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1. Introduction

Let F denote the field R of real numbers, the field C of complex numbers,
or the division ring of real quaternions K. Let V=V 1.7(F) denote the (right)
vector space F"+!, together with the unitary structure defined by the F-Hermitian
form

(D(Z, W) = - Z)WO + Zwl +-t %—nw)r

for z=(zq, z4,..., z,) and w=(wq, Wy,..., w,). An automorphism g of V, that
is, an F-linear bijection of V onto V such that &(g(z), g(w))=®(z, w) for z, we V,
will be called a unitary transformation. We denote the group of all unitary
transformations by U(1, n; F). Let {eo, ey,..., e,} be the standard basis in ¥,
and set 2o=(eo—e;)(1//2), &,=(eo+e,)(1/{/2) and &,=¢, for 2<k<n. Let
D be the matrix which changes the basis {eg, ¢,..., €,} into the basis {&g, 2,,..., &,}.
Let O(1, n; F)=D"'U(1, n; F)D. 0(1, n; F) is the automorphism group of the
Hermitian form

B(z, w) = — (ZgW  +2,Wo) + ZyWy + -+ Z,W,
for z, we V.

In the study of kleinian groups one is concerned with sufficient conditions
for subgroups of Mobius transformations to be non-discrete (cf. [2]). Our
purpose here is to give similar conditions for subgroups of O(1, n; F) to be non-
discrete.

2. Preliminaries

Let V_={zeV:®(z,z)<0} and V_=D"(V_). Obviously ¥_ is invariant
under U(1, n; F). Let P(V) be the projective space obtained from V, that is,
the quotient space V—{0} with respect to the equivalence relation: u ~v if there
exists Ae F—{0} such that u=vi. Let P: V—{0}—> P(V) denote the projection
map. We denote P(P )by X. Let I be the closure of X in the projective space.
We shall view that each element of U(1, n; F) operates in . Let Go={ge
0(1, n; F): g(P(20))=P(2,)}, G ={g € U(1, n; F): g(P(¢,))=P(2,)} and
Go,o=Go N G,. The general form of elements in G, is shown in [1; Lemma
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3.3.1]. In the same manner we obtain

PROPOSITION 2.1. Let ge Gy,. Then (with respect to the basis {&,, &,,..., &,})

¢t B
g=|0 n 0|,
0 ao A4

where t, &, ne F, while a, f and A are (n—1)x 1, 1 x(n—1) and (n—1)x(n—1)
matrices, respectively. Furthermore, En=1, Re (in)=(1/2)|«|? (where |«| is the
Euclidean norm of a), B=EaTA (where T denotes the transpose), and A€

U(n—1; F).
By [1; Lemma 3.3.1] and Proposition 2.1, we have

PROPOSITION 2.2. An element in G, , has the form

u 0 O
g=|0 1 0 |,
0 0 4
where jiA=1and AeU(n—1; F).
REMARK 1 (cf. [1; p.73]). Goo=0(1; F)xUyl, 1; R)xO(n—1; F).

REMARK 2 (cf. [2; Theorem 1E in Chap. 1]). Even if two elements in
0(1, n; F) have the same set of fixed points on 0% =X — X, they are not necessarily
commutative.

3. Sufficient conditions for subgroups of U(1, n; F) to be non-discrete

In this section we prove two theorems. We shall call ge O(1, n; F) lo-
xodromic if it has exactly two fixed points in £ and these belong to 9.

THEOREM 3.1 (cf. [2; Theorem 21 in Chap. 1]). Let g€ U(1, n; F) be loxo-
dromic. Let f be an element in U(1, n; F) which has one and only one fixed
point in common with g. Then the group generated by f and g is not discrete.

Proor. By [1; Proposition 2.1.3], we may assume that the fixed points of
g are P(2,) and P(&,) and the latter is the common fixed point of f and g. Thus
feG, and g € Gy ... By Proposition 2.2, we have

S > O

u 0
g=| 0 0 |,
0 0 4
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where jil=1and Ae U(n—1; F). By Proposition 2.1, we see that f is of the
form

E 0 O
f= s n b |,
a 0 B

where &, n, se F and a, b and B are (n—1)x1, 1x(n—1) and (n—1)x(n—1)
matrices, respectively, such that &n=1, Re(&s)=(1/2)|a|?, b=na’B and Be
U(n—1; F). The commutator of f and g” is

Ca® 0 0 °
f9"flgTn=h, = &} afy 4, |
B, 0 C,
where
af) = Eun&tun,
of) = spurET T =2y ST T - Ay b B @l T
—bA"B 'alyn,
oafy = nAm AT,
A, = —nA"n OB ' A"+ bA"B 147",
B, = aunElp~"— BA"B laE tyun
and

C, = BA"B 1A
We shall show that h,, h,,... are distinct. Suppose that h,=h,, for some k= m,
and put n=m—k. Then fg"f~'g~"=id. It follows that
Spuréipr =1,
nATTIAT =1
and
au”f“u""—BA"B“aé"u‘” = 0.
From these we see that
ah) = s& =TS T+ @b B \aé iy —bB el = 0.
Hence
Re (a57) = Re(s§)|E]72 — Re (s€)[&|2|u| 2"
— (1—|uI=?") Re (na™BB~'al™")
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= (1/2)|aPE[72(L—|ul72") — lal?[E]72(1 = ||=2")
= (=1/2)|aP|gI72(1 = |pul72") = 0.

Therefore [u|=1 or a=0. If [u|=1, then g would not be loxodromic. If a=0,
then ol =s&~1—j~"sé"1u~"=0. Since |u|=1, it follows that s=0. Hence f
would fix P(8,). This is a contradiction. Thus h,, h,,... are distinct.

Choosing subsequences, if necessary, we may assume that a{?’—« and al3—p
as n—>oo(|u|>1) or n—> —oo(Ju|<1). Since U(n—1; F) is compact, we may also
assume that the sequence {C,} converges to some element U in U(n—1; F) and
from this fact we see that {A4,} converges to bB~1U. It is easy to show that
af) —s¢~ e and B,—~a¢ 'e as n—> oo or n—> —oo0. Hence

[ a 0 0
h,,—————»{ s&tla B BBTIWU |, (n— o0 orn— —o).
atla 0 U

Noting that the limit matrix belongs to O, n; F), we can conclude our assertion.

THEOREM 3.2 (cf. [2; Theorem 4J-1in Chap. 1]). Let f=(%; j); j=1,2,..,n+1 be
an element in U(1, n; F) and

"1 0 O
g=| s 1 0 s
0 0 E,_,

where s>x0 and Re(s)=0. Then the group generated by f and g is not discrete
if 0<lay | <1/ls|.

Proor. Let fy=f and for k=0, ke Z, set f,.,=fgfx!. We shall show
that fi,,—>g as k—oo. We write fi=(a{*});=1,2,..n+1. Computing fi,,,
we have

ey i) =1 + aft)sat),
@ Azt = afhsal,
©) At = afthsolt),
) 23D = 1+ affhsall,
aktD) = —gff)sa®y  for 3<j<n+1,
%) aft) = —afysa®)  for 3<jS<n+1,
alktV) = afk)sal), for 3isn+1,
(6) afit V) = ) salk) for 3<i<n+1,
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and
@) afktD =6, ;—al¥)sal®)  for 3<ijS<n+ L
Form (2), it follows that f;, f,,... are distinct and that
(8) Is| 1§43 = (Is| [a$%%])?", so that ’l‘i_’D;ld(l'f)zl =0.
Choose r so that 1/(1—|s||a; ,))<r and |a, ,| <7r. If |a$}| <r, then
1,2 2,2 2,2
la V] < 1+ |sllodyl k)

<1+ |s|r|oty

=1 + r(Is|lafo3?"

S 1 +risllog ol <.
Thus, by induction |a$*}| <r for all k. From (4) and (8) we conclude that
9 limo$) = 1.

k-

Then by (3), we have

Jim off =5
The equalities (1), (8) and (9) imply that
fimofty = 1.

Next we consider ozS’j% for i=3. By (8) there exist 6>0 and N >0 such that
Is||af¥}| <d<1 for any k=N. Then by (6)

|k D1 < Slaf)] < S*+ay ] .
This shows that
(10) zij?oaﬁfg = 0.
It follows from (5), (7), (9) and (10) that
klgg af) = 6, ;

except the case (i, j))=(2, 1). Thus fy—g as k— 0.

COROLLARY 3.3. Let f=(a; ;)i j=1,2,..n+1 De an element in O, n; F). Let

1 0 O 1 0 O
gi=| s 1 a7 and g,=| ¢t 1 BT |,
a 0 E,_, b 0 E,,
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where Re(s)=(1/2)lal*> and Re(t)=(1/2)|b|>. If a"b+bTa and 0<|ay,|<
1/|la™b—bTal, then the group generated by f, g, and g, is not discrete.

Proor. The commutator of g, and g, is

1 0 0
91929179, =| a™h—bTa 1 0
0 0 E,_,

We easily see that Re(aTh—bTa)=0. Thus Theorem 3.2 leads immediately to
our conclusion.
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