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Based modules and good filtrations in algebraic groups
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ABsTRACT. Let ®; be a simply connected semisimple algebraic group over an alge-
braically closed field T of positive characteristic with simple system of roots []. After
the initial efforts by Wang J.-P. and S. Donkin, O. Mathieu proved, using the Frobenius
splitting of the flag variety, Donkin’s conjectures that (i) if [T’ is a subset of [] and if &}
is the semisimple subgroup of Gy generated by the root subgroups associated to []’, then
any Weyl module of &y admits a filtration by ®;-modules all of whose subquotients are
Weyl modules for ®f; (ii) the tensor product of any two Weyl modules of ®; admits
a filtration by G¢-modules all of whose subquotients are Weyl modules of ®;. In this
note we explain that the conjectures can also be obtained as immediate consequences of
Lusztig’s results on based modules.

Introduction

Let G be a simply connected semisimple algebraic group over an alge-
braically closed field ¥ of positive characteristic with simple system of roots
IT. After the initial efforts by Wang J.-P. and S. Donkin, using the Frobenius
splitting of the flag variety O. Mathieu [M] proved Donkin’s conjectures that (i)
if IT' is a subset of IT and if ®} is the semisimple subgroup of G; generated by
the root subgroups associated to IT’, then any Weyl module of ®&; admits a
filtration by G}-modules all of whose subquotients are Weyl modules for G;; (ii)
the tensor product of any two Weyl modules of ®&; admits a filtration by
®¢-modules all of whose subquotients are Weyl modules of G;. Since then J.
Paradowski [P] has given another proof using Lusztig’s canonical basis. There
is yet a third proof using Kashiwara’s crystal base; Donkin’s conjectures are
immediate consequences of Lusztig’s results on based modules [L], which may
be worth pointing out after the appearence of a friendly account [J] of crystal
bases. The third proof works naturally over Z, hence over any commutative
ring, and is free of Donkin’s cohomological criterion for the existence of good
filtrations [JG, I1.4.16].

In §1 of the present note we will restate Lusztig’s results in the framework
of [J], and show Donkin’s conjectures. We see that the proof is logically
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independent of the construction of canonical bases using perverse sheaves, and
hence elementary (but by no means easy). In §2 we will append a note on the
quasi-Z-matrix that plays an important role in the construction of tensor
products of based modules.

We will adopt the notations of [J] unless otherwise specified. Thus k will
denote the rational function field Q(q) over @ in indeterminate ¢ and U the
quantized enveloping algebra over k associated to the simple system of roots
II. All tensor products without subscripts are taken over k. Let At be
the subset of dominant weights in the weight group 4 and NII =
> aemr No. Let A= Q[q],, the localization of the polynomial algebra Q[q] at
the maximal ideal (¢) and &/ = Z[q,q!]. Accordingly, U, instead of Uz will
denote Lusztig’s Z[g, g !]-form of U [J, 11.1] and L(4) instead of Lz(A) will
denote the Z[g,q ']-form of simple module L(1) over U of highest weight
Aedt. If € is a category, €(4, B) will denote the set of morphisms from
object A to object B in %.

The author is grateful to H. H. Andersen for a helpful comment on an
earlier version of the manuscript. Thanks are also due to the referee for
critical reading of the manuscript, that has contributed to an improved
exposition.

1. Based modules and good filtrations

(1.1) Let & be the category of finite dimensional U-modules of type
1. Recall @-algebra involution y on U such that E, — E,, F, — F,, K, »—»K;l
for each aell, and that g+—>¢~!. A based module of U is a triple
(M,B,yy) of M e #, B a k-basis of M, and a Q-linear in volution y,, on M
such that

(BM1) B =L, B, with B, = BN M,,

(BM2) If My =) .5 &b, My is Ugy-stable,

(BM3) y,, fixes each element of B and y,,(um) = Y(u)yp(m) for each
ueU and me M,

(BM4) If (M) =][],.p Ab and if B is the image of B in £ (M)/q ¥ (M),
(£ (M), B) forms a crystal base of M.

A morphism from a based module (M, B,y,,) to another based module
(M',B',y5y) is a U-linear map f : M — M’ such that f(B) < B'L {0}. Thus
Yy of =f oy, and BN kerf automatically forms a k-basis of ker f. We
will denote by #.# the category of based modules. Note that Z.4 is not an
additive category.

(1.2) Let (£(0),%(0)) be the crystal base of U~ and B(w0) =
{G(b)|b e B(0)} the global crystal base of U~. If AeA™, let B(A)=
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{G(b)v,|b € #(0), G(b)v; # 0} be a global crystal base of L(4) [J, 11.10], where
v, € L(A);,\0. Then with the Q-linear involution ¥, on L(A) as in [J, 11.9]

(1)  (L(4),B(4),y,) forms a simple object of B4 with L(A),, = Ly (4).
(1.3) It is easy to see

LeMMa Let (M,B,Yy), (M',B,Y,y) € BM and f € BM(M,B,Yy),
(M',B',Ypp)). Let (M;,B;,\ry,,) be a subobject of (M,B, V) in BM,i=1,2.

(i) [L,2712] (M @ M',BUB Y @Y,y is the coproduct of (M, B,y ,,)
and (M',B' ) \,p) in BM.

(i) (M0 M2z, Bi0 By, Yylasnm,) € BHA.

(i) [L, 27.14] If m1: M — M/M, is the U-linear quotient, then ),
induces a Q-linear involution Yy, and (M /M, 7\ (B\B1),V ) gives the
quotient of (M,B,VY,;) by (M',B',{,p) in BM.

(iv) (f‘l(O),Bﬂf"(O),¢M|f_1(0)) is the kernel of f in BM.

(v) IfIT' < I and if U' is the subalgebra of U generated by E,, F,, Kt!,
oaeIl', then (M,B,\,,) is naturally a based module for U’.

(1.4) ProposITION [L, 27.1.7] Let (M,B,Y,,) € BM. Assume M # 0 and
let A be a maximal weight of M. If M|J] is the L(A)-isotypic component of M,
then in BM

(M2, BOMUL Yglagy) = (L), BG), )2

(1.5) From (1.3.iii, iv) and (1.4) one obtains

CorOLLARY (cf. [X, 3.3(v)]) The simple objects of BM are parametrized
by A™, ie., every simple object of BM is isomorphic to (L(A),B(4),¥;) for a
unique A € A*. Hence any nonzero based module admits a filtration in B.M with
all the subquotients isomorphic to some (L(A),B(A),y;), A€ A™.

(1.6) Let (M,B,yp), (M',B {)p) e BM. If we regard M Q@ M' € F
via the twisted comultiplication 4': U — U ® U such that for each a e IT

Eaz'_’Ea®Ka_1+1®Ea; F,»F,®1+K,® Fy, K, — K, ® K,,
then [J, 9.17]
(1) (LM)®,4 L (M'),B®g B) forms a crystal base of M ® M'.

The Q-linear involution ¥, ® ¥,,, however, does not satisfy the condition
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(BM3). To remedy the situation, recall from [J, 6.12] a unique k-bilinear
pairing (, ): US® x UZ% — k such that for each x,x’ € U2%; y,)) e U<° and
a,fell

0, xx)=(4(), ¥ ®x), (W, x)=0®Y,4(x), (KiKp) =g P,
(Fur Ep) = 0up(da — a;")"",  (Ka, Ep) = 0= (Fy, Kp).
One has [J, 6.13.2, 6.18] that for each x4 and ve NII

(2) (s )lU_—”xU‘T =0 unlessu=v
while
(3) (, )IU:”xU’f = is nondegenerate.

Then under the identification of U~, ® U, with Modi(U,;, U)f) via (, Ny, xvz
let &, € U7, ® U} correspond to idy;, and Oy the k-linear endomorphism
of M® M’ defined by the action of }_,y;®,. If P:UQU->UQ®U is
the transposition y ® x+>x ® y, let @} ,. be the k-linear endomorphism of
M ® M’ defined by the action of Y, xgP(@,). If YA =Y @y)ody,
one finds from [J, 7.2.4]

4) YA (0)O% = O% 1y A'(u)  foreachue Uon M QM .
Set
(%) Yum =Yy @Yo @il,M' MM - MQM.

Then by (2) for each ue U and xe M @ M’
6)  Pummr(ux) = ¥rp (4 (W)x) = 4 W)Y mn (x) = ¥ () P p,mr (%)

Also if O'I’M, o is the Q-linear endomorphism of M ® M’ defined by the action
Of EyeNﬂ(|//®'//)(@#), then (Cf (22))

(7) O = Omar)™,
from which one obtains
(8) Wﬁl,M’ = idM@M'-

Define a partial order on B x B’ such that (b;,5)) < (by,b5) iff
9) (bl,bll)EM;_l ®MI/1 and (b, 'Z)EM)Q@MI,Z with
A < /12,1/1 > 1.12 and 4, +l’l =1 +/1'2.
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(1.7) THEOREM (cf. [L, 27.3.2)) Let (M,B,,), (M',B'\Y,,) € BM, and
let £ =1lpp)enxp ZIgl(b®Y).

(i) For each (b,b')eBx B there is wunique b{b €L such that
Yum(bOb)=0bb and that bOY — bRV eq¥.
(i) For each (b,b') e Bx B

bOY -b®be Y qZlgl(bi @F)).
(b1,6}) e BxB'
(b1,8,)>(b,5)
Hence (MQM',(bOV|beB,V eB),Yyu)eBM with (MOM), =
Hppyepxy LbOY) =My ® 4 My, where the U-action on M @ M’ is given
by A'.

(1.8) REMARK Precisely, Lusztig uses his canonical bases to define based
modules and in the formulation of his theorem [27.3.2]. In its restatement
above, due to Kashiwara’s twisted action 4’ of U on the tensor products in
dealing with their crystal bases, one has to adjust Lusztig’s ¥ [L, 27.3.1] by
transposition P, that causes reversing of the order in the sum in the expression
of b in (ii).

In the application to G-modules in (1.10), however, the twisted action A’
will not cause any difference to the standard diagonal G-action on the tensor
products as K, =1 in Dist(®).

(1.9) Putting together (1.3.vi), (1.5) and (1.7) yields Donkin’s conjectures
for the quantum algebra.

COROLLARY Let (M,B,V) € BM.

(i) IfII' < ] and if U’ is the subalgebra of U associated with []', then M
admits a filtration of U',-modules with each subquotient isomorphic to some
L' (A, where L'(X') is a simple U'-module of highest weight 1.

(ii) [X, 3.3(vi)] If (M',B',{r5y) € BM, then My @ 4, M, admits a filtration of
U-modules with each subquotient isomorphic to some Ly (A), A€ A*.

(1.10) Regarding Z as an /-algebra by specializing g to 1, on has a ring
isomorphism [LF, 6.7.b], [LR, 8.16]

(1) {Ua/(Kx = 1),en} @ Z ~ Dist(6),

where ® is the Chevalley Z-form of the algebraic group ®;. As the Dist(®)-
modules that are free of finite rank over Z are naturally G-modules such that
each Ly(1) ® 4 Z, Ae A*, is the Weyl module for G of highest weight A, one
obtains from (1.9) Donkin’s conjectures for algebraic group . Let %g(4) be the
full subcategory of G-modules admitting a filtration all of whose subquotients are
Weyl modules.
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COROLLARY Let M € Fg(4).

(i) IfII' < IT and if ® is the semisimple subgroup of ® associated to II', then
M admits a filtration of ®&'-modules all of whose subquotients are Weyl
modules for ®'.

(i) If M' e Fg(4), then M @ M' € Fg(4).

2. The quasi-Z-matrix

In this section we will complement the proof of (1.7).

(2.1) We begin with a lemma that dispenses us with the introduction of
©=>,60, in a completon of UQU. Let YA=(Y®y)odoye
kAlg(U,U® U).

LeMMA  Given 6 = (0,) ey With 0,€ UZ,® U;. For each M,M' e ¥
let Oy pv be the k-linear endomorphism of M ® M’ defined by the action of
>4 Ou The following are equivalent:

(i) For each ue U and M,M' ¢ ¥
A(u)Oy = GKI,M,A(u) onMQ® M.
(i) For each ue NII and o€ Il
1) (Ex ® 1)0, + (Ka ® Ea)0u—a = Ou(Ex ® 1) + Opu(K;' @ Eo)
@) (1@ F0u+ (F® K )pa = 0,1 ® Fy) + byma(Fa ® Ko).

PROOF. As 4 and Y4 are both k-algebra homomorphisms, to see that (ii)
implies (i), it is enough to check the equality on generators E,, K,, F,,a € IT, of
U. In A(E,)0mm (resp. Oy p¥A(E,)) the only contributions to the shift of
the weight spaces by (—(u — «), #) come from the left hand side (resp. the right
hand side) of (1). Likewise for F, while the corresponding equality for K, is
automatic. Hence (i) follows from (ii).

Conversely, if (i) holds, we have with u = E,

3) (E:®@1+ K, ® Es)Oupr = Om e (Ea @1+ K, ' @ Ey).
Let ue NI1. From [J, 5.18] there is 1€ A1 such that
4) the k-linear map UZ, — L(4); -, viau > uv, is bijective.

Recall from [J, 4.6] the k-algebra involution @w on U such that E, +— F, and
K, —K;'VaeIl. Take M' =“L(A) the k-linear space L(A) with U acting
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through w. Write
{(Ex®1)0, + (Ky ® Eo)0y—o} — {Ou(E.® 1) + 6 —a(Ka_l ® E.)} = Z Ui @ u;

with v; € UZ,,, and u; € U such that (), is k-linearly independent. Then by
(3) for each me M

() 0= (Z v; ® ui) MmM®uv) = Z vim @ w(u;)v;.

The set ((u;)v,); remains k-linearly independent by (4), hence v;m = 0 for each
me M. Then by [J, 5.11] all v; =0, hence (1). Likewise (2).
(2.2) One can then show as in [L, 4.1.2, 3]

THEOREM There is unique 6= (0,),cyn with 0,€e U, ® U; and
6o = 1 ® 1 satisfying (2.1.ii). The element © = (0,,), of (1.6) is such, and hence
for each M\M' € F

Omm O 2 = iduem = 6% 1, Ouar.

(2.3) THeOREM [L, 24.1.6] If we write for each pe NII

6= Z Vb @ (b)), €k,
b,b' e B(0)_,

then y, y € o for all b,b'.

Proor. Let by, byeB()_ ,, weNII. Choose A,A'eA* such that
bov, € B(4), byv) € B(X') [J,5.18]. The introduction of based modules makes
verification of [L, 21.1.2] trivial; if wo € W with woll = —IT, *L(—woA) ~ L(4)
in %, hence there is by (1.4) an isomorphism ye Z.4((“L(—woA),
B(—woA),¥_,.1), (L(4),B(A),¥;)) and likewise an isomorphism ' e
BM((L(—woh'), B(=wok'),¥_02), (“L(X), B(X),Yy)).

If M(V) = U/{Zaeﬂ UE‘* + Zat—:ll U(Kd - q(v,m))}’ VE A’ and lf
M (v) = Uyl with 1 the image of 1€ U in M(v), one can show [L, 24.1.4]
(1) @”’M(—wol) ® M(—woi') stabilizes de(—WOA.) ®M MJ{(—W()).I)

If we writte @ for Oop_, 1eL(-wor) taking the quotient & stabilizes
9L 4(—woA) ®  La(—wod'), hence (y®@y)oOo(x '@ ()" stabilizes
Ly(A) ® 4“Ly(4). In particular,
Ly(D)®uy Lat(X)3(x®@%)000(x ' @) N02®@vr) =D Y 15pbva®b'vy.
u bl
As bv; e B(A)U {0} and b'vy e B(') L {0}, we must have 3, € <.
(2.4) One can now argue as in [L, 27.3.2] to obtain (1.7).
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