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ABstRACT. The paper is concerned with some equivalent properties of sub- and
supersolutions of second order quasilinear elliptic equations. We answer (positively) a
question arised from a paper by Kura ([4]). Namely, we show that the concepts of sub-
(super)solutions and W-sub-(super)solutions defined in [4] are in fact equivalent.

1. Introduction

This paper is concerned with some properties of weak sub- and super-
solutions of quasilinear elliptic equations of second order. Our investigation is
motivated by a paper of Kura ([4]), in which were established several interesting
results concerning weak sub- and supersolution methods for quasilinear elliptic
equations. We study some issues raised in [4] about the equivalence of
different concepts of sub- and supersolutions and answer certain questions
asked in this paper. To have a more precise perspective of the issues discussed
here, we first present the setting of the problem and its related assumptions and
definitions. For the sake of convenience and clarity, we follow the notation
and assumptions in [4].

Let Q < RY be a region with smooth boundary (for example, 9 is of
class C!; also, 2 may be unbounded). Let 4: Q2 xRY - RY, B:Qx
R¥*! R be defined as in [4]. In particular, 4 and B are Carathéodory
functions that satisfy the following conditions (in the sequel, p denotes a
number in (1,00) and ¢ =p’ its conjugate exponent):

(H1) |4i(x,&)| < | fo(x)] + |eo()] 1€, i=1,...,N,
for ae. xeQ, V&eRY, where fy € LI(Q), co € L2 (RY);

(H2) (A(x, &) = A(x, &) - (€= ¢) >0,
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for ae. xeQ, VEEeRN, ¢4,

(H3) A(x,&) - & > a(x)|EP — |A)] P = 1A(x)),

for ae. xeR, VEeRY, where o: RY — R, is a continuous function, and
[ elP(Q), f,eL(Q).

We refer to [4] for more details about (H1)-(H3). Now, we recall the
definitions of sub- and supersolutions and W-sub- and W-supersolutions as
presented in [4].

DEFINITION 1 A function ue WY2(Q) is called a subsolution (respectively,
supersolution) of the equation

—div A(x,Vu), + B(x,u,Vu) =0inQ (1
if
B(x,u,Vu) € Ll (), (2
and
J {A(x, Vi) -V + B(x,u,Vii)p} < O(respectively, > 0), 3)
Q

for all e CP(2), $ 20 in Q.

DEFINITION 2 u is a W-subsolution (respectively, W-supersolution) of
(1) if wu=max{x;:i=1,...,m} (respectively, u=min{u;:i=1,...,m})
for some m e N, where each u; is a subsolution (respectively, supersolution) of

(1).

It is clear that if u is a subsolution (respectively, supersolution) or (1), then
u is also a W-subsolution (respectively, W-supersolution) of (1). In [4] (page
8), the author raised the question about relationships between sub-
(super)solutions and W-sub-(super)solutions in the other direction, namely, in
what conditions are W-sub-(super)solutions also sub-(super)solutions. In
Proposition 1 of [4], Kura also showed an interesting property that under some
conditions on B, bounded W-subsolutions are subsolutions. In this paper,
we show (without any additional conditions) that the concepts of sub-
(super)solutions and W-sub-(super)solutions given in definitions 1 and 2 are, in
fact, equivalent; hence answer the question in [4]. The arguments are given in
the next section.
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2. Main result
We prove the following result.

THEOREM 1 u is a W-sub-(super) solution of (1) if and only if u is a sub-
(super)solution of (1).

Proor. We prove the theorem for bounded domains 2. The case of
unbounded 2 immediately follows. Also, we establish the result for sub-
solutions; the proof for supersolutions is similar. Without loss of generality,
we can assume m =2 in Definition 2; the general case follows easily by

induction.
Assume u;,u; € W?(Q) satisfy (2) and (3). We show that

u = max{u, u} 4)

also satisfies (2) and (3). It is well-known (cf. e.g. Lemma 7.6, Theorem 7.8 of
[2]) that u e W'P(Q) and

Vu on Q; := {xe.Q:ul >u2}
Vu={Vu1=Vu2 on Q:={xeQ:u =u} (5)
Vu, on 2, := {x €EQ:uy < uz}.
Hence,
B(x,u;1,Vu;) on £
B(x,u,Vu) = .
(x,u,Vu) {B(x, uy, V) on 2\Q,;

Since B(x,u;,Vu;) € LL () for i=1,2, it follows that
B(xa u, Vu) = B(x! Ui, Vu )191 + B(x7 Uz, VuZ)X.Q\Ql € Llloc('Q)

Now, we check that u satisfies (3). Let ¢e C°(£22), ¢ >0. First, we
define some auxiliary functions. We fix a function y with the following
properties (cf. [1], [3]):

() »:R—>R, yeC*(R)
(&) y is nondecreasing on R ©)
(i) 0<y<l
() y@)=1ift>1, () =0ift<0.
We put, for ne N, t€R,

Va(t) = y(nt). (7
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Thus, y, satisfies (i)—(iii) and
() =1ift>1/n, y,(t) =0ift <0. (8)
Let M =max{y(¢):teR} =max{y/(¢):te[0,1]} < co. We have
[Y,(6)] = |ny/(nt)] < Mn, VneN, teR. 9)

Now, by classical density results for W'?(Q)(3 u — uy) (cf. [1]), there exists a
sequence {W,} = C®(R") such that

Wn = Walg — W = tp — ug in WHP(Q). (10)

In particular, w, € C*(2). By choosing a subsequence and relabeling the
sequence {wy,}, if necessary, we can assume from (10) that

w, > w a.e. in, (11)

and
[~ Wllro@) < 0 V. (12)
Let ¢, =(1—yp,own)¢ and ¢, = (y,own)¢d. Since y,ow,e C®(2) and

¢ € C°(R), both ¢, and ¢, belong to C°(R). Since 0 <7y, <1,4;,¢, >0.
Hence, from (3) applied to u;,¢; and u,,¢,, we get (with j=1,2)

J > Ai(x, Vuj)gi_ + B(x, u, Vuj)$; < 0,
2 =1 Xi

ie.,
N
|, > A Vu1>{—y;(wn>aa—‘;j 6+ 1= 7 (wn)] %} ”
+J B(x,u1,Vu)[1 — y,(wn)]¢ <0,
(2]
and
N
[ > At Vu2>{y;(w,,)2—:j b+ n(w,,)j—i} "

+ J B(x,u2,Vup)y,(wn)¢ < 0.
2

Now, for almost all x € 2,, we have w(x) > 0. It follows from (11) that there
exists ng = ng(x) such that w,(x) > 1/n, Vn > ny. (Indeed, choose n; = n;(x)
such that w(x) >2/n;. For n > n; sufficiently large, |w,(x) —w(x)| < 1/n,
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and thus, wy(x) — w(x) > —1/n;. Hence, wy(x) > w(x) —1/n; > 1/n > 1/n.)
Therefore, by (8), y,(wn(x)) =1 for all n large. It follows that

Yo(Wn(x)) = 1 forae xeQ,. (15)

Similarly, if x € Q;, then w(x) <0 and w,(x) < 0 for all n large. Again, by
(8),
Ya(Wn(x)) - 0 forae xe0. (16)

Now, adding (13) and (14), we get

N , owp
0> J [Ai(x,Vuz) — Ai(x,Vur)]y,(wn) e ¢
Q0 Xi

N
+L) . [Ai(x,Vuz)—A,-(x,Vul)]Vn(Wn)g%

i=1

N
+ L{Z Ai(x, Vul)g—i + B(x, ul,Vu1)¢}

i=1

(17)

+ Jg[B(x, uz,Vuy) — B(x,u1,Vu1)]y,(Wn)o.
Now, since B(x,us,Vuy) = B(x,u;,Vu;) on Qp, by (5),

JQ[B(X’ U, Vu2) - B(xa u, Vuy )]yn(wn)¢
= (J +J >[B(x, Uy, Vup) — B(x,u1,Vuy)]y,(wn)o
o Ja,

_ ( J +J ) [B(x,uz, Vi) — B(x,u1,Vur)]y,(wn).
@ Nsuppg  J2,Nsupp ¢

Since B(x,uj,Vu;) € L' (21 Nsupp @) NL' (2, N'supp ¢),0 < y,(4) <1, and ¢ is
bounded, (15), (16), and the dominated convergence theorem imply that

J [B(x,u2,Vup) — B(x,u1,Vur)]y,(wn)d
£,Nsupp ¢

- J [B(x,u2,Vup) — B(x,u1,Vu)]é
£;Nsupp ¢

= Jg [B(x,u2,Vup) — B(x,u1,Vup))9,
2

and

J [B(x,uz,Vup) — B(x,u;1,Vu1))y,(wn)¢ — 0.
2,Nsupp ¢
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Hence,

L[B(x, up, Vitz) — B(x, u1, V)], (Wn)$ — Jﬂ [B(x, u2, Viiz) — B(x, w1, Viar)]§.

(18)
Similarly, since A;(-,Vu;) € L1(2) and §¢ L®(Q), and 0 <y,(w,) <1, one
has
; Ai(x,V Ai(x,V o9
im [ 3 WA Vi) = A Vo) 25
. & o¢
= hm(JQl +Lz) ;[Ai(X, Vup) — Ai(x, Vul)]yn(wn)'b’;i (19)
J o ;[A i(%, Vup) Ai(x,Vul)]g)%.
Now, since

ou, Ouy

N
;[A,-(x, Vuy) — Ai(x,Vuy)] (—x - aT) >0,

1

a.e. on Q by (H2), y,(w,) >0, and ¢ >0, we get

J Z[A,(x Vi) — Ai(x, Vuy)]Y, w,,)aw"

6(u2

= L ;[A,-(x, Vuy) — Ai(x,Vuy)] —=——= "‘) Vo(Wn)p

+J i[A,-(x,Vuz)—A,-(x,Vul)](?;" g:) ! (Wn)$

i=1

(20)

N
J Z[A (x, Vup) — Ai(x,Vuy)] (aw,, SXi) 7 (Wa)d)|.

i=1

Moreover, from (H1) and Hoélder’s inequality,

J E [4i(x,Vup) — Ai(x,Vuy)] ____6(w,, —w) Yh(Wn)@
e Ry 0x;
a(w,, — W) !
< E | 4i(x, Vuz) — Ai(x, Vul)”LP'(g) x|, (g)“yn(wn)“Loo(fl)“¢”Lw({))
i=1 1 4
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N
< Z(”A,-(x, Vu2)”LP'(g) + ”Ai(x7 Vul)”[/(g))“wn

i=1
- W“W'-P(.Q)”y;:(wn)”Lw(ﬂ)lw”Lw(Q)
<o ! -1
< Jol + (o) Ve I~ Loy + Nl Lol + [eo (o) Vel [l 1o )
i=1
“flwn — W”Wl-p({))”y:z(wn)“L‘”(ﬂ)”¢”L°°(.Q)

< Y 1ol o gy + eoll gy (I g + l2lin g oy M- |l @)
@ @ ()

(by using (9) and (12))

L&
=0 (21)
where C;, C, are constants independent of n.
From (20) and (21),
tim inf [ 3[4 A, V) (w) 22 62 0 2
im i || 3 oi05Vie) — eVl o) 52 620 (22

Letting n — oo in (17) and using (18), (19) and (22), we get

¢

owp,

6x,-

0 > lim inf J Z[A (x, Vuz) — Ai(x, Vuy)]7,,(Wn)

+ lim L Z[A,(x Vuy) — Ai(x, Vul)]y,,(w,,)g—i

+lim JQ[B(x uz, Vi) — B(x,u1,V1)]y,(wn)é

u o
+L{Z Ai(x,Vuy) ——+B(x u1,7u1)¢}

i=1

J[) Z[Al X, VuZ) (xwvul)]gx_.'i' J{) [B(X, uZavuZ) - B(X, ul,Vul)]¢

i=1 !

N
+ J Z Ai(x, Vul)% + L B(x,u1,Vu;)¢

o¢ o 6¢
I Z[A,(x Vuy) — Ai(x, Vul)]a—xi+ (Lz +L\92> Z Ai(x,Vuy)

2 i=1 i=1

+J [-B(xau2yvu2) —B(x7u1avul)]¢+ (J +j )B(x’ ul’Vu1)¢
2, 2 Jo
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N N
= L)z 2]: A,-(x, Vuz)g—fj + Jg Z A,~(x, Vul)g_-fi

i= ! \Q; =1

+ J B(x,u2,Vup)¢ + J B(x,u1,Vu1)¢
[} Q

2,
N o4
= jﬂ{z Ai(X, Vu) a—x‘ + B(X, u, Vu)¢}
i=1 '

This holds for all ¢ € Cj°(£2), # > 0. We have checked that (3) is satisfied for
u = max{u;,u}. Theorem 1 is proved. O

From Theorem 1, we also obtain the following equivalence criterion for L-
sub-(super)solutions and C-sub-(super)solutions. For the detailed definitions of
L- and C-sub-(super)solutions, we refer the readers to Kura’s paper [4].

COROLLARY 1 ue W'Y (Q) is an L-sub-(super)solution (respectively, C-
sub-(super)-solution) of (1) if and only if u is a sub-(super)solution of (1) and
moreover, u € L*(Q) (respectively, u e C%!(Q)).

To conclude, we note that the above results immediately hold for the case
of unbounded domains. They can also be extended to the case where
A; = A;(x,u,Vu) also depend on u, provided certain appropriate assumptions
and modifications are considered.
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