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Introduction

In [3], the author considered a semi-linear perturbation of a harmonic space
and discussed Dirichlet problems of Perron-Brelot type with respect to the per-
turbed structure. In the present note, we further investigate such Dirichlet
problems. In § 2, we are concerned with the problem whether a bounded bounda-
ry function, which is resolutive with respect to the original structure, remains
resolutive with respect to the perturbed structure. Then, in § 3, we give sufficient
conditions for a boundary point to be regular with respect to the Dirichlet problem
for the perturbed structure. The results in § 3 are extensions of those in [2]
where linear perturbations are treated.

As a simple but typical example to which our theory can be applied, consider
a semi-linear equation

(*) Δu = q(x)φ(μ)

on a domain ΩczR" (n^2; Ω: hyperbolic if n = 2), where q is a non-negative
function belonging to L\0C(Ω) with r>n/2 and φ is a non-decreasing locally
Lipschitz-continuous function on R such that ψ(to) = 0 for some ί o eR. For a
compactification Ω* of Ω and a bounded function (p on Ω*\Ω which is resolutive
with respect to Δu = 0, our theorems in §2 imply the following results:

(i) Without any further assumptions on ψ, if φ^t0 or φ^tθ9 then φ is
resolutive with respect to (*)

(ii) If either φ+ or ψ~ is convex, then φ is always resolutive with respect to

As to regularity, our results in § 3 show that ξ e Ω*\Ω is regular with respect
to the Dirichlet problem for (*) if it is regular for Δu = 0 and if there exist an open
neighborhood Fof ξ in Ω* and a potential p on V Π Ω such that p(x)^0 as x-^ξ
and Δp= — q on V Π Ω. Note that these conditions do not refer to the function
φ.

§ 1. Notation and basic assumptions

Let (X, <%) be a harmonic space in the sense of Constantinescu-Cornea [1]
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and assume that X has a countable base. The sheaf of harmonic functions will
be denoted by Jf, and that of continuous superharmonic functions by °UC.

An open set U is called a P-set if there is a potential on U which is positive
everywhere. U is called a PC-set if it is relatively compact and UczUf for some
P-set 17'. For a P-set Όx let 0>SJ) (resp. ^BC(U)) b e t h e s e t o f a 1 1 continuous
(resp. bounded continuous) potentials on U.

By & we denote the sheaf of functions which are locally expressible as the
difference of two continuous superharmonic functions. Let Jΐ denote the sheaf
of signed Radon measures on X. A measure representation σ on X is a sheaf
homomorphism of 0ί into J(, with linear structures both in ^(17) and Λ(U) for
each open set U, such that σ(/)^0 on U if and only if /is superharmonic on 17.
We assume the existence of a measure representation <τ and fix it once for all.

Let Jίσ be the subsheaf of Jί consisting of measures which are locally images
of σ. For a P-set U, let

= {σ(p) I p e &C(U)} and uT^l/) = {σ(p) \ p e 0>BC(U)}.

Note that ΛBP(U)c^,(ί/) <z uT+(l/) = {μ e <J?σ(U) | μ^0}.
As in [3], we consider a sheaf morphism F: <%-*Jtσ which satisfies the

following two conditions:
(F.I) F is monotone, i.e., if fl9f2e&(U) a n d / i ^ / 2 on U9 then F(/i)g

F(f2) on I/;
(F.2) JF satisfies condition (L) on every PC-set in X, i.e., for each PC-set U

in X and for each M>0, there is πϋtM e ΛBP(U) such that

F(fi) ~ Πfi) ύ (Λ -f2)πΌM on 1/

/j^Λ on (7 and |/, |^M on U, i = l, 2.

We define sheaves ^TF, r̂g and >̂ g by

jrF(ϋ) = {ue &(U) I σ(u) + F(tι) = 0 on U] ,

u) + F(u) ̂ 0 on 17},

w) + F(iι) ^ 0 on 17}.

§2. Resolutivity

In what follows, we assume that 1 e @{X\ X is a P-set and |σ(l)|
Let X* be a compactification of X and let δ*X = X*\X. We know ([3; Propo-
sition 4.1]) the following comparison principle:

PROPOSITION A. Ifue <%F

C(X\ v e τrζ(X)9 p e 0>C(X) and

lim inf^ {u(x} — v(x) + p(x)} ̂  0
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for allξed*X, then u^vonX.

For a bounded (real) function φ on d*X, we define

#£,x* = { w e ^F (JSQ i l i m i n f ^ w ( χ ) ̂  φ K ) for a l l ξ

srF.x = {ve i^l(X) I lim s u p ^ v(x) ^ φ(ξ) for all ξ e

If j r ; . ί V φ (resp. #-£ *Vφ), then we write Ϊ7£'** = inf #£>** (resp. #£'** =
sup .Fj **). By Proposition A, #£»** ^HF>X* if both exist. We say that φ is
F-resolutiυe if «r£'x* and J^J'^* are both non-empty, H*'x* = Hζ>x* and it be-
longs to jfF(X). In this case, we denote the common function by Hζ>x*.

In case F = 0, the index F will be omitted in terminologies and notation.
Note that constant functions on d*X are resolutive for any compactification X*
in fact, if we choose pί9 p2e^BC(X) such that σ(l) = σ(p1) — σ(p2), then l+p2e
β"x* and l — p^e&ψ, which implies that 1 is resolutive and Hx* = l—pί+p2.

In the rest of this section, we fix a compactification X* and omit the index
Λ. , I.e., . ^ ^ — 3r φ 9 **φ — Σ l φ , CIC

The next lemma is an improvement of [3 Lemma 4.2]:

LEMMA 1. 1/ there exists a bounded function fe &(X) such that F(f)~e
. F(f)+ eJtF(X)\ then &¥

φΦ§ (resp. &Έ

φΦ$)for any bounded func-
tion ψ on d*X. If moreover, F(f)~e^BP(X) (resp. F(f)+e^BP(X)\ then # £
(resp. άFζ) contains bounded functions.

PROOF. Choose pe3?c(X) such that σ(p)=F(f)~. Given φ, put Mφ =
max (0, supx/, supa*x φ). Choose a bounded function s0 e <%C(X) s u c n that
s o ^l (see [3]) and consider the function u = Mφs0 + p. Then u^Mφ on X and

σ(u) + F(u) = Mφσ(s0) + σ(p) + F(Mφs0 4- p)

^ F(f)~ + F(Mφs0 + p)

^ - F(f) + F(Mψs0 + p) ̂  0.

Hence WG.F£. Furthermore, if F(f)~ e^£BP(X), then /7 is bounded, and hence
w is bounded.

Now we prove

THEOREM 1. Suppose there exist bounded functions ft, f2e @(X) such that
F(fx)~ eJίP(X) and F(f2)

+ eΛP(X). If φ is a bounded resolutive function on
d*X such that either Hφ^fx or Hφ^f2 and if R*9 H

F

φejfF(X\ then φ is F-
resolutive. Furthermore, in case Hφ^fx (resp. Hφ^

(resp.
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with p1e0>

c{X) such that σ(pί) = F(f1)~ (resp. p2e0>

c(X) such that σ(p2) =

PROOF. Let u e β-φ. Since u^Hφ^fu

Φ + Pi) + F(u + Pd = σ(u) + σ(px)

£ F(ftr + F(u + Pl) £ - F(Λ) + F(u + Pl) £ 0.

Hence, u + Pίe#£, so that u-\-pι^HF. Taking the infimum in w, we obtain

We can take seW^X) such that Hφ-εse^φ for all ε>0 (cf. [1; Exercise
2.4.8]; note that we can choose wne ^φ such that wn ΐ Hφ locally uniformly on
X). Let

υ8 = H*-Pl-εs (β>0).

Then ι?ε g Hφ — εs and

σ(vε) + F(O = σ(H^) - σ(Pί) - εσ(s) + F(HF

φ - Pl - εs)

^ - F(HF) + F(H^ - P l - εs) ̂  0.

Hence vε e #" J, so that vε^Hζ for all ε>0. Therefore

By assumption HF,HFeJίTF(X). Hence, by Proposition A, HF^HF

9 so that

#£ = #£•
We shall say that F satisfies condition (P) (resp. (PB)) if there exist bounded

functions fl9f2 e 0t{X) such that F(fx)~eΛP{X) (resp. ΛBP(X)) and F(/ 2)+ e

By the above theorem and [3; Proposition 4.2], we obtain the following im-
provement of [3; Theorem 4.1]:

COROLLARY. Suppose there is a covering of X by regular PC-sets and
suppose F satisfies condition (P). If φ is a bounded resolutiυe function on d*X
such that either F(Hφ)~ eJ?P(X) or F(Hφ)

+ e <J?P(X\ then φ is F-resolutive.
//, in particular, \F(Hφ)\ e^P(X\ then \HF-Hφ\^p with pe0>c(X) such that

= \F(Hφ)\.

It is an open question whether every bounded resolutive function on d*X
is F-resolutive if F satisfies condition (P). In this connection, we have the follow-
ing

THEOREM 2. Suppose there is a covering of X by regular PC-sets and F
satisfies condition (PB) and the following condition (C)+ or (C)_ :

(C)+ (resp. (C)_) For each M>0, there exists vMeΛP(X) such that
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- F(fx+g) + vM

(resp. F{fiT - F(J2)' ύ F(f2-g) - F{fx-g) + vM)

for any fu f2, g e 0t(X) satisfying -M^ft^f2^M and O^g^M.

Then any bounded resolutive function on d*X is F-resolutiυe.

PROOF. We assume (C)+. Let F+ be the sheaf morphism β£-*JZσ defined

by F + (/) = F ( / ) + . It is easy to see that F+ satisfies conditions (F.I), (F.2) and

(PB). Let φ be a given bounded resolutive function on d*X. Since F+(Hφ)~

= 0, the above corollary implies that φ is ^-resolutive. Put fo=Hζ+. By

Lemma l , / 0 is bounded. Obviously the sheaf morphism F: @-+Jίσ defined by

F(f) = F(Jo+f) ~

satisfies (F.I) and (F.2). Since F(0) = F(/ o )-F + (/ o )^0,

Let F(Ai)- e ΛPB(X) and put λ2 = max (0, λx- infxf0). Then F(λ2) = F(/ o + λ2)

*F(fo + λ2)-F+(f0 + λ2)=-F(f0 + λ2r^-F(λ1r9 so that F(22)"^

Hence F satisfies condition (PB). Since F(0)^0, 0 is F-resolutive by

the above corollary and H^O. By Lemma 1, we can choose ι ; 0 6#"J + , w o e

,f£ + and goe&l which are all bounded. Let M = max(sup x |i?0|, sup x |wo|,

), and choose pe£Pc(X) such that σ(p) = vM.

If veβ-ζ+,v^v0 and ge&p

θ9g^gθ9 then -M^fo^υ^M and O^Hξg

Hence using condition (C) + , we have

- F(g) + vM + F(t? + gf)

vM ^ 0.

It follows that v + g + pe ^ζ, so that v + g + p^>Hζ. Taking the infimums in v

and g (note that # £ + , ̂  are lower directed; cf. [3]), we obtain

(1) H*++Hξ + p>H*.

Next, let we &Έ

φ\ w^w0 and ge β?ξ, g^O. Then - M g w ^ / o ^ M and

OSd^Hξ^M. Hence, again by (C) + , we have

which implies

(2) HF

φ

+ +H*-ptί H*φ.

By (1) and (2),

Since HF

φ, H
F

φe3>fF{X) by [3; Proposition 4.2], Proposition A implies that
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REMARK. In the above proof, Hζ* +Hξe JfF(X), and hence

HF=HF

φ

 + + Hg.

Now we give a sufficient condition for (C) + .

PROPOSITION 1. Let Ψ: @^>Jίσ be a sheaf morphism satisfying (F.I) and

(F.2) and suppose t*-*Ψ(i) is a convex mapping from R into Jΐσ(X). If for each

M>0 there exists v'Me<J?P(X) such that

\F+(f) - Ψ(f)\ ύ V'M (resp. \F~(f) - Ψ(-f)\ ^ v'M)

for anyfe@(X) with | / | ^ M , then F satisfies condition (C)+ (resp. (C)_).

PROOF. First, we show that

(3) Ψ(Ji) ~ n/i) ύ Ψ(f2 + 9) ~ Ψ(fi + 0)

for any fl9f29 g e 0t{X) such i\xdXf2^fx and # ^ 0 . Let U be any PC-set in X

and we show that (3) holds on U. This inequality is readily verified in case

/i ,/ 2 , g are constant functions; in fact, t »-M φdΨ(t) is anon-decreasing convex
Ju

real function on R for any non-negative bounded Borel function φ on U. Let
M 1 =sup ι / l/il + suptf |/ 2 + 0Ϊ+l . By condition (F.2) for Ψ, there is τe^BP(U)

such that

Ψ(u)-Ψ(v)£(u-v)τ

for every u, ve@(U) such that u^v and | M | ^ M 1 ? M ^ M J . Let ε>0 (ε<l/2)

be arbitrarily given. For each x0 e U, we can find an open neighborhood UXQ

of x0

 s u c ^ that \fi(x) —fi(xo)\ < e (z = 1, 2) and |gf(x) — #(xo)l < ε for x e UXQ. Then,

on Uxo,

^ -6ετ.

Since x0 is arbitrary, it follows that

Ψ(f2 + g)~ Ψ(fi +G)~ Ψ(f2) + n/i) έ - 6ετ

holds on U. Now, ε>0 is also arbitrary, so that we obtain (3) on U.

Now, if/i,/2, flf e ^(Z), -MSfi ύfz^M and Oggf ^ M , then
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F(f2)
+ - F(/1)

+ ύ Ψ(f2) ~

^ F(f2 + θ)+ - F(f, + gy + 2{VM + v'2M)

ύ F(f2 + g)- F(fi +g) + 2(VM + V2M).

Hence condition (C)+ is satisfied with VM =

EXAMPLE. Let ψ be a non-decreasing, locally Lipschitz-continuous function
on R such that [ψ — ψ(to)']+ is convex for some toeR. Let μeJZX(X) and
ve^ σ (Z) satisfy ^(^μgv^i/^ίjμ for some ί i ^ ί o Let G: @-+Jtσ be a sheaf
morphism satisfying (F.I) and (F.2) and suppose \G(λ)\ eJίF(X) for all AeR
and |G(λo)| e JtBP{X)loτ some Ao e R. Then

- v + G(f)

satisfies conditions (F.I), (F.2), (PB) and (C)+.

PROOF. Obviously, F satisfies (F.I) and (F.2). Let A1=max(ί1, λ0) and
A2 = min(ί0, λ0). Then we see that A A O ^ G ^ ^ F ^ ) . Since |G(λo)|e
ΛBP(X), it follows that (PB) is satisfied. Next, let ^(/) = (<K/)μ-v)+. Then
Ψ satisfies (F.I) and (F.2). Since v-φ(to)μ^0,

Ψ(t) = sup {v-ψ(to)μ, liKt)-*Kto)]μ} - v + φ(to)μ

= sup {v-φ(to)μ, ίΦ(t)-ιl/{to)-]+μ} - v + ψ(to)μ

Since DK0~ ̂ o ) ] + i s convex, it follows that ί«->^(ί) is a convex mapping.
Furthermore, if/e^(X) and | / | ^ M , then

Hence, by Proposition 1, condition (C)+ is satisfied.

The above example includes as a special case the following F: F(f) = ψ(f)μ
with μe^Ί(X) and a non-decreasing locally Lipschitz-continuous function ^
on R such that ψ(to) = 0 for some ί o

e ^ a n ( i Ά+ is convex on R. Typical such
ψ's are

= |ί|α sgn t (α ̂  1), ψ(t) = e* - 1.
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§ 3. irregularity of boundary points

Let ξ e d*X be a regular point for the Dirichlet problem with respect to the

original structure ^ , i.e.,

whenever φ is a bounded resolutive function on d*X which is continuous at ξ.

If φ is also F-resolutive, then can we assert that

In case F is linear, this problem was studied in [2]. In this section, we give an

extension of results in [2].

First, we prepare two lemmas. For an open set U in X, let I/* denote the

closure of U in X*.

LEMMA 2. Let U be an open set in X. If φ is a bounded F'-resolutive

function on d*X and if Hφ>x* is bounded on X, then

ί φ on l/*nd*X

( H%>x* on dU

is a bounded F-resolutive function on d*U with respect to the compactification

U* of U9 and Hζ>υ* = Hζ>x* \ U.

PROOF. If w e # £ ' * * , then u\Ue&$ Ό*; and if t e#•£'**, then v\Ue

&%>u. Hence

Taking the infimum in u and the supremum in υ, we obtain

which means H^u* = H^υ* = HF'X* \ U eJfF(U).

LEMMA 3. Let U be an open set in X. If φ is a bounded continuous func-

tion on dU, then

{ φ on dU

0 on (7* n d*X

is resolutive with respect to the compactification 17* of U.

This lemma is essentially a consequence of [1 Theorem 2.4.2 and Corollary
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2.4.1], and we omit the proof.

THEOREM 3. Let ξed*X and φ be a bounded resolutive function on d*X

which is continuous at ξ. Suppose furthermore that φ is F-resolutive and there

exists a neighborhood V of ξ in X* with the following properties:

(a) HF>X* is bounded onU=V(]X;

(b) ξ is regular with respect to 3Ί?\U and the compactification U* of U;

(c) there exist pu p2 e ̂ (U) such that

l i m ^ p,(x) = 0, i = 1, 2,

U and σip2) = F(H?-M)- \ U, where

M = (sup*Hr)(su P u I H* * - Hx

φ*\).

Then

PROOF. Consider the function

ί Hζ,>x* on dU

Φ =
[ φ on U* Π d*X.

By Lemma 2, φ is F-resolutive with respect to U* and HF

1>
υ* = Hζ'x* | U. Note

that φ = Φi+φ2, where

\ H? ondU ( HF

φ>
x*-Hx* ondU

φ± = \ and \l/2= \
[ φ on U* ίl d*X [ 0 on U* (]'d*X.

By Lemma 2 (with F = 0), i/̂ i is resolutive with respect to (7* and by Lemma 3,

\j/2 is resolutive with respect to I/*, so that ^ is resolutive with respect to U*.

Since Hft = Hx*\U by Lemma 2 and since \H$*2\<>M, we have

HX*\U-M^HV*^ HX*\U + M.

Hence

so that

Therefore, by Theorem 1,
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Since \imx^ξpi(x) = O, i = \,2, and \imx^ξH^*(x) = φ(ξ) by condition (b), it
follows that

which implies the desired result.

COROLLARY!. Suppose ξed*X is locally regular, i.e., regular with
respect to Jf\V 0 X for any neighborhood Vofξ in X*. Suppose furthermore
that for each αeR there exists a neighborhood Va of ξ in X* such that |F(α)| | Va

n l 6 4 ( F α n I ) and

limx_ξ pa(x) = 0

for pa E 0>c(Va ίl X) satisfying σ(pa) = |F(α)| | Va Π X.
Then, for any bounded resolutive function φ on d*X which is continuous at

ξ, F-resolutiυe and for which Hζ>x* is bounded in a neighborhood of ξ in X*,

PROOF. Let if be a neighborhood of ξ in X* such that H*>x* is bounded on
Wΐ)X. Choose qe^BC(X) such that σ(q) = σ(l)~ and put β = supx(l + q).
Then β^HY* for any open subset U of X. Let

α i = suPw-nx H** + M and α2 = inf^nxH** - M.

Consider V= W n F β l n Kα2. Then

and F(HX*-M)- S F(α2)-

on K i l l . Hence, there exist g l9 f̂2 e «^C(F Π X) such that σ(^!) ^
and σ(^2) = F(i/^* — M)~, and q^pai, ΐ = l, 2. Hence, condition (c) of Theorem
3 is satisfied with this V. Conditions (a) and (b) of Theorem 3 are clearly satisfied
by our assumptions. Hence, we obtain the assertion of the corollary.

COROLLARY 2 (cf. Example 4.1 in [3]). Suppose F(f) = ψ(f)μ with a
locally Lίpschitz-continuous non-decreasing function φ on R and μe<Jί+(X).
If ξed*X is locally regular and if there exists a neighborhood V of ξ in X*
such that μ \ V Π X e JίP{V Π X) and l i m ^ p(x) = 0 for pe^c(V(]X) satisfying
σ(ρ) = μ\ VOX, then the same assertion as in Corollary 1 holds.
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