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Introduction

H. J. Bremermann [6] introduced a Dirichlet problem for plurisubharmonic
functions on some bounded pseudoconvex domain and characterized the Silov
boundary as the unique closed regular boundary for this Dirichlet problem, and
presented the following conjecture.

CONJECTURE. The Silov boundary of a bounded pseudoconvex domain Q
with C2-boundary in C" coincides with the topological closure of the set of
strictly pseudoconvex boundary points of Q.

Recently, using Kohn’s global regularity theorem [10] for d, M. Hakim-N.
Sibony [9] showed that this conjecture is valid when 2 has C*-boundary.

In the present paper, we consider this problem when Q is a Riemann domain
over C" and we show that the above conjecture is valid when Q is a holomorphi-
cally convex set with respect to some uniform algebras of holomorphic functions
on Q.

The author wishes to thank Professor F-Y. Maeda for his constant encourage-
ment and advice and Mr. M. Takase for his suggestions.

§1. Notation and definitions

A (unramified) Riemann domain over C" is a Hausdorff space R with a locally
homeomorphic mapping p: R—C», called a projection of R. There is a unique
complex structure on R such that p: R—C" gives a local coordinate system at
each point of R. We shall assume in this paper that R has a countable base of
open sets. Let Q be a relatively compact subdomain of R and O(Q) be the algebra
of all holomorphic functions on Q and O(Q) be the algebra of the restrictions to
Q of holomorphic functions on some neighborhood of Q.

Let A(Q)=C(R)n O(R), which is a uniform algebra. When A is a closed
subalgebra of A(Q2) which contains 1, we call A a uniform subalgebra of A(Q).
Further when A separates points of @, 4 is said to be separating.

Let S, be the spectrum of A, i.e., the set of non-trivial continuous multi-
plicative linear functionals on A4, which is endowed with the weakest topology
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making any Gelfand transform f of fe A continuous, where f is defined by f(x)=
x(f)forall ye S,. We denote by A4 the set of all Gelfand transforms of functions
in A. If A is separating, there is a natural topological imbedding @<= S , by the
point evaluation mapping A: 8-S, given by A(2)(f)=f(z). When 2=8,,i.e.,
A is bijective, and so homeomorphic, @ is called an A-convex set or holomor-
phically convex set with respect to A.

We denote by I', the Silov boundary for A. A point z € Q is called a peak
point for A if there is an fe A such that f(z)=1 and |f| <1 on Q\{z}, and a local
peak point for A if there is an fe A such that f(z)=1 and |f| <1 on (U n Q)\{z}
for some neighborhood U of z in R. Let M, be the set of peak points for A.
Since Q is metrizable, by Bishop’s Theorem [3], M, is the minimal boundary
for A if A is separating (see Gamelin [7]). When Q has C2-boundary, a boundary
point z of Q is said to be strictly pseudoconvex, if the restriction of the Levi form
of the defining function of 0Q to the complex tangent space at z is positive definite.
Let SP(0Q) be the set of strictly pseudoconvex boundary points of Q.

§2. Steinness of 4-convex set

E. Bishop [4] and H. Rossi [13] proved that the spectrum Sy, of the
Fréchet algebra O(Q) with the topology of uniform convergence on compact
subsets of a Riemann domain Q over C* (abbreviated to c.o. topology) can be
given a structure of a Stein Riemann domain over C" and is precisely the envelope
of holomorphy of Q.

We state this result as follows (see [2], [8] I-G).

THEOREM 1 (Bishop, Rossi). Let Q be a connected Riemann domain over
C" with a projection p=(py,..., p,) and Spq) be the spectrum of the Fréchet
algebra O(Q) with c.o. topology. Then Sy, can be endowed with a structure
of a Stein Riemann domain over C" with a projection p=(py,..., p,) satisfying
the following conditions (a), (b), (¢), (d):

(a) The complex structure of Soq) is compatible with the natural topol-
0gy, i.e., the weak * topology of Spq)-

(b) The point evaluation mapping i: Q—Syq, is locally biholomorphic
and it is into biholomorphic when O(Q) is separating.

(¢) The Gelfand transformation gives a ring isomorphism from O(Q) to
O(So(a)); that is, O(So(q) =0(2)".

(d) If Q' is a Riemann domain over C" and a holomorphic mapping V:
Q-8 gives a canonical ring isomorphism y*: 0(Q")—O0(Q) defined by Yy*(f)=
foy, then there exists a holomorphic mapping h: Q'—Sqq, such that A=hey.

F.T. Birtel [2] used this theorem to show the following proposition (see
[2] p. 44).
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PROPOSITION 2 (Birtel). Let K be a compact set in C" with K#¢ and A
be a uniform subalgebra of A(K) which contains the coordinate functions z,,
woos Zp.  If K is A-convex, then K is a Stein domain.

‘We extend this proposition as follows.

THEOREM 3. Let R be a Riemann domain over C" with a projection p=
(p1,..., Py) and Q be a relatively compact subdomain of R and suppose (Q)°=Q.
Let A be a uniform subalgebra of A(Q) which contains pylg,..., pala- If Q is
A-convex, then Q is a Stein Riemann domain over C".

Proor. It suffices to prove that any connected component of Q is a Stein
Riemann domain over C", so we shall suppose Q is connected.

If Q is not a Stein Riemann domain, then by Theorem 1 the point evaluation
mapping 4 is not surjective. Hence there is a point ¥° of the boundary 9(A(Q))
of A(Q) in So). Let {x"},.y=A(2) be a sequence which converges to x°. By
compactness of @, the sequence {z"=1"1(y")},.y has a cluster point z°edQ.
Then p(x°)=p(z°) in C". Since p and p are locally biholomorphic mappings,
there are neighborhoods ¥ of z% in R and U of x° in Sy, respectively such that
the mapping p~lop: V- U is biholomorphic.

Now we define a mapping 1: QU V-A(Q) U U by

A on Q
plop on V

A=

Since p=poi on Q, 1 is well defined and a biholomorphic mapping. We set
f=foX for fe A(@). Then f is a unique holomorphic continuation of f to QU V
by Theorem 1 and clearly f extends continuously to @ so that f=f on &, i.e.,
feA@no@uY).

Since (Q)° =, there is a point we V,\Q for any neighborhood V, of z° with
Vo< V. Consider the mapping ¢: A—C defined by ¢(f)=F(w). Then ¢ is a
multiplicative linear functional on A. By Theorem 1, we have f(Q)=f (Sow))
for all fe A(Q), since if f (So@)\f(Q) is not empty the function 1/(f—c) for some
cef(So@)\f(Q) is holomorphic on @ but (1/(f—c))"=1/(f—c) has poles on
Sow) It follows that | FWIZ 1 fllg, so that ¢eS,. Hence by the hypothesis
that @ is A-convex, there is a z € Q such that ¢ =A(z). Thus, if we show that there
is a function g € A such that § separates the points z and w for some ¥V, and
w e V,\Q, then we obtain a contradiction.

Now Q is a relatively compact subdomain of an unramified Riemann domain
R, so @ is finitely sheeted. Let D, be a ball in C* with center p(z°) and radius
£>0. Since Q is finitely sheeted, we can take g, so small that each component of
p~Y(D,,) N @ contains a unique point of p~!(p(z°)) N 2. We denote the points
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of (p~1(p(z%) n Q)\{z°} by z1,..., z™. Since A separates points of &, there are
functions g;€ 4, j=1,..., m, such that g«(z°)#g,(z/) for j=1,..., m. By con-
tinuity of §;, there are ¢;, j=1,..., m and connected neighborhoods V;(z°) of
z% in R and Ugz/) of z/ in R for j=1,..., m such that Vy(z%)cV, p(V{(z°)=
p(Ui(z'))=D,, and §(1)#§G,({) for any t€V;(z°) and any (e Uy(z/)n Q. Let
¢ =Min {g,, &,..., €4} and let ¥, be the connected neighborhood of z° in R such
that p(V,)=D,. Then clearly V,<V, and any point w of V, is separated from
each point of (p~'(p(V,)) N 2)\V, by some §; (j=1,..., m) and each point of
Q\p~1(p(w)) by some p; (i=1,..., n).

Hence for any point we V,\@ there is a function g€ 4 such that § separates
the points ze Q and w. Q.E.D.

§3. Silov boundary of A-convex set

R. F. Basener [1] showed that a peak point for A(Q) is a limit of strictly
pseudoconvex boundary points. We can state this result as follows.

PrOPOSITION 4 (Basener). Let Q be a relatively compact subdomain with
C2-boundary of a Riemann domain R over C". Let A be a subset of A(Q).
Then, we have M , < SP(0Q).

We shall need the following lemma.

LEMMA 5. Let Q be as in Proposition 4. Let A be a uniform subalgebra
of A(Q) which contains O(Q). Then any strictly pseudoconvex boundary point
of Q is a local peak point for A.

PrOOF. Let ze SP(0€2). Since a projection p: R—C" is locally biholomor-
phic, (U, p) is a coordinate neighborhood of z for some small neighborhood U
of zin R. Then by H. Rossi [12] (the proof of Theorem 5.6), there are a suitable
regular affine transformation L and a polynomial F such that (FoLop)(z)=0 and
ReF <0 on (Lop) (U n Q)\(Lop) (z). If we set f=exp (FoLop), then by the above,
f is a holomorphic function on R such that f(z)=1 and |f|<1 on (U n Q)\{z}.
Hence z is a local peak point for A. Q.E.D.

Now we state and prove our main theorem.

THEOREM 6. Let Q be a relatively compact subdomain with C?-boundary
of a Riemann domain R over C". Let A be a uniform subalgebra of A(Q) which
contains O(Q). If Q is A-convex, then I ;,=SP(0Q) for any uniform subalgebra
A’ such that Ac A' < A(Q), especially I 45,= SP(09).

PROOF. AcA’'cA(Q) implies M,cM, <M 4, Since @ is metrizable,
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by Bishop’s Theorem [3], we have I',,=M,. Since M, cSP(@Q) by Pro-
position 4, it suffices to prove that SP(6Q)c= M ,.

For z e SP(0Q), by Lemma 5 there is an fe A such that f(z)=1 and |f|<1
on (U n Q)\{z} for some neighborhood U of z in R. By the assumption that Q
is A-convex, the point evaluation mapping 4 is a homeomorphism. Since f=
foA on @, we have f(A(z))=1 and |f]<1 on AU nQ)\{A(2)}, i.e., A(z) is a local
peak point for 4 on S,. Then by the local peak point theorem of Rossi [11]
(see Gamelin [7]), A(z) is a peak point for A. Tt follows that z is a peak point
for A. Hence ze M ,. Q.E.D.

§4. Remarks

(1) Let Q be a relatively compact subdomain of a Riemann domain R
over C". Let H(Q) be the topological closure of O(Q) in C(Q). Then H(Q) is
a uniform subalgebra of A(Q). @ is called an S;-set when Q=N2, Q, with
Stein domains Q, in R. H. Rossi [12] showed the following results.

PROPOSITION 7 (Rossi). If Q has C2?-boundary and Q is an Ss-set, then
I'yay=SP(09).

PROPOSITION 8 (Rossi). If @ is an Ss-set, then Q is H(Q)-convex.

From Proposition 8, Proposition 7 is an immediate consequence of Theorem
6. On the other hand, J. E. Bjork [5] presented an example of a bounded pseu-
doconvex domain  in C" such that Q is H(Q)-convex but not an S;-set. Hence
our Theorem 6 can be a proper extension of Proposition 7.

(2) In case Q has C*-boundary, applying Kohn’s result [9] we can extend
the result of M. Hakim-N. Sibony [8] as follows.

PROPOSITION 9. Let Q be a relatively compact pseudoconvex subdomain
with C®-boundary of a Riemann domain R over C" and suppose A(Q) is
separating. Then we have I 45,= SP(012).
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