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1. Introduction

This paper is concerned with bounded solutions of the second order semilinear
elliptic equations

(1.1) Au + ¢(x)u? =0
and
(1.2) Au + ¢(x)e* =0

in the entire Euclidean space R", n> 3, where 4 denotes the n-dimensional Laplace
operator, ¢(x) is a locally Holder continuous function in R" and y is a nonzero
constant.

The problems of existence and nonexistence of entire solutions of semilinear
elliptic equations of the form Au+f(x, u)=0 have been investigated by many
authors; see, for example, [3], [4], [6], [8], [9] and [12]. We refer in particular
to the recent papers by Ni [8, 9] in which explicit conditions are given which
guarantee the existence of bounded entire solutions of (1.1) and (1.2).

Our main objective is to give conditions for the existence of bounded positive
entire solutions of (1.1) and bounded entire solutions of (1.2) by means of the
method of supersolutions and subsolutions. The principal device in this paper
is the construction of spherically symmetric supersolutions and subsolutions for
(1.1) and (1.2), and this enables us to prove the following theorems which extend
considerably the basic existence results of Ni [8, 9].

THEOREM 1.1. Suppose there exists a locally Hélder continuous function
@*(t) on [0, 00) such that |¢(x)| < p*(|x|) for all xe R* and

(1.3) g: t*(H)dt < co.

Then (1.1) with y#1 has infinitely many positive solutions which are bounded
and bounded away from zero in R". Moreover, if either ¢(x)>0 or ¢(x)<O0 for
all x € R", then equation (1.1) possesses infinitely many bounded positive solu-
tions with the property that each of these solutions tends to a positive constant
as |x|—oo.



126 Nichiro KAwANO

THEOREM 1.2. Suppose ¢(x) satisfies the conditions of Theorem 1.1. Then
equation (1.2) possesses infinitely many bounded solutions in R". Moreover,
if either ¢(x)>0 or ¢(x)<0 for all x € R, then equation (1.2) possesses infinitely
many bounded solutions that tend to constants as le—»od.

We also obtain necessary conditions for equation (1.1) [resp.(1.2)] with
one-signed ¢(x) to possess bounded positive entire solutions [resp. bounded entire
solutions].

Furthermore, motivated by the observation that there seems to be no previous
result concerning entire solutions of systems of semilinear elliptic equations, we
make an attempt to extend the results for (1.1) and (1.2) to systems of the types

(L4 [ du + ¢(x)uv® =0
Av + Y(x)urv¥ =0,
(1.5) { Au + P(x)ern+?r =0
Av + Y(x)ervtvy =0,

where ¢(x) and Y(x) are locally Holder continuous functions in R”, and y, 6, u
and v are constants. The desired extension depends on a suitable modification
of the supersolution-subsolution method employed to develop existence theory
for the single equations (1.1) and (1.2).

2. The equation du + @(x)u?=0

2.1. We begin by stating an existence theorem which is basic to our sub-
sequent considerations. Consider the semilinear elliptic equation

2.1 Au + f(x, u) = 0,

where f(x, u)is defined on R" x R!, is locally Holder continuous in x with exponent
2 €(0, 1) and is continuously differentiable in u.

By a supersolution [resp. subsolution] of equation (2.1) in R” is meant a
function v [resp. w] € C}A(R") satisfying

2.2) 4v + f(x, v) < 0 [resp. Aw+f(x, w)=>0], xeR™

THEOREM A. (AkO and Kusano [2]) Ifthere exist a bounded supersolution
v(x) and a bounded subsolution w(x) of (2.1) in R* such that

(2.3) w(x) < v(x), X €R",

then equation (2.1) possesses an entire solution u(x) satisfying
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2.9 w(x) < u(x) < v(x), xeR"

REMARK 2.1. The boundedness of v(x) and w(x) in Theorem A is not neces-
sary (see W. -M. Ni [9, Theorem 2.10]). However, Theorem A in this form
suffices for our purposes.

In this section we consider equation (1.1) under the following assumption.

Assumption (A): ¢(x) is locally Holder continuous in R" with exponent
A€ (0, 1) and there exists a nonnegative furiction ¢*(¢) on [0, c0) such that
¢* e Cf,([0, =)) and

(2.5) 1p()| < *(Ix), xeR"

In order to discuss the existence of bounded positive entire solutions of (1.1)
it is convenient to distinguish the following three cases: (i) ¢(x)<0 in R"; (ii)
¢(x)>0 in R"; and (iii) ¢(x) has indefinite sign in R".

2.2. The case where ¢(x)>0 in R". In this case our discussion is based on
the following theorem.

THEOREM 2.1. Let assumption (A) be satisfied. If the equation
(2.6) dv + ¢*(Jxv? =0

has a positive solution which is bounded and bounded away from zero in R*,
then equation (1.1) has a positive entire solution which is bounded and bounded
away from zero in R".

The conclusion of this theorem immediately follows from Theorem A since
any positive solution of (2.6) is a supersolution of (1.1) and any positive constant
is a subsolution of (1.1).

We therefore wish to construct a positive solution of (2.6) which is bounded
and bounded away from zero in R". It is natural to seek such a solution of (2.6)
with spherical symmetry: v(x)=y(]x]). If we put t=|x|, then the problem is
reduced to the following one-dimensional problem:

l

(y+ 2Ly gxpyr =0, t>0,
2.7

y0) =a, y0)=0 (x>0).

As easily verified, solving (2.7) is equivalent to solving the integral equation

(2.8) y=a- L S;s[l - (%)n-z}d)*(s)ﬂ(s)ds, 120,
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Our idea is to regard this as an operator equation y=%y with & defined by
1 t s n—2
@9 #y® =a— L0 1= ()7 erersyas
n—2 Jo 1

and to solve it by means of the fixed point theorem of Schauder-Tychonoff.

THEOREM 2.2. Let y#1. In addition to assumption (A) suppose that (1.3)
holds. Then, for some positive constant «, (2.7) has a positive solution which is
bounded and bounded away from zero for t>0.

ProOF. We distinguish the three cases: y>1; 0<y<1; and y<0.
(i) Superlinear case: y>1. Let a>0 be small enough so that

_ A (P

(2.10) -2 Sosqb (s)ds > 0,

and put

@.11) k(o) = a — - Swsqb*(s)ds > 0.
n—2Jo

Let C[0, o) denote the locally convex space of continuous functions on [0, o)
with the topology of uniform convergence on every compact subinterval of [0, o).
Consider the set

(2.12) Y ={yeC[0, o0): k()<y(H)<a for t>0},
which is a closed convex subset of C[0, 0). Now, we show that the operator &
defined by (2.9) maps Y into itself. If y e Y, then obviously #y(f) <« and
Fy(t) > a — 1 St sO*(s)y?(s)ds
n—2 Jo

> o — i—g' sp*(s)ds > k(«), 1> 0.
n—2 0

(ii) Sublinear case:0<y<1. Let a>0 be large enough so that (2.10) holds
and define k(a) by (2.11). If we let Y be the same subset of C[0, oo0) as defined
in (i), then it readily follows that & maps Y into itself.

(iii) Singular case: y<0. Let >0 be so large that

2.13) al=r — 1_% g: s¢p*(s)ds > 0,

and define

(2.14) AQt) = o7 — %_:;—So s¢*(s)ds.
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Then, 0<[A(1)]1/1~" <a, t>0, and we can consider the set
(2.15) Y = {y e C[0, ©): [A®)]/*"<y(t) <a for t>0}.

It can be shown that % maps Y into itself. Indeed, clearly Fy(f)<o and
Fy@) 2o - 15 st )y (5)ds
2 - Lo spr@LA@1re-ds

= [A@)]Va-n, 1>0.

To see the last equality it suffices to consider the function

PO = — -1 (' s¢*@4©T710-0ds - [A@®] oD

and show that P(0)=0 and P’(f)=0 for t+>0. In this case, we define k(o) by

1/(1-y)

(2.16) k(o) = lim, ., [A(t)]1/0-D = (al-v— % S: 56* (5) ds)

We have thus seen that & is a self-map of Y in each of the cases (i), (ii) and (iii).

Next, we show the continuity of the operator #. If y,€ Y (m=1, 2,...)and
V()= y(t) as m—oo uniformly on every compact subinterval of [0, o0), then
ye Y and we have

@17 1#70©) = Fy @1 < =15 st @lyis) = y7(0)lds

for t>0. With the use of (1.3) and Lebesgue’s dominated convergence theorem,
it follows from (2.17) that, in each of the cases (i), (ii) and (iii), Fy,(1)—=Fy(1)
as m— oo uniformly on every compact subinterval of [0, c0). Finally, we check
the relative compactness of #Y. In fact, #Y is clearly uniformly bounded at
every point of [0, o), and from the relation

(@@ =) (5™ s*@prwas| < cf srwas,

where C=a? if y>0 and C=[k(a)]” if y<O0, it follows that #y is equicontinuous
at every point in [0, o).

All the conditions of the Schauder-Tychonoff fixed point theorem are satisfied,
and hence the mapping & has a fixed point y in Y. This fixed point y=y(t) is a
solution of the integral equation (2.8), and so it is a solution of the initial value
problem (2.7) with the required boundedness property. This completes the
proof of Theorem 2.2.
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Combining Theorem 2.1 with Theorem 2.2 yields the following existence
theorem for (1.1)

THEOREM 2.3. Let y#1 and in addition to assumption (A) suppose that
(1.3) holds. Then, equation (1.1) has infinitely many bounded positive entire
solutions which converge to positive constants as |x|— 0.

PrOOF. By Theorem 2.2 there are positive constants o and k(x) such that
the initial value problem (2.7) has a solution y(t) satisfying k(¢)<y(t)<a for
t>0. Since y'(t)<0 for t>0, the limit n=1im,_, ., y(f) > k(«) exists. The function
v(x)=y(]x|) is a solution of (2.6), and hence a supersolution of (1.1), whereas the
constant 7 is a subsolution of (1.1). From Theorem A it follows that (1.1) has an
entire solution u(x) such that n <u(x)<wv(x) in R". Itis clear that lim,_, u(x)=
n. Itis not hard to see that there exist infinitely many values of «>0 which yield
different positive entire solutions of (1.1). This completes the proof of Theorem
2.3.

REMARK 2.2. In the case where y=1, that is, equation (1.1) is linear, we
have a weaker conclusion: If '

(2.18) S: t*(H)dt < n — 2,

then equation (1.1) with y=1 has infinitely many bounded positive entire solu-
tions which tend to positive constants as |x|— 0.
Whether (2.18) can be replaced by (1.3) or not is unknown to us.

2.3. In this subsection we assume that ¢(x)<0 for xe R". The following
theorem is parallel to Theorem 2.1.

THEOREM 2.4. Let assumption (A) be satisfied. If the equation
(2.19) Aw — o*(|x)w? =0

has a positive solution which is bounded and bounded away from zero in R",
then equation (1.1) has a positive entire solution which is bounded and bounded
away from zero R".

This is an immediate consequence of Theorem A. In fact, since ¢(x)<0 in
R", every positive constant is a supersolution of (1.1) in R”, and in view of (2.5)
any positive solution of (2.19) is a positive subsolution of (1.1) in R".

According to Theorem 2.4, the problem under study for (1.1) is reduced to
the problem of finding a bounded positive solution of (2.19). As in subsection
2.2, we seek a spherically symmetric solution w(x)=z(|x|) of (2.19). Putting
t=|x|, we get the following ODE problem:



On bounded entire solutions of semilinear elliptic equations 131

2+ 2Ll P*()z' =0, t>0,
(2.20) !

z2(0) =B, 2'(0)=0 (>0,

which in turn is equivalent to the integral equation

n—2

n-2
Q21) ) =p+ L S s[l—- (g_) ]d)*(s)z"(s)ds, 1> 0.
0
We will solve (2.21) by reducing it to an operator equation z =%z with ¢ defined by
9:00 =+ L (' s[1- (£ 7] @2 0ras
- n—2 Jo 14 i

and applying the fixed point theorem of Schauder-Tychonoff.

THEOREM 2.5. In addition to assumption (A) suppose that (1.3) is satisfied.
Then, for some positive constant B, equation (2.20) has a bounded positive solu-
tion which is bounded away from zero for t>0.

Proor. The proof of this theorem is analogous to that of Theorem 2.2.
(i) Superlinear case: y>1. We take a positive constant f so small that

(2.22) pr-v — 1=l Swtgb*(t)dt > 0.

n—2 0

Define the function B(t) by

(2.23) B(t) = Bt — %:—;S;sd)*(s)ds
and put
(224) I(B) = limt—voo [B(t)]‘/(l-”-

Noting that f<[B(t)]1/(1=), t >0, we consider
(2.25) Z = {zeC[0, ©0): B<z()<[B(®)]/~"  for t>0},

which is a closed convex subset of locally convex space C[0, c0). If zeZ, then
B<%z(t) and as in case (iii) in the proof of Theorem 2.2, we have

920 < B+ 515 |, s @B s

= [B@)]V¢™M, 1>0.

It follows that ¢ maps Z into itself.
(ii) Linear case: y=1. Let § be any fixed positive constant and put
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(2.26) B() = ﬂexp< 1 g s¢*(s)ds>
2.27) I() = lim, ., B(f).
Define

= {zeC[0, ®0): B < z()<B(t) for t>0}.

Then ¢ maps Z into itself. In fact, if z € Z, then < %2(1), and
gz() < B+ ———S sO*(s)z(s)ds

<B+ L_g sb*(s)B(s)ds
= B(@t), t>0.
(iii) Sublinear case: 0<y<1. Put
(2.28) B@) = prr + 122 S sb*(s)ds,

(2.29) I(B) = lim,,, [B(5]"/~7,

where B is any positive constant. Then S<[B(£)]V/(~", t>0. Define Z by
(2.25). If zeZ, then f<%z(t), t>0, and proceeding as in case (i), we have

gz() < B+ LS sO*(s)[B(s)]"0-1ds
= [B(t)]ll(l—v), t>0.

This implies that ¢ maps Z into itself.
(iv) Singular case: y<0. Put

(2.30) 1) =8+ S s¢*(s)ds,
where f is any positive constant, and define

(2.31) Z ={zeC(C[0, 0): B<z()<U(B) for t>0}.

Then it follows that ¢ is a self-map of Z. In fact, if z € Z, then obviously 8 < @z(1),
and we have

gz() < B+ —I—S sP*(8)z7(s)ds

<p+-2 S; sp*(s)ds < I(B), 1> 0.

n
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We have thus shown that in each of the cases (i)-(iv), ¢ maps Z into itself.
Furthermore, it can easily be shown that ¢ is continuous and that ¢Z is relatively
compact in C[0, o). Therefore, applying the Schauder-Tychonoff fixed point
theorem, we conclude that the integral equation (2.21) has at least one solution
in Z. This implies that the initial value problem (2.20) has a bounded positive
solution which is bounded away from zero. This completes the proof of Theorem
2.5.

Theorems 2.4 and 2.5 yield the following theorem which is the main result
of this subsection.

THEOREM 2.6. In addition to assumption (A) suppose that (1.3) is satisfied.
Then, (1.1) has infinitely many positive entire solutions which tend to positive
constants as |x|— oo.

ProOF. By Theorem 2.5, in each of the cases (i)-(iv), we can take positive
numbers # and () in such a way that the initial value problem (2.20) has a positive
solution z(t) satisfying f<z(t)<I(f) for t>0. Since z'(f)>0, t>0, the positive
limit lim,_ . z()={<I(B) exists. The functions v(x)={ and w(x)=z(|x|) are,
respectively, a supersolution and a subsolution of (1.1) in R*, and so, from The-
orem 2.4 and Theorem A it follows that (1.1) has a solution u(x) such that w(x)<
u(x)<uv(x) in R". Obviously, lim ., u(x)={. As easily verified, there exist
infinitely many values of f>0 which yield different entire solutions of (1.1).
This finishes the proof.

2.4. We now turn to the case where ¢(x) is not of constant sign.

THEOREM 2.7. Let assumption (A) be satisfied. If the equations (2.6) and
(2.19) possess bounded positive solutions v(x) and w(x), respectively, such that
w(x)<v(x) in R", then there exists at least one solution u(x) of (1.1) satisfying

(2.32) w(x) < u(x) < v(x), xeR"

This theorem follows from Theorem A, since »(x) and w(x) are respectively,
a supersolution and a subsolution of (1.1) in R".
Now suppose that (1.3) holds. We put

I L Ry =( 1- -y Sw * )l/(l_”
k@ =a - 2\ "proa, 1) = (g + 1L (g 0a
if either y>1 or 0<y<1, and

ke = (= = 122 ("igrar) "

1-y)

1o =8+ (T wa

if y<0. In either case positive numbers « and f§ can be taken so that the above
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k(a) and I(f) are positive and
(2.33) B <IPB) < k() <

From the proof of Theorems 2.2 and 2.5 we see that to such o and B there cor-
respond a solution y(¢) of (2.7) and a solution z(f) of (2.20). In view of (2.33)
we have

(2.34) ) < y(t)  for t>0.

The functions v(x)=y(|x|) and w(x)=2z(|x|) are, respectively, a solution of (2.6)
and a solution of (2.19) satisfying w(x)<wv(x) in R", and Theorem 2.7 guarantees
the existence of an entire solution u(x) of (1.1) satisfying (2.32). It is easy to
check that there exist infinitely many pairs of positive numbers « and f which
produce different entire solutions of (1.1). We have thus proved the following

THEOREM 2.8. Let y#1. In addition to assumption (A) suppose that (1.3)
is satisfied. Then, equation (1.1) possesses infinitely many positive entire solu-
tions which are bounded and bounded away from zero in R".

Concerning the linear equation (1.1) (y=1) we have the following existence
theorem. - ' '

THEOREM 2.9. Suppose that assumption (A) and (2.18) are satisfied. Then,
equation (1.1) with y=1 has infinitely many positive entire solutions which are
bounded and bounded away from zero in R".

ReEMARK 2.3. Theorem 1.1 stated in the introduction follows from Theorems
2.3, 2.6 and 2.8.

We now present a variant of Theorems 2.8 and 2.9 which is suggested by
Ni [9]. We write x=(x,, X,) € R"x R"™™, m>3.

THEOREM 2.10. Suppose there exists a positive and locally Hdlder con-
tinuous function ¢*(t) on [0, 00) satisfying

(2.35) ¢ < ¢*(Ix4]), xeR”
Suppose that

S: t*(0)dt < o0 if p # 1
and

g:td)*(t)dt <m—2 ify=1
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Then (1.1) has infinitely many positive entire solutions which are bounded and
bounded away from zero in R". Moreover, if either ¢(x)>0 or ¢(x)<O0 for all
x € R", then (1.1) has infinitely many bounded positive entire solutions which
tend to positive constants uniformly in x, as |x{|— 0.

ProOF. Consider the equations
4,0 + ¢*(Ix, )57 =0,
A4, — ¢*(Ix, )W = 0,

where 4,, denote the Laplace operator in R™. By the proof of Theorems 2.2 and
2.5 these equations have spherically symmetric positive solutions #(x,), W(x,)
which are bounded and bounded away from zero in R™ and satisfy w(x,) <#(x,),
x, € R™.  Define the functions v(x) and w(x) in R" as follows:

v(x) = v(xy, X3) = ¥(xy), W(X) = w(xy, X3) = W(x,).
Then, 4v=4,,5, Aw=4,W and in view of (2.35) we have
dv + ¢p(x)” < 4,0 + ¢*(Ix,))0” =0,
AW + YW = A, — $*(|x, W7 = 0

in R". This implies that v(x) and w(x) are, respectively, a supersolution and a
subsolution of (1.1) in R*. Since w(x) <v(x), x € R", the conclusion follows from
Theorem A. '

3. The equation du + @(x)e*=0

The purpose of this section is to establish the existence of bounded entire
solutions of equation (1.2). As in the preceding section we distinguish the three
cases: (i) ¢(x)>0 in R"; (ii) ¢(x)<0in R"; and (iii) ¢(x) is not one-signed in R".

3.1. The case where ¢(x)>0 in R".

THEOREM 3.1. Let assumption (A) be satisfied. = If the equation
3.1 Av + ¢*(|x[)e* =0 -
has a bounded solution in R", tﬁen (1.2) ﬁasva bounded solution in R".

Since-a bounded solution of (3.1) is a supersolution and any constant is a
subsolution of (1.2) in R", the conclusion of this theorem follows from Theorem A.
Consider the initial value problem:
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t
y0)=a, y(0)=0,
where o is a constant. If y(¢) is a bounded solution of (3.2), then the function

v(x)=y(|x|) is a bounded solution of (3.1). In order to solve (3.2) we transform
it into the integral equation

Y+ n—1 V' + ¢*(t)e» =0, t>0,
(3.2)

G3) W) =«- —n{TS;s[l —(%)n—quS*(s)eY(‘)ds, 1> 0.

Let « be fixed. Putting

(3.4) ko) =a— -2, g: s¢*(s)ds,

we consider the set
Y= {yeC[0, 0): k()< y(t)<a for t>0}

and define the operator & : Y- C[0, ) by -

Fy(t) = « - %2" S; s [1 - (f—)"—z]qS*(s)ey“)ds.

Then, # maps Yinto itself. For, if y € Y, then
a>Fyt) 2a— . St sP*(s)e?Ods
n—2 0

> o — Jﬁ_g' s¢*(s)ds > k(x), 1> 0.
n—2Jo

The continuity of & follows from the inequality

1#9u0) = Fy O] < 15! 52l — owas,
- V]

and the relative compactness of #Y follows from the relation
@) @1 < (. $*e)erwds < e | $*(5)ds.

Consequently, Schauder-Tychonoff’s fixed point theorem is applicable, and (3.3)
(and hence (3.2)) has a bounded solution. Proceeding as in the proof of Theorem
2.3, we can prove the following

THEOREM 3.2. Suppose assumption (A) is satisfied. If (1.3) holds, then
equation (1.2) has infinitely many bounded entire solutions which tend to con-
stants as |x|—» o0,
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3.2. The case where ¢(x)<0 in R".

THEOREM 3.3. Let assumption (A) be satisfied. If the equation
3.5) Aw — ¢*(|x])e” =0
has a bounded solution in R", then (1.2) has a bounded solution in R".

Because of ¢(x)<0 and (2.5), a bounded solution of (3.5) is a subsolution and
any constant is a supersolution of (1.2) in R". Therefore, the conclusion of
Theorem 3.3 follows from Theorem A.

We seek a spherically symmetric solution w(x)=2z(]x|) of (3.5). This reduces
to the initial value problem:

{
z2(0) =B, z'(0)=0,

where f is constant. The equivalent integral equation is

2+ 2=l grper =0, 1>0,
(3.6)

3.7) 20 =+ 1 S;s[l _ <.‘:_>n_2]¢*(s)e1(8)ds, 1> 0.

Define the operator ¢ by

(8)  @z() =B+ ?’{TSO s [1 - (i>”"2] $*(5)e*®ds, 1> 0.

t

Now, if (1.3) holds, then we choose f such that

(3.9 et =L ("spr(sds > 0.
Put
(3.10) B(1) = log (e—ﬂ - 71{750 s¢*(s)ds>"'

and consider the set
Z = {zeC[0, o0): B<z()<B(t) for t>0}.
If ze Z, then we have for t>0

B<gz() < B+ ﬁ S; sP*(s)e*Wds

1

t
*( ¢) o B(s)
<B+n 2Sos¢ (s)eBds
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=+ 15 s - Ly [ rerrar) as

— log <e‘/’ - 7}?50 sqs*(s)dsf1 - B().

This shows that ¢ maps Z into itself. The continuity of ¢ and the relative
compactness of ¥Z are obvious. Hence, there exists a fixed point z of ¢ in Z,
which is a solution of (3.6).

THEOREM 3.4. Suppose assumption (A) is satisfied. If (1.3) holds, then
(1.2) has infinitely many bounded entire solutions which tend to constants as

[x|—oc0.
The proof of this theorem is similar to that of Theorem 2.6.
3.3. The case where ¢(x) is not of constant sign in R".

THEOREM 3.5. Let assumption (A) be satisfied. If (3.1) and (3.5) have
bounded solutions v(x) and w(x), respectively, such that w(x)<v(x), x € R", then
(1.2) has a bounded entire solution u(x) such that

3.11) w(x) < u(x) < v(x), xeR"
Let o be a fixed constant. Choose a constant B so that (3.9) holds and put
[(B)=lim,_, ,, B(t), where B(?) is defined by (3.10), that is
(3.12) I(B) = log (e‘ﬂ— _1_ Sw sd)*(s)ds)_l .
n—2 0

Since I(f)— — o0 as f— — oo, we can take § so that
(3.13) p<If) <kla) <a,

where k(x) is given by (3.4). Let y(t) and z(¢) denote the solutions of (3.2) and
(3.6), respectively. Then, f<z(t)<IB)<k(x)<y(t)<a for t<0. If we define
the functions v(x) and w(x) by

u(x) = y(Ix]) and w(x) = z(|x]),

then, v(x) and w(x) are, respectively, solutions of (3.1) and (3.5) satisfying w(x) <
v(x) in R*. Theorem 3.5 then implies that (1.2) has an entire solution u(x) satis-
fying (3.11). Thus we obtain the following theorem.

THEOREM 3.6. In addition to assumption (A) suppose that (1.3) is satisfied.
Then equation (1.2) has infinitely many bounded entire solutions.

Combining Theorems 3.2, 3.4 and 3.6 yields Theorem 1.2 stated in the intro-
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duction. We conclude this section with a result which corresponds to Theorem
2.10.

THEOREM 3.7. Let x=(x;, X,)€R"x R*™ m>3. Suppose there exists a
positive locally Holder continuous function ¢*(t) on [0, o) satisfying (2.35).
If (1.3) holds, then (1.2) has infinitely many bounded entire solutions. Moreover,
if either ¢p(x)>0 or ¢p(x)<O0 for all x € R, then (1.2) has infinitely many bounded
entire solutions, each of which tends to a constant uniformly in x, as |x,|—o0.

ReMARK 3.1. The facts mentioned above are also true of the equation
Au + ¢d(x)e** =0,
where « is a nonzero constant, since by putting v=ou, it is reduced to

Av + ap(x)e’ = 0.

4. Necessary conditions

In this section we are interested in necessary conditions in order that: (i)
equation (1.1) possesses a bounded positive entire solution; and (ii) equation
(1.2) possesses a bounded entire solution.

THEOREM 4.1.  Suppose that either ¢(x)=0 or ¢(x)<0, xeR", and there
exists a continuous function ¢*(t) on [0, o) satisfying

4.1 [p()] > dx(Ix]) = 0, xeR"

If (1.1) has a positive entire solution which is bounded and bounded away from
zero in R", then

(4.2) S: 1 (t)dt < 0.

Proor. (i) The case where ¢p(x)>0 in R". We assume that (1.1) has a
positive entire solution u(x) which is bounded and bounded away from zero in R".

Let u(t) denote the spherical mean of u(x) over the sphere S,={xeR":
|x|=t}, i.e.,

i) = w—tlnfl—gs u(x)ds,

where w, denotes the surface area of the unit sphere S;. The spherical mean of
u(x) satisfies the following relation (Lemma 2 of [10, p. 69]):

(4.3) Tu = A =104 <z"—1 % a(z)).
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Taking the spherical mean of (1.1) over S, and using (4.3) and (4.1), we obtain
t1-n( =1’ (1) + P (Du?(t) <0, > 0.

where '=d/dt. By the boundedness assumption on u(x) there exist positive
constants k and K such that k<u?(f)< K. Therefore, we have

(=15 (0) + kdy(H) <0, t>0.
It is easy to see that the above inequality is equivalent to
(4.4) (B 26H(1)') + ktpy(t) <0, t>0.
Since
(B=n(t"=2u(1))') < — ktdy(1) <0, t>0,

377(t"~2§(t))’ is nonincreasing for t>0. On the other hand, it can be shown that
B372(t""246(t))’ >0, t>0. In fact, if there exists t,>0 such that —c=
t3~"(t4~2u(ty))’ <0, then we have

ts_"(tn—za(t))l S —-c< 0’ t Z tOs
or
(4.5) (" 2a(0) < — ct"3, > 1.

Integrating (4.5) over [t,, t], we obtain
M2t — 1720 < — cst s""3ds
to

c
i -2 — yn-2 R
n—2 (0 )

which implies that ii(f) <0 eventually, since the last term tends to — oo as t—co.
But this contradicts the positivity of i(t), and so we have (¢"~2ii(¢)) >0, t>0, as
claimed. From (4.4) we have

ktgu(t) < — (B37(t""2u(t))’)'.
Integrating this over [t,, t], t;>0 and noting that 3-"(¢t"~2i(t))’ >0, we obtain
k St sp*(s)ds < t37m(t72ii(ty))" — B2 (e 2a(r)
ty
< g7Merralty)), t >ty

This shows that (4.2) holds.
(ii) The case where ¢(x)<0in R", The spherical mean ii(t) of u(x) satisfies
the inequality
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ot (1) — d(Dur(t) >0, t> 0.
There exist positive constants [ and L such that I<#*(f)< L. Hence, we have
(4.6) (') — lpy(r) >0, t>0,
which is equivalent to
4.7 (B3 2u(1))) — ltpe(t) =0, t> 0.

This implies that (£3-*(t"~2ii(1))’)’ >0, so that r3-"(¢"~2ii(t))’ is nondecreasing for
t>0. Moreover, 37"(t"~2#(t))’ is bounded above. To see this we assume to
the contrary that for any G >0, there exists ;>0 such that

(4.8) B 2u(t)) > G, t>tg.
Dividing (4.8) by 3~ and integrating over [¢;, t], we obtain

G

20(1) — 1520 (tg) > — 2

(tn—2 — t?;—Z)’ t > th
which implies

_ G _ G —2,2-n
u(t) > m‘ + <u(tG) - m)t& 212 ) 14 2 tG'

Since G is an arbitrary positive constant, it follows that
lim sup, , ,, #(t) = oo,

which contradicts the boundedness of ().
Therefore, there exists a positive constant M such that

4.9) B 2a() <M, t>0.

Let t, be fixed. Integrating (4.7) over [¢,, t] and using (4.9), we have

lg:o s¢*(s)ds < 71" "2u(r)) — 3~n(t5~2u(t,))’
< M — 37(t8720(tg)), t >t
This implies (4.2) and the proof is complete.
If ¢(x)>01in R" and y<1 in (1.1), then a stronger result is obtained.

THEOREM 4.2. Let ¢(x)>0 in R" and y<1. Suppose there exists a con-
tinuous function ¢,(t) on [0, ) satisfying (4.1). If (1.1) has a positive entire
solution, then (4.2) holds.
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ProoF. (i) The case where O<y<1. Let u(x) be a positive entire solu-
tion of (1.1). As in Kitamura and Kusano [5] we put

U@ = SS [u(x)]'~"dS.

w”tn—l_

From Lemma 2 of [10] it follows that

BN O) = Gt | ATUCIT 7S

By an easy calculation, we obtain
Au'=r = — y(1—yu~7"Vul2 + (1—yu~?4u
< (I=pu77du = — (1-7)¢(x)
< — (L=9)du(IxD).
Hence, we have
1@t U(0) < = (1=9940), >0,
or
(B 2UD)) < — (1=tdy(n), t>0.

Proceeding exactly as in the part (i) of the proof of Theorem 4.1, we get the desired

conclusion.
(ii) The case where y<0. The following proof is motivated by Kusano and

Swanson [7]. Let a be a fixed positive constant and put v(x)=u(x)+a. We have

(4.10) Av + ¢4(|x]v? <0, xeR~,
Since
Au + p(x)u? > Av + G(x)v? > Av + Pu(]x])v?.

We take the spherical mean of (4.10) and make use of Jensen’s inequality: v7 > 7.
(Note that the function v” with negative y is convex.) Then we have

(15 (1) + d()07(1) <0, >0,
or equivalently
4.11) Bt 20(0))) + td()o*(t) <0, t>0.

Then, (£3-"(t"~25(2))')’' <0, t>0, and an integration of this inequality shows that
there exist constants ¢, and ¢, such that

(4.12) #"28(0)) < cqt" 3, t>1t,.
1 1
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Integrating (4.12) again over [t,, t], we obtain

725(1) — 11720(1y) < D (=172, 121y,

which gives

o(t) <

Ci
n—2

+ <z')(tl) - nﬁ2>t',’-212“", 1> 1.

This implies that there exists a positive constant C such that
(H<C, t>t.
Since y<0, we have 77(t)>C?, t>t,, and combining this with (4.11), we get
(B2(25(0)) + Cridhy(1) < 0, 1< 1.

Integrating the above and noting that t3-"(t"~25(t))’ is positive, we see that
cﬂJ%WM<w,
ty

thereby completing the proof of Theorem 4.2.

Combining Theorems 2.3, 2.6 and 4.1, we have the following theorem giving
a necessary and sufficient condition for (1.1) to have a bounded positive entire
solution which is bounded away from zero in R".

THEOREM 4.3. Let either ¢(x)=0 or ¢(x)<0, xe R". Suppose there exist
a locally Hélder continuous function ¢*(t) on [0, ) and a constant ¢ (0<c<1)
satisfying

(4.13) cd*(Ix]) < 1) < ¢*(Ix]), xeR".

Then, (1.3) is a necessary and sufficient condition for (1.1) with y#1 to have a
positive entire solution which is bounded and bounded away from zero in R".

With regard to the sublinear equation (1.1) with nonnegative ¢(x) a stronger
result follows from Theorems 2.3 and 4.2.

THEOREM 4.4. Let y<1 and ¢(x)>0, xe R". Suppose there exist a func-
tion ¢*(t) and a constant ¢ (0<c<1) satisfying (4.13). Then (1.3) is a necessary
and sufficient condition for (1.1) to have a positive entire solution.

Applying the technique used in the proof of Theorem 4.1 to (1.2), we have
the following theorem.

THEOREM 4.5. Suppose that either ¢(x)>0 or ¢(x)<0, xe R", and there
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exists a continuous function ¢(t) satisfying (4.1). If (1.2) has a bounded entire
solution, then (4.2) holds.

The following theorem follows from Theorems 3.2, 3.4 and 4.5.

THEOREM 4.6. Let either ¢(x)=0 or ¢(x)<0, xe R". Suppose there exist
a locally Hélder continuous function ¢*(t) on [0, o0) and a constant ¢ (0<c<1)
such that (4.13) holds. Then, (1.3) is a necessary and sufficient condition for
(1.2) to have a bounded entire solution.

Now, we consider the equation
(4.14) du + ¢dp(x)e* = 0.

THEOREM 4.7. Let ¢p(x)>0, xe R". Suppose there exists a function @,(t)
satisfying (4.1). If (4.14) has an entire solution which is bounded below, then
(4.2) holds.

ProOOF. Let u(x) be a solution which is bounded below in R*. Then, there
exists a constant « satisfying v(x)=u(x)+a>0in R", and v(x) satisfies the equation

(4.15) dv + d(x)ete™® =

Taking the spherical mean of (4.15) over the sphere S, and noting that e~ is a
convex function of v, we have

(15 (1) + e*Pu(t)e” "™ <0, > 0.
Hence,
(4.16) (B7"(1"25(0))) + e*tpy()e "M <0, t>0.

Integrating the inequality (#3-"(¢"~25(t))')’ <0, which is a consequence of (4.16),
from ¢, >0 to t, we see that #(¢) is bounded, that is #(f) <k, t > t,, for some constant
k. Combining this with (4.16), we obtain

4.17) (B 25(1))) + e* *td(t) <0, t>1t,.

Since (1"23(t))’ >0 for t>t, (see the proof of Theorem 4.1), an integration of
(4.17) yields

exk Swtd)*(t)dt < .

t
This completes the proof.

THEOREM 4.8. Let ¢(x)>0, xe R". Suppose there exist a locally Hélder
continuous function ¢*(t) on [0, 00) and a positive constant ¢ satisfying (4.13).
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Then (1.3) is a necessary and sufficient condition in order that: (i) the equation
Au + ¢(x)e** =0, a <O,

possesses an entire solution which is bounded below: and (ii) the 4equation
Au — p(x)e** =0, o >0,

possesses an entire solution which is bounded above.

This follows from Theorem 4.7 and Remark 3.1.

5. Systems of elliptic equations

In this section we consider elliptic systems of the form

Au + F(x,u,v) =0
5.1 [

Av + G(x,u,v) =0

in R", where F(x, u, v) and G(x, u, v) are defined on R"x R!x R!, are locally
Holder continuous in x with exponent A and are continuously differentiable in
u and v.
Our objective here is to extend the existence theory developed in Sections 2
and 3 to the elliptic systems (1.4) and (1.5), which are specializations of (5.1).
This can be done, since the previous supersolution-subsolution method (Theorem
A) can be so extended as to apply directly to systems of the form (5.1).
By a super-supersolution of (5.1) in R" is meant a vector function (%, ¥)e
C#r4(R™) x C3A(R™) satisfying the differential inequalities
[ A9 +F(x, 4, 0) <0
(5.2
49 + G(x, 1, 7) <0

in R". A vector function (@, 9) € C#/A(R") x C%}*(R") satisfying

loc

40 + F(x,9,9) >0
(5.3) [

4 + G(x, 4, 9) > 0

in R" is called a sub-subsolution of (5.1) in R*. A super-subsolution of (5.1)
in R" is a vector function (i, 9) € C}}4(R") x C3/#(R") which satisfies the following
inequalities in R":

At + F(x, i, 0) <0
(5.4)

4% + G(x, u, 9) > 0.
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A sub-supersolution of (5.1) can be defined analogously.
Our basic existence theorems for (5.1) follow.

THEOREM 5.1. Suppose F(x, u, v)>0 and G,(x, u, v)>0 in R"x R x R!,
If there exist a bounded super-supersolution (i#(x), v(x)) and a bounded sub-
subsolution (fi(x), &(x)) of (5.1) in R" such that

(5.5) a(x) < u(x), 9(x) < v(x), xeR",
then system (5.1) possesses a bounded entire solution (u(x), v(x)) satisfying
(5.6) f(x) < u(x) < u(x), d(x) <uv(x)<ov(x), xeR"

THEOREM 5.2. Suppose F(x, u, v)<0 and G,(x, u, v)<0 in R"x R!x R,
If there exist a bounded super-subsolution (i(x), #(x)) and a bounded sub-super-
solution (4(x), v(x)) of (5.1) in R" such that (5.5) holds, then system (5.1)
possesses a bounded entire solution (u(x), v(x)) satisfying (5.6).

We give a detailed proof of Theorem 5.1, which is based on the following
lemma.

LEMMA 5.1. Let Bg be a ball with radius R>0 in R*. If the hypotheses
of Theorem 5.1 are satisfied, then there exist vector functions (tig(x), v g(x)) and
(fig(x), Dg(x)) with the following properties:

(i) (@g(x), DR(x)) and (Gg(x), Dr(x)) are both of class C2+*(Bg) x C>*4(Bg);

(ii) (ug(x), 0r(x)) and (fig(x), Dr(x)) satisfy (5.1) in Bg; and

(iii) f(x) < fg(x) < tg(x) < u(x),

B(x) < Dp(x) < Ug(x) < (x), x€Bp.

PrROOF OF LEMMA 5.1. We proceed as in Sattinger [11, Theorem 2.1]. Take
a vector function (f, g) € C3A(R") x C#*(R") such that
0(x) < f(x) < (x), B(x) < g(x) < 9(x), xeR",

and consider the boundary value problem

Au + F(x,u,v) =0
(5.7

4v + G(x,u,v) =0 in By,

u(x) = f(x), u(x)=g(x) on 0By

Since F and G are continuously differentiable in u and v there exist positive con-
stants K, K, satisfying

(5.8) Fx,u,v)+ K; >0, G (x,u,v)+ K, >0, in BgxI;xI,,
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where I, =[infg, @(x), supp, #(x)], I, =[infg, #(x), supg, 7(x)].
Now we consider the following iteration scheme:

l (A_Kl)um = - [F(X, Un—15 Dm-—l)+Klum—1]
(A_KZ)UM == [G(X, Up-1s vm—l)+K20m—1] in BR’
u,(x) =f(x), v,(x)=g(kx) on 0By, m=1,2,...

If we put (uy(x), ve(x))=(u(x), 7(x)), then (u,(x), v,(x)) is well-defined and (5.2)
implies

(4—K,)(uy—ugy) = — [4ii+F(x, i, 5)] >0
[ (4-K,)(v,—vy) = — [Av+G(x, %, )] =0 in By,
u,;(x) = f(x), vy(x)=g(x) on O0Bg.
Hence, by the maximum principle
(5.10) ug(x) > u(x), vo(x) > v4(x), xe€Bg.

Put F(x, u, v)=F(x, u, v)+K,u, G(x, u, v)=G(x, u, v)+K,v. Then, by (5.8),
F(x, u, v) and G(x, u, v) are nondecreasing in u and v. Therefore, if we assume
that u,, _ () > u,(x), v, 1(x) >v,(x) in Bg, then from (5.9) we see that

511 (A=K Uy 1 —tp) = — [F(X, thyy 00) — F(x, Uy 1, V- 1)] =0
(A=K3) (Wi 1 =0y) = — [G(X, Upy 0p)—G(X, thyy_ 1, Vyy—y)] =0 in Bg,
U+ 1(X) = Up(X) = f(X), Vs 1(x) = 0,(X) = g(x) oOn 0By,

and again by the maximum principle we have

(512) um(x) 2 um+1(x)’ Um(X) 2 vm+ l(x)9 X eBR'

Since (5.10) holds, by incuction we get a sequence {(u,,(x), v,(x))}%-, satisfying
(5.12) for each m. We denote this sequence by {(#,,(x), 0,,(x)}2-,. If we put
(uo(x), vo(x))=(l(x), H(x)), then (5.9) yields a sequence {(,(x), ,(x))}Z-; with
the property that

ﬁm(x) S ﬁm+1(x) and ﬁm(x) S ﬁm+ l(x) in BR9 m= 1’ 2’ .
On the other hand, in view of (5.5), we have

(A-K)(@—0,) = — [F(x,4, §) — F(x,0,0)] <0
(A-Ky))(&,—0)) = — [G(x, 1, ¥) — G(x, 4,0)] <0 in By,
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#(x) = 2,(x) =f(x), 74(x) =0;(x) =g(x) on 0B

Hence, the maximum principle implies that ,(x) >1,(x) and 7,(x)>?,(x) in Bg.
By induction it is easily seen that the sequences {(i,(x), U.(x))}2- and {(@,,(x),
(X))} m=1 satisfy

A<t <y <<t <h<u
(5.13)
1<), < <0< K Tp< - <0, <010 By

Therefore, {(t,(x), 0,(x)}2-; and {(@,(x), .(x))}=., converge pointwise to
some vector functions (#Zg(x), Dg(x)) and (fix(x), Dx(x)) respectively in Bg.

Now we prove that both (i7x(x), vx(x)) and (fig(x), Dx(x)) are solutions of
the boundary value problem (5.7). Since (1(x), ©(x)) and (f(x), #(x)) are bounded
on By, there exist positive constants L; and M, such that

1FCx, Ums Um)llLoBry < L1y |mll Loy < Lo

1G(X; timy Om)llLoBry < Mis | Fmll Loy < M,

for all m. Moreover, ||flw2pe and lgllw2s are bounded for any p>1.
Hence, by the Lr-estimates of Agmon-Douglis-Nirenberg [1, Theorem 15.2 and
its Corollary] with choice p=n/(1— ), there exist positive constants L, and M,
independent of m such that

(5.14) litmllcieam < Loy [ Bmllcreacnn) < Mo

This implies that F(x, #,,(x), 0,,(x)) and G(x, #,(x), v,,(x)) are Holder continuous
with exponent 4 in By and their Holder norms are independent of m. From the
Schauder estimates

l#mllc2+ 2By < LU Fllcagry + I flc2+ 208y + mllcory)s

10 mllc2+acBry < M3(Gllcasry + 19l c2+aaBry + 1 OmllcoBr))

with constants L, and M, independent of m, it follows that the sequence {(#,(x),
Un(x))}2-; is bounded in C2*4(Bg) x C2*#(Bg). Since the injection C2*4(By) x
C2*+4(Bg)—C%(Bg) x C%(By) is compact and {(#,(x), m(x))}2-, is a monotone
sequence, {(t(x), U,(x))}Z-, converges in C%(Bg)x C*(Bg) to (tig(x), ¥r(x)).
From (5.9) it clearly follows that (i z(x), ¥ z(x)) is a solution of the boundary value
problem (5.7) and of course belongs to C2*4(Bg) x C2**(By).

In an analogous way it can be shown that (fig(x), Dx(x)) is also a solution of
the boundary value problem (5.7) of class C2+4(Bg) x C2+4(Bg). Furthermore,
from (5.13) the following relations are valid

f(x) < fr(x) < tig(x) < (), B(x) < Op(x) < TR(X) < 0(x), x€Bg.
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This completes the proof of Lemma 5.1.

PrROOF OF THEOREM 5.1. By Lemma 5.1, for each ball Bg={x € R": |x|]<R},
R=1, 2..., there exists a solution (ug(x), vg(x)) of (5.7) satisfying

(5.15) 0(x) < up(x) <u(x), 0(x) < vg(x) < 9(x), x€Bp.

Consider the sequence {(ug(x), vg(x))}%=;- We wish to show that this sequence
contains a subsequence converging to a desired entire solution of (5.1).

Let S>0 be any fixed integer and let R>S+1. We claim that there exist
constants L, and M, independent of R such that

(5.16) lugllc2+2ssy < La and  |vglca+aps) < Ma.

According to (5.15), [F(x, ug, VR Lo (Bss 1) 1G(x, ug, VR Le(Bs 1) ”uR”LP(Bs.H)
and ||vgll Lo(ss. ,) are uniformly bounded. Therefore, by the interior LP-estimates
of Agmon-Douglis-Nirenberg with choice p=n/(1—2), there exist positive con-
stants Ly and M, independent of R such that

(5.17) “uR||cl+4(Bs+,,) < Ls and ”vR||C1+4(Bs+pj < M,

where p is any constant with 0<p<1. This implies that the functions Fg(x)=
F(x, ug(x), vg(x)) and Gg(x)=G(x, ug(x), vg(x)) are uniformly Hélder continuous
with exponent A in Bg,,. Applying the Schauder interior estimates, we have

lugllc2+2msy < Ci(lurllcopss,y + 1 Frllcacns. )
(5.18) ° e

lvrllczeassy < Calllvrllcosss,y + IGrllcacmss,))s

where C, and C, are independent of R, giving the required estimtes (5.16).

Because of the compactness of the injection C2*4(B,) x C2*4(B,)—C?*(B,) x
CX(B,), {(ug(x), vr(x))}g=1 has a subsequence {(ug,(x), vg,(x))}7=1 Which
converges in C%(B,)x C*(B,) to a vector function (u!(x), v'(x)). Obviously
(u'(x), v'(x)) satisfies (5.1) in B, and

(x) < ul(x) < u(x), B(x) < v(x) < ¥(x), xeB,.

In a similar way {(ug,,(x), vg,(x))}7=;1 has a subsequence {(ug,,(X), Vg, (¥))}7=1
which converges to a vector function (u2(x), v3(x)) in C%*(B,)x C*B,). Repeat-
ing this procedure, we obtain for each k=1, 2,... a sequence {(ug, (%), Vg, (X))} F=1
which converges in C?*(B,)x C*By) and is a subsequence of {(ug,_,(x),
U O Eer Let (uA(x), 0(0)=limjo (U, (), O, (0). Then, (uk(x),
v¥(x)) satisfies (5.1) in B, and

fi(x) < uk(x) < i(x), B(x) < v*(x) < 9(x), xe€B,.
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Moreover, (u*(x), v¥(x))|p,_, =(*1(x), v*~1(x)). Accordingly, we define (U(x),
V(x)) in R" such that

(U(x), V(x)) = (u¥(x), v*(x)) if xeB,.
Then (U(x), V(x)) is obviously a solution of system (5.1) in R” satisfying
(x) < U(x) < u(x), d(x) < V(x) < d(x), xeR"
This completes the proof of theorem 5.1.

The proof of Theorem 5.2 is based on the following lemma.

LEMMA 5.2. Let By be a ball with radius R>0 in R". If the hypotheses of
Theorem 5.2 are satisfied, then there exist vector functions (#ig(x), Dr(x)) and
(ig(x), U r(x)) with the following properties:

(1) (g(x), Dp(x)) and (21x(x), Tr(x)) are both of class C2*4(Bg) x C***(By);

(i) (g(x), Dr(x)) and (fig(x), Ux(x)) satisfy (5.1) in Bg; and

(iii) i(x) < fg(x) < g(x) < u(x),

B(x) < Dp(x) < Up(x) < 9(x), xe€Bpg.

To prove Lemma 5.2 we employ the same iteration scheme (5.9) with con-
stants K, and K, satisfying (5.8). Let F(x, u, v) and G(x, u, v) be as in the proof
of Lemma 5.1. Then, F(x, u, v) is nondecreasing in u and nonincreasing in v,
and G(x, u, v) is nonincreasing in u and nondecreasing in v. Using this fact
and the maximum principle, we can show that the iteration scheme (5.9) with
(uo(x), vo(x))=(1(x), D(x)) and (uy(x), vo(x))=(f(x), v(x)) produces sequences
of vector functions {(17,.(x), ,.(*))}2; and {(@,(x), U,.(x))}e=,, respectively,
satisfying (5.13). The desired functions are obtained as the limits of these se-
quences:

(#R(x), DR(x)) = lim,,, , (%), D(x)), (BR(X), Tr(x)) = lim,,, o, (#,(X), T,u(X)).
In what follows we consider the systems

’ Adu + ¢(x)f(u, v) =0

(5.19)
4v + Y(x)g(u, v) =0,
du — ¢(x)f(u, v) =0

(5.20) [

dv — Y(x)g(u, v) =0,

which are specializations of (5.1). We assume that ¢(x) and y(x) are nonnegative
and locally Hélder continuous (with exponent A1) in R", and that f(u, v) and
g(u, v) are positive and continuously differentiable in u and v.
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Suppose that there exist nonnegative locally Hoélder continuous functions
Pu(x), d*(x), Y4(x) and Y*(x) in R" such that

(5.21) Px(x) < B(x) < P¥(x), Yau(x) < Y(x) < Y*¥(x), xeR™
It is easy to see that under condition (5.21) a vector function (1(x), B(x))
satisfying
A+ ¢*(x)f (i, 9) =0
(5.22)
49 + y*(x)g(it, ¥) =0
in R" is a super-supersolution of (5.19) in R", and a function (fi(x), 9(x)) satisfying
l 4 + ¢ (x)f (@, 9) =0
4D + Yu(x)g(, D) =0

(5.23)

in R" is a sub-subsolution of (5.19) in R". Similarly, functions (#(x), #(x)) and
(fi(x), v(x)) satisfying

l A + ¢*(x)f(u, ) =0
(5.24)
40 + Yu(x)g(it, 0) =0
and
[ 4i + ¢(x)f(, 9) =0
(5.25)
47 + Y*(x)g(@, v) =0

in R" are, respectively, a super-subsolution and a sub-supersolution of (5.19) in
R". The following theorem immediately follows from the above observation
and Theorems 5.1 and 5.2.

THEOREM 5.3. (i) Suppose f(u, v)>0 and g, (u, v)>0. If(5.22) and (5.23)
possess bounded solutions (u(x), v(x)) and (A(x), 8(x)) satisfying (5.5), then
(5.19) possesses a bounded entire solution (u(x), v(x)) satisfying (5.6).

(ii) Suppose f (u,v)<0 and g, u,v)<0. If (5.24) and (5.25) possess
bounded solutions (1t(x), d(x)) and (fi(x), v(x)) satisfying (5.5), then (5.19) pos-
sesses a bounded entire solution (u(x), v(x)) satisfying (5.6).

Likewise, under condition (5.21), vector functions (#(x), v(x)) and (fi(x), 9(x))
satisfying

4it — ¢(x)f (1, D) =0
45 — Yu(x)g(i, ¥) =0

(5.26)
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and

{ A0 — ¢*(x)f(f, ) =0
(5.27)

40 — Y*(x)g(8, 9) =0

in R* are, respectively, a super-supersolution and a sub-subsolution of (5.20) in
R*, and (11(x), 9(x)) and (f(x), v(x)) satisfying

[ A — ¢y(x)f(#, 9) =0
(5.28)
49 — Y*(x)g(ui, 9) = 0
and
[ Al — ¢*(x)f(1, 9) =0
(5.29)
49 — Yu(x)g(8, ) =0

in R*® are, respectively, a super-subsolution and a sub-supersolution of (5.20) in
R". This observation combined with Theorems 5.1 and 5.2 yield the following
result.

THEOREM 5.4. (i) Suppose f(u,v)>0 and g,(u,v)>0. If (5.28) and
(5.29) possess bounded solutions (u(x), d(x)) and (A(x), v(x)) satisfying (5.5),
then (5.20) possesses a bounded entire solution (u(x), v(x)) satisfying (5.6).

(i) Suppose f(u,v)<0 and g,(u, v)<0. If (5.26) and (5.27) possess
bounded solutions (1i(x), v(x)) and (4(x), 8(x)) satisfying (5.5), then (5.20) pos-
sesses a bounded entire solution (u(x), v(x)) satisfying (5.6).

6. Systems of elliptic equations (continued)

Let us now apply the above existence theorems to the specific systems (1.4)
and (1.5) with one-signed coefficients ¢(x) and Y(x).

THEOREM 6.1. Suppose that 6>0, u>0, y+6>1 and u+v>1. Suppose
moreover that there exist locally Hélder continuous functions ¢p*(t) and Y*(t)
on [0, o0) such that

(6.1) 0 < @(x) < d*(Ix), 0 < yY(x) < Y*(Ix]), xeR"
If
(6.2) S: t*(t)dt < 00 and S: W*(b)dt < oo,

then system (1.4) has infinitely many positive entire solutions (u(x), v(x)) such
that u(x) and v(x) are bounded and tend to positive constants as |x|— co.
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PrOOF. We first construct a positive super-supersolution (#(x), 5(x)) of
(1.4) as a spherically symmetric solution of the system

At + H(x?Fe =0

A9 + Y¥(|xurs® =0

(6.3)

in R®. If (y(¢), z(?)) is a solution of the system of ordinary differential equations

n—1

yo+ =

Y+ $*@y7zt =0
(6.4)

2" + m"t_l z' + YX(yrzY =0, >0,

satisfying the initial conditions
(6.5) ¥(0) =2(0) =a >0, y'(0)=2z(0)=0,

o being a constnat, then the function (#(x), v(x)) with u(x)=y(|x|), v(x)=z(|x|)
is a solution of (6.4). To solve (6.4)-(6.5) the Schauder-Tychonoff fixed point
theorem is used. Let >0 be small enough so that

ay-H)—l
-2

au+v—l

66  1- S:t¢*(t)dt>0, -2 S:tnp*(t)dt>0

and put

au+v

67) (@) =«- :f; g:w*(z)dz, m(e) = a - 22 S: W),

Consider the set defined by
X = {(y, 2 e C[0, o) x C[0, 00): (o) < y(t) < o, m(et) < z(t) < a, t > 0}.

X is a closed convex subset of the locally convex space C[0, o) x C[0, o0) of all
continuous vector functions on [0, co) with the topology of uniform convergence
on every compact subinterval of [0, 00). Define the operator & : X—C[0, o0) x
C[0, ©) by #(y, z)=(y*, z*), where

@ =a- L [ 1 (5 sy s)ds
(6.8)

n-2
() = o — _—‘-_S’ s [1 - (i> W*(s)yu(s)zv(s)ds, £>0.
n—2 0 14 -

Applying an argument similar to that used in the proof of Theorem 2.2, we can
show that # maps X into itself, that & is continuous and that the image set #X
is relatively commpact in C[0, o) x C[0, ). Therefore, the Schauder-Tychonoff
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theorem implies that # has a fixed point (y, z)e X. This fixed point is a solution
of the system of integral equations
1 t s n—-2
y0 =a =L s[ 1= (L) prer @ )as
n—2 )o ?
(6.9)

z(t) = a — niz S! s[l - (%)"_2] Y*(s)yr(s)z"(s)ds

0

for t>0. By differentiation of (6.9) we see that (y(¢), z(2)) is a solution of (6.4)-
(6.5). Since

v == (£)7 s ey <o,

20 = = || (£) 7 vz <o,

there exist positive constants # and { such that lim,., y(f)=%#>I() and
lim,, ,, z(t)={>=m(x). Define ii(x)=n and d(x)={. Then, the constant vector
function (4(x), 8(x))=(n, {) is a sub-subsolution of (1.4) in R" and satisfies (5.5).
Applying (i) of Theorem 5.3, we conclude that (1.4) has an entire solution (u(x),
v(x)) such that

n < u(x) < y(Ixl), {<o(x) < z(x]), xeR"

Obviously, lim, ., u(x)=#n and lim ., v(x)={. The conclusion of the the-
orem follows, since there exist infinitely many constants a>0 satisfying (6.6).

Next we consider the system
Au — d(x)p° =0
(6.10)
Av — Yy(x)u? =0

in R", where é and y are constants such that 6>1 and y>1.

THEOREM 6.2. Suppose there exist locally Hélder continuous functions
Q*(1), P4(2), Y*(1) and Y 4(t) on [0, o) such that

(6.11) 0 < dy(lx]) < @(x) < *(Ix]), 0 < YulIx]) < Y(x) < Y*(Ix]), xeR"

If (6.2) holds, then (6.10) has infinitely many bounded positive entire solutions
(u(x), v(x)) such that u(x) and v(x) are bounded and bounded away from zero.

ProoF. A bounded positive solution (##(x), #(x)) of
A — Pu(|x[)0° = 0

(6.12)
4 — y*(xhu’ =0
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is a super-subsolution of (6.10) and a bounded positive solution (2(x), 9(x)) of"
4t — ¢*(|x|)0° =
4% — Yu(IxDar =0

is a sub-subsolution of (6.10). We wish to find such (u(x), #(x)) and (ti(x), 5(x))
so that they are spherically symmetric and satisfy (5.5).
Consider the following initial value problem:

(6.13)

e U
(6.14)

2 4 ”1‘1 2 —Y*H)y =0, t>0,

y©0) =a; >0, z(0)=p;>0, y'(0)=z(0)=
We take o; and B, so small that
(2” )’ S 16 ()dt < a,

(6.15)
L)' (" eyt < B,

n—

and consider the set X, defined by
X, ={(y, 2)€C[0, 00) x C[0, 0): oy < ¥(1) < 20y, By < 2(t) < 264, t = 0.
It is easy to verify that if we define the operator &, by &#,(y, z)=(y*, z*), where

7@ =a + o s [1= (5 [paz(0)ds
(6.16)

20 =B+ [ 1- (%)""’]w*(swv(s)ds, 10,

then &, is continuous and maps X, into a compact subset of X,. It follows
that &, has a fixed point (y, z)€ X;, which is a solution of (6.14). Putting
u#(x)=y(|x|) and d(x)=2z(|x]), we obtain a radial super-subsolution (z(x), #(x))
of (6.10) in R” satisfying

(6.17) oy < u(x) <2y, f; <uv(x)<2f,, xeR"
Likewise, by choosing positive constants «, and f, so small that

%ﬁ_%i S: 16*(t)di < o,
(6.18)

l/'\

" wadr < B,
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and arguing as above, we see that there exists a radial sub-supersolution (fi(x),
¥(x)) of (6.10) in R” such that

(6.19) o, < ulx) <20, B, <v(x)<2B, xeR"

If we choose a,, o, B; and B, so that 2a, <a, and 28, < f8,, then the functions
(u(x), #(x)) and (G(x), v(x)) satisfy (5.5), and by (i) of Theorem 5.4, equation
(6.10) possesses an entire solution (u(x), v(x)) satisfying (5.6). This finishes the
proof.

REMARK 6.1. Theorem 6.2 is true even if either 6=1 or y=1. Suppose
6=1 and ¢(x)>0 in R*. Then the first component of a solution (u(x), v(x)) of
(6.10) satisfies the fourth order elliptic equation

1
6.20 A<mAu>— Xu?r =0
(6:20) 5 V()
in R*. Therefore, the condition (6.2) is sufficient for the existence of a positive
entire solution of (6.20) which is bounded and bounded away from zero.
Finally, we consider the elliptic system (1.5).

THEOREM 6.3. Suppose that y, 8, u and v are nonnegative and that ¢(x) and
V(x) satisfy condition (6.1). If (6.2) holds, then (1.5) possesses infinitely many
bounded entire solutions.

ProorF. We seek a super-supersolution of (1.5) as a solution of the system

Au+ d*(|x|)er#o% =0
(6.21)
47 + Y*(|x|)eritvE = 0.

The initial value problem associated with (6.21) in R! is the following:

¥+ 2Ly grpgerras = 0

(6.22)
2+ i’t‘—lz' + YRt =0, >0,

¥0) =a, 20)=p, »y(0)=2z(0)=0,

where « and B are constants. Put

eya+6ﬁ

patv
A-a——~n_2 —

; S: wp*(dt,

S: 1p*(1)d1, B=p-F%

n

and consider the subset of C[0, o) x C[0, )
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X ={(y, 2)eC[0, ) x C[0, 0): A< y{)<a,B<Lz(t) < B,t>0}.

Define the operator ¢ by 4(y, z)=(y*, z*), where

PH) = o — anZ S' s [1 - (L)"_zjd,*(s)eyy(s)+az(s)ds

0 4

zZ*(@) =B — ni?. St slil - <—S—)"—z:lllf*(s)e“y")""(‘)ds, t>0.

0 4

Then, ¢ is a continuous operator mapping X into a compact subset of X, and so
@ has a fixed point (y, z) in X. The function (#(x), v(x))=(y(Ix]), z(|x])) is a
super-supersolution of (1.5) in R". On the other hand, the constant function
(fi(x), #(x))=(4, B) is a sub-subsolution of (1.5) in R". The conclusion of the
theorem now follows from (i) of Theorem 5.3.
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