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Asstract. This paper is concerned with profile analysis in two extended growth curve
models. The first is a growth curve model with parallel mean profiles, which has a
random-effects covariance structure based on a single response variable; the second is a
multivariate growth curve model with parallel mean profiles, which has a multivariate
random-effects covariance structure based on several response variables. For testing
“no condition variation” and “level” hypotheses concerning parallel mean profiles of
several groups, we obtain the criteria proposed by Wald [8] along with their asymptotic
null distributions. We give a numerical example of these asymptotic results.

1. Introduction

Let X be an N X p observation matrix of repeated measurements on p
occasions for each of N individuals. As an extension of the mean structure in
the growth curve model for X proposed by Potthoff and Roy [1], we consider

(11) E(X)=AlElB+A252,

where A; and A, are N x k; and N x k; design matrices, respectively, = and
Z, are unknown k; X ¢ and k; X p parameter matrices, respectively, B is a
q X p design matrix. It may be noted (Verbyla and Venables [7]) that an
important application of the mean structure (1.1) arises in analysis of growth
curves with parallel profiles.

In this paper we are interested in analyzing growth curves with parallel
profiles under random-effects covariance structures. In Section 2 we consider a
growth curve model with parallel mean profiles, which has a random-effects
covariance structure based on a single response variable. As an alternative
of the likelihood ratio (= LR) criteria, Wald’s criteria (Wald [8]) for two
hypotheses concerning parallel mean profiles are obtained under the random-
effects covariance structure. In Section 3 we consider a multivariate growth
curve model with parallel mean profiles, which is useful in analyzing multiple-
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response parallel growth curves. The mean structure is a special case of (1.1),
but it has a multivariate random-effects covariance structure based on several
response variables. The multivariate case of Wald-type tests in Section 2 is
discussed under the multivariate random-effects covariance structure. In
Section 4 we apply the asymptotic results of Section 2 to a data set of repeated
measurements.

2. Analysis of growth curves with parallel profiles

2.1. Growth curve model with parallel mean profiles

Suppose that a response variable x has been measured at p different
occasions on each of N individuals, and each individual belongs to one of
k groups. Let x;9) = (x1,9,...,x,(@) be a p-vector of measurements on the
Jj-th individual in the g-th group, and assume that the xj(g) are independently
distributed as N,(u¥,X) and the a4 have parallel profiles, i.e.,
u9 =691, + p, where 1,=(1,...,1), 6=0W,...,6* D) and u=
(,u,,...,,up)' are vectors of unknown parameters, 2 is an unknown p X p
positive definite matrix, j=1,...,N,, g=1,...,k. Without loss of generality
we may assume that 6%) =0. Then the model of X = [x{",...,xx®,...,

xgk),...,xNk(")]' can be written as

(2.1) X~NNXP(A151;+1N[I',Z®IN),
where A; is an N x (k — 1) between-individual design matrix of rank k —1
(EN—-p—-1), N=N;+---+ N;. The model (2.1) may be simply called a

parallel profile model. Further, we assume that X in (2.1) has a random-
effects covariance structure (see, e.g., Rao [2])

(2.2) Z = 1,1, + oI,

where A2 >0 and ¢ > 0. Srivastava [5] obtained the LR tests for “no
condition variation” hypothesis

(23) H01 U= le VS. H11 Yy 76 le
and “level” hypothesis
(24) H02 :0=0 s H12 10 75 0

when X' is unknown positive definite, where —o0 < v < co. Yokoyama [11]
has obtained the LR criteria for the hypotheses (2.3) and (2.4) under the
random-effects covariance structure (2.2). In Section 2.2 we obtain Wald’s
criteria for these two hypotheses and their asymptotic null distributions under
the random-effects covariance structure (2.2).
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Let Q= [p~/21,Q,] and H = [N-'/21y H,] be orthogonal matrices of
orders p and N, respectively. Then the model (2.1) can be reduced to a
canonical form

’ =& zl2:|~ 61 0’2
(2.5) HXQ_[y, Y, NNXP([J;’ 0 PRIy,

1

where 0, = N~\21) A1y + N'2p~12y1,, 0, = N2 Q,, A\ = HyAy, y = p'/?,
7 0
Y= and 7% =pi®+d%
(0 I, £

It is known (Yokoyama [11]) that the maximum likelihood estimators
(= MLE’s) of 0,,9,4%,6% and 72 are given by

N N ol o A 111 1
6, =z, }'=(A;A1) lA;yl’ lzzmax{l—) [ﬁs”_mtr Y2’Y2:|»O}a

(1 / 1 '
—tr Yy V>, if — 511> trY, Y,
Np-1 N N
(2.6) ¢* = l(p ) . (p b

- ! i - !
\Np(S11+trY2 Yz), lfNS11<N(p_1) trY, Y,
(ls if — ! s11 = trY,'Y:

f2_< N 11, N ll—-N(p ) 2 12,
1 1
— (s +tr ' YL), 1f s < ———trY7'Y,,
[ ) <G

where si1 = y,(Iv-1 — B )1, P; = Ai(A4)™'4). In the model (2.5), the
hypotheses (2.3) and (2.4) are equivalent to

(2.7 Hy :0,=0 vs. Hyj:0,#0
and

(2.8) Hyp:y=0 vs. Hp:yp#0,
respectively.

2.2. Tests for two hypotheses

We consider to test the hypotheses (2.3) and (2.4) in the parallel profile
model (2.1). This is equivalent to considering to test the hypotheses (2.7) and
(2.8) in the model (2.5). Noting that

0 ~ Np_1(82,6*I,-1) and § ~ Ni_1(2, (4, 4)™),
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from (2.6) we can suggest test statistics

1 1
~a Ry, if —s11> ———tr Y2’Y2,
A7) N Np-1)
@ owty T
R if — — Y)Y
2, 1 NS“<N(p—l)tr 2 I
and
R if — ! D I — ! trY,'Y.
3, 1n= 2 ¥,
A’A N Np-1)
if — trY,'Y;
Ry, 1t su < — N(p 0 rY, Y,
for testing Hy vs. Hy; and Hy, vs. Hy,, respectively, where
5] H0
Rl = 7 ) R2 = 7 )
tr Y,'Y,/{N(p—1)} (s11 +tr Y2'Y5)/(Np)
_ .V1'134'1J’1 _ Y1'PA'1J’1
S11/N ’ (Sll + tr Yz'Yz)/(Np).

The statistics (2.9) and (2.10) can be expressed in terms of the original
observations, using

I
zﬁzzzN{x’x—;(x'lp)z}» y’1PA].V1 (St Sw)1p,
_lys, wnh-tus 11’S1
sll—ppwpy r22—rt_;ptpa

where S; and S, are the matrices of the sums of squares and products due to
the total variation and within variation, i.e.,

Zk ZN" o) £ ZN" N0
—\/ — !
= 9 — x) x) ’ ( x(g 9 — x(g)) )
g=1 j=1 g=1 j=1

% and 9 are the sample mean vectors of observations of all the groups and
the g-th group, respectively.

THEOREM 2.1. Let W) and W, be the test statistics defined by (2.9) and
(2.10) for testing Hoy : p= vl vs.Hyy : p#vl, and Hy : 0 =0vs. Hi2: 0 #0,
respectively. Then it holds that
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(i) under Hoi, lim P(Wi<c)=P(, <c),
(i) wunder Hp, ]\}1_{130 P(Wy<c)=P(2_<c),
where x} denotes a y* variate with f degrees of freedom.
Proor. From the definition of W; we have
P(Wy<c)=PR; <c¢,sn /N>t Y,’Y,/{N(p—-1)})
+P(Ry <c¢,s11/N<tr Y)'Y,/{N(p - 1)}).

Let
1 (1 1 L
viw\a ) =0 e Ve Dy =

Then U; and U, are independent, and the limiting distribution of U; is N(0, 1),
i=1,2. Note that under Hp, z,z2/0*> is distributed as 112,_1. Since
tr Y,'Y,/{a*?N(p — 1)} converges in probability to 1, R; converges in distri-
bution to X;_l- When 4% > 0, we have

Iél_l'l‘cln P(Sll/N > tr Y2IY2/{N(p - 1)}) =1

and hence
lim P(W; <c)= lim PRy <c)=P(x’_ <c).
N—oo N-ooo

When A% =0, since (s11 + tr Y2'Y2)/(6®Np) converges in probability to 1, R,
converges in distribution to j(f,_l. Let

Z = E;I.UI_ le‘
p p

Then the limiting distribution of Z is N(0, 1), and s1;/N > tr Y,'Y,/{N(p — 1)}
is equivalent to Z > 0. Therefore, it holds that

lim P(Wy <¢)= lim {P(Ri<¢,Z20)+P(Ry<¢,Z<0)} = P(x;_, <c),

which proves the result (i). Note that under Hy;, y,’PAfl y,/7% is distributed
as x,%_,, and is independent of s;;. Since s1;/(7>N) converges in probability
to 1, R; converges in distribution to x,zc_l. When A2=0, since
(s11 + tr Y2'Y;)/(1?Np) converges in probability to 1, R4 converges in distri-
bution to x2_,. Therefore, the derivation for the result (ii) follows similarly.

We note that the limiting distributions of the test statistics W, and W, in
Theorem 2.1 agree with ones of the LR criteria in Yokoyama [11]. From the
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limiting distributions of W; and W>, we can use approximate critical values c}
and ¢ of size o tests such that P(x’_; >c})=a and P(x;_, >¢;) =a,
respectively.

3. Analysis of multivariate growth curves with parallel profiles

3.1. Multivariate growth curve model with parallel mean profiles

In this section we consider an extension of the parallel profile model (2.1)
to the multiple-response case when m response variables have been measured.
Let x©@ = (x1,9, ..., x1m@, ..., %0, ..., %m®@) be an mp-vector of
measurements, and assume that the u( satisfy u@ = (1, ® 1,,)69 + p,
g=1,...,k. Then the model of X can be written as

(3.1 XNNNxmp(AIA(l;(@Im)+1N[/,Q®IN),

where A; is the same as described in (2.1), 4 = [6(1), ...,6% D] is an unknown
(k — 1) x m parameter matrix, u is an mp-vector of unknown parameters, € is
an unknown mp X mp positive definite matrix. The model (3.1) may be simply
called a multivariate parallel profile model. Further, we assume that Q in (3.1)
has a multivariate random-effects covariance structure (see, e.g., Reinsel [3])

(3.2) Q=1, @1, Q) +1,® .,

where X') and X, are arbitrary m x m positive semi-definite and positive definite
matrices, respectively. In Section 3.2 we consider Wald-type tests for the
hypotheses

(33) H01:y=1p®v VS. Hll:[l;él_,,@l'
and
(3.4) Hoz :A4=0 vs. le | 7(: (0]

under the multivariate random-effects covariance structure (3.2), where v is an
m-vector of free parameters. The hypotheses (3.3) and (3.4) are extensions of
“no condition variation” and ‘““level” hypotheses in the single-response case due
to Srivastava [5] to ones in the multiple-response case. Modified LR statistics
for the hypotheses (3.3) and (3.4) have been obtained by Yokoyama [10].
Let G = [p~'1,,4",...,4%"] = [p71/21,,G,] be an orthogonal matrix
of order p. Then Q=G®I,=[0, glf,...,Qg _1)] =[01,05] is an
orthogonal matrix of order mp. Further, let H = [N"1/21y H,] be an
orthogonal matrix of order N. Then, letting Y = H,XQ =
(¥, YO, ¥P D) =1y, Yal, 2/ = N2 X0 = (2,2, ..., 2PV | = [z}, 2}),
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a canonical form of the model (3.1) can be written as

o 0,

-~ ’W®I ,
Ar o N)

SR

/ = ~

(35) HXQ = [ Y] Y2] NNxmp
where 0, = N~'21 A\ + N\ Q,, @, = N/ Q,, A, = HyA,, T = p'/?4,

Y1 (0]
4 ( 0 I ®Ee) and ¥y =p,+2.

It is easily seen that the MLE’s of 8, and I" are given by

~ ) ~

(3.6) éZ =22, = (4 A1)~ 1A1,Y1.

However, since the MLE’s of ¥, and X, are complicated, we use

(3.7) ¥, = .1_ Si, Z.= ; pi] Y(i)/ y®

) e N(p — 1) - 2 2
which are the MLE’s under a weaker condition that ¥; is arbitrary positive
definite instead of the restriction that ¥;; — X, is positive semi-definite, where
Su=Y"(n-1 - P;)Y;. In the model (3.5), the hypotheses (3.3) and (3.4) are
equivalent to

(3.8) Hy :60,=0 vs. Hy;:0,#0
and

(3.9) Hp:I'=0 vs. H: T #0,
respectively.

3.2. Tests for two hypotheses

We may consider the problems of testing the hypotheses (3.8) and (3.9)
in the model (3.5) instead of testing the hypotheses (3.3) and (3.4) in the
multivariate parallel profile model (3.1). Noting that

éZ ~ m(p—l)(02,1p—l ®Ze) and f‘ ~ N(k—l)xm(r, n® (A~1,A~l)_l)a
from (3.6) and (3.7) we can suggest test statistics

(3.10) W = 6”V2(1 L1®2.)7'6,

. t)' "_1 (l
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and
(3.11) Wy = vec(I") (4y A1)~ ® ¥11) " vec(I™)

= tI‘Al A}Fyll_l I’

@ gr-1,,0)

= Z o ¥un
for t,estlng Hy, vs. Hyy and Hy, vs. Hy,, respectively, where (7" ® I,)vec(Yy') =
[y(l) ey ygN l)] and T is an orthogonal matrix of order N — 1 such that
T'P; lT diag(1,..., 1,0,...,0). In terms of the original observations, we
can write k=1

. . =
b= VNG ® In)%, Se=—— > (67 ®L)SeY ® L),
Np-1) 4

~

1
Feolf -2, #9011,

. 1 . 1 1 1
'21 :FP(I;,@Im)Sw(lp@Im)»(Al A)” —dlag<N N 1) yklk—ll?c—l-

THEOREM 3.1. Let W) and W, be the test statistics defined by (3.10) and
(3.11) for testing Ho :p=1,®@v vs. Hiy:u#1,®v and Hyp: 4= 0 vs.
Hy, : A # O, respectively. Then it holds that

(i) under Hy, A;im P(W)<c)= P(an(p—l) <c

(i) wunder Ho, lim P(W)<c)= POy < ¢

—00
Proor. The statistic (3.10) can be written as
r-1 (¥)
K’
WMi=) —5 2
= K /{N(p-1)}

where

(t) Z‘ z(2 i) (l

K9 =N@p- ) ¥ K = 057140,

z2 e

Note that under Hy, ()’s are independent,
. . 1
2 ~ Np(0,%,) and Z,~ W, ((N -1)(p- 1)’N_(p—_l) ze).

It is easy (see, e.g., Siotani, Hayakawa and Fujikoshi [4, p. 74]) to verify that



Wald-type tests for two hypotheses 353

Kl') is distributed as x N—1)(p—1)-m+1> and Kl /{N(p—l)} converges in

probability to 1. Since Ké) s are independently distributed as x2, W; con-
verges in distribution to xm( 1y which proves the result (i). Note that under
Hy,, yg) s are independent,

. N 1
W~ Na(0,%11) and ¥y ~ Wy (N—k,ﬁ S”11>-

Therefore, the proof of the result (ii) follows similarly.

We note that the limiting distributions of the test statistics W; and W, in
Theorem 3.1 agree with ones of modified LR statistics in Yokoyama [10].

4. Numerical example

In this section we apply the results of Section 2 to the data (see, e.g.,
Srivastava and Carter [6, p. 227]) of the price indices of hand soaps packaged
in 4 ways, estimated by 12 consumers. Each consumer belongs to one of 2
groups. The adequacy of the parallel profile model (2.1) with the random-
effects covariance structure (2.2) (in the case p =4, k =2 and N = 12) to the
data has been examined by Yokoyama [9]. Therefore, we may consider to test
the hypotheses (2.3) and (2.4) in this model. Since

1
B = N{i’f —;(f’lp)z} =.78204, y/'P;y; == 1,'(S; — Su)1, = 1.0468,
1 1
11 = 1,/Su1, = .76635, trY,'Y, =trS, -5 1,'S1, = .35130

and s;1/N >tr Yo'Y,/{N(p — 1)}, it follows from Theorem 2.1 that

2%
- = 80.141 01) = 11.
" tr Y, Y,/{N(p — 1)} 80.141 > 7, (.01) = 11.345,
__.V1/R{1J’1 _ ) B
W2 = su/N 16.391 > x;_;(.01) = 6.635.

Hence, both hypotheses Hy; and Hjp, are rejected at o« = .01. On the other
side, it is known (Yokoyama [11]) that the LR criteria also reject both
hypotheses in this example.
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