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1. Introduction
Consider the initial value problem

(1.1) V=f(xy), y(xo)=yo

where the function f(x, y) is assumed to be sufficiently smooth. Let y(¢) be the
solution of (1.1), let

(12) X,=xo+th (h>0,1>0),

and denote by y, an approximation of y(x,), where 4 is a stepsize. We are concerned
with the case where the problem (1.1) is solved by one-step methods. Let

(1.3) Y1=Yo+hYi pk;

be a one-step method of order p for approximating y(x, ), where

(1.4) ki =f(xo, ¥o),
(1.5) ki=f(xo+ah, yo+hy;=ibyk;)  (i=2,3,-,9),
(1.6) ai'—'Zj';llbij, a;#0 (i=23,-,9),

p; (i=1,2,---,9), a;and b;; (j=1, 2,---,i—1; i=2, 3,---, q) are constants. It is well
known that the minimum of q is 4, 6 for p=4, 5 respectively.
Consider a method of the form

(1.7 Ye=Yo+hyiZipuk;

that provides an approximation of y(x,) with r additional evaluations of f, where p;,
(i=1,2,---, g+r) are functions of ¢, k; and b;; (j=1, 2,---, i—1;i=2, 3,--, g+7)
satisfy (1.5) and (1.6) with g replaced by g +r,but g;and b;; (j=1,2,---,i— L;i=g+1,
q+2,---,q+r) may be functions of 7. On the basis of Fehlberg’s (4)5 method with ¢
=6, Horn [ 1] has shown that for r =1 there exists a method (1.7) which is of order 4
for any number of values of 7 and that for r =2 there exists a method (1.7) of order 5
for any specified value of #(¢# 1). We require that the methods (1.6) and (1.7) are of
the same order p. In our previous paper [2] it has been shown that for g=2, 3,4, 6
and r=0, 1, 2, 3 there exists a method (1.7) which is of order 2, 3, 4, 5 respectively for
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any number of values of .
Let

(1.8) e=hYi_ sk + hs 4 (R,

where K=/ (x,, y,). Then in this paper it is shown that for g=4, 6 and for any
specified value of #(¢#1) there exist a method (1.7) with r=1 for which p=4, §
respectively and a method (1.8) such that e = O(h”). The method y, + e is of order p
—1, so that the quantity e can be used to control the stepsize. Finally numerical
examples are presented.

2. Preliminaries
Let m=q+r and
Q1)  a=Yithaby di=Yizialby, e =Yizia}b; (i=3,4,..),
2 L=Yiichy, m=YiZ3dby, =Y 3aich; (i=4,5,..)
Let D be the differential operator defined by

2.3 D= 0 +k 4

@3) T ox oy

and put

(2.4) D'f (xo, yo) = T%,  Dify(x0, o) =5 (j=1,2,..),

(Df)z(XOa J’o) = Ps (Df:v)z(an yO) = Q’ Df_‘v_v(XO, yO) = R)
Fyx0 yo) =fy Syy(X0, Vo) =Jsy-

Then y, can be expanded into power series in 4 as follows:

(2.5) Ve=yo+hAk, +h?A, T+ (h3)2)) (A3T*+2A4,1,T)+ (h*/3!) (B, T
+6B,TS +3B3/,T* + 6B,f2T) + (h/4!) (C,T*+12C,TS*
+12C3T2S + 12C, f,,P + 4Cs f, T + 12C¢ f2T? + 24C, /T
+24Cs f,TS) + O(h°),

where

(2.6) Ay =31 1P Ay =30 20Dy,

@7 Ay =31 28}y By = Y128 Py C1 = Y1228} P,

(2.8) Ay =Yie3CPu, By =330, By =Y 3dipy, Cy = L3at ey
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Cy=Y"sadpy, Co=YT3¢py Cs =Y sepu,
29) By=YTslpy, Co= YT ampy, Cq= Y7 s (V5= alibij)Pics
Ce=Y1s(ali+9g)p
Put

(2.10) A=Ay —t, Ayy= A, — 12, Ay = A3 — P[3, Ay = A, — 1/6,

@11)  By,=B,—1*/(4w) (i=1,2,3,4), C;,=C;—5/(5v;) (=1, 2,.., 8),

where
(2.12) uy=lLu,=2,u;=3,u,=6,v,=i(i=1,2,3,4),
vs =4, vg =12, v; =24, vy = 24/7.
Then we have
@13)  y—p(x) = hAyky + WAy T+ (B)2) (A3 T?+ 244 f,T) + .
Similarly we have
(214)  e=hAk, + R4, T+ (h*)2) (A T*+24,1,T) + ---.
Put
(2.15) Li=a]li-2(a—a), My=a][i-z(@—a,) (>)).
If we impose the condition
(216)  py=0,c;=a?2,d;=a}/3 (i=3,4,..,m),
then we have
(2.17) 244, = A, 2By, =3B, = B,,, 2C,,=3C;,=4C,, = Cy,,
(2.18) 3a, =2a,,
2.19) a3b;; +3YiZha; (a;—ay) by=a} (a;—a;) (i=4,5,.., m).
Put
(2.20) Xi=ay+as, Yi=a,a5, X=a5+a,, Y=a3a,, U=as+ X,
V=asX+Y, W=asY,
(221)  Pu=YiTie 1 Mpby; (iZk+2), Qu=YZksa Puby (i2k+3),
(222) Py =YiliME; (i25), Py =YZi MF; (i26),

P =Z;;16MijGj @=7).

101



102 Hisayoshi SHINTANI

3. Construction of the methods
We shall show the following

THEOREM. For g=4,6 and any t>0 (t # 1) there exist a method (1.7) withr=1
for which p=4, 5 respectively and a formula (1.8) such that e= O(h?).

3.1. Case ¢g=4
The condition 4;,=B,,=0 (i=1, 2, 3, 4) yields
(Bl Yo ipu=1t2Y0ap, =12 6Y 30y =13,
2450 alpy =1,
(32 SEsLupu=ri(0) SisLispu=r2(t) Tima(@—as)eps =rs(0),
Y=o 5L joby)pi = ra(0), |
where
(3.3) 6r () =1>(2t—3a,), 12r,(t) = (312 —4X,t+6Y,),
24r,(2) = 3 (3t—4as), 12r,(t) = t3(t—2a,).
The choice =1 and p5, =0 leads to
34 C3by3 #0,a,=1,a3#1, L3, =2(1—-2a;3)c,,
(1—a3)cy = (3—4as)c3bys, L3 =203—4X,+6Y,)c3b,5.
Using (3.4) and (3.1), we have from (3.2)
(3.5 24c3bysbsups, =2 (t—1),
(3.6) 6K ps, = a,t2(t—1) (3—1), 6K, ps, = azt3(t—1),
3Kyps, =13(t—1) (X, —-2Y,),
where
3.7 K, =L, —2(1-2a,)cs —4a,ls, K, = (as—ajz)cs — (3—4a3)ls,
Kiy=asL 5, —2a3(1 —2a,)cs —2(3—4X, +8Y,)l;.
Elimination of ps, from (3.6) yields
(3.8)  a3K;=2(X,—-2Y,)K,, ta;K, = (3—1)a,K,, K, = dasc3b,3bs,.
Put
(3.9 d=as(3—4X,+8Y,)—2Y, —t(as+2—4X,+6Y,).
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Then from (3.8) we have

(3.10) 6dcybysbs, = —tL 54, 6dls =L 53[(3—t)as—2t],
2dcs =L s,[as(3—t—4a;)—2t(1—2a3)].

Hence for a,, a; and a5 that satisfy (3.4) and the condition

(3.11) Lsys#0,d#0 forall ¢=0,

the quantities /s, cs, bs, and ps; are determined as functions of ; p;, (i=1, 2, 3,4) are
obtained from (3.1); bs; (j=1, 2, 3, 4) are determined from /s, c5 and (1.6).
The choice 4;=0 (i=1, 2, 3, 4) yields

(312)  Y715=0,2)f s3ci8i+55=0, 2L 435, + (3—4X,+6Y,)s5=0,

(3.13)  e= (k*/4) [BXT®+3BiTS+ BYf,T>+ B f2T]1+ O(h°),

where

(3.14)  B*=2(1—2a,) (2a5—1)ss,BS = 2(2a;—1)ss,

BY=2(3a,—1)ss, Bf = —2ss.

ExampLE 1. For the choice a,=1/3, a;=2/3, as="7/12 and s5=1/6 we have
(.15) by =1/3,byy=—1/3,byy=1,by = —by,=bss =1,

(3.16) by, = (4441—409)b(1)/3, bs, = 5(42—291)b(1), bss = T(141—9)b(1),
bsy = —5tb(2),

(317)  8py, = —9t* + 241> — 221 + 8t + p(t)/7, 8p,, =27t* — 601> + 361> — p(1),
8ps, = —27t* + 4813 — 1812 — 3p(t), 8ps, = 9t* — 1263 + 41% + p(1)/5,
35ps. = 16p(2),

(3.18)  y,=yo+ hlk,+3k,+3k;y+4k,)/8,
e=h(—ky,+3k,—3k;—3k,+4k)/24,

where

(3.19) 1281 +90)b(¢) =17, p(t) =t2(1—1t) (14+91).

ExaMpLE 2. For the choice a, =2/5, a;=3/5, a5 =14/25 and 55 =1/6 we have
(320) by, =2/5b3,=—3/20,b3,=3/4,b,,=19/44,b,,= —15/44,b,5 = 10/11,
(3.21) bs, = 14(2471t —2460)/61875, bs, = 14(1071 —631t)/12375,

bsy =98(23t — 12)/12375, bsy = — 154t/5625,
(322)  T2p, = —T5t* + 20063 — 18612 + 72t + 33p(t)/7, T2p,, = 375t* — 800¢3
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+450t2 — 165p(£)/2, T2 = — 375t* + 700> — 300> — 330p (1),
T2pae = T5t* — 10083 + 3612 + 6p(t), 112ps, = 625p(t),
(323) 1 =vo+ h(11ky+ 25k, + 25k, + 11k,)/72,
e=h(—ky+5ky—Sky— 11k, +12K)/72,
(324)  Br=1/75 Bt =B*=1/15 B¥= —1/3,

where

p(t)=1r(1—1).

3.2. Case ¢=6

We impose the condition (2.16) and assume that a; (i=3, 4, 5, 6, 7) are all
distinct. The condition 4, =B,=0 (i=1, 2, 3, 4) and C;,=0 (j=1, 2,---, 8) yields

(3.25) Yie1Pa =6 2% sapy =12, Y] s Myspy, =1, (1),
l=sMiapi=r15(1), Yl Mispi =r5(1),

(3.26) M6Eep7,=1r4(t), M1gFgp7,=15(t), (EsP7s+ EgP1g)p7 = (1),

[Es+ (a7 —as)Es 1M 6p7 = ro(1),
where
(3.27) 6r,(t)=1?(2t—3as), 12r,(t) = (3> —4Xt+6Y),

60r;(2) = 2(123 - 15U+ 20Vt —30W ),

ra(t) =13(t—2a3)/12 — E ry(t) — Esrs(2), r5(t) = rg(t) — Fsrs(2),

re(t) = t*(2t—5a;3)/120 — E rg(2), 60rg(2) = > (3t> —5Xt+10Y),

ro(t) = 3[8t2—5(3as+2as)t+20a;a51/120 — [E, + (ag—as)Es]r5(2).

The choice =1 and p,; =0 leads to the condition

(3.28) rg(1)=Fsry(1), 2—5a; = 120E,rg(1), 1 —2a5 = 12E,r,(1)—12Esr;(1),
(3.29)  (as—1) [2a,(5453—4a3+1)—a3]=0.

Hence we choose ag=1and g; (i=3,4,5)so thatr;(1)#0and rg(1)#0. Then E,, E5
and Fs are determined from (3.28).
Using (3.28), we have from (3.26)

(3.30) EsM6pq. = p(t)q,(t), GeEsM1p7, = p(2)q,(2), FsMq6p7, = p(£)q3(2),
EsMq6pq, = p(t)q4(2),
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where
(331)  p()=r*(t—-1),q;(t)=P*+ Qi+ R, (i=1,2,3,4),
15P, =1-3E,+3(a;—ag)Es, 24Q, =24P, —3a;—2a,+6E,(X +a,)
—6(a;—ag)EsU,
6R, =60, +aza;,—2E,(a; X+ Y )+ 2(a;—ag)EsV, P, =0,
600, =1-3E,, 24R, =24Q,—a3+2E,X, 20P, = 1 —4F,,
120, =12P; — X +3FU, 5P, = — Es, 12Q, = 12P, + 1-3E, + 3E;U,
6R,=6Q,—a;+2E,X—2EV, 6R; =6Q5+ Y—2F,V.
Hence if we choose as, a,, as and a, so that
(3.32) r3(1)#0, rg(1)#0, Es#0, g,(£) #0 for all =0,

then p,,, G, Fg and E¢ are determined from (3.30); p;, (i=1, 3, 4, 5, 6) are obtained
from (3.25);b;; (j=4,5, ..,i—1;i=5,6,7) are determined from (2.21) and (2.22); b;5 (i
=4,5,..,7) are obtained from (2.19); b;, (j=3, 4, ..., 7) are determined from (2.16);
b (k=2,3,.., 7) are obtained from (1.6).

Choosing 4;=B;=0 (i=1, 2, 3, 4) and 5, =0, we have

(333)  6MsEssg = (6Mg Ey+3a3—2)s,, Y5 s Miys; + Mgys, =0,
SO aMiasi+ (1—a3)s; =0, Y8 a5, +5,=0,5, +Y/]-35,=0,
(334) C,=Mqgs(sg+5,), Cs=3Cs=FsMgsss + (3—4X+6Y )s,/12,
2C, = (FsMgs—2Ms,E bgs)se + (1 —2a, + 3asa,)s,/12,
24Cy =12[q—2E,— (ag—as)Es1Mgsse + [1—12X(1 —a3)—
12as(1 —az) (1—a,)—2(a, —2a; —2as)(2—3a;)]s,,
(3.35)  e=(h%/5!) [CH(T*+6TS*+4T2S+3f, P)+ C¥(f,T>+12T?)
+ CEf3T+CEf,TS]+ O(h°),

where
(3.36) C¥= 5C,, Ct= 20C,, C% = 120C,, C¥ = 120C5.

ExampLE 3. For the choice a;=1/4, a,=1/2, as=3/4, ag=1, a,=19/44 and

s,=1/6 we have
(337)  ay=by; =1/6, b3y = 1/16, by, =3/16, byy = 1/4, byy = —3/4,

bas=1, bsy =3/16, bsy = bs3 =0, bs, =9/16, bg, = —4/7, b, = 3/7,
bey= —bes=12/7, bgs =8/7.
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(3.38) 2b5, = (231 —6231)b(t)+76893/117128, 4b,, = 10395tb(t)
—917301/58564,
bq3 = (2281> — 30591 —255)b(r) + 76456/14641,
4b,, = —3(1088:2 — 12531+ 3)b (1) — 37449/14641,
b,s = (3001> — 1191 —57)b(z) + 304/14641,
4b,6 =49(3 —41)b(2),
(3.39) 90p,, = 192t> — 600t* + 700> — 375t% 4+ 90t — 24p(t)/19, p,, =0,
45p,, = 8t2(— 481> + 1352 — 130t +45) + 6p(t),
15pa, = 192t° — 480t* + 380¢> — 90¢> + 8p (t),
45p, = 82 (—48t3 +105t>— 70t + 15) — 24p(¢)/7,
90pe, = 19265 — 360t* + 220> — 4562 + 24p (1)/25,
Do = — 29282p (t)/49875,
(340)  y, =yo + h(Tky +32ky + 12k, + 32k 5+ Tk )/90,
e=h(—4k, + 16k, — 24k, + 16ks—49k s+ 45k)/270,
(341)  Cr= —1/144, C* = —13/72, C* = 43/48, C¥ =23,
where

(342) 146419+ 162)b(t) = 475, p(t) = £2(t—1) (9+1672).

4. Numerical examples

The following six problems are solved by the methods in Examples 1, 2 and 3
with h=1/2.

Problem 1. y' =y, y(0)=1.
Problem 2. y' =2xy, y(0)=1.
Problem 3. y' = —)? y(0)=1.
Problem 4. y'=1-—32 y(0)=0.
Problem 5. y'= -5y, y(0)=1.
Problem 6. ) =y—2x/y, y(0)=1.

The errors e,=y,—y(x,) (t=1/2, 1) are listed in Table 1.
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Table 1.
Ex
Prob e € €1 € €12 €
1 —8.06E—4 —2.84E—4 | —8.92E—5 —2.84E—4 5.08E—5 1.06E—6
2 —3.09E—4 6.97E—4 1.46E—4 3.49E—4 8.57TE—6 4.88E—5
3 —521E—-3 —163E—3 | —1.09E—3 —5.80E—4 | —3.53E—4 1.70E—5
4 —1.23E—4 1.51E—4 1.47TE—5 —3.01E-5 8.07E—6 —1.52E—5
5 —1.72E—1 5.66E—1 2.75E—1 5.66E—1 | —7.17E—1 1.34E—1
6 2.86E—4 2.83E—4 2.68E—4 7.88E—4 | —3.80E—5 2.05E—5
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