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1. Introduction

In the functional differential equations with deviating arguments, oscillatory
behaviour of solutions plays an important role and has been studied by many
authors (cf. [1]). To our knowledge, however, few papers are known in the
oscillation theory of integral equations. For a result on the latter problem we
refer to Parhi and Misra [4].

Consider the Volterra integral equation

t

(1) x(t) = f(t) — f a(t, s)g(s, x(s)) ds, t=0.
o

In (1), f:[0, 0) > R and g:[0, ©) x R — R are continuous, and a: [0, c0) x
[0, 0) = R is such that a(t,s)=0 for s>t a(t,s)=0 for 0<t< oo and
0<s=<t In addition a(t,s) is supposed to be continuous for 0 <t < oo
and 0 < s <t. We consider only the solutions of (1) which exist, are continuous
on [0, o), and are nontrivial in any neighbourhood of infinity. A solution x(t)
of (1) is said to be oscillatory if x(t) has zeros for arbitrarily large t; otherwise,
a solution x(t) is said to be nonoscillatory. This definition is the same as in the
case of differential equations.

In this paper we propose some criteria for all solutions of (1) to be
oscillatory, which is not considered in [4], and also apply the idea to study the
oscillation of functional differential equations of the type

@ x'(t) + Z”‘i pi(®)|x(g:(1))I* sgn x(gi(1)) = q(®)x() + r(t), 2>0.

We will see that every solution of Volterra integral equation (1) or first order
functional differential equation (2) is oscillatory when the strong oscillating
forced terms are attached.
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2. Oscillation of integral equations

THEOREM 1. Suppose that xg(t,x) >0 for x#0 and t=0 and that
[5a(t,s)ds is bounded for each fixed ¢ >0. If limsup,., f(t)= o0 and
lim inf, ., f(t) = —co, then every solution of (1) is oscillatory.

Proor. If we suppose that x(tf) is not an oscillatory solution of (1) on
[0, c©), then there exists a T > 0 such that x(t) >0 or <O for t = T. Suppose
that x(t) >0 for t = T. From (1), we have

rt

0<x@®)=f(t)— | a(, s)g(s, x(s)) ds
JO
= f(t) — [ a(t, s)g(s, x(s)) ds — Jt a(t, s)g(s, x(s)) ds
JO T
s f) — 5 a(t, s)g(s, x(s)) ds , t=T,
JO

since [ a(t, s)g(s, x(s)) ds 2 0 for t 2 T. This inequality combined with the fact
that {§ a(t, s)g(s, x(s)) ds < L [§ a(t, s) ds < co where L = sup, .o, 1, 9(t, x(t)) and
lim inf,_  f(t) = —oco yields a contradiction to x(f) > 0. Next, suppose that
x(t) <O fort > T. From (1), we obtain

T t

a(t, s)g(s, x(s)) ds — j a(t, s)g(s, x(s)) ds

T

0>X(t)=f(t)—J

0

0

2 f0) - JT a(t, s)g(s, x(s))ds, t=2T,

which, in view of the assumption lim sup,_, f(t) = o0, leads to a contradiction
to x(t) < 0. Q.E.D.

ExaMmpLE 1. Consider the integral equation

3) x(t) = f(t) f alt, $)g(s, x(s)) ds ,

where f(t) = (tsint + cost — 1)(t + 1)™¥2 + (cos t)3, a(t,s) =0 if s > ¢, a(t, s) =
(t+ 1)"2s23 for 0 <t < 00, 0 < s <t and g(s, x(s)) = (sx(s))*3. All conditions
of Theorem 1 are satisfied, so that every solution of (3) is oscillatory. In fact,
x(t) = (cos t)* is one such solution of (3).

REMARK. Parhi and Misra [4] did not give any example of a real oscil-
lating solution of (1).
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THEOREM 2. Let g(t,x) be monotone increasing in x for fixed t and
xg(t,x) >0 if x+#0. Let g(t, x) be bounded for 0 <t < o0, |x| < o for every
fixed a>0. Suppose that —oo <lim,, jf, a(t, s)g(s, —K)ds <0 for every
fixed >0 and K >0 and that h(t) = (3 a(t,s)ds, 0 <t < oo, is bounded
for every fixed o > 0. If lim,_, - f(t) = — o0, then all bounded solutions of (1) are
oscillatory.

Proor. Let x(t), t e [0, ), be a bounded solution of (1) which is not
oscillatory. So there exist constants K > 0 and T = 0 such that |x(t)] < K for
t [0, 0) and x(t) >0 or <0 for t = T. Suppose first that 0 < x(t) £ K for
t=> T Then

t

4) 0<x(t)=f(t) — JT a(t, s)g(s, x(s)) ds — J a(t, s)g(s, x(s)) ds
0

T
T
= fO+ j a(t, s)g(s, x(s)) ds
0
T
< fi+ Lf a(t, s) ds
0
where L = sup, <,<7 |9(t, x(¢))| and B = sup, 1 (§ a(t, s) ds < co. Because of (4)
and lim,_ ., f(t) = —oo, this gives a contradiction. Next suppose that x(t) <0
fort =T Then
T t
() —K < x(t) = f(t) - j a(t, s)g(s, x(s)) ds — J a(t, s)g(s, x(s)) ds
(4] T

<f(+L JT a(t, s) ds — jt a(t, s)g(s, —K) ds

0 T

where K >0, L =supo<,<rlg(t,x(t), B=sup,>rfsa(t,s)ds and D=
—lim,_,, [ a(t, s)g(s, —K) ds. Taking the limit as t— oo in (5 we get a
contradiction. Q.E.D.

REMARK. Theorem 2 is a variant of Theorem 2.2 of [4].
3. Oscillation of differential equations
THEOREM 3. Assume that

(1) pi,rEC[R+’R]’pi(t)gO’iEIn={1’2"'-an};
(i) g;€ C'[Ry, R], lim,, g;(t) = o0, gi(t) 2 0, i € I;
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(i) g€ C[R,,R];

(iv) lim sup,., ¢, p:(w) exp(f25” q(s) ds)* exp(— [+ q(s) ds) du = oo for some
i€ I, and any fixed C* > 0 and C, > 0;

(v) there exists a function Q € C*'[R., R] such that

t

Q'(t) = r(t) exp <— J q(u) du> , t>0, where C > 0 is a constant .
C

Then lim,_,,, Q(t) = 0 implies that every solution x(t) of (2) is either oscillatory
or else satisfies lim,_,,, x(t) exp (—j}; q(s) ds) = 0.

PrOOF. Set z(f) = x(t) exp(—[cq(s) ds). Then, in view of the assumptions
(i)—(iii), (2) becomes

X'(£) exp (— f a6 ds) + x()(—q(0)) exp ( —J a0) ds)

n t 9:(t) a
+ ; pi(t) exp <—J q(s) ds> <exp (j q(s) ds>> |z(g:(t))|* sgn z(g;(t))

C (o}

= r(t) exp <—.rq(8) dS> , 126G =2C,

[

and it follows that

(6 z'(0) + éi Li(®)|z(g:i(1))I* sgn z(g:(8)) = Q'(1) ,

L) = pi(0) (exp (Jm a() ds», exp (— j "49) ds)
C C

/(1) = () exp <— j 4 ds) .

where

and

(o)

Let x(t) be a nonoscillatory solution of (2) which may be supposed positive for
sufficiently large ¢. In this case, z(¢) is also a nonoscillatory solution of (6) and
is positive for sufficiently large t. Set X(t) = z(t) — Q(t). Then X(t) satisfies

(7 () + 2 LO&(g0) + Q@) =0,

so that x'(f) <O for large t, because of (i), (i) and the fact that z(t) = x(t) +
Q(t) > 0. Consequently, we have lim,,, x(t) = k, where k is a constant. If
k <0, then we get the contradiction that z(tf) < O for sufficiently large t. If
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k > 0, then we obtain
2(g:(t)) = x(g:()) + Q(g:()) 2 k/2, forall iel,,

for sufficiently large t. From (7) it then follows that

® () + Y Lk <0.

Integrating (8) from C, to ¢, C, = C,, we have

) %(t) — %(C,) + (Z f L) ds) (/2F <0.
i=1 Jc,

By taking the upper limit of (9) as t — oo, we get a contradiction to (iv). Hence
we conclude that k = 0, which implies

t

lim,_, z(t) = lim,, x(t) exp (—J q(s) ds) =0. Q.ED.

C

THEOREM 4. In addition to (i) and (iii) of Theorem 3 assume that
(i-1) g;e C'[R,, R], lim,_,, g,(2) = o0, i€ I;
(v-1) there exists a function Q € C'[R.., R] such that

t

Q'(t) = r(t) exp (—J q(u) du) , t>0,

(o}

where C > 0 is a constant, lim sup,_, Q(t) = c and lim inf,, , Q(t) = —oo0.
Then every solution of (2) is oscillatory.

Proor. Suppose that a solution x(t) of (2) is nonoscillatory. We assume
that x(t) > O for sufficiently large t; say t > T. Set z(t) = x(t) exp (— [ q(u) du),

then using the assumptions (i), (iii), (ii-1) and (v-1), we see that z(t) satisfies

(10) 2() + z LO)G@0) = Q0),

L) = pi0) (exp (rm a6 ds))“ exp (— j 4 ds)
T T

t

where

and

Q'(t) = r(t) exp (—f q(s) ds) s t=>2T*=>T.

T

From (10), we obtain z'(t) < Q'(t)) t=T. By integrating this we have
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0<z(t) £z2(T*)+ Q(t) — Q(T*) for t = T*, but this is a contradiction, since
lim inf,,, Q(t) = —oo. If we suppose that x(t) < 0, then we obtain 0 > z(t) =
z(Ty) + Q(t) — Q(Ty), for t = T, 2 T. This also leads to a contradiction, since
lim sup,_,, Q(t) = . Q.E.D.

COROLLARY 5. In addition to (i), (iii) and (ii-1) of Theorem 4 assume that
(vi) feC[R,R], xf(x) >0 for x # 0; f(x) is nondecreasing;
(v-2) there exists a function Qe C*[R,,R] such that Q'(t)=r(t),
t >0, lim sup,_., Q(t) = oo and lim inf,_,, Q(t) = —o0.
Then every solution of the equation

x'(t) + Z"; pi()f(x(g:(1))) = r(2)

is oscillatory.
ReEMARK. Corollary 5 is an extension of Theorem 3 of [2].

ExampLE 2. Consider the equation
(11) x'(t) + tx(t + 2m)® = tcost — 3(cos t)®sint, fort=>m.

Since the function

t
C

o) — Q(C) = Jw Q'(u) du = f (u cos u — 3(cos u)? sin u) du

=tsint+cost+cos’t— CsinC—cosC —cos®C, cCzn,

satisfies the conditions of Theorem 4, every soluion of (11) is oscillatory. In
fact x(t) = cos3 t is such an oscillatory solution.

REMARK. Theorems 3 and 4 are (closely) related to Theorem 3.7.1 of [1],
but equation (12) is not covered by Theorem 3.7.1.

ACKNOWLEDGMENT. The author wishes to express his thanks to the referee
for some useful comments.

References

[1] G. S. Ladde, V. Lakshmikantham and B. G. Zhang, Oscillation theory of differential
equations with deviating arguments, Marcel Dekker, INC, New York and Basel, 1987.

[2] H. Onose, Nonoscillation of nonlinear first order differential equations with forcing term,
Hiroshima Math. J. 16(1986), 617-624.

[3] H. Onose, Oscillatory properties of Volterra integral equations. (Submitted for publica-
tion)



On oscillation of Volterra integral equations 229

[4] N. Parhi and Niyati Misra, On oscillatory and nonoscillatory behavior of solutions of
Volterra integral equations, Jour. Math. Anal. Appl. 94(1983), 137-149.

[5] M. Rama Mohana Rao and P. Srimivas, Asymptotic behavior of solutions of Volterra
integro-differential equations, Proc. Amer. Math. Soc. 94(1985), 55-60.

Department of Mathematics,
College of General Education,
Ibaraki University








