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1. Introduction

Let F denote the field R of real numbers, the field C of complex numbers,
or the division ring of real quaternions K. Let F=F1'M(/Γ) denote the (right)
vector space Fn+l, together with the unitary structure defined by the jp-Hermitian
form

for z = (z0, z lv.., ZM) and w = (w0, w l 5..., ww). An automorphism g of F, that
is, an /Minear bijection of F onto F such that Φ(#(z), #(w)) = Φ(z, w) for z, w e F,
will be called a unitary transformation. We denote the group of all unitary
transformations by C/(l, n; F). Let {e0, eί9...9.en} be the standard basis in F,

and set $0 = (e0 — el)(ll^/~2')9 ^ι=(β0 + ̂ 1)(l/N/^) and $k = ek for 2^k^n. Let
D be the matrix which changes the basis {eθ9 el9...9 en} into the basis {eθ9 £χ,;..••.., $„}.
Let 0(1, n; F) = D~lU(l, n; F)D. 0(1, n\ F) is the automorphism group of the
Hermitian form

Φ(z, w) = — (z^H^+z^o) + z^w2 H h z^vvn

for z, w 6 F.
In the study of kleinian groups one is concerned with sufficient conditions

for subgroups of Mδbius transformations to be non-discrete (cf. [2]). Our
purpose here is to give similar conditions for subgroups of 0(1, n; F) to be non-
discrete.

2. Preliminaries

Let F_ = {ze F: Φ(z, z)<0} and F_=D"1(F_). Obviously F_ is invariant
under 0(1, n; F). Let P(F) be the projective space obtained from F, that is,
the quotient space F—{0} with respect to the equivalence relation: u~v if there
exists λef-{0} such that u = vλ. Let P: F-{0}-»P(F) denote the projection
map. We denote P( Ϋ _) by Σ. Let Γ be the closure of Σ in the projective space.
We shall view that each element of 0(1, n; F) operates in Σ. Let G0 = {0e

0(1, n; F): g(P($o)) = p(£o)}> GOD = {ge 0(1, n; F): g(P(el)) = P(eί)} and
G0j00 = G0 n GO,. The general form of elements in G^ is shown in [1; Lemma
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3.3.1]. In the same manner we obtain

PROPOSITION 2.1. Let g e G0. Then (with respect to the basis {£0, £19..., en})

ξ t β

9 = 0 η 0

0 α A

where t, ξ, ηe F, while α, β and A are (n — 1) x 1, 1 x (n — 1) and (n — 1) x (n — 1)
matrices, respectively. Furthermore, ζη = l, Re(^) = (l/2)|α|2 (where |α| is the
Euclidean norm of α), β = ξdτA (where T denotes the transpose), and Ae

By [1; Lemma 3.3.1] and Proposition 2.1, we have

PROPOSITION 2.2. An element in G0j0o has the form

9 =

μ 0 0

0 λ 0

0 0 ^

where μλ=l and ^4e U(n — 1; /*).

REMARK 1 (cf. [1; p, 73]). G0>00=U(1; F)xU0(l9 1; /?)xί)(n-l; F).

REMARK 2 (cf. [2; Theorem IE in Chap. 1]). Even if two elements in
U(l, n; F) have the same set of fixed points on dΣ = Σ — Σ9 they are not necessarily
commutative.

3. Sufficient conditions for subgroups of 0(1, n; F) to be non-discrete

In this section we prove two theorems. We shall call geU(!9 n; F) lo-
xodromic if it has exactly two fixed points in Σ and these belong to dl.

THEOREM 3.1 (cf. [2; Theorem 21 in Chap. 1]). Let geϋ(l, n F) be loxo-
dromic. Let f be an element in U(l, n\ F) which has one and only one fixed
point in common with g. Then the group generated by f and g is not discrete.

PROOF. By [1; Proposition 2.1.3], we may assume that the fixed points of
g are P(eQ) and P(£ι) and the latter is the common fixed point of / and g. Thus
fe Goo and g e G0>0o By Proposition 2.2, we have

9 =

μ 0 0

0 A 0

0 0 ^
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where μλ= 1 and A e U(n — \ F). By Proposition 2.1, we see that / is of the

form

ξ 0 0

s η b

a 0 B

where ξ, η, seF and α, b and B are (n — l )x l , l x ( n —1) and (n — l)x(n — 1)
matrices, respectively, such that ξη = l, Re(ξs) = (l/2)|α|2, b = ηάτB and Be

U(n — 1 F). The commutator of / and gn is

Λί(«) n πα\, 0 u

22

where

An = -ηλnη

Bn = aμnζ-l

and

We shall show that Λ l 5 /ι2,-. are distinct. Suppose that hk = hm for some

and put n = m — k. Then fgnf~1g~n = W. It follows that

and

From these we see that

ηλnη-lλ~n = 1

aμnξ-ίμ-"-BAnB-iaξ-ίμ-n = 0.

aft =

Hence

Re (aft) =

- (1 - |μ|-2Λ) Re (ηaτBB~laξ-1)

-ί = 0.
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ξ\-2(l-\μ\-2n}_M2lξl-2(i_lμl-2n)

Therefore \μ\ = 1 or a = 0. If |μ| = 1, then g would not be loxodromic. If a = 0,
then a(

2

n

1

} = sξ-1-fl-nsξ-1μ-n = Q. Since \μ\*l, it follows that 5 = 0. Hence /

would fix P(£0) This is a contradiction. Thus hl9 h2,. . are distinct.
Choosing subsequences, if necessary, we may assume that α^-xx and α^-*/?
as «-*oo(|μ|>l) or n-> —oo(|μ|<l). Since U(n — 1; F) is compact, we may also
assume that the sequence {Cn} converges to some element U in U(n—l; /O and
from this fact we see that {An} converges to bB~lU. It is easy to show that

B>2Ϋ->sξ~loι and Bn-+aξ~lcc as n-»oo or /?-» — oo. Hence

α 0 0

sξ-loc β bB~lU oo or n -» — oo).

Noting that the limit matrix belongs to (7(1, n /*), we can conclude our assertion.

THEOREM 3.2 (cf. [2; Theorem 4J-1 in Chap. 1]). Lei f=*(<*ιj)ιj=ι,2,....n+ι be

an element in 0(1, n', F) and

9 =

1 0 0

s 1 0

0 0 En_

where s^O and Re(s) = 0. Then the group generated by f and g is not discrete

PROOF. Let /0=/and for /c^O, /ceZ, set fk+i^fkfffϊ1- We shall show

that /k+1->0 as fc->oo. We write Λ = (α(

ίfj)IJ=l i2M.. fΛ+ι Computing fk+l,
we have

(1)

(2)

(3)

(4)

(5)

(6)

= 1 +

α.(*+!)
1,2 = α l ,2 yαl,2'

Hi.! = *2,2S<*2,2>

gy ^« + 1,

_ ,γ(/t)t.,v(t)
— αf,2 j αl,2

for

for 3

for 3 ̂  / ^ 7i + 1,

f o r 3 ^ / ^ Λ + l ,
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and

(7) α^tι> = δij-^sy^l for 3 g ij ^ n + 1.

Form (2), it follows that fί9 /2,... are distinct and that

(8) \s\ |α<*2| = (|*| |α<?2|)
2k, so that lim |a<*2| = 0.

fc->oo

Choose r so that l/(l-|s||α l f2 |)<r and |α2>2 |<r. If |α(

2*2|<r, then

< i + MΦίHl
= i + KMK?2l)

2k

g 1 + φ||α l f2| < r.

Thus, by induction |α2*2| <r for all k. From (4) and (8) we conclude that

(9) Iimα2*2 = l.
fc-»00

Then by (3), we have

lim cc(2k\ = s.
k-*oo

The equalities (1), (8) and (9) imply that

Next we consider α^ for /^3. By (8) there exist <5>0 and N>0 such that

|s||α(

1*
)

2|<δ<l for any k^N. Then by (6)

lim 04*2" = 0.
fc-oo '

i,2

This shows that

(10)

It follows from (5), (7), (9) and (10) that

except the case (i, ;) = (2, 1). Thus fk-+g as k-+ao.

COROLLARY 3.3. Let /=(αίj)ίj=ι>2v..>π4.1 fee an element in U(l, n; F). Let

" 1 0 0 -1

s 1 άτ

a 0 £„_!

and g2 =

" 1 0 0 "

./ 1 bτ

b 0 En-l
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where Re(s) = (l/2)|α|2 and Re(ί) = (l/2)|fo|2. // άτbή=bτa and 0<|α1>2|<
\l\aτb — 5Γα|, then the group generated by /, g± and g2 is not discrete.

PROOF. The commutator of gγ and g2 is

1 0 0

aτb-Bτa I 0

0 0 En^ J

We easily see that Re(α τfr — δrα) = 0. Thus Theorem 3.2 leads immediately to
our conclusion.
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