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1. Introduction

Consider the initial value problem

(1.1) y=f(χ,y), y(χo) = y<»

where the function/(x, y) is assumed to be sufficiently smooth. Let y(t) be the
solution of (1.1), let

(1.2) xt = x0 + th (λ>0,/>0),

and denote by yt an approximation of y(xt\ where h is a stepsize. We are concerned
with the case where the problem (1.1) is solved by one-step methods. Let

(1.3) JΊ

be a one-step method of order p for approximating yix^, where

(1.4) kx =f(x09 y0),

(1.5) *i=/(^o + «Ayo + AΣ5-i*ιΛ) (' = 2> 3 ' - ' 4)>

(1.6) ^ = Σ ί = ϊ ^ * ι * 0 {i = 2,3,.~,q)9

Pi (/= 1, 2, , q\ at and btj (j = 1, 2, , / — 1; i=2, 3, , q) are constants. It is well
known that the minimum of q is 4, 6 for /? = 4, 5 respectively.

Consider a method of the form

(1.7) Λ = Λ + *Σf-ΪAΛ

that provides an approximation of y(xt) with r additional evaluations of/, where /^
(i=l, 2, . , ^ + r) are functions of/, kt and i y (/=!» 2, , /—1; i = 2, 3, , ^ + r)
satisfy (1.5) and (1.6) with ^ replaced by q + r, but α£ and όfj (/= 1,2, , /— 1; / = q + 1 ,
q + 2, , q + r) may be functions of /. On the basis of Fehlberg's (4)5 method with q
= 6, Horn [1] has shown that for r = 1 there exists a method (1.7) which is of order 4
for any number of values of / and that for r = 2 there exists a method (1.7) of order 5
for any specified value of t(tΦ\). We require that the methods (1.6) and(1.7) are of
the same order/?. In our previous paper [2] it has been shown that for q = 2, 3,4, 6
and r = 0,1,2,3 there exists a method (1.7) which is of order 2,3,4, 5 respectively for
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any number of values of ί.

Let

(1.8) e = hΣί=1siki + hsq+ιRi

where /c=f(χu y^. Then in this paper it is shown that for q = 4, 6 and for any

specified value of t{tφ\) there exist a method (1.7) with r=\ for which /? = 4, 5

respectively and a method (1.8) such that e = O(hp). The method y1 + e is of order/?

- 1 , so that the quantity e can be used to control the stepsize. Finally numerical

examples are presented.

2. Preliminaries

Let m = q + r and

(2.1) ct=Σi ^ A v 4 = Σ/-WV e =Σί-W*« ('"=3,4,...),
(2.2) /, = YJΓΛcpa, m^ftZldjbtj, qt = ΣΪ^WAJ (' = 4, 5,...).

Let Z> be the differential operator defined by

(2 3) D=ί+k%
and put

(2.4) Zy/ ( x o , > Ό ) = ^ . D%(xo,yo) = SJ 0 = 1 , 2 , . . . ) ,

( Z ) / ) 2 ( X 0 , > Ό ) = Λ ΦΛ) 2(Λo,^o) = β. ^Λ,(*o.>Ό) =

fy(xO> 3Ό) = Λ ' fyy\x0i JΌ) =fyy

Then j , can be expanded into power series in h as follows:

(2.5) Λ ^ O + AΛX*, +Λ 2 Λ 2 Γ+ (Λ3/2!)

+ 6B2TS+3B3fyT
2 + 6BJ2

yT)+ (h5/4l) (CίT
x+\2C2TS

+ nc3τ
2s + ncjyyp + 4c5fyτ

3 + ncj2τ2

+ 24C8fyTS)

where

(2.6) Λ1=ΣΓ-i/>ftM2=

(2.7) ^ 3 = ΣJL2afpu, Bx = ΣT=2afpit, C, = ΣΓ=2«fΛ,

ΣΓ= 3^iC^to^j = ΣΓ= 3ί/jPte(2.8) AA = ΣΓ 3 CiPte Bt = ΣΓ
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(2.9)

Put

(2.10) Λ l t = Ax - t, A2t = A2- t2/2, A3t = A3- t3β, AM = AA- ί3f6,

(2.11) Bit = B, - ίV(4«,) (/ = 1, 2, 3, 4), C]t = Cj - t5/(5vj) (J = 1, 2,..., 8),

where

(2.12) Uί = 1, «2 = 2, M3 = 3, M4 = 6, » ( = i (i = 1, 2, 3, 4),

Then we have

(2.13) yt-y(xt) = hAuki+h2A2tT+(h3/2) (A3t

Similarly we have

(2.14) e = hAιk1+h222T+ (Λ3/2) (Ά3T
2 + 2AJyT)+ ••-.

Put

(2.15) Ly = β,ΓK=2(fl|-β*λ Aί« = βιΠί-3(β|-fl t) (« >Λ

If we impose the condition

(2.16) p2t = 0, c; = af/2, d, = af/3 (i = 3, 4,..., m),

then we have

(2.17) 2A4t = A3t, 2B2, = 3B3t = Bu, 2C2t = 3C3 ί = 4C4 ( = C l t ,

(2.18) 3a2 = 2a3,

(2.19) βift(3 + 3£}-4a,. ( f l j - β 2 ) * y = af (ai-a3) (i = 4, 5,..., m).

Put

(2.20) Xί=a2 + a3, Yt = a2a3, X = a3 + a4, Y= a3aA, U = a5 +

V=a5X+ Y, W=a5Y,

(2.21) P f t = Σ 5 = ί + i Λ ^

(2.22) P ί 3 = HjZlMtjEj (
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3. Construction of the methods

We shall show the following

THEOREM. For # = 4,6 and any t>Q(tφ\) there exist a method (1.7) with r = 1

for which p = 4, 5 respectively and a formula (1.8) such that e = O(hp).

3.1. Case tf = 4

The condition Ait = Bit = 0 (i = l, 2, 3, 4) yields

(3.1) Σ?-iΛ = U 2Σ 5 \ ί 3

(3.2)

where

(3.3)

24r3(ί) = ί 3 (3ί-4α 3 ) , 12r4(ί) = t3(t-2a2).

The choice /= 1 and p5ι = 0 leads to

(3.4) c3ί>43 # 0 , α 4 = 1, α3 φ 1, Z, 3 2 = 2(1 -2α 3 )c 3 ,

( l - α 3 ) c 4 = ( 3 - 4 α 3 ) c 3 6 4 3 , L 4 3 = 2 ( 3 - 4 ^

Using (3.4) and (3.1), we have from (3.2)

(3.5) 3

(3.6)

where

(3.7) K, = L 5 2 - 2(1 - 2 α 2 ) c 5 - 4α2/5, ^ 2 = ( α 5 - α 3 ) c 5 - (3-4α 3 )/ 5 ,

# 3 = a5L 52 - 2α3(1 - 2α2)c5 - 2(3 -4X, + 8 Y, )/5.

Elimination of p5t from (3.6) yields

(3.8) a3K3 = 2 ( ^ - 2 ^ ) ^ , ί α 3 ^ = (3-t)a2K2, K2 = Aa3cφA3b^.

Put

(3.9) ί?
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Then from (3.8) we have

(3.10) 6dc3b43b54=-tL54,6dZ5 = L S 3 [ ( 3 - / ) a s - 2 f ] ,

2dc5 = L52ίa5(3-t-4a3)-2t(ί-2a3y].

Hence for a2, a3 and a5 that satisfy (3.4) and the condition

(3.11) L 5 4 ^ 0 , dφQ for all f^O,

the quantities /5, c5, b54 Άndp5J are determined as functions of t;pit (i= 1,2,3,4) are

obtained from (3.1); b5j (/= 1, 2, 3, 4) are determined from l5, c5 and (1.6).

The choice Λ~0 (ι = l, 2, 3, 4) yields

(3.12) Σf=1

(3.13) e = (

where

(3.14) Bf = 2(l-2a2)

B$ = 2(3a2-l)s5,Bt=-2s5.

EXAMPLE 1. For the choice a2 = 1/3, a3 = 2/3, a5 = 7/12 and s5 = 1/6 we have

(3.15) 6 2 1 = l/3,ό 3 1 = -l/3,Z>32 = l , 6 4 1 = -Z>42 = ό 4 3 = l,

(3.16) b51 = (444ί-409)ό(ί)/3, b52 = 5(42-29/)έ(ί), ft53 = Ί{Ut-9)b(t\

bS4=-5tb(t),

(3.17) 8^ l r = - 9 / 4 + 24ί3 - 22ί2 + St + p(t)/7, 8p2( = 27ί4 - 60ί3 + 36/2 -

Sp3t = - 2 7 ί 4 + 48ί3 - 18ί2 - 3p{t), Sp4t = 9t4 - Ut3 + 4ί2 +p(t)/5,

35p5t=ί6p(t),

(3.18) yx =

where

(3.19) m(l + 9t)b(t) = 7,p(t) = t2(l-t) (l + 9t).

EXAMPLE 2. For the choice a2 = 2/5, a3 = 3/5, a5 = 14/25 and s5 = 1/6 we have

(3.20) b21 = 2/5, b31 = - 3/20, Z>32 = 3/4, Z>41 = 19/44,64 2= -15/44, Z>43 = 10/11,

(3.21) b51 = 14(2471 ί-2460)/61875, b52 = 14(1071 — 631 r)/l 2375,

b5 3 = 98(23f —12)/12375, b5A = - 154t/5625,

(3.22) 72pi, = - 75t4 + 200ί3 - 186ί2 + 72ί + 33p(t)/7, 72p2ί = 375t4 - 800ί3
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+ 4 5 0 ί 2 - 1 6 5 p ( ί ) A 7 2 p 3 t = - 375ί 4 + 700ί 3 - 300ί2 - 330/7(f),

72p 4 ( = 75r 4 - lOOr3 + 36ί 2 + 6p(ί), 112p5, = 625p(ί),

(3.23) >>1=j>0 + A(llA:1 + 25fc2 + 25A:3 + l l/

e = h(-k1 + 5k2-5k3- Wc4+ 12/c)/72,

(3.24) Bξ = 1/75, 5f = B* = 1/15, fij = -1/3,

where

3.2. Case q=6

We impose the condition (2.16) and assume that α, (ι = 3, 4, 5, 6, 7) are all
distinct. The condition Ait = Bit = 0 (i=ί, 2, 3, 4) and C, t = 0 (/=l, 2, , 8) yields

(3.25) Σ/=iAr = ί, 2 Σ / = 3 ^ . , = ί2, Σ'=4M i 3 A , = r 1(0,

Σi=5Mί4Pu = r2(0, YJ=6Mi5pit = r3(t),

(3.26) M16E6p7t = r4(ί), M76F6p7t = r 5(ί), (£ 5 .P 7 5 + E6PΊ6)plt = r6(t),

where

(3.27) 6r1(ί) = ί2(2ί-3α3), 12r2(t) = t2βt2-

The choice ί= 1 and p71=0 leads to the condition

(3.28) /-8(l) = JF 5r 3(l),2-5α 3 = 120£4r8(l), l-2«3

(3.29) (a6-ί) [2α4(5α|-4«3 + l ) - « 3 ] = 0.

Hence we choose a6 = 1 and at (i=3,4,5) so that r3 (1) φ 0 and r8 (1) φ 0. Then ̂ 4,
and F5 are determined from (3.28).

Using (3.28), we have from (3.26)

(3.30) E5M16p7l=p(t)qi(t), G6E5M76pΊt=p(t)q2(t), F6M76p7t =p(t)q3(t),

E6M76plt=p(t)qΛ(t),
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where

(3.31) P(ί) = t2(t-l),qi(t) = Pit
2 + Qit + Ri (1=1,2,3,4) ,

-6(aΊ-a6)E5U,

6R1=6Qι+a3a7-2E4(aΊX+Y) + 2(aΊ

60β2 = l - 3 £ 4 , 24R2 = 24Q2-a3 + 2E4X, 20P3 = 1-4F5,

12β3 = 12/>3 - X+ 3F5U, 5P4 = - E5, 12Q4 = 12P4 + 1- 3E4 + 3E5U,

6R4 = 6 β 4 - a3 + 2E4X- 2E5 V, 6R3 = 6Q3 + Y- 2F5 V.

Hence if we choose a3, a4, a5 and aΊ so that

(3.32) r3{ί)Φ0, r 8(l)^0, E5ΦQ,qi(t)ΦQ for all / = 0,

then/77/, G6, F6 and £ 6 are determined from (3.30); pit (i= 1, 3, 4, 5, 6) are obtained

from (3.25); b^ (/ = 4,5,..., i - 1 ; i= 5,6,7) are determined from (2.21) and (2.22); bi3 (i

= 4, 5,..., 7) are obtained from (2.19); bj2 (j= 3,4,..., 7) are determined from (2.16);

bkl (k=2, 3,..., 7) are obtained from (1.6).

Choosing Λt = St = 0 (i=l, 2, 3, 4) and s2 = 0, we have

(3.33) 6M65E5s6 = ( 6 M 6 4 £ 4 + 3a3-2)sΊ, Xf, 5 M u S i + M64sΊ = 0,

Σf= 4M i 35, + (1 - α 3 ) i 7 = 0, Σ?= 3αΛ + J7 = 0, 5X + X7= 3i ( = 0,

(3.34) C^M^Se+s,), €5 = 3C6 = F5M65s6 +{3-4X+6Y)sΊ/U,

2CΊ = (F5M65-2M54E4b65)s6 + (l-2a4 + 3a3a4)sΊ/l2,

24^8= Πlq-2E4- (a6-a5)E5lM65s6+ \Ί-\2X{\-a3)-

12«5(l-α3)(l-α4)-2(α4-2α3-2α5)(2-3α3)>7,

(3.35) e=(hs/5\) lCΐ(TA + 6TS2 + 4T2S+3fyyP)+ C%{fyT*+fyT
2)

where

(3.36) C? = S C L Q = 20C5, Cj! = 12θC7, C$ =

EXAMPLE 3. For the choice α3 = 1/4, a4 = 1/2, α5 = 3/4, a6 = 1, α7 = 19/44 and

sΊ = 1/6 we have

(3.37) a2 = ft21 = 1/6, b3ι = 1/16, fe32 = 3/16, b41 = 1/4, b42 = -3/4,

*43 = 1> 6si = 3/16, ft52 = b53 = 0, 6 5 4 = 9/16, b6l = -4/7, b62 = 3/7,

ft63 = - 6 6 4 = 12/7, * 6 5 = 8/7.
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(3.38) 2b
Ίί
 = (231-623/)6(0 +76893/117128, 4b

Ί2
 = ίO395ώ(t)

-917301/58564,

b
Ί3
 = (228/

2
-3059/-255)ft(0 + 76456/14641,

4b
74
 = -3(1088/

2
-1253/ + 3 )b(t)- 37449/14641,

b
7 5
 =

 2

(3.39) 90p l t = 192ί5 - 600ί4 + 700ί3 - 375ί2 + 90ί - 24p(ί)/19, p 2 f = 0,

45p3 ί = 8 r 2 ( - 4 8 ί 3 + 135ί2-130r + 45

15p4ί = I92ί5 - 480ί4 + 380ί3 - 90ί2

90p6ί = 192ί5 - 360ί4 + 220ί3 - 45ί2 + 24p(ί )/25,

p 7 f = - 2 9 2 8 2 p (0/49875,

(3.40) J i = ̂ o + *(7*i + 32/c3 + 12fc4 + 32fc5 + 7Jk6)/90,

β = h(-4k1 + 16^3-24A:4+ 16fc5-49A:6 + 45/c)/270,

(3.41) CJ = -1/144, C | = -13/72, C? = 43/48, CJ = 2/3,

where

(3.42) 14641(9+ 16t2)b(t) = 475,p(t) = t2{t-\) (9 + 16/2).

4. Numerical examples

The following six problems are solved by the methods in Examples 1, 2 and 3

with A =1/2.

Problem 1. y=y,y(0) = l.

Problem 2. / = 2xy, y(0) = 1.

Problem 3. / = -y2, y(0) = 1.

Problem 4. / = 1 -y 2 , y(0) = 0.

Problem 5. / = - 5y, y (0) = 1.

Problem 6. / = y - 2x1 y, y (0) = 1.

The errors et=yt—y(xt) (t=l/2, 1) are listed in Table 1.
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Table 1.

Ex

Prob

1

2

3

4

5

6

1

-8 .06E-4
-3 .09E-4
-5 .21E-3
-1 .23E-4
-1 .72E-1

2.86E-4

-2 .84E-4
6.97E-4

-1 .63E-3
1.51E-4
5.66E-1
2.83E-4

2

£l/2

-8.92E-5
1.46E-4

-1.09E-3
1.47E-5
2.75E-1
2.68E-4

ei

-2.84E-4
3.49E-4

-5.80E-4
-3.01E-5

5.66E-1
7.88E-4

3

^1/2

5.08E-5
8.57E-6

-3.53E-4
8.07E-6

-7.17E-1
-3.80E-5

ei

1.06E-6
4.88E-5
1.70E-5

-1.52E-5
1.34E-1
2.05E-5
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