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ABSTRACT. We prove Tonge’s random Clarkson inequalities given for L, in a general-
ized setting, where the unknown absolute constant appearing in his original inequalities
is taken to be 1. As a corollary these inequalities for fairly many other Banach
spaces such as L,(L,), WX() and c,, etc. are immediately obtained.

Introduction

In connection with generalized Clarkson’s inequalities (Kato [5]; see also
the recent book [10]), a high-dimensional version of Clarkson-Boas-Koskela-
type inequalities (cf. [3], [2], [8]), Tonge [12] presented random Clarkson
inequalities for L,.

In this article we prove the random Clarkson inequalities for a Banach
space satisfying (p, p’)-Clarkson’s inequality (1 < p < 2); further the unknown
absolute constant included in Tonge’s original inequalities is replaced here by
one. This enables us to obtain these inequalities for fairly many other Banach
spaces, e.g., L,-valued L,-spaces L,(L,), Sobolev spaces W)(f2) and the spaces
¢, of p-Schatten class operators, etc (cf. [2], [4], [6], [9]; see also [10]).

In what follows, let p’, q’, ... denote the conjugate exponents of p, q,
Let us first recall the generalized Clarkson inequalities: Let A4, = (g;)
be the Littlewood matrices, that is,

11 A, A, B
Al = (1 _1)9 An+1 = <An _An> (n - la 29 )

GENERALIZED CLARKSON’S INEQUALITIES (Kato [5], Theorem 1; cf. [12],
[11], [10]). Letl <p<oo and 1 £r,s £ oo. Then, for an arbitrary positive
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integer n and all f, f;, ..., fan€ L,

2n 2n s)1/s 2n 1/r
(GCI) { Y } < zmw;w{ 5 ||f,-n;,} ,
i=1 || j=1 P j=1
where
(1 1 . (11 o
7+§—mln<;,17) if min (p, p’) =r < oo,
1 <s < max (p, p'),
1
rsip)=1 s if 1 <r < min(p,p’),
15ssr,
1 .
- if s <r< oo,
max (p, p’) S s < 0.

-

The constant c(r, s; p) is well expressed visually in the following unit
squares with axes 1/r (horizontal) and 1/s (vertical):

1/p 1/p’
1/r' + 1/s 1/ +1/s
—1/p’ 1/s c(r, s; p) —1/p 1/s
1/p’ 1/p
1/r 1/r
l<p=s2 2<p<

Tonge’s random Clarkson inequalities are stated as

RANDOM CLARKSON INEQUALITIES (Tonge [12], Theorem 3). Let 1 <p,
r, s < . Let n be an arbitrary positive integer and let 4 = (a;) be an n x n
matrix whose coefficients are independent indentically distributed random vari-
ables taking the values +1 with equal probability. Then, E denoting mathe-
matical expectation, for any fi, f5, ..., f, in L,(u),

s\ 1/s n i/r
) < Kn“'-w’( >, nf,-n;> :
=1

p:

> af

j=1

(RCI) E ( 3
=1

where c(r, s; p) is as in (GCI) and K is a positive absolute constant.
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We now present the random Clarkson inequalities in a generalized setting;
here it is worth stating that the absolute constant K in (RCI) can be
removed:

THEOREM. Let 1 <p<2and1=<r,s< . Letn bean arbitrary positive
integer and let A = (a;) be an n X n matrix whose coefficients are independent
identically distributed random variables taking the values +1 with equal probabil-
ity. Let X be a Banach space which satisfies (p, p')-Clarkson’s inequality

(CL,) (I + Y17 + llx = pII)7 < 297 (|x||7 + [ly|1?)*P.

Then, for any X,, Xz, ..., X, in X,

n n s\ 1/s n i/r
(RCI*) E(Z Z a;x; ) < nc(r,s;P)( Z "xj”r) ,
i=1 || j=1 j=1
where
r1+1 1 f i) psr<o, 1<s<p
- D =r= ) =9 =V>
rs T P=r= =5=p
1 e
c(r,s;p) = < 5 if i) 1sr<p, 1<s=<7),
1 o e
= if (i) s Sr<o00, p<s< o0
L

For the proof we need the following recent result of the authors [7]:

LemMa (Kato and Takahashi [7], Theorem 1). Let 1 <p<2. Then, a
Banach space X satisfies (p, p')-Clarkson’s inequality (C1,) if and only if X
satisfies the type p inequality

1 n p'\1/p’ n 1/p
(TIp) (?0211 Zl ojxj ) §<Zl "xj”p> (Vxl’x29'~~axneX)
= j= j=
for any n.

ProoF OF THEOREM. Let 1 <p <2. Let us first prove (RCI*) for the

case (r,s) = (p, p'), ie,
'\ 1/p’ , n 1/p
<n'? Z lIx;ll? ) -
=

(RCI%) E( )

n
Z a;;X;
Jj=1

By Lemma, we have
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) (E ,)1,, - (1 >
\2 0= %1

n i/p
= (,Zi ||le|")

n
,Z 6;x;
Jj=1

P')I/p’

n
z ;X
Jj=1

for each i. Hence, we obtain

p'>1/p’
n p'/p) 1/p’
<<nl Y lIx;7
Jj=1

& 1/p
=aLY xlP) .
Jj=1

We next show that for any ¢t with 1 <t<p<2,

t\1/t n 1/t
) snl ( > le,-ll'> .
j=1

To see this, we have only to note that the inequality (CI,) follows

n
Z a;X;
Jj=1

i=1

RCI?) E(Z

n
_Z a;X;
Jj=1

(CL) (Ix + I + lx — pI)* < 2Y(llxl” + Iy 19

for 1 <t < p <2 (the above argument works for ¢ instead of p). Indeed, put
0=p'/t' (0<6<1). Then clearly

() M, = |4, : }(X) -~ 12(X)) =1
and by (CI,)
M, = ||A; : I2(X) - (X)) =247

(note that equality is attained in (CI,) by putting y = 0). Hence, by interpola-
tion (cf. [1], Theorems 5.1.2, 4.2.1 and 4.1.2) we have

4, 2(X) = (X)) < M{~°M3 =21,
which implies the inequality (CL,).

We now proceed in the proof of the whole part of (RCI*): (i) Let
pSr=<oo, 1<s=p’. Then, by (TI,) or (1), for each i
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n s\ 1/s n P\ 1/p’
E| Y ayx; S(E| Y ayx
j=1 j=1
n 1/p
= I P
j=1
n 1/r
AP ey xlt) .
j=1
Consequently,
n n s\ 1/s n n s\ 1/s
E( Y. ay%; ) §<EZ Y, ayX; )
i=1 || j=1 i=1 || j=1

A

n 1/r)s7|1/s
- " {nl/p-l/r< Z ”xj"'> } ]
Jj=1
n 1/r
= nl/s+1/p—1/r< Z llxjur) .
Jj=1

(i) Let 1<r<pand 1 <s=<r. Then, by (RCI¥) with t=r,

n s\ 1/s n r\ 1r
5ol e )
i=1 1

Y, X

Jj=1

n 1/r
= n”’( > llxj||'> .
Jj=1

(i) Let s'<r=< o and p'<s=< . Then, by (RCI¥) with t =5,
n s\ 1s n 1/s’
Y a%; ) nm(z ||x,-||=)
Jj=1 j=1
( n i/r

1/s,,1/s'—1/r r
n*n llx;ll )

£

, n 1/r
nl/r (Zl "xj"r> .
j=

In the case where p = 1, the inequalities (CI,) and (RCI*) are both valid
for any Banach space. (Indeed, (CI,) is equivalent to (2); for (RCI*) use the
argument in the proof of the case (i)) This completes the proof.

n
,Z a;;X;
j=1

IIA

IIA

IIA

ReMARKS. (i) A Banach space X satisfies (p, p’)-Clarkson’s inequality
(CI,) if and only if its dual space X’ does. (This is easy to see; cf. [7],

Theorem 3.)
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(i) The inequalities (RCI*), stated for 1 < p < 2, include Tonge’s original
inequalities (RCI) for the cases 1 < p <2 and 2 < p £ o unifyingly. Indeed,
if 1<p=<2, L, satisfies (CI,) ([3]) and if 2<p< o0, L,=(L,) satisfies
(CL,) ([3]; or by ().

COROLLARY. (i) Let 1<p=<oo and let t=min{p,p’'}. Then, in the
space 1,(L,) (L,-valued l,-space; in particular L,), W) and c,, the random
Clarkson inequalities (RCI¥*) hold with the constant c(r, s; t).

(i) Let 1<p, q<oo and let t =min {p,p’,q,q'}. Then, the random
Clarkson inequalities (RCI*) hold in L,(L,) with the constant c(r,s; t).

Indeed, the spaces in (i) resp. L,(L,) in (ii) satisfy (CI,) for ¢ = min {p, p'}
([21, [6]; [41, [6]; [9]) resp. for t =min {p, p’,q,q'} ([2], [6]).

For further examples of Banach spaces satisfying Clarkson’s inquality
(CIL,), and hence (RCI*), we refer the reader to [10].

References

[1] J. Bergh and J. Lofstrom, Interpolation spaces, Springer-Verlag, Berlin-Heidelberg-New
York, 1976.

[2] R.P.Boas, Some uniformly convex spaces, Bull. Amer. Math. Soc., 46 (1940), 304-311.

[3] J. A Clarkson, Uniformly convex spaces, Trans. Amer. Math. Soc., 40 (1936), 396—414.

[4] F. Cobos, Clarkson’s inequality for Sobolev spaces, Math. Japon., 31 (1986), 17-22.

[5] M. Kato, Generalized Clarkson’s inequalities and the norms of the Littlewood matrices,
Math. Nachr., 114 (1983), 163-170.

[6]1 M. Kato and K. Miyazaki, On generalized Clarkson’s inequalities for L,(u; L,(v)) and
Sobolev spaces, Math. Japon., 43 (1996), 505-515.

[7] M. Kato and Y. Takahashi, Type, cotype constants and Clarkson’s inequalities for Banach
spaces, to appear in Math. Nachr.

[8] M. Koskela, Some generalizations of Clarkson’s inequalities, Univ. Beograd. Publ
Elektrotechn. Fak. Ser. Mat. Fiz., No. 634-677 (1979), 89-93.

[9] C. McCarthy, c,, Israel J. Math, § (1967), 249-271.

[10] D. S. Mitrinovi¢, J. E. Pedari¢ and A. M. Fink, Classical and new inequalities in analysis,
Kluwer Academic Publishers, Dordrecht-Boston-London, 1993.

[11] K. Miyazaki and M. Kato, On a vector-valued interpolation theoretical proof of the gener-
alized Clarkson inequalities, Hiroshima Math. J., 24 (1994), 565-571.

[12] A. Tonge, Random Clarkson inequalities and L,-versions of Grothendieck’s inequality,
Math. Nachr., 131 (1987), 335-343.

Department of System Engineering
Okayama Prefectural University
Soja 719-11, Japan

Department of Mathematics
Kyushu Institute of Technology
Tobata, Kitakyushu 804, Japan





