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A subalgebra M of a Lie algebra L is termed modularin L(MmL)if M isa
modular element in the lattice formed by the subalgebras of L, i.e., if
(%) M, U)nV=LKUMnVyforal U, V< LwithUZLV and
(%) M, U)nV=LUnV,M)forall U, V< Lwith M <V hold.

Simple examples for modular subalgebras of a Lie algebra L are the quasi-
ideals of L—Q < L is called a quasi-ideal of L (Q q L) if Q is permutable with every
subspace R of L, i.e., if [Q, R]=Q+R for all R L ([1], p. 28).

That the reverse implication is not true is shown by the Lie algebra L (L=
(e +{f>+<{g)) defined over a field containing no pair of elements «, § such
that o? + %= — 1, with the following multiplication: [e, f]1=g, [f,g]=e, [g,e]=
f. L is simple, and every one-dimensional subalgebra of L is maximal and
modular in L, but not a quasi-ideal of L.

We prove the following (M denotes the core of M in L):

(i) A modular subalgebra M of a Lie algebra L permutable with a solvable
subalgebra A of L is a quasi-ideal of M + A — in particular M is a quasi-ideal of
L if L is solvable.

(i) A modular subalgebra M of a finite-dimensional Lie algebra L over
any field of characteristic zero is either

a) an ideal of L; or

b) L/M, is metabelian, every subalgebra of L/M, is a quasi-ideal, M/M_ is
one-dimensional and is spanned by an element which acts as the identity map
on ([L, L1+ M)/M,; and L/([L, L]+ M,) is one-dimensional; or

¢) M/M, is two-dimensional and L/M| is the three-dimensional split simple
Lie algebra; or

d) M/M, is a one-dimensional maximal subalgebra of L/M; and L/M, is
a three-dimensional non-split simple Lie algebra.

1. Elementary properties of modular subalgebras

The properties 1.1-1.3 hold for modular elements in more general lattices;
proofs can be found in [9], where the modular elements are called ‘‘Dedekind
elements.”

ProposITION 1.1. Let M be modular in a Lie algebra L and let U be a
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subalgebra of L. Then M n U is modular in U ([9], III, p. 74).

PrOPOSITION 1.2. Let M be modular in L and let I be an ideal of L with
ISM. Then MJI is modular in L[I ([9], IV, p. 75).

ProrosITION 1.3. Let M and N be modular in a Lie algebra L. Then
{M, N) is modular in L ([9], V, p. 75).

LeEMMA 1.4. Let M be modular in L, Q be a quasi-ideal of L, and ¢: L—
L' a homomorphism of Lie algebras. Then ¢(M) is modular in ¢(L), and ¢(Q)
is a quasi-ideal of ¢(L).

LeEMMA 1.5. Let M be modular in a Lie algebra L. Then
a) M is a maximal subalgebra of {M, x) for all xe L\M.
b) I, (M), the idealizer of M in L, is either L or M.

Proor. a) If MSN=(M, x), then by (xx) N=Nn<{M, x)={N n {x),
M), hence N=M or N={(M, x).

b) Suppose MsI;(M)sL and let xeI,(M)\M, ye L\I,(M). Then M#
M+[y, M]=M+[x+y, M] and M is a maximal subalgebra of {y, M) and of
{x+y, M) due to a). Now

M £ M, [x +y, M) £{(x+ y, M) and
M = <M, [y, M]) =<y, M).
Using a) we get
x4y, M) =M, [x + y, M) = <M, [y, M]) =y, M).

This means x+y e (y, M), hence xe{y, M). Therefore, xeI,(M)n<{y, M) =
I (M) n <y, M) =M by (xx), which contradicts our assumption. Od

LEMMA 1.6. Let M be modular in a Lie algebra L and let U be a sub-
algebra of L with {M, Uy=M+U. Then

a) M is permutable with all quasi-ideals W of U.

b) Every V=L with UNnMZSVZU is permutable with M.

¢) If in addition, UNM is a quasi-ideal of U, then M is a quasi-ideal of
M+U.

Proor. a) As WqU and (U,M)=U+M we have (W, M)>=Un
W, M)+M=CW,MnNU)+M=W+MnU+M=W+M by (+).

b) <V, M)=UNnNV,M)+M=(V,UnM)+M=V+M due to (*).

¢) Letx=u4+m;uelU, meM. As(UnM)qM we have by (») (x, M)=
u, M)={u, UnMP+M={u)+UnNM+M={u)+M={x)+M. O
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ProposITION 1.7. Let M be modular in a Lie algebra L and A be a solva-
ble subalgebra of L. Then An M is a quasi-ideal of A; more precisely: AnM
is an ideal of A or dimA/ANM=1 or A=[A, A]+ANM, [[A4, 4], [4, A]1=
ANM={md+(AnM), with meM and [a, m]=a (mod(4nM),) for all
ae[4, A]. »

ProoF. Let aeA\AnNM. B:={a, ANM) is solvable, and by (x) it
follows that

B=Bn(An<a,M)=Bn<a,M)=_aBnM).

If we pick r=1, r € N, maximal with respect to B") £ M, we have M £ (B, M)
<{B, M)<<{a, M) and (B, M)={a, M) by Lemma 1.5a); now (using (*))

B=Bn<{BO,M)={BO,MnB)=B"+MnB and
Br+1) < B n M <a B?,

Thus ANM=BnM is a quasi-ideal of B due to Lemma 1.6c). In particular,
B=<{a, BnM)={a)+BnM={_a)+AnM. As a was arbitrary, we have
(AnM)qA. The additional remarks of the proposition are a direct consequence
of Theorem 3.6 in [1]. O

COROLLARY 1.8. Let M be modular in L and let A be a solvable sub-
algebra of L permutable with M. Then M is a quasi-ideal of M + A.

The following are two convenient technical lemmas:

LEMMA 1.9. Let M be a modular and maximal subalgebra of a Lie alge-
bra L. Then dim V<1 for every subalgebra V of L with M n V=0.

ProoF. Suppose M n V=0 for V<L with dim¥V>1, and let Oz#ueV.
But now (*) does not hold, which contradicts M m L:

lu M) nV=LnV=V£uy={uMn V). O

LeEMMA 1.10. Let M be a modular and maximal subalgebra of a Lie
algebra L. Then M n U is a modular and maximal subalgebra of U for every
subalgebra U of L with U£M.

Proor. We have (M n U)m U by Proposition 1.1. If xe U\ (M n U), <{x,
M) =L holds and by (¥) it follows that U=UnNL=Un<{x, M\)>={x, UnM). O

2. The finite-dimensional case in characteristic zero

All Lie algebras in this section are finite dimensional and defined over an
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arbitrary field of characteristic zero. The following lemma is a slight extension
of a theorem of Chevalley, Tuck and Towers, which occurs for V= A4 ([8], pp. 443~
444).

LeMMA 2.1. Let U and V be subspaces of a finite-dimensional algebra
A over any field of characteristic zero with U< V. If U is invariant under all
automorphisms o of A with «(V)=V, then U is invariant under all derivations
d of A with d(V)<V. In particular if A is a Lie algebra and V a subalgebra
of A, then U is an ideal of V.

ProoF. The Lie algebra L(Aut (4)) of the algebraic group Aut (4) of the
automorphisms of 4 coincides with the derivation algebra D(A) of 4, a subalgebra
of gl(A4) ([4], p- 179 and p. 128). The automorphisms of A which leave V invari-
ant form an algebraic group (:=AUT) (4)), whose Lie algebra L(AUT) (4))
consists of all endomorphisms of the vector space A mapping V into V ([4], pp.
144-145). Thus Aut(4)n AUTy (4) is an algebraic group ([4], p.79); these
are the algebra-automorphisms of 4 which leave V invariant. Since L(Aut (4)
N AUT, (4))=L(Aut (4)) n L(AUT), (4)) ([4], p. 171, 172), we have L(Aut (4) n
AUT, (4))=Dy (4):={deD(A); d(V)=V}<D(4). Hence Aut(4)n AUT} (4)
is contained in g, where

g:={G; G is an algebraic group of automorphisms of the
vector space A with L (G)=Dy, (4)}.

Let G(A)=n{G; Geg}. Then G(4)ZAut(4)nAUT, (4). G(4) is an ir-
reducible algebraic group with L (G (4))=Dy (4) ([4], Definition 1, p. 86;
Theorem 10, p. 165, and Theorem 14, p. 175). As G (4) is contained in Aut (4)
nAUTy (4), thus leaving U invariant by construction, U is invariant under
L (G (4))2Dy (4) ([8], pp. 443-444). O

THEOREM 2.2. If a Lie algebra L over any field of characteristic zero con-
tains a core-free subalgebra of codimension 1, then L is either one-dimensional,
or two-dimensional non-abelian, or L is the three-dimensional split simple Lie
algebra.

The proof of the theorem can be found in [7], pp. 105-107.

NoTATION. We call a modular subalgebra M of a Lie algebra L maximal
modular in L, if there is no modular subalgebra N of L such that MXNZL.

Using Lemma 2.1, the proof of the next lemma is analogous to part (ii) of
the proof of R. Schmidt’s Lemma 1 for groups ([6], p. 361):

LemMA 2.3. Let M be maximal modular in a Lie algebra L. If M is
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not an ideal of L, then M is a maximal subalgebra of L.

THEOREM 2.4. Let M be maximal modular in a Lie algebra L. If M is
not an ideal of L, one of the following holds:

a) M is of codimension 1 in L and dim L/ M <3,

b) M is a maximal subalgebra of L with- dim M/M; =1, and L/M; is a
three-dimensional non-split simple Lie algebra.

ProoF. Let L be a counterexample of minimal dimension. M is a maxi-
mal subalgebra of L due to Lemma 2.3, and we can assume that M; =0 (w.Lo.g.)
by Lemma 1.2.

If the largest solvable ideal of L, the radical of L (rad (L)), is non-trivial,
rad (L)£ M holds, hence M is a quasi-ideal of L=M +rad (L) (Corollary 1.8).
As M is maximal in L, we have dim L/M =1, and by Theorem 2.2 it follows that
dim L/M;<3. Now let rad(L)=0 and L=@®’-,E;, 1=<neN, with simple
ideals E; of L.

If n=2, then {M, E;>)=M+E,=L and M nE,<M, E,<I;(M n E,) (since
[E,, E;]=0); thus M n E,<L,ie., MnE,=0. ByLemma 1.9 the contradiction
dim E, <1 follows.

Therefore n=1 and L is simple.

An easy calculation shows that L is not a counterexample for dim L=3,
because a) holds if L is split, and b) holds if L is non-split. Hence we may as-
sume that
A) Lis a simple Lie algebra with dim L> 3.

If we look at L over an algebraically closed extension field ¥ of f, L®, ¥ is
semi-simple and dim, (L®,¥)=dim L ([3], p.95). L has non-trivial Cartan-
subalgebras ([2], p. 21), every Cartan-subalgebra H of L remains (as H®,T')
Cartan, and by ([2], p. 36) dim;. (H®, ¥')=dim H holds. As dim L>3 it follows
by 1.9 that
Al) dim H=2and M n H#O0 for all H € Cart (L) and dim (H/(M n H))<1.

As-a(M)m L for all « € Aut (L), Lemma 2.1 leads to (recall that M; =0)

A2) n {(M); aeAut(L)} = 0.

By Al) and the maximality of M in L we have
Bl) dimM = 2.

Now we show that
B2) M is not solvable and M is not three-dimensional split simple.

Assume the contrary. Take H e Cart(L) such that HEM. Due to A2)
there exists a f e Aut (L) such that HN M £ H n f(M). M and B(M) are modular
and maximal in L (Lemma 1.4). A1), B1) and Lemma 1.9 imply that H n f(M)
#0, M n p(M)#0. Furthermore

HnMZ£BM),ie, Hn M £ M n B(M), and
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HnpM)£ M, ie, Hn M) £ M n p(M).

M n B(M) is modular and maximal in M, rsp. in f(M) by Lemma 1.10. So we
have dim M /(M n f(M))=1=dim S(M)/(M n B(M)) by the choice of L, and there-
fore M=HnM+MnB(M), and B(M)=Hn pM)+Mn p(M). As H is nil-
potent (hence solvable) the maximal quasi-ideal M n H of H is of codimension 1
in H (Lemma 1.10, Proposition 1.7); thus H=Hn M+ H n (M). Now we have

M, B(M)] = M + B(M), ie., M + BM) = (M, B(M)) = L.

Hence dim L/M =dim (M)/(M n f(M))=1, and by Theorem 2.2 it now follows
that dim L £3 — which is a contradiction to A).

Next we prove the following:
B3) M is semi-simple.

Suppose rad (M)#0. By A2) and (*) there exists a f(M)}rad (M), fe
Aut (L), such that M=M n L=M n {rad (M), f(M)) =rad (M)+M n p(M). M
n B(M) cannot be solvable; if it were, M would be solvable. M n (M) is a quasi-
ideal of M (Corollary 1.8), and dim M/(M n f(M))=1 by the maximality of M n
B(M)in M (Lemma 1.10). So (M n B(M)) q f(M) since dim M n f(M)=dim M —1
=dim f(M)—1.

Let (M n B(M))® denote Ny (MnBM)™; then (Mn M) #0 is
an ideal of M and of B(M) due to Corollary 3.3 in [1]. Thus the contradiction
(M n M) @ <a(M, B(M)) =L follows.

Now we can show that
B) M is three-dimensional non-split simple.

Suppose M is not simple. Let E be one of the simple ideals of M not con-
tained in o(M)# M, a € Aut (L). Then (by (%))

M=L0M=<aM),E>nM=<E,MnaM)=E-+Mn «M).

M na(M) cannot be solvable since M=M®™=(M na(M))™+E for all neN.
Let A=(M na(M))y and B=(M N a(M)),ar)- The choice of L and Lemma 1.10
lead to

dim(M n «(M))/A<2 and dim(M n a«(M))/B < 2.

Hence (M n a(M))®® < An B, and because A, rsp. B, is a semi-simple ideal of M,
rsp. a(M), we have

0 # (M 0 «(M)® = A® = A =B =B® = (M n «(M))@,

where (M n (M) denotes N 2%, (M Na(M))™. But now 0#(M n a( M)
<a{M, a(M)) =L contradicts the simplicity of L — M is therefore simple. Lem-
ma 1.10 and the choice of L lead to dim M/(M n p(M))y=dim M =3 for all
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B(M)#M, e Aut(L), i.e., M is a three dimensional non-split simple subalgebra
of L by B2).

We have the following deductions from B):
B4) dim M n B(M) =1 for all (M) # M, BeAut(L)
B5) dimM n H =1 for all He Cart(L) (by Al))
B6) All Cartan-subalgebras of L are two-dimensional, and dim 4 <2 holds for
every solvable subalgebra A of L (since dim A/(M n A)<1 and dim A=dim M n
A+dim A/(M n A)).

Now we show the following:
C1) Let E be a three-dimensional non-split simple Lie algebra over a field ¥ of
characteristic zero. Then for any two independent elements a and z of E (i.e.,
z € E\<{a)), there exist scalars 74(z), j=1, 2, 3, such that

[[a, z], al = 1,(2)-a + 14(2)- 2 and
[[a, z], zZ] = 15(2)-a — 74(2)-z and 17,(2)-74(z) # 0.

It is clear that a, z and [a, z] span E. Thus fixing a we have for each ze
E\{a) that

(1) [[a’ Z]a a] = Uz + #Z[a’ Z] + usa, 2231 # 0’ and
(i) [[a, 2], z] = A4z + 4,[a, z] + A3a, A3 # 0,

where p;=u(z)et and 4;=A(z) et for i=1,2,3. As [[[a, z], a], zZ]1=[[[a, z],
z], a] holds, (i) and (ii) imply

(i) p3 = — Ay, Ay = Aypy, and pyd; = Apps.

Using (i) and setting 2=p3a+p,z we have [[a, 2], al=u,2+p,[a, 2], ie., 4;=
Ai(B)=py, f=0A,(2)=p,, and f13=[15(2)=0. By (iii) we have

[[a, 21,21 =0-2 4+ 0-[a, 2] + Z3a,
where 1,=1,(8) and 1, =1,(8)= — f1;=0, 1,=12,(2)=0; hence
P2 =p, =0.
Now
[[a, 2], a] = u,2 and [[a, 2], 2] = 1sa

with p, #0, 1;%0. Replacing 2 by puja+ u,z the result follows.
Now we claim that
C2) M + a(M) # L for all aeAut(L).
Suppose M +a(M)=L for an a(M)# M, a € Aut(L). Then L is five-dimen-
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sional by B) and B4). But this is not possible — if we look at L over an algebrai-
cally closed extension field ¥ of f, L®, ¥’ is semi-simple ([3], p. 95), dim,. (L®, )
=dim L=5 holds ([3], p.95) and H®,I' is two-dimensional for every He
Cart (L) ([3], p- 36). Looking now at the Cartan-decomposition of L®,¥ rsp.
H®.¥, dim; (L®,¥)=dim L cannot be an odd number. (Using C1) and the
Jacobi-identity we can give an elementary proof of C2) showing the elementary
character of the result.)
Next we prove the following:

C3) Let P and Q be elements of Q:={a(M); a € Aut(L)} such that HnP#
Hn Q for a Cartan-subalgebra H of L. Then if (a)=PnQ, {x)=HnP and
{y>=Hn Q we have

L=P+Q+{[la, x], yD,
P =(x) +<[a, x]) + {a), and
Q =<y +<[a, yD +<ay,

and for z e {x, y},

(1) [La, z], al = x(2) 2

[[a, z1, z] = t5(z)- @ with 7,(z)-15(2) # 0, and

(2 [[la, x1, 1, a]l =0 = [[a, x], [a, y11,

(3) [[a, x1, [[a, x], y11 = ©3(x)- 12(»)y,

4 [la, y1, [{a, x], y11 = ©3(y) - 72(x)x, and

J={[[a, x], y], a) is a Cartan-subalgebra of L with PnJ=QnJ=PnQ={_a).

As a consequence of B4) and BS5) we get dimPNnQ=dimHnP=dimHnQ
=1. By A2) there exist P, Q€ Q such that HNnP={x)#<{y>=HnQ for an
H e Cart(L). Setting {a)=PnQ, Pand Q are of the above form. Forze {x, y}
we have by Cl1)

. [[a, z], a] = 74(2)-a + 15(2) - 2,
) [[a, z], z] = t3(2)-a — 74(2)-z with 7,(2)-75(2) # 0.
H must be abelian by B6), hence [x, y]=0. Using (i) we have
[[[a, x], y], a] + [[a, x], [a, y1] = [[[a, x], al, y] = 1,(x)[a, y],
[[[a, ¥1. x], a] + [[a, y], [a, x]] = [[[a, y], al, x] = 7,(y) [a, x].

Thus setting u=[[a, x], y]=[[a, y], x] we get
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[us a] = 61[‘1’ x] + 52[0, y]’ and
[La, x]1, [a, y]] = — 6,[a, x] + 8,[a, y] with

(i)

(iif) 5, = -;—rl(y) and 6, = %rl(x).

Now [u, x]=13(x) [a, y] and [u, y]=13(y) [a, x] by (i); hence
[u, a + Byx + B,y] =0, where

(iv) By = —0-15(x)Y, By = — 01-15()L.

u is linearly independent of v:=a+B,x+p,y by C2). Therefore J:=<{u, vd
={uy+{v) is two-dimensional and abelian and by B6) a Cartan-subalgebra of
L. Now

0# Au+ A,veP nJ, and
0%#puu+uwveQnJ, where Ay, 4, ug, pyel.

So we obtain 1, =0=p,, as u&P+Q and ve P+ Q, and f,=0=p,, as y& P and
x&Q, whence 1,(x)=1,(y)=0 by (iii)) and (iv). Thus J={[[a, x], y], a) and
PnJ=QnJ=PnQ=<a). The equations (1)-(4) follow from (i)-~(iv) and
L=P+Q+([[a, x], yD.

Next we show that
* C) M is not three-dimensional non-split simple.

Assume the contrary. Let P, Q, H, J be as in C3), (/) £I,({1)) holds for
all leL by B6). Let N=([[a, x], y1>+<[a, y])+<y); then L is the vector
space direct sum L=N+ P, where P={x)+<{[a, x]>+<a). By the equations
(1)-(4) of C3) we have [N, P]= N, and N is not a subalgebra of L.

Let u=a+x and let ve I ((u))\<u); then v=p+n with pe P and ne N\0
(as Ip(Kup)=<u)). Now

[u, v]1 =[a + x, p] + [a + x, n]e<u),
and since [P, N]= N we have
[a+x,n]eP nN=0.

Let n=y,[[a, x], y1+7y.[a, y]+7v5y, where y;ei, i=1, 2,3. By C3), by [x, y]
=0, and since [[[a, x], y], x]=[[[a, x], x], ¥], we obtain

0=1[na+x]
=7,00 + ©3(x)[a, ¥]) + 72(z2(0)y + [[a, 1, x]) + 73(— [a, y]1 + 0).

Thus y,=0 (as 7,#0) and y, - 73=y3. Now n=1v,([[a, x], y]+73(x)y) and J':=
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{[la, x], y]+73(x)y, a+x) is abelian, whence a Cartan-subalgebra of L.
So QNnJ'#0 for Q=<{y>+{[a, yI>+<a)eR by Al). Hence there exist
elements g € Q and j e J’ such that

0 #j = A4([[a, x], y] + 13(x)y) + A3(a + x)
=q =y + ula, y]l + psa, where 4, p;ef; i,je{l, 2, 3}.
Now
Ay=0 and A,=0,

whence j=0, which is a contradiction.
But now C) contradicts B) and therefore L cannot be a counterexample. []

COROLLARY 2.5. A simple Lie algebra L over any field of characteristic
zero has proper, non-trivial modular subalgebras if and only if L is three-
dimensional.

COROLLARY 2.6. Let L be a Lie algebra over an arbitrary field ¥ of char-
acteristic zero. Then a modular subalgebra M of L is either a quasi-ideal of
L or else M/M, is a one-dimensional, maximal subalgebra of the three-dimen-
sional non-split simple Lie algebra L/M;.

ReMARK. The complete result referred to in the introduction is an im-
mediate consequence of Corollary 2.6 and Theorem 3.6 in [1].

ProoF. W.o.g. we may assume that M;=0. We use induction on
dim L/M. If dim L/M =1, then M is a quasi-ideal of L. Let ¥={NmL; M5
NxL}. If #=¢, there is nothing to prove due to Theorem 2.4. Now we pick
an M’ € & such that dim M’/M is minimal. The corollary holds for M’ by induc-
tion and we are left with two cases:

A) M'qL.

Let xe L\M' and ue M’ be arbitrary. By (*x) we have M={(M, M'n
Hud)y=L{M, x+u)nM'q{M, x+u). So for an arbitrary m € M the follow-
ing holds: [m, x+u]=A(x+u) (mod M), and [m, x+u]=(ux+[m, u]) (mod
M) with A, pet. Hence [m, u]=Au (mod M) holds and M q L.

B) M’'QL,ie., M is a maximal subalgebra of L with dim M'/M7 =1, and L/M},
is a three dimensional non-split simple Lie algebra.

We may assume that M7 is non-trivial, otherwise M=0. Let xeL\M’' and
ue€ M’ be arbitrary. By (**) we have M n M ={M, M’' n {x+ud) n My ={M,
x+uynMp<s<M, x+u). So Mn My is idealized by x and x+u, hence by
u=(x+u)—x. Therefore M nMy,<L, which implies M nM;=0. By the
minimality of M’, M'=M + M}, holds (see Prop. 1.3), and M is one-dimensional
(so let M=_m)). Letve My be arbitrary. Then by (*) we have
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Wy =L, M n M) =L{M,v) n M, <a{M, v).
Now, for arbitrary v, we M/,
[m, v] = A0, [m, w] = A,w and [m, v+ w] = Ay )0 + W)
with 4,, 4, Au+wy€E. So 4,=4,=24,4,, and there exists a 1 e such that
[m,v] =Av for all ve Mj.

This also implies that M} =[M, L] for A#0 — for A=0, ML(£ M) idealizes M,
and hence M is an ideal of L by Lemma 1.5b), i.e., the contradiction M =0 follows.
Next let xe L\M’, ue M’, and ve M7, be arbitrary. Then

[m, [x + u, v]] = A[x + u, v], and
[m, [x + u, v]] = [[m, x + ul, v] + A[x + u, v].

Therefore [[m, x+u], v]=0 for all choices of x, u and v, hence [[M, L], M;]=0.
Thus [[M, L]*, M ]=0, where [M, L]* denotes the smallest ideal of L con-
taining [M, L]. As L/M} is simple and M, =[M, L], [M, L]J*=L holds. So
[L, M}]1=0, which implies that M} (£ M) is contained in I,(M), hence M<L by
Lemma 1.5b) and the contradiction M =0 follows (as M, =0). O

COROLLARY 2.7. Let L be a Lie algebra over any field of characteristic
zero. If every subalgebra of L is modular in L, then L is either metabelian or
else three-dimensional non-split simple.

Proor. If UqL for all USL, then L is metabelian ([1], Theorem 3.8).
If there exists a subalgebra U of L, which is not a quasi-ideal of L, then L contains
a three-dimensional non-split simple subalgebra E={e)+{f)>+<{g)>. Suppose
L#E; then dim L>3.

But now {e) has to be a quasi-ideal of L since dim L/{e) =3 by Corollary
2.6, which is not possible, because {e, f)=E#<{e)+{f) — hence L=E. O
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