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1. Introduction

Here we continue the investigation begun in [9] of the asymptotic behavior of
solutions of the equation

€)) Lu + Fu =0,
where L, is the general disconjugate operator

1 d 1 1 d

o) [ =21 @ ! 1 a . A2),
& " p,dt p,oy py dt po (n22)

with p;>0 and p;e C[a, ®0), 0LiLn. Although we did not make specific as-
sumptions in [9] on the form of the functional F in (1), we restrict our attention
here to the case where (1) is of the form

3) Lu + F(t, Lou,..., L,_,u) =0,
with
1
4 Lox=-"2: Lx=—-(L_x), 14Zr<n.
4 0 Do Pr( 1X)

Nevertheless, for convenience we abbreviate (3) as in (1), and write
F(t, Lou(t),..., L,—u(®) = (Fu) ().

We say that u is a solution of (3) if Lyu,..., L,u exist and satisfy (3) on a half
line [ty, o0) for some toXa. We seek conditions which imply that (3) has a solu-
tion u which behaves for large positive ¢ like a given solution g of the unperturbed
equation

() Lx =0,

in a sense defined below. We believe that our results are new even in the case
where

(6) Po=py==p, =1,
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so that (3) and (5) reduce to the standard equations
u™ + F(t, u,...,u» 1) =0
and

x(m =0,

because our integral conditions on F permit conditional convergence of some of
the improper integrals in question. This continues a theme that we have devel-
oped in several previous papers; for examples, see [6], [8], [9], [10], [11], [12],
and [13].

Here we give results which are more specific than those in [9], and our main
theorem is obtained by means of the Schauder-Tychonov theorem, rather than the
more restrictive contraction mapping principle used in [9]. Our estimates are
also sharper than those in [9]. For this we are in considerable debt to a recent
paper of Fink and Kusano [1], as explained in Section 2.

2. Preliminary considerations .

We assume throughout that L, in (2) is in canonical form at infinity; i.e.,
%) Sij(t)dt=oo, lzjsn—1

It was shown in [7] that this involves no loss in generality. We continue to use
the notation employed in [9] (which is basically from [15]), summarized here for

the reader’s convenience.
If g4, q,,... are locally integrable on [a, «), let [=1 and

t .
It 55 s 4 = § @D iG55 @i )2, 51300 S L

The following identities are by now well known [15]:

(3 11, 85 g 1) = (= DI, t5 qq,.-5 45),

) It 5 Gy 41) = Xico L;— {8, 85 Qjoees Qs IS, T5 Gpoens 41) -
The functions

(10) x{(t) = po(DI;_4(t, a; prsees Pj—1)s 1 £Lj L n,

form a fundamental system for (5) on [a, o), and the functions

(11 YO = pOl,-t, @; Puyss P), 1 Lj <L,

are likewise related to the formal adjoint equation
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o A p ey Ay T
From (4) and (10),
(12) Lxit)=1;_,_(t, @; Prs1>--» Pj=1), 0L r Lj—1,
and
(13) Lx(t)y=0, j£LrZLn.

Moreover, from Lemma 2 of [9]
(14) (Lyxy/Lyx;) >0 on (a, ©) and lim,,, (Lx(t)/L,x(t)) = co,

r<j<kgn,

and
(15) (yj/y) >0 on (a,0) and lim,., (y;(1)/y1)) = oo,
1£j<k4n.
When (6) holds, then L,x=x",
(1) = (t—a)~! (1) = (=@
(16) x (1) G=D1 yi(0) eI

and (12), (13), (14), and (15) reduce to familiar properties of these functions.
Throughout this paper i and m are fixed integers,

a7 1£igdmZn,
and
(18) g(t) = 27-1 a;x (1)

is a given solution of (5). In [9] we gave conditions implying that (1) has a
solution u such that

L.q + o(L,x)), 0OLrzi-—1

b

(19) Lru =
qu+0(yr+1/yi)a lérén_l- ‘

(We use “0’” and “0”’ in the standard way to refer to behavior as t—o0.) There-
fore, from (13), (14), and (15), L,u — L,q is small compared with L,x; (0£Lr£n—1)
as t—oo. For example, if (6) holds, then (18) becomes

— m (t_ )j_l
q(t) = j=1ajﬁ‘

and (19) is equivalent to
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u®(t) = qt) + o(tY), 0Lr£Ln—1

Fink and Kusano [1] considered only the case where i=m, and all their
integral smallness conditions require absolute convergence; nevertheless, their
results are a distinct improvement over ours in [9] in an important sense. In
order to compare the results and to show how their work motivated the sharper
estimates obtained below, we consider the special case where i=m in (18), so that

q(t) = axy(1).
Then (19) becomes
(@a+o(1))Lx;, 0L rgi-—1,

20) Lu = [ .
o(Yr+1/¥0)s iZrsdn—1.

However, the results of Fink and Kusano imply the existence of a solution u of
(3) such that

aLx;+o(Ji™Y), 0LrLi-1,
21 U=
o(Ji™1), idrsn-—1,
where
. eri(t)a 0 é r<£n-— 1,
(22) JiT) =
YL _ it a; pps-spi)y i 4r4Ln—1.

It is easy to show that (20) and (21) are equivalent if (6) holds; however, in other
cases (21) may be better for i £r £n—2 by orders of magnitude, since

Vesd/VWJEYX L, iLr4Ln—1,

and some or all (except for r=n—1) of these ratios may be unbounded as t— oo,
for suitably chosen py,..., p,—;. Of course, in such cases the estimates of Fink and
Kusano are better than (20). This motivated the author to reexamine the proof
of the crucial Lemma 5 of [9], and to discover that it could be improved so as
to yield the estimates of Fink and Kusano and, in some cases, to improve on
them.

Before proceeding to our main results, we need a definition and two lemmas.
The proofs of the lemmas are in Section 5.

DErFINITION 1. Let ¢ be positive, continuous, and nondecreasing on (a, o),
and suppose i€ {l,...,n}. Define the asymptotic deviation functions ¢,,...,
¢;in-1 associated with ¢ as follows:

. = 00 a [n-r—l(sat;pn-l"“9pr+1) ;o -
@3 600 = [ o) £ Lgmiloeli s i) 4, 147 g2,



Asymptotic theory of perturbed general disconjugate equations IT 173

(24) ¢i,n—1(t) = 2¢(t)/1n—l(t9 a; pn—l"'-9 pi)y
(25) Gii—2() = 11(t, a5 pi_1 i) (f ix2),
and

(26) ¢i(t) =T 1(t, @5 Pri1seos Pim2s Pio1@ii-1), 0L L0 —3(ifiX3).
The motivation for this definition will become clear in the following lemma
and its applications.
Here we state a convention which applies throughout the paper: when we
write an improper integral in stating an assumption, we are assuming that it con-

verges, and the convergence may be conditional unless the integrand is necessarily
sign-constant for large ¢.

LEMMA 1. Suppose Q € C[ty, o), where toX a, and

27 )

[ vasroas| < ¢, 1310,
where y; is as defined in (11) and ¢ is as in Definition 1. Then the integral

@28) 3485 9 = [ PuOLa- 1, 53 Py Pa-)Q(5)ds

converges for t\t,. Now define

(29) Ji(t, 105 Q) = po()Ji(1; Q) if i=1;

(30) Jit, to; Q) = po(DI4(t, to; P JA(-3 Q) if i=2;

B Jit, to; @) = Po(D]i-1(t: to3 Pisees Pim2s Pi-1 (-3 Q) If 3LiLn.
Then L J(t, ty; Q) is defined on [t,, o) for 0LrLn,

(32) ILrJi(t’ tO; Q)l é ¢ir(t)9 0 é r é n— 1,
and
(33) LJ{t, to; Q) = — QO(1).

The following lemma relates our asymptotic deviation functions to the
functions Ji~! of Fink and Kusano [1].

LEMMA 2. Let Ay,..., 4;,— be the asymptotic deviation functions associated
with A=1. Then

(34) Al) = Lx() = JI74(1), O04Lr4i—1;
(35) )*ir(t) é 2/1r—i-rl(t, a3 Drs--+s Pi) = 2J£—l(t), i é r ..é n— 2;
(36) }'i,n—l(t) = 2/In—1(t’ a5 Dn—15-+5 pz) = 2J£|:11(t)
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If r is any function which is positive, continuous, and nondecreasing on [a, 00),
then

(37 Vild) £ Y(0A(0), i—1ZLrLn—1;

moreover, if

(38) lim,, , Y(2) = 0,
then
(39 Yilt) = 0(A4:(1)), O0LrLn—1.

3. The main theorems

The next two theorems are our main results.

THEOREM 1. Let  be positive, continuous, and nonincreasing on (a, o).
Suppose there are constants T> a and M >0 such that the function F=F(t, y,,...,
Yn—1) is continuous on the set

(40) Q=At, yos--s Ya-) 11X T |y, — Lig(OI LMY (1), 0L r Ln—1}
where q is as in (18). Suppose further that

(A1) |F(t, yos--s Yu-)—(FQ) (O £ W(t, 1yo—Loq(®,--; |¥n-1—Lu-19(DD
on Q, where w=w(t, &,,..., £, ) is continuous on the set

42) S={t Lo G- IXNT, 0£LE, LMY (1), 0LT £Ln—1}

and nondecreasing with respect to &,..., &,—;. Finally, suppose that
(43) lim, ., , (Y(1) ! Sjo YiSIW(s, Mipos),.-.., My —1(s))ds = OM,
where 0£0<1, and

(“4) T, W) {7 5 (P s | = o < (1= 0)M.

Then (3) has a solution u on some interval [ty, ) (to X\ T) such that

(45) ILu()—Lg()] £ My (1), t>1t, 0Lr<Ln—1,
(46) lim,., o, (3 (0)ILu()—Lg()] Lo+ MO, i—1LrLn—1,

and
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@7) Lu(®) = La(0) + o), 0LrZn—1,
PrROOF. Define

@8 w0 =|{" v FDEds|+ §” yOWs, MYS)...o M- (s

From (43) and (44),

(49) Tim, ., ()™ 11(0) £ 2+ MO,

and therefore we can choose ¢, N T so that

(50) WO £ MWD, 13 16,

Let .#,_,[to, o) be the set of functions v such that Lgv,..., L,_ v are continuous
on [te, o), with the topology of uniform convergence on finite subintervals; i.e.,
if {v,} is a sequence in &, _[ty, o0), we write

(&18) v——

if lim,_, , Ly (f)=L,0(t), tXty, 0Lr£Ln—1, and all limits are uniform on [t,, t,]
for every t; Nt,. Let V,_,(to, g, ¥) be the closed convex subset of &£, _,[t,, o)
consisting of functions v such that

(52) |Lrv(t)—qu(t)| £ Mll/,-,.(t), [EAN t09 0 £Lr £Ln— 1.

Our continuity assumptions on F imply that Fv is continuous on [t,, o0)
whenever ve V,_,(t,, q, ¥); moreover, since
[" v ©as = {7y EFa6)ds + {7 9 [FD - Fa 91ds,

(41), (50), (52), and our integrability assumptions imply that [* y(z)(Fv)(t)dt
converges, and that

(53) 1§79 Fo) 5| 2 o) 2 Myco

whenever ve V,_((ty, g4, ¥). Now define the transformation . by
(54 (T0)(®) = q(t) + J 1, to; Fv),

with J; as in Lemma 1. We will show that 7 satisfies the hypotheses of the
Schauder-Tychonov theorem on V,_,(to, g, ¥). This will imply that there is a
function u in this set such that

(55) u(t) = q(t) + J(t, to; Fu),
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and it will be easy to show that u satisfies the stated conclusions.
Because of (53) and Lemma 1 with ¢=My, Jv is well defined and satisfies

the inequalities
(56) IL(Zv) () —Lg(®)| = [LJ{1, to; Fv)l £ My,(1),
tNty, 0Lr4&n—1.
This and the definition (52) of V,_(t,, g, ¥) imply that
T (Va-1(to, 4, ¥)) = V,_1(to, 4, ¥).

We now show that 7 is continuous on V,_ (¢, g, ¥); i.e., if {v,} is a sequence
in this set which satisfies (51), then

(57) Tv, —> T0.

If t)t,, then
S8 || O E©-F)ds| £ [ yOIF @ -Fo) s

where the integral on the right converges because of (43), since
[(Fup) ()= (F)(s)] £ [(Fo) ()= (Fg)(s)l + [(Fv)(s)—(Fq)(s)|
£ W(S, lLon(s) - LOq(s)|9 ceey ILn - lvk(s) - Ln - 1‘1(5)|)
+ w(s, |Lot(s)—Loq(s)],. -, |Ly— 10(s) —Ly—14(s)])
é 2W(S, M‘Pio(s),- (] Mlpi,n - l(s)) ]

where the first inequality follows from (41), and the second from (52). Moreover,
since the integrand on the right of (58) converges pointwise to zero, Lebesgue’s
dominated convergence theorem implies that the integral approaches zero as k— 0.
Therefore, for each ¢>0 there is a K such that

(59) [§°° YO [(Fo) () —(Fo)(s)lds| < e, 1 1o, kK.

From (54),
(Zv) (1) — (T 0)(t) = I, to; Fu,—Fv);

therefore, (59) and Lemma 1 with Q= Fy,— Fv and ¢ =¢ imply that
IL(Tv)(®)—L(Tv)(D)| L eAi(t), tX1t;,, 0LrLn—1, kXK.

This implies (57).
If ve V,_(ty, q, ¥), then (56) implies that
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(60) IL(Z )| £ |Lg®Ol + MY (), txt, 0LrLn—1,
and (33) with Q = Fv implies that

(61) IL(Tv)(®)] = |[(F)(O] £ |(Fp)()—(Fg) @] + |(Fg) ()|
£ w(t, Myo(1),..., MY, (D) + [(F) (D)1,

where we have used (41) and (52). With (60) and (61) it is straightforward to
verify that the families

{Lrj-U“)EVn—l(to’ q, lp)}’ 0OLrsn-— 1,

are equibounded and uniformly equicontinuous on finite subintervals of [¢,, c0).
This is more than enough to imply (via the Arzela-Ascoli theorem) that 7 (V,_ (%,
q, ¥)) is relatively compact.

Now the Schauder-Tychonov theorem implies that there is a function u in
V,_1(to> g, ¥) such that Tu=u; i.e., u satisfies (45) and (55). Differentiating
(55) and recalling (33) shows that u satisfies (3), since L,g=0. If é>0, then (49)
and (53) (with v=u) imply that there is a t, N t, such that

7 v P 63| 2 @+ Mo-+aw@, 131,

Applying Lemma 1 with Q=Fu, ¢ =(a+MO+¢e)y, and t,=t,, we see from this
that

(62) |ILJ(t, t,; Fu)| £ (a+MO+e),(t), tXNt;, 0Lr4Ln—1.
From (55),

(63) Lu(t) — Lq(t) = LJ{(t, ty; Fu), 0Lr£Ln—1.
Since

L,.Ji(t, tl;Fu)-—L,.J,'(t, t(); Fu), i—lérén—'l,
(62) and (63) imply that
ILru(t)_qu(t)I é (a+Mo+8)wir(t)’ t ; tls l - 1 é r é n— 1

Since ¢ is an arbitrary positive number, this implies (46).
To prove (47), define

p(1) = supy,

[y Fn s,

and let p;q,..., pin—1 be the associated asymptotic deviation functions. From
(63) and Lemma 1 with Q=Fu and ¢=p,
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lLru(t)_qu(t)l £ pir(t)" ‘ tX to, -0 LrLn— L.

Since lim,_, , p(£)=0, (39) with }y=p implies (47). This completes the proof.
If lim,_, , Y(f)>0, then obviously 6=a=0 in (43) and (44), and we may as
well take =1. It is convenient to state this special case separately, as follows.

THEOREM 2. Suppose there are constants T>a and M>0 such that the
function F is continuous on the set

69 G ={t Yo Va-DIXT; |y, — Lg()| LM, (1), 0Lr Ln—1},

and there satisfies (41), where w is continuous on the set

(65) § = {(t, Eoprry Ea DI TS 0LE LMAD), 0Lr L~ 1},

and nondecreasing with respect to Cosees Enmte FSuppose also that [ y(t)(Fq)-
(t)dt converges and

(66) g‘” YOW(t, Mso(D)y..., Mg 1(D)dt < 0.

Then (3) has a solution u which is defined on [t,, o) for some t,\ T and satisfies
the inequalities

ILu(®)—Lq®] £ MA4(0), tXxt, 0Lr<Ln—1.
Moreover,
Lu(t) = Lq(t) + o(4,(t)), 0Lr<£Ln—1.
Theorem 2 implies Theorem 2 of Fink and Kusano [1], which deals with the

special case where i=m in (18). In checking this, the reader should recall the
first paragraph of Lemma 2.

ReMARK 1. If the function u whose existence is guaranteed by Theorem 2
happens also to satisfy the condition

[ v Py s = o),
where lim,_, ,, Y(#)=0, then an argument like that in the last paragraph of the proof
of Theorem 1 shows that u actually satisfies the conditions
Lu(®) = Lq(®) + 0W(®), 0Lr<£Ln—1.

Since this is essentially the conclusion of Theorem 1, one might erroneously
conclude that Theorem 1 is only a trivial extension of Theorem 2. The fallacy
in this conclusion is that if lim,_, ,, Y(#)=0, then the assumptions of Theorem 1 do
not imply those of Theorem 2, for the following reasons:
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(a) The sets Q and S in (40) and (42) are smaller than the sets & and § in
(64) and (65).

(b) The integrability condition (43), even if §=0, does not imply (66).

Put another way, the hypotheses of Theorem 1 in this case imply the hypoth-
eses of the Schauder-Tychonov theorem on V,_,(to, g, ¥), but not on the larger
set V,_,(to, g, 1) with which one must deal in proving Theorem 2. Therefore, it
is quite possible for Theorem 1 to be applicable in situations where Theorem 2
is not, even though the conclusions of the former are stronger than those of the
latter. We will point this out more specifically in the next section.

4. Applications

In this section we consider the equation
(67) Ly + X126 Py (L) = f(1),
under the following assumption.

AssuMPTION A. The functions f, Py,..., P, are continuous on [a, ), ¥ is
continuous, nondecreasing, and positive on (a, o), and lim,,  Y(t)=0. The
eXPONents Vy,..., Yy~ are positive rationals with odd denominators, while y,,...,
Ym—1 can be arbitrary real numbers; a,,>0 in (18).

THEOREM 3. Suppose Assumption A holds and
©) | vords = 0w,
© {7 rOP O Lxu s = 0w@), 0LrLm 1,

(70) Tim, ., ,, (Y(1)) St YOI Py (L x(8)) "1 (s)ds = ¢, < o0,
0Lrgm-—1,

and, if m<n-—1,

() [ yIPu- N sds = owe), m 27 2m—1.

Finally, suppose that

(72) ;n=—01 c,|y,|a,7,,"1 =0<1.

Then (67) has a solution u, defined for t sufficiently large, such that

(73) Lru(t) = qu(t) + O(;Lir(t)), 0 é r é n— 19
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and
74 Lu(®) = Lg(® + 0 (1)), 0Lr<Ln—1
Moreover, if
(75) co="=¢,=0
and (68) and (69) hold with “0’’ replaced by ‘“‘0,” then
(76) Lu(®) =Lq@® + oy, (®)), i—14Lr4Ln-1.
Proor. Equation (67) has the form (3), with
a7 F(t, yoseees Yu—1) = f(1) — 2728 Py (DY),
which is real-valued and continuous on the set
(8 {(t, yos--s Yn—)t2a; y,>0,0Lr£m—1; —0o<y, <0, mLr4Ln—1}.

(Recall the restrictions on v,,..., y,~;.) Since a,>0 in (18), L.q,..., L,-19
are positive on some interval [T;, o), and the function

Fq =f_ Z;"=—Ol Pn—r(qu)yr

is continous there.
Because of (69),

79 [ 9P ao)mds = o), 0zram—1.
To see this, let
0 = 7 9P 5) (L),

rewrite the integrand in (79) as

R~ cpk

integrate by parts, and invoke (14) and (69). Now (68) and (79) imply that
(80) T W) | 99 FO) 5| = 2 < 0.

Since i £ m and lim,_, , Y(£)=0, (14), (34), (35), (36) and (39) imply that
(81) lim,, o, (Lg() = MY, (0)/Lyx(t) = @, >0, 0 Lr Lm—1,

for any constant M. Therefore, we can choose M so that
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M > a/(1-6)
(see (72) and (80)), and then choose T so that T \ T, and
Lg(t) = My ()>0, txT, 0Lr£Lm-—1.

Then the set Q in (40) is contained in the set (78). Therefore, F as defined in (77)
is continuous on £, and there satisfies (41), with

(8 Wty o Euer) = T 1 Puc OILa(t) £ MY (0)1,
+ T P, 01,

where the plus sign applies in the r-th term of the first sum if y,\ 1, the minus if
y,<1. Now (70), (71), and (81) imply (43), with 0 as in (72), so Theorem 1 implies
that (67) has a solution u which satisfies (73) and (74). Moreover, it is easy to
show that if (68) and (69) hold with “0’’ replaced by “0,”’ then a=0 in (80).
Since (75) implies that 6 =0, (46) implies (76). This completes the proof.

The next theorem is an analog of Theorem 3 for the case where Yy =1.

THEOREM 4. Suppose Assumption A holds and the integrals

(83) g” YO f @t
and
(84) S“’ VOPu— ) (L) dt, 0 Lr Lm — 1,

converge. Suppose also that

(85) Sw YiOIPy - (OILXn(0)r A ()dt < 00, 0 L1 Lm—1,
and, if m<n-—1,

(86) [ yiolPu O Oedt < 0, mzr £n =1,

Then (67) has a solution u which satisfies (73).

PROOF. As in the proof of Theorem 3, (83) and (84) imply that {* y,(t)(Fq)-
(t)dt converges (with F as in (77)). With T, as in the proof of Theorem 3 and M
such that 0<M <a,, choose T X T, so that

qu(t)—M)'ir(t)>Os léT’ Oérém—l

With w as in (82) (with ¥, =4,,), (85) and (86) imply (66). Hence, Theorem 2
implies the conclusion.
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If (6) holds, then (67) reduces to
(87) u® + 3p2d Py () (u®)r = f(2).

This equation and its special cases have been studied by many authors (e.g., see
Hallam [3] and Waltman [14]). Except in the most recent literature, the ex-
ponents 7y,,..., 7, ; have been required to be positive. Recently, however, results
on the special case
u™ + P(tu? = f(1)

have appeared in which y is permitted to be negative (e.g., see [2], [4], [5], [11],
and [12].) The following theorems, as well as Theorems 3 and 4, are therefore
unusual not only because of the extent to which their integral smallness conditions

permit conditional convergence, but also because both positive and negative
exponents may occur in the same equation.

THEOREM 5. Let f, Py,..., P, be continuous on [0, o), and suppose 7,...,
Yu—1 are as in Assumption A. Let

i1

q(t) = Z'}'=1 ajW s

where a,,>0 and (17) holds. Suppose «>0 and, if i\2, assume also that o <1.
Suppose also that

(88) S“’ snif(s)ds = (1),
(89) Sw‘”’“‘”‘"‘”rP"-,<s)ds=o<t-a), OLrim—1,

90)  Tim,n g“’ sgr-m=atm=r-01| P (s)|ds = C, < 00, 0LrLm— 1,

t

and, if m<n—1,

1) gw sn—itmr=a=0w| P (s)|ds = o(t), m Lr Zn — 1.

t

Then there are positive constants B,,..., B,,_,, which do not depend on C,,...,
C,.— Or a,, such that if

(92) Z;n=0 Brcra.r):nr~l =0< 1,
then (87) has a solution u which satisfies
u(’)(t) = q(’)(t) + O(ti"‘“‘l), 0LrsLn-—1.

Moreover, if
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Co==C,=0
and (88) and (89) hold with ““0”’ replaced by “0,”’ then
93) u®(f) = g + o(tr2"Y), 0 Lr-Ln = 1.

PrOOF. It is straightforward to verify from our assumptions on a that if
Y(t)=1"*, then the associated asymptotic deviation functions satisfy -

V) =071, 0Lr<Ln—1.

Since (6) implies (16), (88) through (92) are the appropriate specializations of (68)
through (72), with suitable constants B,,..., B,, in (92). Therefore, Theorem 3
implies the stated conclusions, except for one detail: (76) implies (93) only for
i—14r4£n—1. However, since a<1 if iN2, Lemma 2 of [11] implies (93) for
0Lrgi-2.

Theorem 4 implies the following result for a=0.

THEOREM 6. Suppose the conditions in the first sentence of Theorem 5 hold,
and the integrals

(94) Sw =i f(1) dt,
(95) Sw noitmor=0yep (Odt, 0Lr£Lm-—1,
(96) [“oomeorvnip, ld, 0zram-1,

and, if m<n-—1,
(97) Swt”“*“""mrlP,.-,(mdz, msrsn—1,

converge. Then (87) has a solution u such that
u (@) = q"@) +o(t"1), 04Lr4Ln—1

REMARK 2. Even though the conclusions of Theorem 5 are obviously
sharper than those of Theorem 6, either may apply in situations where the other
does not. To see this, we observe that the existence of (94) and (95) does not
imply (88) and (89), while (90) and (91) do not imply the existence of (96) and
(97). This illustrates the point raised in Remark 1.

An argument similar to (but simpler than) the proof of Theorem 4 yields the
following result for the linear equation

(98) Lyu + 3326 P (OLu = f(1).
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THEOREM 7. Suppose f, Py,..., P, and ¥ satisfy Assumption A. Suppose
also that (68) holds,

©9) [“9@P.- L x5 = o), 027 2m -1,
and
0 O) | i) (T 1P (W 5))ds = 0 < 1.

Then (98) has a solution u which satisfies (73) and (74). Moreover, if =0 and
(68) and (99) hold with 0>’ replaced by ““0,”’ then u satisfies (76).

Obviously, we do not have to assume in Theorem 7 that a,,>0 in (18). This
remark also applies to the following analog of Theorem 6.

THEOREM 8. Suppose f, Py,..., P, are continuous on [a, o) and the integrals
(83) and

(" vaop, oLx, 0, 0 2ram-1,
converge. Suppose also that
[ volP, o0t < 0, 027 zn—1.

Then (98) has a solution u which satisfies (73).

Theorem 8 implies and improves on Theorem 3 of [9].

5. Proofs of the lemmas

We need the following preliminary lemma.

LEMMA 3. Suppose q,, q,,... are positive and continuous on [a, o), and
(100) ["atots =0, i=1,2...

Then

__d_[l_,(s, b:qlg-“9 q;)}
ds | I, (s, a; q1s---5 qi)

has exactly one zero on (b, ) if a<b and 1 £Lj<k.
Proor. For convenience, let

Fi(s) = Ii(s, a; qy5---5 qi)s Gj(s) = I, b; qis.--s q;),
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Ji—1(8) = I _ (s, a; q3,..., 4, gj—l(s) = Ij—l(s’ b; g5, qj)~

Then

G; >' — qlfk—lhjk
(101) F)S T P2
where

gj-1

h, =F -2~ —G:

= T
and
(102) Wy = Fk< 9j-1 )

fk—l

Since 1£j£k, G;/F, vanishes at b and oo (the latter because of (100) and
L’Hospital’s rule); hence, (G;/F;)" has at least one zero on (b, c0). From (101),
the zeros of (G;/F,)" coincide with those of hj;. We proceed by induction on j.
Since go,=1, (102) implies that h{;(s)<O0, s>b; hence, Rolle’s theorem implies
that h,, cannot have more than one zero on [b, o0). This implies the conclusion
for j=1. Now suppose j )2 and assume the conclusion with j replaced by j—1.
Then (g;-,/fi-1)" has exactly one zero on (b, ©), and (102) implies the same for
h’y. Since h;(b)=0 if j)2, Rolle’s theorem now implies that hj has at most
one zero on (b, c0); hence (101) implies the same for (G;/F;)’, which completes
the proof.

ProoOF OF LEMMA 2. Recall that A,..., 4;,-, are obtained by taking ¢=1
in Definition 1. Therefore, from (23),

. - ® _6__ In—r—i(s’ t;pn—l,“', pr+1) 7 — —
(103) 1,,(1) St g Drmilos b Prssa Prta) a5, 1~ 147 2n-2

The partial derivative here is positive if r=i—1 ([9], Lemma 3), and

. L,_i(8, t; Puire-ryr D)
hm_) n—i\"s "y Fn—1s+**> Fi — 1,
N n—-i(s,a;pn—l’“-,pi)

because of (7) and L’Hospital’s rule. Therefore,
(104) Aij-1(0) = 1,

which verifies (34) for r=i—1.
IfiZr4£n-2, then (103) and Lemma 3 imply that

Loy is(5y ts Prtseevs Prat)
Airt =2 r=1\% 7> n—1s°*s Pr+1
() In-i(s’ a5 Pn—1s-+2s pl)

where § is the unique zero of the partial derivative in (103) on [t, c0). This and
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(9) imply the inequality in (35). Simply recalling (12), (22), and (104) now makes
it trivial to complete the verification of (34), (35), and (36).

Recalling that ,q,..., ;,_, are obtained by taking ¢ =y in Definition 1
makes (37) obvious. If (38) holds, then (37) implies (39) for i—1£r£n—1.
Also, from (37) and (104), ¥, ;_,(f) £¥(2), so (25) and (26) with ¢ =y imply (39)
for 0£r £i—2, because of (7) and L Hospital’s rule. This completes the proof
of Lemma 2.

PrOOF OF LEMMA 1. Let

(105) (1) = S‘” Y{5)Q(s)ds,
so that
(106) ()] £ (1),

from 27). Ifi—1Zr£Ln—1, let
Qir(t) = St pn(S)In—r—l(ts S5 pr+i!";’ p,,_l)Q(S)dS,

= 0 [T Oy 15 1 Pu s e DO (e (8)

—_ o — n-r ® ’ In—r—l(s9 t;pn—19'--9pr+1)
=(-1) Stc(s) (8o i Paioss Pees) s (s (11) and (105)).

Integrating this by parts yields

3 = ( — n—r In—r—i(ss t;pn—19---apr+1) ®
(107) Q"(t) ( 1) C(S) In—i(s9 a;Pn—l9~--9 Px) t

-r— * a I——(S,t;P-,---,p+):]
+ _1 n—=r IS __[ n—r—1 n—1 r+1 d .
( ) t C(S) aS I,,__;(S, A5 P15+ P:) s

Since lim,_,,, ¢(f)=0, (106) and (107) imply that
(108) ’er(t)l é ¢ir(t)9 t ; t09 i — 1 é r é h — 1~

(Recall (23) and (24).) Since J1, 0)=0;;-4(t), it now follows that the improper
integral in (28) converges, and so J(t, to; Q) is well defined on [t,, o) by (29),
(30), or (31). Moreover, on recalling (4), it is routine to verify (33) and that

LJft, te; Q) = Qi (1), i—14Lr<£Ln—1,
which, with (108), implies (32) for i—1£r£n—1. Since

L; _Jit, to; Q) = I1(t, to; pi-1Qii—1)
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if ix2, and

LJft tog; Q) =1, (t, to; Pry1seees Pimz> Pi-1Qii-1), 0L r £Li—3,

if i) 3, (25), (26), and (108) with r=i—1 imply (32) with 0Lr£i—2. This com-
pletes the proof of Lemma 1.
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