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Let u be a temperate weight function on ZV=(RN)', that is, a positive valued
continuous function on EN such that

uE +n = CA+ 1Eum), & neEN
with positive constants k and C[4, p. 7]. By B, ,(R¥), 1<p=< o0, we denote the
set of all temperate distributions u € %'(R") such that its Fourier transform
fi is a locally summable function and

July, = @o{_ ia@pw@ds < o,

and when p=co we shall interpret |u|, , as ess. sup |2(&)u(d)|[1, p. 36].

In our previous papers [2, 3] we have investigated the trace mappings in the
space B, ,(RY) with 1<p<oco. The purpose of this paper is to develop the
analogues of the theorems in [3] for the space B, ,(RV).

Let N=n+m. We shall use the notations: x=(x’, t) e R¥, x'=(x},..., X},),
t=(ty,..., ty)and £=(&, 1) e EN, &' =(&,,..., &), T=(14,..., T,,). For a polynomial
P(&)=Za,é* in &, we put P(&)=2a,¢* and P(D)=ZXa,D* with D=(D,,..., Dy),
D;=—i0/0;. P means il*!D*P. Let u, and u, be temperate weight functions
on EN¥. Then u,+pu,, uii, and 1/u, are temperate weight functions on EV.

If u is a positive valued function on EV satisfying the inequality

w&+m =+ CEDulm), & neZ"

with positive constants k and C, then we have

(I + ClED™ = w& + m/um) = (1 + CIEDE,

which implies the continuity of u[1, p. 34]. Putting v(¢')=sup, u(¢’, 1), we have
W& +n")=(1+CIE')*v(n) for any &', n" e "

Let u be the function defined on = by u(é)=1 for €0, w(&)=1+(2&—&E2)1/2
for 0<é<1 and u(¢)=2 for £=1. Then p is a temperate weight function but it
does not satisfy the inequality u(é+n)=<(1+ C|&))*u(n) with positive constants

"kand C. If p(€)=1+arg(é +ie?) on 52, then u is a temperate weight function
but v(¢’)=sup, (¢, ) is not continuous.

According to L. Hormander [1, p. 36] we shall first prove
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PROPOSITION 1. Let u be a positive valued function on EN satisfying the
inequality
& +n) = CA + [EF)u@m), ¢ neBN

with positive constants k and C. For any 6>0 if we put

Us(&) = sup;ezn e il u(é =),

then pus(&) is a temperate weight function on EN and there are positive constants
C’', C; such that

& +n) = (A + C'lEDepsn), & nel®

and
L= us(O/u@) = G5, BN
PROOF. From the relations
H@&) £ us(&) = Cu(d) supgezn e?1HI(1 + [C]%)

we have 1=p,8)/wE)<Cs, where Cs=Csup,.z~e®lCI(1+](¥). For any
¢, ne EN we have

Ha& + 1) = sup; eI + 1 = )

< C(1 + [€[%) supye~?Blu(n — ) = C(L + [€]Fus(m)

and
ps& + m) = sup; e?1EH=tiu(l) < supg e?l¢lemdIn=Eiu(l) = e?1¢lu(n).

If || 1, then we have

C(1 + [€%) < 2CIEF < (1 + (2O)V¥|&))x
and if |¢] <1, then we have

(1 + (e — DIEH* (k=1)

s1El < = DI =
edlel <1 + (e IS (1 + (/% — 1)|E)* (k<1).

Thus there exists a positive constant C’ such that
us& +m = (1 + C'lEDkus(n), & neZr,

which completes the proof.

Hereafter, by ji we denote p, defined in the above proposition for a temperate
weight function u. Then B, ,(R¥)=B, s(R").



On the trace mappings 563

LeEMMA 1. Let P be a non-trivial polynomial on EN. Then the function
P, defined by f"w(é);'maxl,lgo |[P@)(&)| is a temperate weight function on EV
and there exist positive constants C, M such that

P& +m = (1 + CEDMP,(n), & neEN.

PrOOF. Clearly P,,>0. From Taylor’s formula P®CE+mM =3 520B)7
EPP(=*B)(n), we have the inequality

[P@(E + )| S Po(m)(1 + ClEPM
with positive constants C and M. Thus we have P_(¢+n)<(1+CIEDMP (n).

Let u be a temperate weight function on Z¥. Then B, ,(R¥) is a Banach
space with the norm |-|;, and ¥(R¥)<=B, (R¥)c%’'(R¥) in the topological
sense.

Let us consider the trace mappings in the space B, ,(RY). For any u(x’, t)e
2(RV), the trace u(x’, 0) on R" belongs to the space 2(R")=2'(R"). 2(RN)
is dense in B, ,(RN). If the mapping 2(R")3 u—u(x’, 0)€ 2'(R") can be con-
tinuously extended from B, ,(RY) into 2'(R"), then the extended mapping is
called the trace mapping on R" and the image of u € B, ,(RV) is called the trace
of u and denoted by u(x’, 0).

Since the strong dual of B, ,(RY) is B, ;,,(R¥), the trace mapping is defined
if and only if ¢®d € B, (R") for any ¢ € 2(R"), where ¢ is the Dirac measure
in RP.

PROPOSITION 2. Let P be a non-trivial polynomial on EN. Then a neces-
sary and sufficient condition that the trace mapping u—[P(D)u](x’, 0) from
B, ,RY) into 2'(R") may be defined, is that one of the following equivalent
conditions is satisfied:

1) sup, P (¢, 1)/u(¢, 1)< oo for some point &' € =",

(2) sup, |P(&, Dl/u(€’, 1)< o for every point &' e En.

In this case, [P(D)u](x’, 0)€ B, ,, (R") with pp ,(&")=inf, Ji(&, )P (&, ).

ProOOF. Suppose the trace mapping u—[P(D)u](x’, 0) from B, ,(R") into
2'(R") may be defined. For any neEN the map u—e*"y is continuous from
B ,(RM) into itself and P(D)ei*my=ei*"P(D+nu. For any ¢e2(R")
the map

u — {[P(D+nu](x’, 0), > = <u, P(D+n)(¢ ® 3))
is a continuous linear form on B, ,(R") and therefore
P(D + n)(¢ ® 3)e (B, ,(R")) = B, 1, (R")

for any n € EN and ¢ € 2(R"). Namely,
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P(¢ + md(ENu&) = (E)NZ(@!) n*P(E)u(é) € L*(EV),
which implies

PEVPO(E)u(E) e L*(EY).

As a result,
G sup, |P (&, D) u(E, 1) <0 for ae ¢&eEm
Since ¢(&'— &) is the Fourier transform of e<*":¢0>¢(x’), we have
sup, | P (&, 1) | Ju(¢’, 1) < for ae. & ez

Put x=P_/ji and assume sup, k(&, 1)<oo for a point &,eZ". Then k is a
temperate weight function and we have

sup, (&', 1) = (I + CI&" — &oD)* sup k(& 7)

with positive constants k and C. Thus sup, k(& 1) is finite for every &' e ="
and sup, k(&’, 1)=1/up (') is a temperate weight function on Z".

The implication (1)=>(2) is trivial.

Suppose (2) holds true. Let ue 2(RY). For any ¢ € 2(R") we have

K[P(DYu](x', 0), §>] = 2m)~"| S PO

< {supy, (1GNP, DIKE, D} 1wl e

Let P(&)=2X(a'1)"1&* P(«)(0, 7). From the inequality u(0, 7)< C(1+|&F)u(é)
we have

sup, [PE(0, 7)l/u(&’, 1) = C(1+1&'[%) sup, [PE(0, 7)|/u(0, )

and therefore sup, |P(&', 1)|/u(&’, 7) is a slowly increasing function of &'. Since
$ belongs to the space &(E"), the trace mapping u—[P(D)u](x’, 0) from
B, ,(RY) into 2’(R") is defined and we have

ICPOWIE, Ol = @y | up (@] | POBEI| e

< @0 | p, o€ (sup, IP(E, DlIuE', )| la@)luerae )ae
<

Since 2(R") is dense in B; ,(RY) we see that [P(D)u](x’, 0)€ By, .(R") for
every u € B, ,(RV).

THEOREM 1. Suppose pip, (&) =inf, i(&', 1)/P (&', ©)>0. Then each of the
following conditions is necessary and sufficient in order that the trace mapping
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©: B, (RN 3u —> [P(Du](x', 0)€ By ,, (R

may be an epimorphism:

(1) The range of the transposed map *© is closed in B, 1/,(RY).

(2) pp.o is equivalent to v, where 1[v (&)=sup, |P(&, D)|/u&, 1):
Namely, C v, Sp o= C,v,, with positive constants C, and C,.

() If f(EIP&)/u(&) € L™(EY) with f(&') € L1,(E"), then f|up € L*(E").

Proor. For any ve B, /., .(R") and fe 2(RY) we have

Of, o> = (271)“"S (LPD)fI(x", 0))(END(ENdE’

En

= oy POIOFE)E

and

RGHGYS

Do, 1> = (Zn)-~§

and therefore '@(é) =9(&)P(E).
If “Ov=0, then

ess. sup, (10(&")] sup, [P, DI/u(¢’, 1)) = 0.

Since the polynomial P(¢’, 1) is non-trivial, sup, |P(¢', 7)|/u(¢’, ) does not iden-
tically vanish in any relatively compact open subset of =*. Thus 8(¢')=0 a.e.
in E", which implies v=0.

Thus © is an epimorphism if and only if the range of ‘O is closed in
Boo,l/u(RN)'

Suppose (1) holds. Then we have

1ol o, 1/up, = CIFOVl 0,1
P,

with a positive constant C for any ve Bw,””_m(R”); namely,

ess. supg [0(&)l/1p, () = C ess. supg  [D(E)P(E, DI/, T,

which implies v, ~ Up, o

Suppose (2) holds. Let f(&)P(E)/u(¢) e L*(EV) for any fe L},(E"). Then
we have immediately f/us ., € L*(E").

Suppose (3) holds. We shall first note that

sup, |P(&', Dl/u(&’, 1) > 0

for any &' eZ". Let £, e 5" and let B be a closed unit ball with center £;. Let
E be the set of fe L}, (E") such that supp f< B and
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ess. supe: . |f(E)P(OI/u(&) < .

Then E is a Banach space with the norm || f| :

I/ 1le =SB |f(&)1dE" + ess. supy cp rezm [ F(EVP(ON/ ().

Let feE. Then f/us,eL*(E") by (3). By the closed graph theorem, the
map f-f/us, ., is continuous from E into L*(Z") and there exists a positive con-
stant C such that

ess. supg |f(E)/up, (&) = Cllf |-

Taking the characteristic function f=y, of a closed ball B, with center &;e ="
and radius ¢, 0<ée< 1, and passing to the limit e—0, we have

0 < sup, P(&, 7/, 7) < C sup, |P(&, D)I/u(o, 7).

Let {v/} be any sequence in B/, (R") such that ‘Ov/ tends to u in
B,.1/(RY). Namely, 9/(£)P(&)/u(&) tends to o/ in L*(EN). Then #/(¢')
sup, |P(&', 1)|/u(¢’, ©) is a Cauchy sequence in L®(E"). Since sup,|P(&, 7)|/
W&, 1)>0 we see that DJ(£) converges in L}, (E") to f(&) and a4 =f(E)P(&).
By the condition (3) f/up ., € L*(E"). Thus the range of 0 is closed in the
space B, ,,(RY), which completes the proof.

COROLLARY. If v, is a temperate weight function, then v~ up ,, and the
trace mapping u—[P(D)u](x’, 0) from By, RY) into By, .(R") is an
epimorphism.

Proor. For any e EN with |5| <1 we have
Ci/va(&) 2 1)v,(&" + n") 2 Csup, |P(E + /(&)

with positive constants C, C,, and therefore

1/v(&") 2 C'sup, [PCE)|/u(&).
Thus we have v, ~ s ,,, Which completes the proof.

EXAMPLE 1. Suppose pup (£)>0. If the differential operator P(D) is
hypoelliptic, that is, P(®(&)/P(£)—»0 when £—o0 in RN for a0 [1, p. 100],
then the trace mapping u—[P(D)u](x', 0) from B, ,(RY) into By ,, (R") is an
epimorphism.

In fact, by the definition of hypoellipticity we see that there exist positive
constants C and K such that

|[P@(&)| = CIP(Q) for ¢ > K.
Let P(&)=ZX(a"!) 172" P=")(¢', 0). Even though P vanishes at &,, there exists
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o” with P@")(&y, 0)#0 by hypoellipticity of P. Thus there exist positive con-
stants Cy and ¢;€ Z™, 1< j<s, such that for any |{| K

[P = Co(IPO] + [P, T+ )+ +IP(E, T+ 0.
Consequently there exists a positive constant C, such that for any £ e EVN

[P@E)] = CL(IPO + [P, T+ a)) +-+|P(, T + a)D).
Since p is a temperate weight function we have

sup, [P(&', T + o )l/u(&’, 7) = sup. [P, DI/, T — o))
< C;sup, [P(&, Dl/u(¢’, ©)
with a positive constant C; and therefore
sup, |[P@(E', Dl/u(¢’, ©) = C sup, [P, DI/u(E’, ©)

with a positive constant C. Thus v, ~up . By virtue of Theorem 1 the trace
mapping u—[P(D)u](x’, 0) from B, ,(RV) into By ,.p, .(R") is an epimorphism.

REMARK. With the same notations as in [3] we can similarly show that if
up (E)>0 with 1<p’<oco and P is hypoelliptic, then the trace mapping u—
[P(D)u] (x', 0) from B, ,(R¥) into B (R") is an epimorphism.

p.up,p’

ExampLE 2. If P(D) is a polynomial of D, and

1/v(&’) = sup, [P(D)|/AE’, 7) < oo,

then v, is a temperate weight function on Z" and the trace mapping u—
[P(D)u](x', 0) from B, ,(R¥) into B, , (R")is an epimorphism.
In fact, from the relations

v (& + ') = sup, [P/ + 7', 7) 2 (1 + CI&')~* sup, [P(7)l/A(n’, 7)

with positive constants k and C, we have v (&' +#7)S(1+C|&|)*v,(n’). Since
Vo(€)>0, v, is a temperate weight function on &". By virtue of the above corol-
lary the trace mapping u—[P(D)u](x’, 0) from B, ,(R¥) into B, , (R") is an
epimorphism.

Suppose that for some non-negative integer M
inf, [7|"Mu(¢’, 7) > 0.
For any k=(k,,..., k,), k; being non-negative integers, such that |k| <M we put

vk,oo(é') = infr 't_k”z(éls t)'
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Then v, is a temperate weight function on Z". We consider the trace mapping

0: u—{DFu(x’, 0)} from B, ,(R") into [T s <pm By .(R").

THEOREM 2. The trace mapping © is an epimorphism if and only if the
range of the transposed map *0 is closed in B1/(R").

ProOF. Let ={v} € [Tjxjsm Bw,1/m,(R"). Inthe same way as in the proof
of Theorem 2 [3, p. 174] we have

'6\5(5) = Z|k|§M D (&)Tx.

By this equation we see that the transposed map *0 is injective. Thus © is an
epimorphism if and only if the range of ‘@ is closed in B, , /u(RY).

In the same way as in the proofs of Theorem 3 and its corollary in our previous
paper [3] we can prove

THEOREM 3. The following conditions are equivalent:

(1) If ueBg, ,(RY) and (&)= smfilE)T*, then filv € L*(E")
for any k with |k| <M.

(@) IfueB, ,(R")and 4(&) =3 x sm fil¢)T*, then

a(éls Tiseees 7'.j—1> 2_1Tj, Tj+1’-'-, Tm)/#eLw(EN)

for every j=1, 2,..., m.
(3) IfueB,  ,(R") and 4(&)=3 |k sm fil§)T*, then

a, 2-hy,..., 2-imt,) € L*(EN)

for any non-negative integers i;.
In this case, the trace mapping u—{Dtu(x’, 0)} from B, (RN) into
ITism Bx,v,c_,,(R") is an epimorphism.

COROLLARY. If u(&', Tq,., Tjoy, 2T4, Tjhgs-ens TW) 2 CU(E) with a positive
constant C for j=1,2,..., m, then the trace mapping 0: u—{D*u(x’', 0)} from
B, (RM) into Tk <M B1,w,.(R") is an epimorphism.

PrROPOSITION 3. Let {fi} be an arbitrary element of Tl <u By, (R")
and suppose for each k there exist a positive valued continuous function 4, on
E" and a slowly increasing continuous function &, on E™ such that

HE', 2(E)T) S A& Wi, o E)Pi(7) -
Let € 2(R™) satisfy =1 in a neighbourhood of 0. If we put
0:(8', 1) = s (KDTUE) @Y (EN),
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then u € B, ,(RY) and D¥u(x’, 0)=f(x") for |k|S M.

Proor. From the equation

0(8) = Ziksu (_")""(k!)“fk(é’)DL‘ gsmw(lkt)e—i«,r)dt
= S pgm (= DIFI(ED (&) 25 K-mDRG (1517)

we have

[, lalude = Span R0 | MA@ | IDH@INE, @)0)de s

S Tiusw 67 | 1@ ew@)de | 1DH@)10,(0)dr < co.

Thus u € By ,(RY) and clearly Dfu(x’, 0)=f,(x") for |k|=M.

ExampLE 3. Let u,, u, be temperate weight functions defined on E” such
that u, <Cpu, with a positive constant C and put u(&)=pu, (&) + |t|*u,(&") with a
positive real number a. Then u is a temperate weight function on E¥ and

Vo ~ pi~Ilaplelie for k| < a.
If we take A, =(u,/u;)"¢ and @, (r)=1+|z|® for |k|<a, then
W' Al&)r) £ CAE Wi o(E)Pi(T) -
In fact, from the relations
Viyo(€) ~ inf, [T*71 (11 (€ + Ilopa(E))
= Wl plf/einf, [ AL+ [el9),
we have vy, ~pui~1¥l/aplkl/a and therefore
MEE Wi, o0(EVPi(T) ~ (/) ¥l ap= K Iag K a(1 4 |g]a)
=, (&) + |7]9).
On the other hand, we have
(&' A€)T) = py(&) + 1AL )rlona(E)
= (&) + It]°uy (&) = pa (€N (A + |7]9).
Thus Proposition 3 is applicable to this case.

In Section 5 of our previous paper [3], we have investigated the relation
between the trace mappings and other notions in the space B, ,(RY), 1<p<oo.
With necessary modifications, our treatments will also hold for the space By ,(R¥).
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Under the same notations and terminologies as in the paper [3] we have

THEOREM 4. For the space B, ,(RY) the following statements are equivalent:

(1) The trace mapping B, ,(R")3 u—u(x’, 0)e 2'(R") is defined.

(2) The section for t=0 exists for every u € B, ,(R¥).

(2)' The condition (2) holds in the strict sense.

(3) The partial product du exists for every u € By ,(RN), where J is the
Dirac measure in R?.

()’ The partial product 6-u exists for every u € B; ,(R¥).

(4) Thedistributional limit lim;._, ,, (1®J)(u*p;) exists for a fixed restricted
d-sequence {p;}, p;€ D(RN), for every u e B, ,(RV).

(5) The distributional limit lim;,, p;u exists for a fixed S-sequence
{p;}, pje 2(RY), for every ue B, ,(RV).

Let u be a temperate weight function on EN and suppose inf, u(0, 7)>0.
If we put v (&) =inf; i(¢, 1), then v, is a temperate weight function on E”.
Let to e R” and u € 2(RY). In the proof of Proposition 2 we have shown

"u(', tO)"l,v‘,° < ||“”1,u-

Thus the trace u(-, t,) on t=t, belongs to the space B, ,_(R") for any u € B, ,(RN).
Furthermore u( -, t) may be considered as a B, ,_(R")-valued continuous function
u(t) of ¢.
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