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ABSTRACT. We prove that the domain of a map X —> Y to a co-H-space inherits a co-

H-structure provided some dimensionality and connectivity properties hold. Then we

deduce that a space X admits a co-H-structure if and only if on all its skeletons there is

such a structure as well. Moreover, if X is 1-connected then a co-H-structure on X is

equivalent to such a structure on all its homology decomposition stages.

Introduction.

Recall [5, Chapter IX], where it was shown that a map X —» Y of based
spaces extends an H-space structure on X to one on Y provided some
connectivity properties hold. In particular, the result implies that an H-
structure on X is inherited on all its Postnikov stages.

This paper examines the dual problem. However, the arguments used for
H-spaces do not seem to dualize. Therefore, we make use of the one-to-one
correspondence (see [1] or [2, p. 209-212]) between homotopy classes of co-H-
structures on a space X and those of coretractions X —> ΣΩX. A result due to
Hilton (see [2, p. 185]) says that if a space X is dominated by a co-H-space Y
then X also admits a co-H-structure. We prove (Theorem 1) that the domain
of a map X —» Y to a co-H-space inherits a co-H-structure provided some
dimensionality and connectivity properties hold. Then we deduce (Corollary
1) that a space X admits a co-H-structure if and only if on all its skeletons
there is such a structure as well. Moreover, if X is 1-connected then Corollary
3 states that a co-H-structure on X is equivalent to such a structure on all its
homology decomposition stages and a dualization of Corollary 5.6 in [5, page
443] is obtained provided X is 2-connected.

1. Preliminaries.

We consider based spaces of the based homotopy type of a based CW-
complex; the basepoints are assumed to be non-degenerate. All maps and
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homotopies are supposed to preserve basepoints and all spaces denoted by the
symbols X, Y and their derivates (Xn, Yn etc.) are implicitly assumed to be
based CW-complexes. It follows from [4] the constructions we will perform
do not lead outside the class of spaces considered. For a space X let
A : X —> X x X be the diagonal map and j : X v X —> X x X the inclusion
map of the wedge into the product. A co-H-structure on A" is a map
σ : X —> X v X such that the diagram

Xx X

commutes up to homotopy. A co-H-space is a pair (X,σ), where X is a space
and σ a co-H-structure on X. An inversion for σ is a map η : X —> A" such
that the composites

^ -̂  AT v X ld*v?y) ^vJT-^JT and X-^ X y X *v l d i r) A^ v ̂  -̂  X

are both nullhomotopic maps; V is the folding map. We point out that by [3]
any co-H-structure on a 1-connected space admits an inversion.

With any space X we may associate ΣΩX, the (reduced) suspension of
the loop space of X\ the natural projection px : ΣΩX —> X is given by
Pχ([t,ω}) = ω(t) for [t,ω] e ΣΩX. A coretraction is a map φ : X —> ZΏ^ such
that /?A^ — idjr, the identity map of X. For a space X the suspension co-H-
structure sx : ΣX —> ΣX v ΣX is the pinch map and the coretraction
Σe : ΣX -> ΣΩΣX is given by e(x)(i) = [t,x] for x e X and ί 6 [0,1]. As it
was pointed out in [1] and [2, p. 209-212] the map (px v PX)SΩX :
ΣΩX —» X v X induces a bijection between homotopy classes of coretractions
and those of comultiplications on X.

Let / : X —> Y be any map and consider the diagrams

ΣΩX —^ ΣΩY X v X -̂ > Γ v Y

in which φ, ψ are coretractions and σ, τ the corresponding comultiplica-
tions. Taking into account [1] the second square homotopy commutes if and
only if the first does; we way then that / is a map of co-H-spaces (X, σ) and
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We now show how maps from some spaces into a co-H-space reflect co-H-
structures on their domains. For a map/ : X —> Y we write conn/ = «, if the
induced map of homotopy groups τtk(f) : πk(X) —* πk(Y) is an isomorphism
for k < n and an epimorphism for k = n. In particular, for the map/ : X —> *
to the single point space we put conn X = conn/. Write X\> Y and X A Y for
the flat and smash product of spaces X and Y, respectively; now there is a
homotopy equivalence X\>Y ~ ΣΩX Λ ΩY (see e.g., [2, page 216]).

LEMMA 1. For a map f : X —> Y, conn(/ Λ /) = conn/ +
min{conn Ύ, conn F} + 1 and conn(/b/) = conn/ + min{conn A^ conn y}.

PROOF. Observe that / Λ / = (/ Λ id*) o (idy Λ /) and /b/ =
(/bid*) o (idyb/). From the above /bid* ~ Ωf Λ id^ β* and idyb/ ~
idz βy Λ ί2/. Hence conn(/ Λ id*) = conn/ + conn X + 1, conn(idy Λ /) =
conn/ + conn F + 1 and conn(/bid*) = conn X + conn/, conn idyb/ =
conn Y 4- conn/. The result follows. Π

This lemma will be also useful in the next section.

LEMMA 2. Let XQ ̂  Xl-^---^ Xn-^ Xn+l

 f-^ . be a countable
direct system of co-H-spaces and co-H-maps. Then its homotopy colimit
holim ^fπ admits a co-H-structure such that the canonical imbeddings
Xn —> holim Xn are co-H-maps for all n > 0.

PROOF. By the "small object" argument we get that the canonical map

holim ΣΩ Xn —>Σ holim ΩXn = ΣΩ holim Xn

is a homotopy equivalence. Then the coretractions φn : Xn —> ΣΩXn corre-
sponding to co-H-structures on Xn for n > 0 yield the required coretraction
ψ = holim φn : holim Xn -> ΣΩ holim Xn. Π

2. Main results.

The behaviour of co-H-structures with respect to maps is taken into
account in this section.

THEOREM 1. Let f: X —> Y be a map with Y a co-H-space. If
dim X < conn/ + min{conn X, conn Y} then there exists a (which is unique up
to homotopy if strict inequality holds) co-H-structure on X such that f : X —> Y
is a co-H-map.
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PROOF. Consider the commutative (up to homotopy) diagram

r» d τ^πτr (Pγ y PY)SY τr τrP > ΣΩY > Y v Y

\j
-t . Y > Y x Y ,

where the first square is the homotopy pullback and the second one is also a
homotopy pullback by [1]. Therefore, the homotopy fibres of the maps
pγ:ΣΩY^Y and π:P-+X have the homotopy type of the space
Y\> Y. Let now φ : Y — » ΣΩ Y be the coretraction corresponding to the co-H-
structure on Y. Then the pairs of maps ΣΩf : ΣΩX -» ΣΩY, px : ΣΩX -> X
and φf : X — > ΣΩY, \άχ yield maps α : ΣΩX — > P and γ : X — > P, respectively
with the appropriate composite property.

Analyze now the map of fibrations

X\>X

Y\>Y - > P — ̂ -* .̂

From the 5-lemma we get that conn α = conn/t/. But by Lemma 1
conn/b/ = conn/ -f min{conn X, conn Γ} and the obstruction theory yields a
(unique up to homotopy if there is strict inequality) map ψ : X — > £Ώ JΓ such
that otψ ~ γ. Then πα^r ~ /^ ~ πy ~ id^ and the map ψ determines a co-H-
structure on X. Moreover, (ΣΩf}ψ ~ dai// ~ rfy ~ φf and/ : X — > F is a co-
H-map. Π

LEMMA 3. Let f\ : X\ -* Γ, /2 : XΊ — »•
fιg-fι and Y a co-H-space. If dim ΛΓi < min{conn/2 - 1 , conn/i 4-
min{conn A^i , conn F}} αwrf dim JSΓ2 < conn^ -f min{conn Λ^, conn
co-H-structure on Y yields co-H-structures on X\ and XΊ such that g : X\
is a co-H-map.

PROOF. Let φ : Y — » Γί2Γ be the coretraction determined by the co-H-
structure on Y and φl : X\ — > ΣΩX\, φ2

 : X2 —> ΣΩX2 the coretractions
determined by the co-H-structures on X\ and XΊ described in Theorem 1. To
show the commutativity (up to homotopy) of the diagram

ΣΩX2
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observe that (ΣΩf2)φ2g * Φhβ - Φf\ and (ΣΩf2)(ΣΩg)φl ~ (ΣΩf2g)φl ^
(ΣΩfι)φι ~ φf\. But coτmΣΩf2 = conn/2 and dimA^ < conn/2 — 1, hence
obstruction theory yields a homotopy (ΣΩg)φl ~ φ2g. Π

Our final results can be stated now. For a space X let AfM be its n-
skeleton, n > 0. Then Theorem 1, Lemmas 2 and 3 yield

COROLLARY 1. A connected space X admits a co-H-structure if and only if
on each skeleton X^ there exists such a co-H-structure that the canonical
imbedding AfW — > χ(n+lϊ is a co-H-map. Furthermore, in this case, the
imbedding X^ — > X is a co-H-map for suitable co-H-structures on X and X^ .

For a co-H-map/ : X — > Y let Cf be its mapping cone and q : Y — > Cf the
canonical imbedding. By [3] we may give Cf a co-H-structure in such a way
that q is a co-H-map. We now show that the converse of this fact also holds,
provided some conditions are satisfied. Recall first that for a co-H-space X
with a co-H-structure σ and an inversion map, and any space Y there is a
(naturally) split short exact sequence

ι_>μr, nyj— >μr, Y v Y] ± μr, Y x y]— >ι,

where j*γγ = id with yγ([^\->^2)]) = [(«ι v VL2}σ\ for (&\,vi2} : X — » Y x Y.
Denote the induced operation on [X, Y v Y] additively and let βγ = id - γγj*.
Then we get j*βγ = 0.

THEOREM 2. Let f \ X ^ Y be a map with X and Y \-connected co-H-
spaces. If the mapping cone Cf is a co-H-space, q : Y — > Cf a co-H-map and
dim A" < conn X + min{conn Γ, conn C/} then f : X — > Y is a co-H-map.

PROOF. Observe that by [3] a co-H-structure on a 1 -connected space X
admits an inversion. Let σ : Y — > Y v Y and σ7 : C/ — » C/ v C/ be co-H-
structures on F and C/, respectively and consider the commutative diagram

[AT, n r]
v 9)*

(X,Cf\>Cf}.

Then (φq)JYσ*(\f\) = βCf<q*([f\) = βcf<(W}\ = 0. But conn^ = conn AT
and by Lemma 1 conn(^rb^) = conn# 4- min{conn Γ, conn C/}, hence
dim A" < conn(#b#). By obstruction theory the map (q\>q)+ is an isomorphism,
so we get that βγ<r*[f]) = Q. From the definition of βγ we derive that
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σf ^ (f v /)τ, where τ : X -+ X v X is a, co-H-structure on Y and finally / is
a co-H-map. Π

In particular, let M(A,ri) be the Moore space of type (A,ri) for
n > 2. Then dimM(A,n) < n + 1 and coτmM(A,n) = n - 1. Thus we get
the following

COROLLARY 2. Let M(A,ri) be the Moore space of type (A,ri) for n>2,
X a 2-connected co-H-space and f : M(A,ri) —> X a map. If the mapping cone
Cf off is a co-H-space, q: X -* Cf a co-H-map then f : M(A, n) —> X is a co-
H-map.

Let now A" be a 1-connected space and

its homology decomposition due to Hilton [2, Chapter 8]. Roughly speaking
the space X with homology groups ^(X), H$(X},... is built-up by a process
of successively attaching cones C(M(Hn(X),n — 1)) to Xn-\ by the homo-
logically trivial maps M(Hn(X),n — 1) —» Xn-\ determined by the fc'-classes
kf

n_le[M(Hn(X),n-l),Xn]J where M(Hn(X},n - 1) is the Moore space of
type (Hn(X),n - 1). Thus, by Lemmas 2 and 3, Theorem 1 and Corollary 2 it
may be stated that a dualization of Corollary 5.6 in [5, page 443] there exists.

COROLLARY 3. (1) A I-connected X space admits a co-H-structure if and
only if on each nth stage Xn there exists such a co-H-structure that
in : Xn —> Xn+\ is a co-H-map. Furthermore, in this case, fn : Xn —> X is a co-H-
map for suitable co-H-structures on X and Xn.

(2) If X is a 2-connected co-H-space with homology groups H^(X),
Hί(X),... then the maps M(Hn(X},n- 1) —> Xn-\ determined by the k'-classes
are co-H-maps for all n>3.
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