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1. Introduction

Let C be a coalgebra and C* its dual algebra. Every right C-comodule is
equipped functorially with a left C*-module structure. A left C*-module thus
obtained is called rational. On the other hand every left C*-module M has a uni-
que maximal rational submodule M"! and the correspondence M—Mre* is a
functor from the category of left C*-modules to that of rational ones which
form a full subcategory of the former. This functor is left exact.

In this note we study the relation between the structure of a coalgebra C
and the functor M+ Mra?,

In Section 3 we consider the exactness of the functor and show the following:
When C is irreducible, the functor is exact if and only if C is of finite dimension.
When C is cosemisimple, the functor is exact. When C is cocommutative, the
functor is exact ifand only if C is a direct sum of finite-dimensional subcoalgebras.

In [3] Radford has proved that if every open left ideal in C* is finitely gener-
ated, then the class of rational modules is closed under group extensions. And
recently Lin [2] investigated as an application of the torsion theories the structure
of a coalgebra for which the functor is a left exact radical, i.e., the class of rational
modules is closed under group extensions. In Section 4 we study the extension
problem and prove the converse of the Radford's result above when the coalgebra
has a finite-dimensional coradical or when the coalgebra is cocommutative
(Theorem 4.6 and Corollary 4.9). We don't use the torsion theories but some
topological concepts in [3].

The author wishes to thank Professor Y. Kurata and Professor S. Togo for
their valuable advices.

2. Preliminaries.

Throughout this note, vector spaces, coalgebras and algebras we consider
are all over a fixed commutative field £ and all linear mappings are k-linear.
We follow the terminology in [4] with a few exceptions.

(2.1) Let £ be a vector space and E* its dual space. E* has the weak-
*topology. An open subspace of E* with this topology is just a closed and
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cofinite subspace. Let/be alinear mapping of E into a vector space F.  Then
thetransposed mapping f*: F*—E* iscontinuous. |If Ker f is finite-dimensional,
then f* sends an open subspace of F* onto an open subspace of E*.  In particular,
it is the case if f is injective.

(22) The dual space C* of a coagebra C is a topological algebra.  Every
finitely generated left (or right) ided of C* is closed.

(23) Let C be a coalgebra and C* its dual algebra. A left C¥-module M
is cdled rational if M is mapped into M®C under the canonica injection M
—Hom (C*, M) ([4], p. 37). Every left C*-module M has a unique maximal
rational submodule which we denote by Rat(M) or Rat(M) rather than Mret
[4], Th. 21.3). For an element me M the following conditions are equivalent

([3), p. 519):
(@ meRat(M), :
(b) Ann(m) is an open left ideal of C*,
(©) Ann(m) contains an open (two-sided) idea of C*.
Here Ann(m) is the annihilator of m, i.e, Ann(m)= {c* € C*|c*m=0}.

(24) Let C and D be coagebras and let f: C—D be a coalgebra homomor-
phism. Then f*: D*—C* isacontinuous algebra homomorphism, which induces
a functor from the category of C*-modules to the category of D*-modules by

change of rings.
If M is arational left C*-module, then M is adso rationa as a D*-module.

This implies that
Rat(M) Cc Raty(M)
as subsets of M. In fact, for any meM we have
Annp.(m) = f*~!(Annc(m)).

In particular, if Ker/ is finite-dimensiona, then by (21) as subsets of M we
have
Rat (M) = Raty(M).
(25 C* is regarded as a left C*-module by multiplication. Then by
(1.8) in [5] we have
Rat(C*)=the sum of dl finite-dimensional left ideas in C*.

Moreover, it is atwo-sided ided in C*, and Rat(C*)=C* if and only if C is of
finite dimension. In fact, for any ¢*, d* e C* we have

Ann(c*d*) o Ann(c*).
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The second part is obvious.

3. Functor Rat.

(3.1) For a coalgebra C, Ratc is a functor from the category of left C*-
modules to that of rational ones which is a full subcategory of the former, where
Rat (f)=flraiar the restriction for every C*-homomorphism / of a C*-module
M. And for any submodule N of M we have

Rat(N) = N n Rat(M).
It follows that the functor Rat. is left exact. But in general it is not exact.

(3.2) If Ratc is exact, then for every left C*-module M we have
Rat(M/Rat(M)) = 0.

In fact, from the exact sequence 0—Rat(M)—M— M/Rat(M)—0 we have
an exact sequence O—Rat(Rat(M))—Rat(M)—Rat(M/Rat(M))—0. But (3.1)
implies Rat (Rat (M))=Rat (M), so we have the result.

REMARK. More generally, (3.2) holds if the rationality satisfies the con-
dition that if L and M/L are rational then so is M.

PROPOSITION 3.3. // C is a subcoalgebra of a coalgebra D and if Raty
is exact, then Ratc is exact.

PROOF. This follows from (2.4).

LEMMA 3.4. Let C be irreducible with coradical R. If Rat(C*)+#C¥*,
then Rat(C*)=R*.

PROOF. Let / be a finite-dimensional left ideal. By (2.2) the right ideal
IC* in C* generated by / is closed, and it is a two-sided ideal. Therefore IC*
<Rt or IC*=C*. But since Rat(C*) is a proper ideal, IC* =Rat(C*)&C*.

THEOREM 3.5. Let C be an irreducible coalgebra. Then Ratq is exact
if and only if C is of finite dimension.

PROOF. If dimC< oo, then every left C*-module is rational. Therefore
the functor Rat is identical.

Conversely, assume that Rat. is exact. By (2.5) it suffices to prove that
Rat(C*)=C*. Suppose now Rat(C¥)#C*. Then Rat(C*)=R* by Lemma
34, where R is the coradical of C. Consider the exact sequence of left C*-
modules and C*-homomorphisms
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C*/Rat(C*) — C*/RL —> 0.

By (3.2) we have Rat (C*/Rat-(C*))=0. This and the exactness of Rats imply
that Rat(C*/R+)=0. So we have Rat(R*)=0 since C*/RL~ R*as C*-modules.
On the other hand, since dim R< oo, R* is a rational R*-module, that is, Ratg(R*)
=R*., Using (24) we have R* =Rat-(R*) =0 which is a contradiction.

COROLLARY 3.6. Let C be any coalgebra. If Rats is exact, then any
irreducible subcoalgebra of C is of finite dimension.

(37 Let C= (—BC be a direct sum of coalgebras. Then C*—]_[C* is a
direct product of algebras and each C* may be regarded as an ideal of C*. If
M is a left C*-module, then the submodule C*M of M is simultaneously a left
C*-module. By (2.4) we have

Rat(C*M) = Ratg (C*M).

PROPOSITION 3.8. Let C=@C, be a direct sum of coalgedras. Then

a
Rat. is exact if and only if Ratc, is exact for all o.

PROOF. "Only if" part follows from Proposition 3.3. Assume now
that Rat, is exact forall a. Let M —£— N—0be an exact sequence of C*-modules.
It suffices to prove that Ratq(f) is surjective. Let n e Rato(N) be any element.
Since for any submodule M’ of M we have Rat (M’) < Rat (M), we may consider

f~Y(C*n) instead of M. Moreover, since dimC*n<oo ([4], Th. 2.1.3, b)), we
may assume N to be a finite-dimensional rational C*-module, so that there
exists an open ideal / of C* such that IN=0 by (2.3). Since I+ is a finite-dimen-

d
sional subcoalgebra of C, Ilc@C for some finitely many indices oq,..., %,

Therefore ID(@ C )= H C*. Note that C*= (@ Cck )@( ]_[ C*¥). It follows

aag

that N=C*N= (© Ci)N= Z C*N. This implies that n—Z n;, where
=1

n;e C*.N for each i l By 3. 7) C* N is a rational C*.-module, and the restriction
of f: C¥M—C¥N is a surjective C homomorphlsm Thus by the assumption
for each / there exists an m; € Rat¢ (C* M) =Rat(C¥ M)cRat(M) such that

;=f(m;) Then m= Z m € Rat (M) and f(m)=n which prove the proposition.

COROLLARY 3.9. [fC is cosemisimple, then Rat. is exact.

THEOREM 3.10. Let C be a cocommutative coalgebra. Then the follow-
ing conditions are equivalent:

(1) Rat, is exact.

(2) C is a direct sum of finite-dimensional subcoalgebras.
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(3)  Every irreducible subcoalgebra of C is of finite dimension.

PROOF. (1)==(3) and (2)=>(1) follow from Theorem 3.5 and Proposition 3.8
respectively.  Since C is cocommutative, it is a direct sum of its irreducible com-
ponents ([4], Th. 8.0.5). It follows that (3) implies (2).

4. Extensions of rational modules

DEFINITION 4.1. We say that a coalgebra C has the property (E) when
for any exact sequence 0—»L—->M—>N—-0 of left C*-modules and C*-homomor-
phisms, if L and N are rational, then so is M.

(4.2) (Radford [3]). If every open left ideal of C* is finitely generated,
then C has the property (E).

PROPOSITION 4.3. Let C have the property (E). // / and J are open
ideals of C*, then so is the product ideal 1J.

PROOF. Consider the following exact sequence of C*-modules

0— J/IJ— C*[IJ—> C*|J— 0.

Since Ann (J/IJ) (resp. Ann (C*/J)) contains an open ideal / (resp.J), both
C*-modules J/IJand C*/J are rational. Hence C*/IJis also rational by the
property (E) of C. But since C*/IJ is a cyclic module, IJ=Ann(C*/1J) is an
open ideal.

LEMMA 4.4. Let E be a vector space and E* its dual space. If {4},
is a decreasing chain of closed subspaces in E* such that N\A,=0, then the

linear topology on E* defined by {A,} is complete.

PROOF. It is clear that the topology is Hausdorff. Let E,=A4}, n=1, 2,....
Then EL=A, and {E,} is an increasing chain of subspaces in E. Since, in general,
for a family of subspaces {E;} in £ we have (}.ZE}' L= g\Ei-,ft follows that
UE,=E.

" Now let {x*} be any Cauchy sequence. We may assume that x*—x¥*, ;e 4,
for all n. Define a linear form x* on E as follows:

x* = x* on E,,,n= 1,2,....
Then it is easy to see that x* is well defined and lim x* = x*.

(4.5) A coalgebra is called almost irreducible if its coradical is finite-dimen-
sional.
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THEOREM 4.6. Let C be an almost irreducible coalgebra with coradical
R and let J=R*. Then the following conditions are equivalent:

(1) C has the property (E).

) J is finitely generated as a left ideal.

(3) The coradical filtration of C consists of finite-dimensional subcoal-
gebras.

(4) Any open left ideal in C* is finitely generated.

PROOF. (1)=>(2). Since J is open, Proposition 4.3 implies that every
power J"is also open, and thus it is closed. It follows from Lemma 4.4 that C*
is complete with respect to J-adic topology. On the other hand since J2 is open,
the left C*-module J/J° is finite-dimensional as well as finitely generated. The
completeness of J-adic topology shows that J itself is finitely generated.

(2)=(4). Let / be any open left ideal. Then I>J" for some n. Since J
is finitely generated, so is J", and this is cofinite ([1], 1.3.9). Therefore / is
finitely generated.

(4)=(1). This is just (4.2).

(1)=>(3). Recall that C,=(J"*1)L ([4], p. 185). By Proposition 4.3 every
Jrtlis open, so that it is cofinite.

(3)=(2). Let I, be the closure of the ideal J». Then {I,} is a decreasing
chain of ideals and N\I,=0. It follows from Lemma 4.4 that the topology on C*
defined by {I,} is conmplete, which we call {I,}-topology. Since J? is cofinite, we
have

J = C¥cf+-- 4+ C*cf+J2
for some c%,..., ¢* in J, so that for every n>1 we have
Jro= Jr et I ek T

where J° means C*. We now prove that J is actually generated by c#¥,..., c*.
Take any element x* in J. Define a sequence {x*}inductively as follows:

xT = x*,
Xy =ndied7 TR C Xy,

where aireJ* !, 1=1,...,r, and x¥ ,eJ**!. Then for any n we have x*

r n . . n
=Y (X a¥ctxp,. Asn—oo, xk ;-0 and ) a} converges to some a'*
i=1 j=1 "~ Jj=1
r

for i=1,..., r in {I,}-topology. Therefore x*= Y a*c} This completes the

i=l1

proof.

PROPOSITION 4.7 (Lin [2]). Let C be a subcoalgebra of a coalgebra D.
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If D has the property (E), then also does C.
PROOF. It is clear from (2.4).

PROPOSITION 4.8 (Lin [2]). Let C=@®C, be a direct sum of subcoalgeb-
ras.  Then C has the property (E) ifand only if also does each C,.

PROOF. Because of Proposition 4.7, it suffices to show "if" part. Let
each C, have the property (E). Let 0-L—-M-L,N—0 be an exact sequence
of C*-modules with L and N rational. Let m e M be any fixed element and put
n=f(m). Then Ann (n) is open. Therefore,

d
Ann(n) > (@ C,)* = T C*
i=1 aFa;
for some finitely many indices «;,..., &4 Since

—(@C M)@(al_IC*)M

m can be written as m= lilmme meC¥M, m e( H C*)M Here we
have m'e L. In fact, let e be the identity of the algebra H C*.  Multiply e
on both sides of n=Zf(m)+f(m’), and we have f(m’ )=ef(m’)=0 because
en=0, ef(m)=f(em) 0 and e acts identically on (~£I~.C2‘)N.

By (3.7) C*-modules C*L and C*N are rational! and the sequence of C*-
modules 0—»C*¥L—C*M—C*¥N—0 is exact. It follows from the assumption that
C*M is also rational as a C*-module for every a. Therefore we have

m; € Rate, (C3,M) = Rat(C;,M) < Rat(M).
Thus m e Rat-(M) which implies that M is rational.

COROLLARY 4.9. When C can be expressed as a direct sum of almost ir-
reducible subcoalgebras, in particular, when C is cocommutative, C has the
property (E) if and only if every open left ideal of C* is finitely generated.

PROOF. It suffices to prove ‘‘only if" part. Let C=@®C, and let / be any

open left ideal in C*=T]C¥ Then there exist finitely many indices ay,..., d4

such that /o TJC*. Let I be the image of I under the canonical homomorphism

aFa;

-C* T1 C*~ C* =( €B C,,)* Since C has the property (E), also does

aFa;

the subcoalgebra © C which is almost irreducible. By (2.1) / is open in

( () C)*x. Therefore by Theorem 3.6 1 is a finitely generated ideal, so that I is a
=1 "
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finitely genrated left C*-module. Since the ideal J] C¥ is finitely generated,

aFag

so is /. This completes the proof.

References

[1] R.G. Heyneman and M. E. Sweedler, Affine Hopfalgebras, I, J. Algebra 13 (1969),

192-241.

[2] I-Peng Lin, Products of torsion theories and applications to coalgebras, to appear
in Osaka Math. J.

[3] D.E. Radford, Coreflexive coalgebras, J. Algebra 26 (1973), 512-535.

[4] M. E. Sweedler, Hopfalgebras, Benjamin, New York, 1969.

[5S]—————, Integrals for Hopf algebras, Ann. of Math. 89 (1969), 323-335.

Technical College,
Yamaguchi University,
Ube





