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§0. Introduction

Let BP be the Brown-Peterson ring spectrum at p, where p is a prime number.

Then

BP* = Z(p)ίvί9 t?2,...3, dimvn = 2(pn - 1),

where the vn's are HazewinkeΓs generators. A sequence of elements a0, au..., as

of BP* is said to be invariant if

nκaί = ηLaimod(aθ9 α l 5 . . . , ai.ί) BP*BP for i = 0, 1,..., 5,

where ηRi ηL: BP*-+BP*BP are the right and the left units of the Hopf algebroid

BP*BP over BP*.

The purpose of this note is to prove the following

THEORBM 1.5. Let sθ9su...,sn be positive integers, and let pei be the

largest power of p dividing st. Then the sequence pso

9 v\ι,...,vs

n

n is invariant

if and only z/sO"~l^^i and s i^ Jp
β i + 1""S0+1 for ΐ = l,..., n—1.

The case so = 1 of this theorem has been given by Baird [4; Lemma 7.6].

As an application, we obtain some y-elements in H3BP* of order pso in Co-

rollary 2.5 (p: odd prime). Furthermore, we consider the non-realizability of

some cyclic BP*-modules in Corollary 2.7.

The author would like to thank Professor M. Sugawara, Professor S. Oka

and Professor Z. Yoshimura for their helpful suggestions.

§ 1. Invariant sequences in BP*

Let p be a prime number, and let BP denote the Brown-Peterson ring spec-

trum at p. Then, it is known that

BP* = Zip)[vu ϋ 2,..., ϋn,...], dim υn = 2(pn - 1),

where the vn's are HazewinkeΓs generators, and the Hopf algebroid

BP*BP = BP*[tί9 r2,..., ί w . . . ] , άimtn = 2(pn - 1),
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over BP* admits the left unit and the right unit

ηL: BP* > BP*BP, ηR: BP* > BP*BP

satisfying the following equalities:

(l l) Άύ>n = υnl

(1.2) ηRVn = Vn+ Σ?=/ Vn-ifn,i + Pfn,n

where

(1.3) fnieBP*BP is a polynomial in tl9...,tn with coefficients in Zip)[vί9...9

vn_{] and fnti = t?n~ι + monomials having lower degree with respect to tb for

ι = l,..., n.

(Cf. [1], [5]; especially, we see immediately (1.2-3) by the results of Hazewinkel

[2; Lemma 6.2].)

DEFINITION 1.4. An ideal / of BP* is said to be invariant if IBP*BP

= BP*BP•/; and an element aeBP% is said to be invariant mod I if nRa = ηLa

m o d / BP*BP. A sequence α 0 , aί9...9 as of elements in BP* is said to be in-

variant if at is invariant modulo the ideal (α 0 , . . . , a^γ) generated by αo> > ai-\

for ΐ = 0, 1,..., s.

The purpose of this section is to prove the following

THEORBM 1.5. Let p be a prime number and s0, s1?..., sn (n = l) be positive

integers, and let peί be the largest power of p dividing sf. Then, the sequence

of elements in BP* is invariant if and only if

(1.6) s 0 - 1 ^ eι and st ^ pei+ι~so+1 for ΐ = 1,..., n - 1.

PROOF. (Sufficiency) In (1.2), we put

Fk = vH + Σi=tvH-JH9i for /c = l , . . . , n ,

and we shall prove the following (1.7) by the induction on k:

(1.7) If 5 0 - l = en and s f ^p e "- s o + 1 for i = l,..., fc-1, then

lav?) = nn mod Jk BP*BP (Jk = (p-M1>,..., ^ l i 1 ) ) .

Since ί|Λt;rt = Fγ + pf (/=/„,„) by definition,
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If so-l^en, then (s.n) =0modpso~J for l^j<so because sn = 0mod pe".

Thus, the above equality implies (1.7) for fe=l.

By the same way, for /c^l, Fk = Fk+ί + vkf(f=fn>n-k) and hence

Φ ί f J = n + i m o d (p°°, υ i * ) *

if sk<Lpe»-s°+\ because (sA = 0modpSo for l g j < s k . Thus, we see (1.7) by

induction.

Now, the conclusion of (1.7) for k — n means that vs

n

n is invariant mod Jn.

Therefore, (1.6) is a sufficient condition.

(Necessity) Let pso, v\1,..., vs

n

n ( n ^ 1) be invariant. Then

(1.8) sΌ-l£eH and s, ^ pe» for i = 1,..., n - 1.

In fact, consider the ideal

Jn,i = K » — > «>i-i> «1'» ϋ i + i , . . . , ϋ Λ - i ) ( ϋ 0 = P)

containing Jn for i = 0, 1,..., n — 1. Then, ι;£n is invariant mod JMjί, and

by (1.1-2), where /=/„,„ _f satisfies (1.3). Therefore, we see that

»^ v(fj = 0 mod JnΛ - BP*BP for 1" g j ^ sn,f ^ v(fj =

and hence

psM = 0 mod p 5 0 , if i = 0;

s£ ^ sΛ and (SA = 0 mod p for 1 ^ g sf, if i ^ 1.

Since pen is the largest power of p dividing sn, pe"~ fc is that dividing {I) for

k<.en. Thus, these imply (1.8).

Now, the first inequality in (1.6) is seen by that in (1.8) since the sequence

pso

9 vl1 is invariant. Assume inductively that the inequality in (1.6) holds for

ί = l,..., n —2 (n^2) . Then, the assumptions of (1.7) for k = n — 2 hold, since

et£en by (1.8). Therefore, ηR(ifn»)ΞΞF'^ mod J.-^BP+BP by (1.7), and (•)

for i = n — 1 is also valid mod Jn BP*BP. Thus, by the same way as the above

proof, we see that

sn-χ ύ sn and (S.A = Omodp 5 0 for 1 <Ξ j < sn_ l 9
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and hence srt_ x ^pβ»-*o+i These show the necessity by induction. q. e. d.

§2. Some applications

In the first place, we consider some y-elements in H3BP*.

Let p be an odd prime number. For positive integers sl9 s2, s3 with

(2.1) s^p^, s2^Pe3

(pei is the largest power of p dividing sf), by using the invariant sequence p,

Vi1, vs

2

2

9 v
s

3* in Theorem 1.5 for so = l, Miller-Ravenel-Wilson [4; Corollary 7.8]

defined the element

(2.2) yS3ίS2tSι = η(tή?lp*M2) e H*BP*

and proved that it is nontrivial unless sί <s2 — pe2> = s 3 .

Now, let s0, sl9 s2 and s3 be positive integers with

(2.3) 1 ^ 50 - 1 ^ βi and s, ^ pβ*+i-*o+i fOΓ i = 1, 2.

Then, the sequence p 5 0 , t?}1, ι?|2, t;|3 is invariant by Theorem 1.5, and by the same

way as the definition of the element in (2.2), this sequence determines the element

(2.4) ySφ2,slts0 = Φ#lP*tiϊ*i) 6 &BP*.

Since (2.3) implies (2.1) and s2<pe3

9 the element yS3/S2,Sl in (2.2) is also defined

and is nontrivial; and there holds clearly the relation

Thus, we have the following

COROLLARY 2.5. Let p be an odd prime number. Then, for positive

integers s0, sί9 s2 and s3 with (2.3), the element yS3/S2>SljS0 e i ί ^ P * of (2.4) is

defined and is of order pSo.

In the second place, we consider some cyclic 2?P*-modules for any prime p.

For the invariantness in Definition 1.4, we notice the following lemma which may

be known:

LEMMA 2.6. For positive integers s0, s1?..., srt ( n ^ l ) , the sequence pso

9

tff1,..., vs

n

n is invariant if and only if the ideal (pso

9 t J1,..., vs

n

n) is invariant.

PROOF. The necessity is seen immediately by definition.

Suppose that J = ( p s o , vγ9...9 vs

n

n) is invariant, and set

vk + / f c , fkeZip)\yl9...9 ϋfc. i ; tl9...9 ί k ]
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by (1.2-3). Then, for i = l,..., n,

(Vt + ft)Si = f *(*!')eBP*BP J = J.BP*BP,

and we see that ηR(Vi

i)-v'i
t=(υi+fiy

i-ϋlt e(p s o, ϋ}1,..., vfLi^BP^BP. Thus
the sequence p*0, t J1,..., ϋjn is invariant, as desired. q.e.d.

COROLLARY 2.7. Let p be a prime number and s0, sί9..., sn ( n ^ l ) be posi-

tive integers such that (1.6) does not hold. Then, there exists no finite CW-

complex X whose BP-homology BP*(X) is isomorphic to BP*/(pS0, vf,..., vs

n

n)

as BP^-modules.

PROOF. If there exists such a finite CW-complex X, then we see that the

ideal (pso, 141,..., vs

n

n) is invariant by the same way as the proof of [7; Corollary

4], using the result of Landweber [3] that annihilator ideals of primitive elements

are invariant. Thus, the corollary follows immediately from Theorem 1.5 and

the above lemma. q. e. d.

EXAMPLE 2.8. For n, m^O and ί, s ^ l with tpn>pm~n and ί, s^Omodp,

BP*l(pn+ί, v\Pn, vs

2

pm) is not realizable; while the realizability of BP*l(pn+1, vψ")

was shown by S. Oka, (for any odd prime p, L. Smith [6] also showed that of
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