that, in the
case N=1, we have for the Dirac measure & and for any ¢ € D(R)
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O [B@E @ = 5 <0, 6> + o),
@  (fe-DE@IWr = <8, 6>+ <04 5> + 00

as ¢—0.
By making use of these relations we obtain

1
§Te=57(0®0+0:@0) +0(1), as e—0.

This is an example which shows that S.7. does not converge in @’ to zerc
as ¢—0 in case that supp SNsupp 7'=0Q.
Now let S=0=0X®0J and let T be the same as above. Then S(z)=

A 3 _ 2ié .
o 5 Therefore S.(x) EICETS) Then we obtain because of (1)
8T =—0®0+o0(1), as ¢—0.

This is an example which shows that S.7: does not converge in @’ to zerc
even when S=0.

The first example shows also that, for S, T € &(R"Y), N> 1, even if S7
and SOT exist, they may not coincide. Under certain conditions we can
show that the existence of ST guarantees the existence of SOT and ST =
SOT. From our previous paper ([127], p. 229), we know that if S(¢,T) exists
for S, Te & (R") and for every translation t, of R, then aS*(8T)v is a
continuous function on RY for any «, B € &. In such a case the existence of
ST will imply the existence of SOT as the following proposition shows.

Prorosition 4. Let S, T € &' (RY). If ST exists and Sx(BT)’, B €&, isa
bounded function on RY, then SOT does exist and coincide with ST.

Proor. From the assumptions it follows that Sx7 is a bounded func-
tion with compact support and is continuous at 0. Let ¢ be any element of
D. Let aeD beequal to 1 on a sufficiently large ball with center origin in
such a way that o =, 0 <<a <1 and ((supp S\Usupp 7))+ supp (1 —a))N\supp ¢
= (. We then obtain, because of the fact that (Sx(1—a)he)d =(T*(1—a)h:)¢d
=0,

<SeT6, ¢> = <(Sxahy) (T*che), ¢>.

Our aim is to show that lim<S.7:, ¢>=<ST, ¢>. To this end we evaluate
&—0

the right side of the equation. Since Sx*ah., T*ah. are of compact support
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we may assume that ¢ is periodic with period 27 for each coordinate with a
sufficiently large [. Then we can write

LT
B = e T,

where >)|c,|(1+ |m|)*<oo for any integer k0.
Now we obtain

<(S*ahe) (T*ahe), ¢>
=SV <(Sxahe) (T*ahe), ¢ 1< >
=3¢, <(Skheke T qh) T, o 1<m*>>
=DVen <(Skgme) T, € T >

where we put gm,e = ahexe T athe.

We shall show that (i) the set {(Sxgm,e) T} me is bounded in & and that
(ii) (S*gme) T converges in & to ST as e—0. Suppose these are true. We
can then find an integer % >0 and a constant M such that

| <(Sxgm) T, 155 > | < M1+ |m]),
Consequently, since >3|c,|(1+ |m|*)<oo, the series
S <(Skgme) T, ¢ 1M >

is normally convergent where each term is considered as a function of e.
And

lim <(S *gm,.s) T’ eil;<m, x> > = <ST, ei 7;<m, x>> )
&0

Therefore we have
-0

=3¢, <ST, e 1<m > >
- <ST7 ¢>:

as desired.
Now we shall turn to the proof of (i) and (ii). To begin with, we note
that
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[lgmelds<1,

lim g gmedx =1,

&0

limg lgm,eldx=10 for any positive 0.
€0 J (%>

Let 3 be any element of & Then
<<S*gm,e) T, B>= <S*(BT)V, g~m,5>-

If we remember that S+(BT)¥ is a bounded function and is continuous at
origin, we can confer with the aid of the properties of g, . noted above that

| <(S*gmo) T, B> | < M, g \gme|dox <M,

where the constant M; depends on B, but not on m, ¢, and that

leizrol<(S*gm,e) T, B>=(S*(BT)") (0) = <ST, B>.

Thus the proof of Proposition 5 is complete.

In the statement of Proposition 4, if we take N =1, the condition imposed
on Sx(8T)' may be omitted. This follows from the fact that S(z) is analytic
in C\supp S as the proof of the following proposition shows.

Prorosrrion 5. Let S, T € &'(R). If ST exists, then SOT does exist and
equal ST.

Proor. With the aid of a decomposition of unity we can confer that it
is sufficient to show that there exists a neighbourhood B(x, d) for every x € R
such that lim <87, ¢>=<ST, ¢> for any ¢ € Dy..s).

&—0
Owing to Corollary to Proposition 2 there exists a positive number ¢

such that aS+(8T)v is a bounded function continuous at 0 for any «a,
B€Dyiuzsy. Let ¢€Dyuy. We take an a € Dy 35 such that =1 on
B(x, 20). Then (1—a)Sxh: and (1—a) Tk, converge in & (B(x, 20)) to zero
as ¢—0. We can write

<STe, p> = <(aS+he) (aTxhe), ¢>
+ <aSxhe, (L—a) Txhe)¢>

+ < Txhey (L—)Sxhe)d>.
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Consequently, we can confer that lim <S.T, 4> =<ST, ¢> if we can show
&0
that lim <(aSxh:) (@T*he), p>=<ST, $>. But « is taken so that aS and
&0
aT satisfy the conditions of Proposition 4. Therefore

lim <(aS*he) (T *he), ¢>
&-0

=< (aS) (aT), > =<a’ST, ¢>
=< 8T, &’¢>=<ST, ¢>,

which was to be proved.

§ 3. Comparison between the two definitions on multiplication.
Hereafter we assume that N=1.

ProrosiTioN 6. If S, T€ D' and ST exists, then ST =1lim S,T=lim ST..

&E-0 &E-0
Proor. First assume that S is of compact support, that is, S€ &’. Then
we have for any ¢ €D
lim <8, T, ¢>=lim <(Sxhe) T, ¢>
&0 &0
=1lim <S*(T@)Y, he>
&0

= (Sx(79)") (0)
=<ST,¢>,

where we used the fact that the restriction of S*(4#7) to a neighbourhood
of 0 in R is a bounded function continuous at 0.

Next we turn to the general case. Let I be any open interval. We choose
a €D so that « takes the value 1 on I. Put S;=aS and S;=S—S;. Then
we can write for any S corresponding to S

S() = 8:1(2) + 8x2),

where S,(z) is analytic in C\ (R\J).
Consequently, (S,).T converges in @'(I) to zero as ¢—0. Now using the
first part of the proof we obtain for any ¢ € D)
lim <87, 4> =1im <(8,).T, 4>

[ad ] &
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Since [ is arbitrary, we have lim S.7=S7. Similarly for lim ST.=ST, com-
E-0N E=0
pleting the proof.
In the preceding proposition, if we do not assume that ST exists, it may

occur that 1im S.7, lim ST. and lim 5.7, exist, but differ from each other.
&0 E—0 &—0

For example, let S=¢ and 7=PtLl . Then SG)=— 7—1;7, T(:)= 1 for
x 2miz 2z
Im:z>0 and = ~;21~z for Im z< 0. By calculation we shall have lim S.7 =
&0
—0’, lim ST.=0 and lim S.7.=— R
&0 &—0 2

With the aid of Proposition 5, and by proceeding in the same way as in
the proof of the Proposition 6, we have

Tueorem 1. If S, Te€D and ST exists, then SOT does exist and
cotncide with ST.

Proor. Let I be any open interval. Choose a €D as in the proof of
Proposition 6. Put S,=asS, S;=S—S,, Tv'=aT and 7T,=T-—7T,. Since each
of (5)e(T)e, (5)e(T2)e and (5)e(T2)e converges in @D'(I) to zero as &¢—0,
it follows from Proposition 5 that ST converges in @'(I) to ST as ¢—0.
Now [ is arbitrary. Therefore we obtain SO7 =lim S.7.= ST, which was

&0

to be proved.

Remark 1. S is an element of & if and only if SOT exists for every
T € D', or more generally for every 7€ &’. Indeed, if Se€ &, then ST exists
for every 7T € @', and therefore SOT does exist by Theorem 1. Conversely,
assume that SO7T exists for every 7 € &', then for a fixed S corresponding
to S, we have

SO T =1lim (S).(The).
-0

Since the map 7—(S):(Txh:) from & into @’ is continuous and &’ is bar-
relled, it follows from a theorem of Banach-Steinhaus that the map 7—>SOT
of & into @' is continuous. Then for any ¢ ¢ D, there exists an element
f(¢) € & such that for every T e &’

<SOT, p>=<f($), T>.
If 7 happens to be an element « € D, then from the equation we have
<PS, a>=<S0a, p>=<[(¢), a>.

Consequently, ¢S = [(¢) € &, which shows that S¢ &, as desired.
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Remark 2. S(z) and 7(z) are analytic in C\supp S and in C\supp 7
respectively, so S.7. converges in @'(R\ (supp Snsupp 7)) to 0. Therefore,
if SOT exists, then supp SOTCsupp Snsupp I. This support theorem is
also valid for ST as easily shown from the relation a(ST)=(aS)T=S(«aT),
a €&, Assume that xO7T =0 and SOT exists for every Se¢L'. Then T
must be zero. In fact, since x7=x0T =0, it follows that supp T'C {0}.
Consider the map S—>SOT of L! into @ which will be continuous as easily
shown. From the support theorem just noted, SOT is of the form SOT =
ao(S)0 4+ a(S)0'+ -+ + a,(S)0™. Then a; being a continuous linear form on
L', we can write aj(S)zgg,-(x)S(x)dx, where g;eL” j=1,2, ..., n If we
take S for any ¢ € D such that 0 « supp ¢, then a;(¢)=0. This implies that
g;=0, that is, SOT =0 for every SeL'. Putting S=1, we see that 7=0,
as desired. As a result we see that if ¥xOT7 =0 and SOT exists for every S
with the form S=F’, F being a continuous function, then T must be zero
(compare with Satz of [4], p. 392).

The following remarks are related to the axioms of H. Konig [4] as
explained in the introduction.

Remark 3. We have shown in [127] (p. 225) that if ST exists, then (aS)T
and S(aT) exist also for any a € & and the relation (aS)T =S(aT)=a(ST)
holds. The statement is not true in general for SO7. In fact, if we take

S=Pf 1l 7-4¢, then SOT=LPfLl. But @SOT and SOGT) do not
% 2ni T x

exist. On the other hand, if we take S=0 and T=Pf-;16-, then SOT =
%, &' ([17, p. 251). But, for any ac&, (aS)orz—.‘E;%' and @ (SOT) =

—%—a’(O)é‘——%a(O)&’, so that (@S)OT-a(SOT) for we®& such that
a'(0)=~0.
Remark 4. We have shown in [12] (p. 229) that if S % exists, then
dS . aT . .
ST, 22T exist and —(ST) T+S . The statement is not true in

> dx dx
general for the multlphcatlon in the sense of Tillmann. In fact, if we take

S= PfA» and 7=7Y (Heaviside function), then S O(fiT é 0" but = d OT

does not exist. However, it is easily seen from the definition that if S OT
and SOd—T exist, then ds ~OT exists and A—(SOT)— ~d—S OoT + SO —df——

dax dx
holds.

When S is a tempered distribution, we use the notation S to denote the
Fourier transform (S):
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S= Sei"?Sxdx.

Now, let S and T be ¥'-composable tempered distributions. It is known
(87, p. 151) that ST exists and F(S*T)=28T. Therefore, by Theorem 1, we
can also write

F(S*T)=80T.

Lemma 1. If S and T are tempered distributions with supports in the
positive real axis, then S and T are &’-composable.

Proor. Let ¢, ¢ be any elements of &, and x be any element of .
Consider the expression

ey (S) (v) (T¢) () % (x + y)-

Since Sx¢, Tx¢ belong to Oy, there is a positive integer % such that we have
for a constant M

@ |(Sx) (@), |(T*¢) ()| <M1+ [x])".

On the other hand, since x is an element of &, there is a constant M; such
that we have

&) L+ | DH () | <M.

Since the supports of Sx¢ and T*x¢ are limited on the left side of the real
axis, we can find a constant M, such that for any «xe€suppSx¢ and

y € supp T'x¢

“) A+]a) A+ 1yD <M1+ [x+ 5%

Combining (2), (3) and (4), we can easily find that (1) is an integrable funec-
tion in x and y. Therefore Sx¢, Tx¢ are ¥'-composable,so S and T are
also (117, p. 27), completing the proof.

Let S be a tempered distribution with support in the positive real axis.
Consider the complex Fourier transform

$©) = Sef'“su)dx, Tm £0, ¢ = & + 7.

$(¢) is analytic in the upper open half plane and $(&+i7)—S in & as 7—0.
It is known ([107], p. 75) that S(¢) is slowly increasing in the half plane
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Im £>0 in the sense that for a positive integer %k and a constant M

M1 +]¢1D"

1S <HMHIS

Therefore if we define $(¢)=0 for Im& < 0. Then the locally analytic
function $(&) belongs to H,(C\R) and S«(&) = S(&+ic) converges in & to §.
From these considerations we see that if S and T are tempered with support
in the positive axis, then, by Lemma 1, S and T are &#’-composable and

F(S*T)=lim $.T: =S0oT.

-0
Any tempered distribution S is written in the form
S=8.—-8,

where the supports of S, and S_ lie in the positive and negative real axis
respectively. Consider the complex Fourier transforms $,(¢), Im £>0 and
$.(©), Im¢<0. The pair (5., S(¢) is a locally analytic function
€ H(C\R) and determines § as a boundary distribution. If we put

5‘6(5) = ,§+(5 + ie) - S—(E -— iE)

then S.—S in & as e—0. Therefore if S and 7 are two &’-composable
tempered distributions, then

F(S*T)=1lim S.T. =SOT.
&0

It is open to us whether we can conclude that S and T are &’-composable
when S$7 exists, or more generally when SOT exists.

§ 4. The value of a distribution at a point. Scalar product and
multiplication.

Let us recall some definitions and results concerning the value of a
distribution at a point.

After S. Lojasiewicz ([5], p. 239, [6], p. 2), the value of a distribution
SeD'(R) at a point x, is defined as the distributional limit

A0

provided that such limit exists. If it exists it is always a constant function
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(7], p. 479, [157], p. 519). The value S(x;) of S at x, is defined as the value
of this constant function.

S has the value ¢ at x, if and only if there exists an open interval I con-
taining x, such that the restriction S to I is written as D"F=S and

@) lim_ F® _ ¢

Ead 1) (x—%'o)” a 72;' ’

where n is a non-negative integer and F is a continuous function on I ([67],

p. 5).
A distribution S is called to be bounded at x, if the family of distribu-

tions S(A% + %), 0<<A2<1, is bounded ([167], p. 28). This is equivalent to

_F® s pounded ([167, p. 29).
(x —_ xo)”

Lojasiewicz has also defined the right (resp. left) hand limit of S at x,
(6], p. 3). S issaid to have the right hand limit ¢ for x—x,+ if the dis-
tributional limit lkim S(Ax+x,) exists in a neighbourhood of x, for x>x, and

—0

requiring instead of (2) that

if it is a constant distribution ¢. We write lim S=¢. He proved in [6]

X x0+

(p. ) that for the existence of lim S=c it is necessary and sufficient that there

x> %9+
exist a non-negative integer » and a continuous function F in a neighbour-
hood of x, for x>x, such that S=D"F and

Flx) ¢

lim -
x—xgt (26— %0)" n!

Similarly for the left hand limit of S.

Prorosition 7. If Se¢ D'(R) has the value ¢ at the point x, € R, then
SO0, exists and equals c0., where 0., 1s the Dirac measure concentrated
at X0.

1 e
7_[" ?T&z" Let ¢ be

any given element of . We take « € D with value 1 in an open interval
I containing supp¢ and 0. Let S;=aS and S; = (1 —«)S. Then S, has the
value ¢ at 0. We can write

Proor. We may assume that x, =0. & =h(x)=

S(Z) = Sl(Z) + SZ(Z>7

where S, is analytic in C\ (R\.I).

It is clear that (S,): converges in &(I) to zero as ¢—0, so that
<(8))ebe, $>—>0 as e—>0. Therefore it remains to show that < (5)):8e, ¢>—
c$(0) as e—>0. Now we write S; in the form
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Ss=T+WwW, T Weé&,

where supp WNI=@® and T is the n-th derivative of a continuous function

F such that lim F;a(x)—TzT' As before <We, $>—0 as ¢—0. Therefore
x>0 .
we have only to show that lim <78, ¢> = c$(0).
&0

<Tebe, ¢>=<(The)he, >=<T, hepxhe>

After a change of variable x—ex, we can write with A(x) = 71? _xuzi I
STy hegrhe>=(—1) g_f,g;@, (1 (%) $ (e2) %1 ()™ ds

= (— 1>"S Fff”flx (b ()  (e) + B ()™
On the other hand

" (h () § (e20) % b ()™

Il

S0t a-nl( ] ) E @ h @)Y

Il

SEnten(h) S (PR @ @) @)

k=0 pra=k-p,qg=0

Now
(" A () ¢ (ex))?

B —

_ “(p)@grﬁ x” ’L( ﬂ)’“”(x)aﬂ )

=S ) ST w0 e e

Similarly for (x?4(x))” we have

(th(x))(q) = é(})( 7 )Z:— xth(t)(x).

2

Since (ex)* ¢ (ex) is bounded and tends to 0 for k>1 as ¢—0, |x*2%(x)]
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<C,h(x) for a constant C,. Using Lebesgue’s theorem concerning dominated
convergence we obtain

lim <7, heg#he>= (=17 4(0) Sx ()™ s

-0

— “ 3O |G
.
=c$(0),

which was to be proved.
For example let S be a locally summable function f(x). If the indefinite

integral Sxf (©)d¢ has the ordinary derivative ¢ at the point x,, then f, as a
0

distribution, has the value ¢ at x,. Then Proposition 7 shows that fO0, =
¢0r,- On the other hand S0, existsif and only if S is a bounded function
continuous at x, in a neighbourhood of x,. Of course, there may occur the

case where S has not the value at a point x,, but SOJ,, exists: YO0 =%6.
LemMa 2. 0™.0=0 for n=0,1,.... 0™0O0 does not exist. (ao0 + a,0’

+ . 4@, 000 ewists if and only if ao=a; = ... =a,=0.

-— 1
Proor. We have §: =%, and (0°), =h. . Since S 1h6(”)/L5x"“dx=0,

we have for any ¢ €D
< > = | nPheg
1 nt+1 (k)
= g h.e(">h5<¢— mek>dx
-1 i k!
) 1
+ qu_@g B het dx + o(1)
0 k! —1

as ¢—0. The first term of the right side of the equation tends to zero as
e—0 since x""'h,” and wxh. are bounded. After a change of variable x —ex,
we can write

' n 1 > "
g»lh‘s( hesdn = /g’—l"k;?« S—m—g:xD%)h( )hxkdx}
= '—-——S& KM hatdx + o(1)

as ¢—0. If n is an even number 2m, we have
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<h6(2m>h67 ¢ >

_ jﬁi‘RS K™ . +¢22 >><|°>S R b dis + o(1)

=1 2D amypase +qé(2 )(,O)S KO ™ ds + (1)

as ¢—0. If » is an odd number 2m—1, we have
<h€(2m—1)he, ¢>

82m 1

— ¢(0) S (Zm—l)hxdx_l_

(2m—1)
+ (‘;n; 1%?2 | Aon DR e o(1)

22m1

(2m-1)
+ (‘;m_ S S KD a1 s+ o(1)

as ¢—0. Since Sm (W™ dx, Sw (A2 dx =0, it follows that 6’00 does

not exist but ™. exists and equals 0.
Next we show that if (200 + @,0"+ - + @,0™)O0 exists then ay=a, =
..=a,=0. Suppose the contrary. Assuming that a,=+0, we shall deduce
a contradiction. If n is an even number, we choose ¢ € D such that ¢(0)=0
and if » is an odd number, we choose ¢ € D such that ¢(0) =0 and ¢'(0)=~0.
Then Lin(r)ll <(aohe + -+ + @he™)he, > | = oo, whith is a contradiction.

By making use of Lemma 2 we shall show

Proposition 8. Let T be a distribution such that lim T=c,., lim T=c_.

z—=+0 x=>—0

Then T-0 exists and equals %(cflr c_)0. TOO ewists if and only if T is

bounded at 0, and we then have T06=%(0++ c.)0.

Proor. If weput S=7—(c,—c_)Y then limS=c_=1limS. Therefore

z=+0 x=>=0

there exists a distribution H such that H coincides with S for x=~0 and
H(0)=c_ ([6], p. 15). Then we can write S—H=a0 + 10"+ ... + @,0"” with
some constants «; and we have

T=C(co—c)Y+H~+ad+aad+ . .. +a,o™.
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Since 6.0 =0 by Lemma 2, YO0 =L6 and HOO =c_0 by Proposition

2
7, it follows that 7.0 exists and

T.6 =

1 _ 1
2 (C+—C,)§+CA6 —7<C++ C_)a.

Moreover if T is bounded at 0, then ¢; =0 for i=1, 2, ..., n. Therefore
we obtain

TOd :%(CJF‘{' c.)0.

Conversely, if TO0 exists then (40 + a,0'+ ... +a,0™)OF exists, so that
by Lemma 2 we have ¢;=0 for i=0,1, ..., n. Consequently, 7 is bounded
at 0. Thus the proof is complete.

When S*7T exists and has the value at 0, S. Lojasiewicz ([5], p. 241) has
suggested the way of defining the scalar product <S, 7> as follows:

<8, T>=(SxT) (0).

This mode of defining the scalar product will lead us to define a product SX T
by the equation

<SXT, ¢>=<S, 47>, ¢€D,

provided that <S, ¢7>> exists in the above sense. We note that the linear
form ¢— <S, ¢T>> is continuous on . In fact, we can write (S=(¢7)")Od
=((Sx(¢T)") (0))0. Now let ¢ run through any Dg, K being a compact
subset of R. We can take a €D in such a way that « takes the value 1 in
a neighbourhood of K such that «aSx*(¢7)” coincides with Sx*(¢7T)” in a
neighbourhood of 0. Then

(S*(¢T))00 = (aS*(pT)*)Ob
= lgjg (@S +($T)") *he) he.

Then by virtue of the Banach-Steinhaus theorem, we see that the map
¢—(S=(#T)") (0) is a continuous linear form on D.

Consider the case where ST exists. We know that S+ (¢7)v is a bounded
function continuous at 0 in a neighbourhood of 0 and <S7, ¢> =(S*(47)*)(0).
Consequently, S X 7" does exist and coincide with S7. Conversely, when one
requires only that Sx(¢7) has the value at 0 for every ¢ ¢ D, we can not
conclude that ST exists. However, SOT exists and coincides with S X 7.
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This follows from the following Theorem 2, which contains Theorem 1 as a
special case. The following lemma will be needed for the proof of Theorem 2.

Lemma 3. Let E and F be spaces of type (F). Let G be a locally convex
space. If a family of separately continuous bilinear maps u., a € A, of ExXF
wnto G 1s bounded at each point of EXF, then {u.}aca 18 eqUiCONtinuous.

Proor. Let I/ be an absolutely convex closed zero neighbourhood in G.
Let F.={y € F;u.(x,y) €W, a€A;. Then clearly F, is a barrel in F, there-
fore a zero neighbourhood in F. Let {9,} be a fundamental sequence of
zero neighbourhoods in F. Put E,={x € E; u.(x, y) € W, a € 4, for any y € 0,}.
Then E, is an absolutely convex closed subset of E and E=\E,. Therefore
an E, is a zero neighbourhood in E. Thus we see that there exist zero
neighbourhoods U in E and V in F, such that u,(U, V)W, « € A.

If SO¢ exists and equals cd, we shall define ¢ as the generalized value
of S at 0 and denote it by S[0]. Consequently, if S has the value ¢ at 0,
or if S is bounded at 0 and has the right and left hand limits ¢. and c_ at

0 respectively and if we put c=%(c+ +¢_), then ¢ is also the generalized

value of S at 0.

Tueorem 2. If (Sx(aT)V)O0 exists for every a € D, then SOT exists.
In particular, if Sx(aT)v has the generalized value at 0, then SOT exists
and <SOT, a>=(Sx(aT)')[0], aeD.

Proor. Let K be any compact subset of R and ¢ be any element of Dg.
We choose compact subsets K;, K» CR so that K (resp. K;) lies in the interior
of K, (resp. K;). Let a; €D be chosen equal to 1 on K; so that a,S*(¢T)Y,
¢ € D, coincides with Sx(¢T)" in a neighbourhood of 0. Then (aS+(¢7)*)00
=(Sx(¢T))00 forevery ¢ €Dg,. Let a,eDg, be chosen equal to 1 on
K. Further, we choose B €D so that Bzﬁ and equals 1 in a neighbourhood
of 0. As in the proof of Proposition 5 we have

lim <87, ¢> = lim <(a,S * fhe) (2T * Bhe), >
—0

=0 &

if the right hand side exists. To estimate the right hand side of the equa-
tion we may assume that ¢ is a periodic function with period 21, where [ is
taken large enough. We can write

b =Sleme'1 ™ =D ene(m)

where 3¢, |(1+ |m|)*< oo for any integer k0.
Then we obtain
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1) <(aiS*Phe) (asT*Bhe), $>
=2 em <(a1S*Phe) (a1 * Phe), e(m)>
=V e <(a1S*Bhe ¥ e(—m)Bhe)an T, e(m)>
=3Ven <aySx(e(m) )Y, Bhexe(m)Bhe>.

On the other hand, it follows from the existence of (a;S*(¢T))O0,
¢ € Dg,, that we have for any x ¢ #

<(S*(9T)V) 00, x>
= lim (S *(@T)V) * Bhe) Bhey 2>

=lim <a,S*x(¢T)V, Bhe*x[h:>.
&—0

Consider the family of maps
(¢) x)—> <a{13*(¢lT)V, Bhe % Bhe >

of Dy, x % into the complex number field. By virtue of Lemma 3 this family
of maps is equicontinuous. Therefore we have for some positive integer k
and a constant M

| <ayS*(T), BhexxBhe>| <M sung"gbIsuEID"xl
= p=

Consequently, we have for a constant M,
| <a1Sx(e(m)axT)”, Bhexe(m)Bhe> | < My (14 |m])*

Therefore the series Sc, <aiSx(e(m)a,T), Bhe*e(m)Bhs> is normally con-
vergent and each term has a limit as ¢—0. Consequently, it follows from
(1) that <(a1S*Bhe) (a2 T Bhe), > converges as ¢—0, that is, SOT exists.

In particular, if S*(«aT)Y has a generalized value at 0 for every «a €D,
then SOT exists by the first part of our theorem. The linear form defined
on #:x—(a1S*(xx,T)*)[0] is continuous. Therefore we obtain for ¢ € Dx

<SOT, ¢>= leing <(@1S*Bhe) (2T * Bhe), §>

=Dy (als x(e(m) CKZT)V) o]
= (.S * (@ T)) [0]
= (Sx(s7)") [0].
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Thus the proof is complete.

The existence of SOT does not imply the existence of SOaT, @€ &.
However if this is the case, the condition of Theorem 2 is necessary and
sufficient in order that SO7T may exist. This follows from Theorem 2 and
the following proposition.

Prorosition 9. If SORT exists for every 8 € & then (Sx(aT)*)O0 exists
for every a €D.

Proor. Let K be any compact subset of R and g€ be chosen equal
to 1 on K so that gSx(aT)v, a € Dk, may coincide with Sx(aT)” in a neigh-
bourhood of 0. Then BSOaT exists for any a € Dx and coincides with

SOaT. Further, we choose 3, €D so that B,= B, and equals 1 in a neigh-
bourhood of 0. We have for any ¢ €D

<(S*(aT)")00, ¢>= £1n(r)1 <(BS*(aT) * Bohe) Bohe, ¢>

if the right hand side exists. We may assume that ¢ is a periodic function
with the same form as in the proof of Theorem 2. Then we obtain

<(BS*(C¥T)V *Bohg) BOhE, ¢>
=Dl en <BS*(aT), Bohe *e(m) Boh:>
= >lcn <(BS*Bohe) (e(_m)aT*Bohe), e(m)>.

On the other hand, as in the proof of Theorem 2, it follows from the
existence of 3SOxT for any x € Dk, that we have for any ¢ € &

| <(BS*Bohe) (xT*Bohe)y 9> | <M sup | D?x | sup | D¢ |

with some positive integer k& and a constant M. Consequently, we have for
a constant M;

| <(BS*Bohe) (e(—m)aT Bohe), em)> | <M (1 + |m|)*.

Therefore >3c, <(BS*Bohe) (e(—m)aT*Bohe), e(m)> is normally convergent
and 16151(3 <(BS * Bohe) (e(—m) aT * Bohe), e(m)>=<SOe(—m)aT, e(m)>. Con-

sequently, we see that l:ng <(BS *(aT)” * Bohe) Bohe, 6> exists. Therefore
(S*(aT)*)O0d exists for every a € D. Thus the proof is complete.
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