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Generalized functions in infinite dimensional analysis
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AssTracT. We give a general approach to infinite dimensional non-Gaussian Analysis
which generalizes the work [2] to measures which possess more singular logarithmic
derivative. This framework also includes the possibility to handle measures of Poisson

type.

1. Background and Introduction

White Noise Analysis and—more generally—Gaussian analysis have now
become of age, both date back approximately twenty years, for reviews we refer
to [4, 13]. Essential to both of them is an orthogonal decomposition of the
underlying L? space—the ‘“chaos” or “Hermite” or ‘“normal” or “multiple
Wiener integral” decomposition.

One extension of this setup has been introduced by Y. M. Berezansky:
Starting from certain field operators he constructs polynomial or orthogonal
decompositions with respect to the spectrum measures which need not necessary
be Gaussian, see e.g., [5].

A different approach was recently proposed by [1]. For smooth prob-
ability measures on infinite dimensional linear spaces a biorthogonal decom-
position is a natural extension of the orthogonal one that is well known in
Gaussian analysis. This biorthogonal “Appell” system has been constructed
for smooth measures by Yu. L. Daletskii [8]. For a detailed description of its
use in infinite dimensional analysis we refer to [2].

Aim of the present work. We consider the case of non-degenerate
measures on co-nuclear spaces with analytic characteristic functionals. It is
worth emphasizing that no further condition such as quasi-invariance of the
measure or smoothness of logarithmic derivatives are required. The point here
is that the important example of Poisson noise is now accessible.

For any such measure u we construct and Appell system A as a pair
(P*,@*) of Appell polynomials IP# and a canonical system of generalized
functions Q*, properly associated to the measure u.
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Central results. Within the above framework

e we obtain an explicit description of the test function space introduced in [2]

e in particular this space is in fact identical for all the measures that we
consider

e characterization theorems for generalized as well as test functions are
obtained analogously as in Gaussian analysis [20] for more references see
(19]

e the well known Wick product and the corresponding Wick calculus [20]
extends rather directly

e similarly, a full description of positive distributions (as measures) will be
given.

Finally we should like to underline here the important conceptual role of

holomorphy here as well as in earlier studies of Gaussian analysis (see e.g.,

[32, 30, 19, 20] as well as the references cited therein).

2. Preliminaries
2.1. Some facts on nuclear triples

We start with a real separable Hilbert space s with inner product (-, -)
and norm |-|. For a given separable nuclear space 4" (in the sense of
Grothendieck) densely topologically embedded in s# we can construct the
nuclear triple

N cH N,

The dual pairing {-,-> of #” and A then is realized as an extension of the
inner product in #

=8 feH leN

Instead of reproducing the abstract definition of nuclear spaces (see e.g., [33])
we give a complete (and convenient) characterization in terms of projective
limits of Hilbert spaces.

THEOREM 2.1. The nuclear Fréchet space A" can be represented as

N = ﬂ Hp,
peN
where {#,, p € N} is a family of Hilbert spaces such that for all p, p» € N there
exists p € N such that the embeddings #, — #,, and #,— #,, are of Hilbert-
Schmidt class. The topology of N is given by the projective limit topology, i.e.,
the coarsest topology on A" such that the canonical embeddings N — #, are
continuous for all p e N.
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The Hilbertian norms on #), are denoted by |-|,. Without loss of
generality we always suppose that VpeN, ¥le 4 :|¢| <|{|, and that the
system of norms is ordered, ie., ||, <|-|, if p <g. By general duality theory
the dual space 47 can be written as

N = #,.

peN

with inductive limit topology 7is by using the dual family of spaces
{#_p:= ), pe N}. The inductive limit topology (w.r.t. this family) is the
finest topology on 4 such that the embeddings #_, — 4" are continuous for
all peN. It is convenient to denote the norm on #”, by |-|_,. Let us
mention that in our setting the topology 7,4 coincides with the Mackey
topology t(A”, #") and the strong topology B(A4”, #"). Further note that the
dual pair {<A”, /") is reflexive if #” is equipped with B(A”, #"). In addition
we have that convergence of sequences is equivalent in S(#”, 4") and the weak
topology a(A", /"), see e.g., [13, Appendix 5].

Further we want to introduce the notion of tensor power of a nuclear
space. The simplest way to do this is to start from usual tensor powers .}ff”,
n € N of Hilbert spaces. Since there is no danger of confusion we will preserve
the notation |- |, and |- for the norms on .}fp®" and %je;," respectively.
Using the definition

-
N ®" = pr lim H#2"
peN

one can prove [33] that .#"®" is a nuclear space which is called the n” tensor
power of 4. The dual space of 4 ®" can be written

®ny/ _ : : ®n
(¥ = 1n:le}g‘m HS
Most important for the applications we have in mind is the following
‘kernel theorem’, see e.g., [4].

THEOREM 2.2. Let &y,..., &> Fy(Ey,...,&,) be an n-linear form on N ®"
which is #,-continuous, i.e.,

\Faé1, . &) < CT 1,
k=1

for some pe N and C > 0.
Then for all p' > p such that the embedding iy, : #y — #, is Hilbert-
Schmidt there exists a unique ®™ e Jf_@;' such that

Fn(él,~"7§n)=<¢(n),él®"'®én>7 él?""éne'/‘/
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and the following norm estimate holds
|d>(n)|—p’ < C”ip’,p”an
using the Hilbert-Schmidt norm of iy p.

COROLLARY 2.3. Let ¢&y,...,¢6,— F(¢&y,...,¢&,) be an n-linear form on
N ®" which is H_,-continuous, i.e.,

an(éla .. '56’1)' < CH Iékl—p
k=1

for some pe N and C > 0.
Then for all p' <p such that the embedding iyy : #, — H#y is Hilbert-
Schmidt there exists a unique ®") e %f" such that

Fo(bl,. &) =<MW 6 ® - ®ED, &iy....bpelN

and the following norm estimate holds
| ly < Cllip, pII'gs-

If in Theorem 2.2 (and in Corollary 2.3 respectively) we start from a
symmetric n-linear form F, on A °®" ie., Fy(&y,---,&rn) = Fa(&y,...,&,) for
any permutation 7, then the corresponding kernel @™ can be localized in
pr?” c ,}f}f,z’" (the nj" symmetric tensor power of the Hilbert space ). For
Si,..., fneH let ® also denote the symmetrization of the tensor product

« N 1
fl®'”®fn::ﬁzn:fm®”.®f"’”

where the sum extends over all permutations of n letters. All the above quoted
theorems also hold for complex spaces, in particular the complexified space
N¢. By definition an element § € /¢ decomposes into 8 =&+ iy, E,ne N
If we also introduce the corresponding complexified Hilbert spaces 5, ¢ the
inner product becomes

(61,02) 4, = (01,02) 4, = (C1,82) s + (11, 712) s, + (11, E2) s, — 8(C1,712)

for 01,0, € H, ¢, O =& +iny, 6 =&, +iny, &1,E, My, € #,. Thus we have
introduced a nuclear triple

-/V‘qéén P fqéé" c (.Mqéén),

We also want to introduce the (Boson or symmetric) Fock space I'(#) of #
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by

r(r) =@ #8"

n=0

with the convention Jf’g’o := C and the Hilbertian norm

o0
181700 = Y _nlle™P, 7= {¢™|neNo} € I'(#).

n=0

2.2. Holomorphy on locally convex spaces

We shall collect some facts from the theory of holomorphic functions
in locally convex topological vector spaces & (over the complex filed C), see
e.g., [9]. Let #(&") be the space of n-linear mappings from &” into € and
Z(8") the subspace of symmetric n-linear forms. Also let P*(&) denote the
n-homogeneous polynomials on &. There is a linear bijection %(8") > 4 «—
A e P"(&). Now let % = & be open and consider a function G : % — C.

G is said to be G-holomorphic if for all 6y e % and for all fe & the
mapping from € to € : A — G(6y + A6) is holomorphic in some neighborhood
of zero in €. If G is G-holomorphic then there exists for every ne% a
sequence of homogeneous polynomials ﬁd"G(n) such that

00

G(O+1) =Y - dG(r)(6)
n=0"

for all 6 from some open set ¥" = %. G is said to be holomorphic, if for all
in % there exists an open neighborhood ¥~ of zero such that ;> 1.d"G(n)(6)
converges uniformly on ¥ to a continuous function. We say that G is
holomorphic at 6, if there is an open set % containing 6y such that G is
holomorphic on %. The following proposition can be found e.g., in [9].

PROPOSITION 2.4. G is holomorphic if and only if it is G-holomorphic and
locally bounded.

Let us explicitly consider a function holomorphic at the point 0 € & = A7,
then

1) there exist p and ¢ > 0 such that for all {, € A with |{|, < & and for
all £ e #¢ the function of one complex variable 1 — G(&, + A&) is analytic at
0eC, and

2) there exists ¢ > 0 such that for all {e A with [£|, <e:|G({)| <c.
As we do not want to discern between different restrictions of one function, we
consider germs of holomorphic functions, i.e., we identify F and G if there
exists an open neighborhood % :0€ % < A¢ such that F(&) = G(&) for all
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¢ed. Thus we define Holg(A¢) as the algebra of germs of functions holo-
morphic at zero equipped with the inductive topology given by the following
family of norms

16|, <2~

Let use now introduce spaces of entire functions which will be useful later.
Let &f,(#_pc) denote the set of all entire functions on #_,¢ of growth
ke[l,2] and type 27/, p,le Z. This is a linear space with norm

np1k(p) = sup |p(2)lexp(—27z[%,), g e &fi(#pe)
ze —p,C
The space of entire functions on Ag of growth k and minimal type is naturally
introduced by

Ekn(NE) = prlim &5,(#_, ),
pleN
see e.g., [30]. 'We will also need the space of entire functions on A¢ of growth
k and finite type:
8. (M) = ind lim &% (#,c).
pleN
In the following we will give an equivalent description of g,’fﬁn(ma':) and
é’fm(ﬂc). Cauchy’s inequality and Corollary 2.3 allow to write the Taylor
coefficients in a convenient form. Let g€ &% (A¢) and ze A, then there
exist kernels ¢ e Afé@" such that

2,6 = —-d7p(0) (2)

ie.,
p(z) = _ %", 0. M
n=0

This representation allows to introduce a nuclear topology on é’,fﬁn( T), see
[30] for details. Let Equ denote the space of all functions of the form (1) such
that the following Hilbertian norm

0

1ol g6 := D) F2"1p®™ )5, p,geN )
n=0
is finite for e [0,1]. (By |p© |, we simply mean the complex modulus for all

p.) The space E:g_,q with the norm |||g|||_, _, 5 is defined analogously.
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THEOREM 2.5. The following topological identity holds:

pr lim E”iq = é”i/h(l”ﬂ) (HE)-
pgeN

The proof is an immediate consequence of the following two lemmata
which show that the two systems of norms are in fact equivalent.

LEMMA 2.6. Let g€ Eg’q then ¢ € é’z_/,(Hﬂ )(Jf_p,c) for | = I—Jqﬂ—a Moreover

2
noix(®) < Wollpap k=755 G)

PrOOF. We look at the convergence of the series ¢(z) = Y o, <(z®", o,

ze H pg, 9 € Hy if Yoy () P27)p |2 = |||g]||2, 5 is finite. The follow-
ing estimate holds:

D K| < (Z (G |p> (Z (n')—lﬂgz_mqﬂ_'})

=0 n=0 n=0
S TIPS i 2
< llelllyqp - (Z {W 27mal (8) 72/ +ﬂ)} )
n=0 '
© 1 (1+8)/2
< ”lw”lp,q,ﬂ (Z Wz—nq/(]+ﬂ)|2|2_r;,/(l+ﬂ))
n=0 :

< @Il 4.6 xp2 4/ +P |2/ 14H)).

LemMMA 2.7. For any p',qeN there exist p,l € N such that

2/(1+
épz—/l( ﬂ)(%—p,C) < Egr,q
i.e., there exists a constant C > 0 such that

2
145

REMARK. More precisely we will prove the following: If p € é"’zk_,(#_p,c)
then (peEf;,'q for k=135 and p:= 20-2/kp2/k 2|y |13 < 1 (in particular this
requires p' >p to be such that the embedding iy, : #, — #, is Hilbert-
Schmidt).

Moreover the following bound holds

Melllygp < Cipiic(9), @€ Hpe), k

1101l pg,8 < Bpii(0) - (1 = p)712. )
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Proor. The assumption ¢ € &%,(#_, ¢) implies a bound on the growth of

19(2)] < n,4(p) exp(27'|2[%,).

For each p >0, ze #_,¢ the Cauchy inequality from complex analysis [9]
gives

1 — . B
—d"0(0)(2)| < npuu(p)p " exp(p*27")|2[",,.
n!

By polarization [9] it follows for zy,...,z, € #_,¢

1
< 1p14(9) o (;) exp(p H |zk|_p-

For p’ > p such that ||iy,||s is finite, an application of the kernel theorem
guarantees the existence of kernels ¢ e Jf;ﬁ';' such that

z) = i (2%, 9™

n=0

1
EOICHES

with the bound
1/n,. " _
0y < p2x(0) o (2ol ) expls* 27

We can optimize the bound with the choice of an n-dependent p. Setting
p* =2'n/k we obtain

: 1 ~ 1 —n/k ) .
0l < ) g (12) i e

< np,l,k((l’)"!_l/k{(kz_l)l/ke||ip’,p||11s}n,

where we used n" < nle” in the last estimate. Now choose f € [0, 1] such that
k= i to estimate the following norm:

e o]
NellBgp < 02,k (0) D () =221 L (k271) e i p | s}
n=0

<n2, (p)(1 = 29{(k27") *ellip; pll s }) ™"

for sufficiently large /. This completes the proof. O
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Analogous estimates for these systems of norms also hold if §, p, g,/ become
negative. This implies the following theorem. For related results see e.g., [30,
Prop. 8.6].

THEOREM 2.8. If f€(0,1) then the following topological identity holds:

ind lim B/ _, = 6P #e).

If B=1 we have

ind lim E

e q= HOlo(JVc).

-1
o
This theorem and its proof will appear in the context of section 8. The
characterization of distributions in infinite dimensional analysis is strongly
related to this theorem. From this point of view it is natural to postpone its
proof to section 8.

3. Measures on linear topological spaces

To introduce probability measures on the vector space 47, we consider
%s(AN") the g-algebra generated by cylinder sets on .47, which coincides with
the Borel o-algebras %,(4") and %p(A") generated by the weak and strong
topology on 4" respectively. Thus we will consider this o-algebra as the
natural g-algebra on #”. Detailed definitions of the above notions and proofs
of the mentioned relations can be found in e.g., [4].

We will restrict our investigations to a special class of measures x4 on
%s(A"), which satisfy two additional assumptions. The first one concerns
some analyticity of the Laplace transformation

1,(0) = Lﬂ exp{x, 0> du(x) =: [E,(exp<{-,0)), 6e .

Here we also have introduced the convenient notion of expectation E, of a
p-integrable function.

AssuMPTION 1. The measure x4 has an analytic Laplace transform in a
neighborhood of zero. That means there exists an open neighborhood # <
A¢ of zero, such that /, is holomorphic on %, i.e., I, € Holo(A¢). This class
of analytic measures is denoted by M ,(AN").

An equivalent description of analytic measures is given by the following
lemma.
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LemMa 3.9. The following statements are equivalent
1) peMy(N)
2) 3pueN, IC>0:|[,. (x, 0" du(x)| < nlC"0]; , 6 € #,,c
3) P, eN, 3¢, >0: [, exp(ulx|_p,) du(x) < 00
ProoF. The proof can be found in [23]. We give its outline in the
following. The only non-trivial step is the proof of 2) = 3).
By polarization [9] 2) implies

J < e ®€,>dﬂ x)

for a (new) constant C >0. Choose p' > p, such that the embedding
ip,p, : #Hy — Hp, is of Hilbert-Schmidt type. Let {ex,ke€N} = .# be an
orthonormal basis in #,. Then |x|2_ y= SR et xeH . We will
first estimate the moments of even order

Lﬂ Ix[2% du(x) = kE_: - k§=':1 Lﬂ <x, e, -+ <%, e, 7 dpu(x),

where we changed the order of summation and integration by a monotone
convergence argument. Using the bound (5) we have

[y due) < ot S 3 eyl

k=1 kn=1

<nlC" H &l & € Hy (5)

]—

_ C2n 2n (Z |ek|p”>

=(C- ||ip’,p,‘||11s)2"(2n)!
because

= 2 2
Z Ieklp,, = “iP’yP#”HS'
k=1

The moments of arbitrary order can now be estimated by the Schwarz
inequality
1/2
[t auta) < e ([ o)

< AN (Clippllus)"V/ (2n)!
< /(N 2Cllip,p, Nl s) "

since (2n)! < 4"(n!)%.
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Choose & < (2Cllip,p,llzs)”" then

[ duo = 32 [ a1, dute

n=0 "

< A" S (@2Cllippy )" < o0 (6)
n=0

Hence the lemma is proven. O

For pe M,(A") the estimate in statement 2 of the above lemma allows to
define the moment kernels M¥ € (4"®")'. This is done by extending the above
estimate by a simple polarization argument and applying the kernel theorem.
The kernels are determined by

=21
L(O) = > (M, 6%
n=»

or equivalently

n

- A 0
M _—
<Mn’01 ® ®0n> 6t1 ... ot, lﬂ(tlgl + +tn0n)

Moreover, if p > p, is such that embedding i, ,, : #, — ), is Hilbert-Schmidt
then

IMZ|_, < (nCllip,p,l|s)" < ! (eCllip,p, || rs)"- ()

DerFNITION 3.10. A function ¢: #' — C of the form ¢(x)= Z,,N=0
(x®" o), xe N, NeN, is called a continuous polynomial (short p € P(N"))
iff o™ e #Z", ¥ne Ng = NU{0}.

Now we are ready to formulate the second assumption:

AssuMmPTION 2. For all g € Z(A”) with ¢ =0 u-almost everywhere we
have ¢ =0. In the following a measure with this property will be called non-
degenerate.

Note. Assumption 2 is equivalent to:

Let p e Z(A") with [,pdu=0 for all 4 € €,(A") then ¢ =0.

A sufficient condition can be obtained by regarding admissible shifts of the
measure y. If u(- + &) is absolutely continuous with respect to u for all & € A,
1.e., there exists the Radon-Nikodym derivative

du(x+¢
py(éyx)=%7 erV',
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Then we say that u is A -quasi-invariant see e.g., [10, 34]. This is sufficient to
ensure Assumption 2, see e.g., [24, 4].

ExaMpPLE 1. In Gaussian Analysis (especially White Noise Analysis) the
Gaussian measure y, corresponding to the Hilbert space s is considered. Its
Laplace transform is given by

1,,(0) = X80 ge 4,

hence y, € M,(N"). It is well known that y,, is A -quasi-invariant (moreover
H#-quasi-invariant) see e.g., [34, 4]. Due to the previous note y,. satisfies also
Assumption 2.

EXAMPLE 2. (Poisson measures)
Let use consider the classical (real) Schwartz triple

#(R) c L*(R) c &' (R).

The Poisson white noise measure u, is defined as a probability measure on
%,(<'(R)) with the Laplace transform

(D — 1) dt} =exp{<ef - 1,1)}, 0e Lc(R),
R

lu,, 6) = exp{ J
see e.g., [10]. It is not hard to see that L, is a holomorphic function on
Fc(R), so Assumption 1 is satisfied. But to check Assumption 2, we need
additional considerations.

First of all we remark that for any ¢ € #(R), ¢ # 0 the measures u, and
U+ &) are orthogonal (see [36] for a detailed analysis). It means that u, is
not &(IR)-quasi-invariant and the note after Assumption 2 is not applicable
now.

Let some ¢ € Z(¥'(R)), p =0 p,-a.s. be given. We need to show that
then ¢ = 0. To this end we will introduce a system of orthogonal polynomials
in the space Lz(,up) which can be constructed in the following way. The

mapping
() a(0)(-) =log(l1 +6(-)) e Fc(R), O Fc(R)
is holomorphic on a neighborhood # < #¢(R), 0 e %. Then

<a(6),x>
4,6 = gy = X0, x> = B D} e xe SR)

is a holomorphic function on # for any xe &'(R). The Taylor decom-
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position and the kernel theorem (just as in subsection 4.1. below) give

2.1
ez,,w; x) = Zom<0®n, Cn(X)>,

where C, : #'(R) — &'(R)®" are polynomial mappings. For ¢p® € #¢(R)®",
n € Ny, we define Charlier polynomials

x> Co(9™;x) = o™, Cu(x)> e €, xe L' (R).
Due to [14, 15] we have the following orthogonality property:

Vo e Le(R)®", Vg™ e #¢(R)®"
J Cu(@™) Cu (™) dpt, = Spmn!<4™, ¥,

Now the rest is simple. Any continuous polynomial ¢ has a uniquely defined
decomposition

N
¢(x) = Z <¢(n)’ Cn(x)>a X € ,5?'(][{),

n=0

where o E.S’q;(]R)é". If p=0 p,-ae. then

N —
loliZz,) = Y ni<p™, ™) = 0.
n=0

Hence ¢ =0,n=0,...,N, ie., p=0. So Assumption 2 is satisfied.

4. Concept of distributions in infinite dimensional analysis

In this section we will introduce a preliminary distribution theory in
infinite dimensional non-Gaussian analysis. We want to point out in advance
that the distribution space constructed here is in some sense too big for
practical purposes. In this sense section 4. may be viewed as a stepping stone
to introduce the more useful structures in §5. and §6.

We will choose 2(A) as our (minimal) test function space. (The idea to
use spaces of this type as appropriate spaces of test functions is rather old see
[25]. They also discussed in which sense this space is “minimal”.) First we
have to ensure that #(A”) is densely embedded in L?(u). This is fulfilled
because of our assumption 1 [34, Sec. 10 Th. 1]. The space #(A4") may be
equipped with various different topologies, but there exists a natural one such
that 2(4") becomes a nuclear space [4]. The topology on 2(A4”) is chosen
such that it becomes isomorphic to the topological direct sum of tensor powers



226 Yuri G. KONDRATIEV et al.

HE" see e.g., [33, Ch II 6.1, Ch III 7.4]

0 ~
PN~ PAHE".

n=0

via

0
p(x) = <x®", 0" — § = {p"|n e No}.

n=0

Note that only a finite number of ¢(*) is non-zero. We will not reproduce the
full construction here, but we will describe the notion of convergence of
sequences this topology on #(A”). For ¢ € 2(A”), o(x) = Z,,”iﬁ) (x®" o™
let p,: P(N') — WC®" denote the mapping p, is defined by p,p:= ™. A
sequence {¢;, j € N} of smooth polynomials converges to ¢ € #(A”) iff the
N(g;) are bounded and p; j=% pap in JVé@" for all ne N.

Now we can introduce the dual space Z,(A") of #(A”) with respect to
L*(u). As a result we have constructed the triple

PN < L2() = BN
The (bilinear) dual pairing :,-), between #;(A4") and 2(A") is connected to

the (sesquilinear) inner product on L?(u) by

<<¢7 lp>>/1 = (¢a ‘/7)L2(,M)’ pE Lz(ﬂ), ‘// € gp(m’)

Since the constant function 1 is in 2(A4”) we may extend the concept of
expectation from random variables to distributions; for @ € Z,(A4")

E, (D) :=KD,1},.

The main goal of this section is to provide a description of Z;(A4”), see
Theorem 4.18 below. The simplest approach to this problem seems to be the
use of so called u-Appell polynomials.

4.1. Appell polynomials associated to the measure u

Because of the holomorphy of /, and /,(0) =1 there exists a neighborhood
of zero
Uy = {0 € A/¢|2q°|0|po < 1}
Pos 40 €N, po > p,, 27% < &, (p,, €, from Lemma 3.9) such that /,(6) # 0 for
0 € %y and the normalized exponential

RETN

“%) =10

forOe Uy, zeNg, (8)
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is well defined. We use the holomorphy of 8+ e,(6;z) to expand it in a power
series in @ similar to the case corresponding to the construction of one
dimensional Appell polynomials [7]. We have in analogy to [1,2]

eul8i2) = 3 2 e, B:2)(0)
n=0""

—

where d"e,(0; z) is an n-homogeneous continuous polynomial. But since e,(6; z)
is not only G-holomorphic but holomorphic we know that 6 — e,(6;z) is also
locally bounded. Thus Cauchy’s inequality for Taylor series [9] may be applied,
p<27%, p=po

1., — 1 .1 1
a0 < 5 S0 les( B0 < 5 sup s @10 9)

= P \6),=p 1u(6)

if ze #_pc. This inequality extends by polarization [9] to an estimate suffi-
cient for the kernel theorem. Thus we have a representation d”e,(0;z)(0) =
(P(z),6%"y where PE(z) e (#/S")'. The kernel theorem really gives a little
more: PA(z) e Jf?;‘ for any p'(>p > po) such that the embedding operator
ip p 1 Hy — H, is Hilbert-Schmidt. Thus we have

e (0;z) = Z %(P”(z), 6%y forOeuy, ze Ng. (10)

n
n=0 """

We will also use the notation
PUO™)(2) = CPE(2), 0y, 9" e #E", neN.
Thus for any measure satisfying Assumption 1 we have defined the IP#-system
P* = {<PU(), 0™l € #E" n e N},
Let us collect some properties of the polynomials P#(z).

ProrosITION 4.11. For x,ye #’, ne N the following holds

(P1) PE(x) = Z (Z) x® & P (0), (11)
k=0
(P2) DY (Z) Pi(x) ® M}, (12)
k=0
| o N
(P3) Pixty)= 3 mPh(x) ® PL(y) & M,
k+l+m=n """

=3 () P @yor (13)
k=0
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(P4) Further we observe
B (CPAC),0™) =0 form#0, o™ e 4. (14)

(P5) For all p > py such that the embedding H, — Hyp, is Hilbert-Schmidt and

Sor all € >0 small enough (& < ;25— there exists a constant Cp, > 0 with
e"’p,po"Hs ’

|PA(2)|_, < Cpenle ™+, ze H# ¢ (15)

L

ProoF. We restrict ourselves to a sketch of proof, details can be found in
[2]. (P1) This formula can be obtained simply by substituting

[o 0]
1
L 0®n 0 16
(0) ;n (PL(0),6%"y, Oe A, |6], <0 (16)
and

<1
e*0 = ZO ﬂ<x®n’0®n>, fe N, xe N

n=

in the equality e,(6;x) = e[ 1(f). A comparison with (10) proves (P1).
The proof of (P2) is completely analogous to the proof of (P1). (P3) We start
from the following obvious equation of the generating functions

e,u(e; x+y) = e/l(e; x)eu(0§ y)l,,(@)
This implies

[ 0

3 CP(x+3), 6% = > k,l, T CPx) © Pi(y) @ My, 62
_0 k,l,

from this (P3) follows immediately. (P4) To see this we use, 8 € A,

3 RN
; % E, (P (), 09m) = E,(eu(6; ) = % _1

Then a comparison of coefficients and the polarization identity gives the above
result. (PS5S) We can use

18l,=p ‘1

z €. Y
|Pf,‘(z)|_p, < n!(sup 7 (0))e”| -» (—”lp',p”Hs) , ze€H ¢ )]

P > po, P, p defined above. (17) is a simple consequence of the kernel theorem
by (9). In particular we have

|PL(O0)]_, < (sup m) (ji,nimnys)



Generalized functions in infinite dimensional analysis 229

If p > po such that ||i, p| ;s is finite. For 0 < & < 27%/e|ip, p|| s We can fix
p=eellippollys <27%. With

1
Cpe = sup ——
P 18l,,= 1u(6)
we have
|P;(0)|_, < Cpenle™.

Using (11) the following estimates hold

"< (n -
PUGL, = 3 () IPEOL I, 2 #pe

<G, Z (Z) k!s_k|z|'l;k
k=0

This completes the proof. d

Note. The formulae (11) and (16) can also be used as an alternative
definition of the polynomials P¥(x).

ExampPLE 3. Let us compare to the case of Gaussian Analysis. Here one
has
L, () =e/X®® ge

Then it follows

.
ME = (=1)"PL (0) = (nz;) Tr®", neN

and M¥ = P*(0) =0 if n is odd. Here Tre 4#’®? denotes the trace kernel

defined by

Tr,n®&E =,8), néeN (18)

A simple comparison shows that

and
eu(0; x) =: e
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where the r.h.s. denotes usual Wick ordering see e.g., [4, 13]. This procedure is
uniquely defined by

1
(o x® &8y = 2P H, | —=—<(x, &) |, EeN
V2i¢|
where H, denotes the Hermite polynomial of order n (see e.g., [13] for the
normalization we use).
Now we are ready to give the announced description of 2(A").

LeMMA 4.12. For any ¢ € P(N") there exists a unique representation

N .
p(x) = (PE(x),0™>, o e 4" (19)

n=0
and vice versa, any functional of the form (19) is a smooth polynomial.

Proor. The representations from Definition 3.10 and equation (19) can be
transformed into one another using (11) and (12). O

4.2. The dual Appell system and the representation theorem for %,(A4")

To give an internal description of the type (19) for #,(A4”) we have to
construct an appropriate system of generalized functions, the Q*-system. The
construction we propose here is different from that of [2] where smoothness of
the logarithmic derivative of u was demanded and used for the construction
of the Q“-system. To avoid this additional assumption (which excludes e.g.,
Poisson measures) we propose to construct the Q¥-system using differential
operators.

Define a differential operator of order n with constant coefficient & e
(4"

M ®en) @ ) oMY for m > n
D(@™)¢x®", ™y = { T =)t & i =
0 form<n

(o™ e JVéé"',m € N) and extend by linearity from the monomials to 2(A”).

LemMa 4.13. D(®™) is a continuous linear operator from P(N"') to
P(N).

ReMARK. For &) e 4" we have the usual Giteaux derivative as e.g., in
white noise analysis [13]

d
D(8M)p = Dy := P o(- + 12W)],_q
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for p € #(A") and we have D((®1)®") = (Dy)" thus D((@1)®") is in fact a
differential operator of order n.

PrOOF. By definition 2(4”) is isomorphic to the topological direct sum
of tensor powers /"

PN~ @D HE".
n=0
Via this isomorphism D(®™) transforms each component Afg’”,m >n by
RONR (m+'n)' (@7, ™) 4,
where the contraction (®®),¢™) ,, € N s defined by
(x®m=n) () ¢('n))”‘gn) = (x®"1) @ d) M), (20)
for all xe #”'. It is easy to verify that

(@™, ") <|8P|_glo™|,, qeN

#onlg

which guarantees that (6", ¢™) g, € #/& m=") and shows at the same time
that D(®™) is continuous on each component. This is sufficient to ensure the
stated continuity of D(®™) on 2(A"). O

LEMMA 4.14. For o™ ¢ Afé‘g”‘, o™ e JVéé"" we have

m!
(P6)  D(@)CPL(x), g™ = {—(m i
0 form<n

21)

Proor. This follows from the general property of Appell polynomials
which behave like ordinary powers under differentiation. More precisely, by
using

<Prl:l—n (X) ® ds(n)’ ¢(m)> for m >n

(P 6%™y = (3) e (t6;))| , Oe N
dt =0
we have
D(@V)CPA(), 027> = & CP(x + 10), 00"
A=0

ot) oA

t=

= (3) O (10 x + 10
A=0
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= <¢<l>,0><ﬁ> te,(16; x)
ot =0

oo £ () ()

m—1

=m(dY, 0) (%) e,(26; x)

=0

=0
=m(@W, 0)(P~ | (x),0% D>,

This proves
D(®V)P, o™y = m(Ph_ & &, ¢,
The property (21), then follows by induction. O

In view of Lemma 4.13 it is possible to define the adjoint operator D(®™)*:
PiN) — PUN") for & e #7®". Further we can introduce the constant
function 1 € 2;(A") such that 1(x) =1 for all xe A7, so

ova=[ | o) dux) = Bulo).
Now we are ready to define our @Q-system.
DEFINITION 4.15.  For any ®® e (/&") we define QK(®™) e ZI(N") by
Ql(@™) = D(™)"1.

We want to introduce an additional formal notation Q%(x) which stresses
the linearity of ™ - Q4(&™) e PI(N"):

CQE, @MY := Q¥ (™).

ExaMPLE 4. It is possible to put further assumptions on the measure u to
ensure that the expression is more than formal. Let us assume a smooth
measure (i.e., the logarithmic derivative of u is infinitely differentiable, see [2]
for details) with the property

dgeN, 3I{C,=>0,neN}:Vée N

< Gilloll 2y |1

j Dizp du(x)

where ¢ is any finitely based bounded #*-function on A4”. This obviously
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establishes a bound of the type
N

”Q::(él@ ®fn)”L2(y)SC)’1Hléjlqa éla"'aéneJV, neN

j=1

which is sufficient to show (by means of kernel theorem) that there exists
Q4(x) € (#E"Y for almost all x e #” such that we have the representation

04(p™) (x) = <QX(x), o™, ¢ e HE"

for almost all x € #”. For any smooth kernel ¢ ¢ JVG?" we have then that
the function

x> {Qh(x), 0> = Q4(p™) ()
belongs to L?(u).

ExaMmpLE 5. The simplest non trivial case can be studied using finite
dimensional real analysis. We consider IR as our basic Hilbert space and as
our nuclear space 4. Thus the nuclear “triple” is simply

ResRcsR

and the dual pairing between a “test function” and a “distribution” degenerates
to multiplication. On IR we consider a measure du(x) = p(x)dx where p is a
positive ¥*-function on R such that Assumptions 1 and 2 are fulfilled. In this
setting the adjoint of the differentiation operator is given by

dy d ]
(5)700=-(5+s0) s, reem
where the logarithmic derivative f of the measure u is given by
p/
p==2
p
This enables us to calculate the Q#-system. One has

0i(x) = ((%))ﬂ — (1) (d%+ﬂ(x))n1l

PP
=00

The last equality can be seen by simple induction.
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If p= ﬁe‘(‘/ 2% js the Gaussian density Q¥ is related to the n” Hermite
polynomial:

0109 =, ().

DEFINITION 4.16 We define the Q"-system in #,(N") by
Q* = {Q4(@M)] " e (#E", neNg},

and the pair (IP#, Q") will be called the Appell system A" generated by the
measure L.

Now we are going to discuss the central property of the Appell system AX.

THEOREM 4.17. (Biorthogonality w.r.t. u)
QD) (Pl 95D, = Sman( B, o) (22)
for &™) ¢ (JVE"‘)' and ¢ e JV,?"’.
Proor. It follows from (14) and (21) that
CQH(B™), Py, 9™, = €1, D(@)<Ph, o™,

m! N
= o BBl © 9, 9))

= MOy u (D™, ™. 0
Now we are going to characterize the space %;(A")

THEOREM 4.18. For all ® e P,(N') there exists a unique sequence
{8™|n e No}, ™ € (V") such that

o=3 0xa") = 3 <ok o) (23)
n=0 n=0

and vice versa, every series of the form (23) generates a generalized function in
2.

Proor. For @ e Z,(4") we can uniquely define ™ e (./Véé")' by
n n 1 n @n
(P, 9 = — KD, Pl o™y, o e NG

This definition is possible because (P;,‘,q)(")} € #(A"). The continuity of
9™ - (B 9™ follows from the continuity of @ (®D,p), ¢e P(N).
This implies that g 3% nl(®™ ¢™% is continuous on (A”). This



Generalized functions in infinite dimensional analysis 235

defines a generalized function in #;(.#”), which we denote by 3% ) Q#(®™).
In view of Theorem 4.17 it is obvious that

o=3" 0x(a™).

n=0

To see the converse consider a series of the form (23) and ¢ € 2(A7).
Then there exist ¢® eJVg’”, nelN and NeN such that we have the
representation

N
v=2_ Pi(p").

n=0

So we have

00 N
<<Z Q:(¢‘">),¢>> = nKd™, M)
u

n=0 n=0

because of Theorem 4.17. The continuity of ¢ >, Q;,‘(¢(")),(p>)” follows
because ¢ (D™ o™ is continuous for all ne N. O

5. Test functions on a linear space with measure

In this section we will construct the test function space (A" )1 and study its
properties. On the space #(A4”) we can define a system of norms using the
representation from Lemma 4.12. Let

N
9= (Pto"yeP(N)

n=0

be given, then ¢ e %%E" for each p > 0 (n e N). Thus we may define for any
p,q € N a Hilbertian norm on 2(A4”) by

N
2 2
10lpg, =D (n)* 2167

n=0

is called (),

The completion of 2(A”) w.r.t. ||| "

P u
DEFINITION 5.19. We define

(H), = pr im(3), -
pgeN '

This space has the following properties
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THEOREM 5.20. (A )L is a nuclear space. The topology (N )/1‘ is uniquely
defined by the topology on A": It does not depend on the choice of the family of
norms {| - |,}.

ProoF. Nuclearity of (A ),1; follows essentially from that of 4. For fixed
p,q consider the embedding

1 1
Lyg,pa: (”p’)q',,, - (%)q,,‘
where p' is chosen such that the embedding
lpp: Ky — Hp

is Hilbert-Schmidt. Then Ig4,, is induced by

Lygpa® = Z< “,igne™y  forp= Z( 0" € (Hy)y
n=0 n=0

Its Hilbert-Schmidt norm is easily estimated by using an orthonormal basis of
(Mp;)‘; 4 The result is the bound

0
2 — 12
g, pallers < Z 2" liy, || 775
n=0

which is finite for suitably chosen ¢ .

Let us assume that we are given two different systems of Hilbertian norms
||, and |- |, such that they induce the same topology on .#. For fixed k and
I we have to estimate || - ||;c7,, 2 by [l -l , for some p, g (and vice versa which is
completely analogous). Since |- |; has to be continuous with respect to the
projective limit topology on .4, there exists p and a constant C such that
Ifl < CIf |,» for all f € 4] i.e., the injection i from ¥, into the completion %
of 4 with respect to |- |;c is a mapping bounded by C. We denote by i also
its linear extension from #, ¢ into Hjc. It follows that i®” is bounded by C”
from Jffé' into Ji’k%'. Now we choose g such that 2¢~9/2 > C. Then

kl U Z("')22"1| 3

[e o)
< > (my’2rie™| -
n=0
2
<|- ”pyq,/t’

which had to be proved. O
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LemMMA 5.21. There exist p,C,K > 0 such that for all n
[ 1Pr0R, ) < vPenk 29

Proor. The estimate (17) may be used for p < 27% and 2p < ¢, (¢, from
Lemma 3.9).
This gives

2n
| 1PECoOR, dux) < (/—, ||ip,po||Hs) [ e dut

which is finite because of Lemma 3.9. O

THEOREM 5.22. There exist p',q > 0 such that for all p>p', q> ¢ the
topological embedding (%},); u © L*(u) holds.

Proor. Elements of the space (A~ ),1‘ are defined as series convergent in
the given topology. Now we need to study the convergence of these series in
L*(u). Choose ¢’ such that C > 27 (C from estimate (24)). Let us take an
arbitrary

e 0]
p=> (Pto"yeP(AN).
n=0
For p>p' (p' as in Lemma 5.21) and g > 4’ the following estimates hold

00
loll 2y < D IKPE 0™l 2

n=0

o0
< ZO o™ 1 lI1PA1p | 2
n=

0
<K ) nl2ml?|p®|_(c270)"?

n=0

. 1/2 4 o 1/2
<K (Z(cz-q)") (Z(n!)22‘1"|¢(">|3,,)

n=0 n=0

= K(l - C2_q)_1/2”¢”p,q,y'
Taking the closure the inequality extends to the whole space (9?},);. O

COROLLARY 5.23. ()}

u is continuously and densely embedded in L?(u).
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EXAMPLE 6. (u-exponentials as test functions) The u-exponential given in
(10) has the following norm

0

leu(8;Ypg, = D_2"105" e He
n=0

This expression is finite if and only if 24 |9|; < 1. Thus we have e,(6;-) ¢ (A& )ll‘
if 8#0. But we have that e,(;:) is a test function of finite order i.e.,
eu(0;-) € (%); if 29 |0|§ < 1. This is in contrast to some useful spaces of test
functions in Gaussian Analysis, see e.g., [4, 13].

The set of all u-exponentials {e, (6, -)|2’1|0|; <1,60e #¢} is a total set
in (Ji’,,);. This can been shown using the relation d”e,(0;-)(61,...,6s) =

(PLOI® - & Oy).

PROPOSITION 5.24. Any test function ¢ in (N ):‘ has a uniquely defined
extension to N as an element of &\, (NE)

PrOOF. Any element ¢ in (A~ )L is defined as a series of the following type

o0 N
p=> (Ploy, oM en®"
n=0
such that

©
015, = D_ ()21
n=0

is finite for each p,qg € N. In this proof we will show the convergence of the
series

D (PY2),0"y, zeH o
n=0

to an entire function in z.
Let p > po such that the embedding iy , : #, — H#,, is Hilbert-Schmidt.
Then for all 0 <& <27%/e||i p,||ys We can use (15) and estimate as follows

© 00
D KPA2), 03 < D IPA)I,lo™,
n=0 n=0

00
< Cp,gedz'-!’ Z n!|p® e
n=0
w 1/2 /o 1/2
< Gyuetls (Z ()24 lﬁ) (Z 2‘""&‘”‘)
n=0 n=0

= Gpal1 = 27%7) " Pllgllp g e
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if 29 > ¢72.  That means the series Y o, {P¥(z), ™) converges uniformly and
absolutely in any neighborhood of zero of any space #_,¢. Since each
term (P%(z),¢™> is entire in z the uniform convergence implies that
z Yo o (P4(z),p™) is entire on each #_,¢ and hence on Ag. This
completes the proof. O

The following corollary is an immediate consequence of the above proof
and gives an explicit estimate on the growth of the test functions.

COROLLARY 5.25. For all p> py such that the norm |ip p|lys of the
embedding is finite and for all 0 < & < 27%/el|iy, p, || zs we can choose g € N such
that 29 > 72 to obtain the following bound.

lp(2)| < Cligll, g 7, pe(N),, zeH_,g,
where
C=Cpe(1-27%2)712,

Let us look at Proposition 5.24 again. On one hand any function ¢ € (A~ )}‘
can be written in the form

o0 N
0(z) = Y <Pi(x),0™>, o™ e N, (25)
n=0
on the other hand it is entire, i.e., it has the representation
0 a
p(z) =Y &7, ¢ e ", (26)
n=0

To proceed further we need the explicit correspondence {¢p™ ne N} «—
{#"™,n e N} which is given in the next lemma.

LemMmA 5.26. (Reordering) Equations (25) and (26) hold iff

- = (n+k
5 =3 ("1 5) (220,67 e

n=0
or equivalently

X (n+k -

n=0
where (P£(0),p" %) o, and (M4, §"+R)) o, denote contractions defined by (20).

This is a consequence of (11) and (12). We omit the simple proof.
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Proposition 5.24 states
| (M) S Emin(H)

as sets, where
Enin(N) = {01419 € Ein(HT)}-

Corollary 5.25 then implies that the embedding is also continuous. Now we
are going to show that the converse also holds.

THEOREM 5.27. For all measures pe My (N') we have the topological
identity
() = Enin(A).

To prove the missing topological inclusion it is convenient to use the nuclear
topology on &L. (#¢) (given by the norms ||| - [/|5,g,1) introduced in section 2.
Theorem 2.5 ensures that this topology is equivalent to the projective topology
induced by the norms n,;x. Then the above theorem is an immediate con-
sequence of the following norm estimate.

PROPOSITION 5.28. Let p > p, (p, as in Lemma 3.9) such that ||ipp,|lus
is finite and q € N such that 29/? > K, (K, := eCllip, p,|lgs as in (7). For any
pe E;q the restriction ¢| . is a function from (.9?},)‘11, w 94 <4q. Moreover the
following estimate holds

161l < 110ll]p g1 (1 = 2792K,)7H (1 = 2979) 7172,

Proor. Let p,qe N, K, be defined as above. A function ¢ € E},’q has the
representation (26). Using the Reordering lemma combined with (7) and

_ 1 _
|¢(n)|p < p 2 "q/2|“¢|”p,q,1

we obtain a representation of the form (25) where

. 2\ (n+k .
LISy (]I

n=0

2\ (n+k k! _
s|||¢|n,,,q,lz< i )(7+—k)' k20,2

n=0

1 /2 = ne
< M1l g1 272 " 272Ky )

n=0

1

- - -1
2 /(1 — 2792K,) 7.

< “|¢||Ip,q,l
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For ¢ < g this allows the following estimate

00
2 2
1ol g =D ()27

n=0

0
< IR a1~ 2792K,) 3 27070 < oo
n=0

This completes the proof. O

Since we now have proved that the space of test functions (A" )
isomorphic to &, nin(A7) for all measures e #,(A"), we will now drop the
subscript u#. The test function space (A )1 is the same for all measures
ue My(N).

COROLLARY 5.29. (A)! is an algebra under pointwise multiplication.

COROLLARY 5.30. (A )1 admits ‘scaling’ i.e., for A € C the scaling operator
01 : (W) — (W) defined by 0,0(x) := p(3x), p e (N)!, x e N is well-defined.

COROLLARY 5.31. For all ze N}, the space () is invariant under the
shift operator t;: 9> (- + z).

6. Distributions

In this section we will introduce and study the space (AN, -1 of distri-

butions corresponding to the space of test functions (A")!. S1nce P(N) <
(¥)' the space (A )# can be viewed as a subspace of Z;(A”).

(N),' = ZiAN")

Let us now introduce the Hilbertian subspace (#_,) ")
the norm

p)—g.u Of Zu(A") for which

(L — Z 27 molL,
n=0

is finite. Here we used the canonical representation

o= i 0X(@) e Z(N')

from Theorem 4.18. The space (%’_p)_ gu is the dual space of (%)‘II with
respect to L?(u) (because of the biorthogonality of IP-and @-systems). By
general duality theory

(W), = p,}JN(”—P)%
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is the dual space of (#°)! with respect to L?(x). As we noted in section 2.
there exists a natural topology on co-nuclear spaces (which coincides with the
inductive limit topology). We will consider (A~ );1 as a topological vector
space with this topology. So we have the nuclear triple

(M) e L) = (),

The action of @ =32 QK®")e (N );1 on a test function ¢=
S0 o (PE oMY € () is given by

0
(D, 9y =) _nKo®, o).
n=0
For a more detailed characterization of the singularity of distributions
in (& );1 we will introduce some subspaces in this distribution space. For
p€[0,1] we define

00

o0
> ) P2 < oo ford =" Q;;(qs("))}

n=0 n=0

(#-p) = {cb e Zi(A)

and 5 5
('/V)y = U (‘#—P)—q,/.u
P,geN
It is clear that the singularity increases with increasing f:
M) P e e
if B; < B,. We will also consider (A~ )ﬁ as equipped with the natural topology.

EXAMPLE 7. (Generalized Radon-Nikodym derivative) We want to define a
generalized function p,(z,-) € (A );1, ze Ng with the following property

Gz oy =] olx=2)du, pe ()

That means we have to establish the continuity of p,(z,-). Letze #_,¢. If
p' = p is sufficiently large and ¢ > 0 small enough, Corollary 5.25 applies i.e.,
dge N and C > 0 such that

HM #(x = 2) du(x)| < Clellyg.u Lf, 7y du(x)

< Clpll g j s du(x)
‘A/'I

If ¢ is chosen sufficiently small the last integral exists. Thus we have in fact
p(z,") e (N );1. It is clear that whenever the Radon-Nikodym derivative
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d’éﬂ"f exists (e.g., £€ A in case u is A’'-quasi-invariant) it coincides with

pu(¢,-) defined above. We will now show that in (A" );] we have the can-
onical expansion

pule) = D0 (110,
n=0

It is easy to see that the r.h.s. defines an element in (A" ) Since both sides
are in (AN ) it is sufficient to compare their action on a total set from
(). For ¢ e #&" we have

) Phoy Y, = [ (P20 dut)

= Z( ) (-1 L,, (Pi(x) ® 220, g dp(x)

n=0

= (~1)"¢z®", o>

<<Z k'( l) Qk( ®k) <P#a¢(n)>>> I

n=0

where we have used (13), (14) and the biorthogonality of IP- and @Q-systems.
This had to be shown. In other words, we have proven that p,(—z,-) is the
generating function of the @Q-functions

0

Pu(=2,) = Z § 25(2%7). (27)
n=o "
Let use finally remark that the above expansion allows for more detailed
estimates. It is easy to see that p, € (A );0

EXAMPLE 8. (Delta distribution) For z e A¢ we define a distribution by
the following @-decomposition:

00

5= L OUPLE)

n=0
If peN is large enough and &> 0 sufficiently small there exists C,. >0
according to (15) such that‘

16211200 = D_ (1) 22| PL(2)L,

n=0
o
< sz,eeZ“zLP E 27! ze H_pCs
n=0

which is finite for sufficiently large g €e N. Thus &, € (A );1.
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For ¢ = Y2, (P* g™y e (#)' the action of J, is given by

o0
€O, 0 =Y (PE(2), 0™ = 0(2)
n=0
because of (22). This means that J, (in particular for z real) plays the role of a
“o-function” (evaluation map) in the calculus we discuss.

7. Integral transformations

We will first introduce the Laplace transform of a function ¢ e L%(u).
The global assumption u € .#,(4") guarantees the existence of p), e N, g, > 0
such that [, exp(s,,lx|_p, )du(x) < oo by Lemma 3.9. Thus exp((x 0)) e L*(u)
if 2|0], <e, fe Hp,c. Then by Cauchy-Schwarz inequality the Laplace
transform defined by

Lip(0) = | #(x) expx,0) du(x)

is well defined for ¢ € L?(u),0 € Hp,c With 2|0|p, <e¢, Now we are interested
to extend this integral transform from Lz(y) to the space of distributions
()"

Since our construction of test function and distribution spaces is closely
related to IP- and Q-systems it is useful to introduce the so called S,-transform

L,p(0)
1.(0)

Since e,(6;x) = e /1,() we may also write

S.9(0) :=

Sup(0) = JJV/ p(x)e,(0; x) du(x).

The u-exponential e,(6,-) is not a test function in (A )1, see Example 6. So
the definition of the S,-transform of a distribution & e (A" );1 must be more
careful. Every such @ is of finite order i.e., 3p,q € N such that ® € (Jf_p)_
As shown in Example 6 e,(0,-) is in the correspondmg dual space (9?) 1f
0 € #, ¢ is such that 27 |0|12, < 1. Then we can define a consistent extens1on of
S,-transform.

S, P(0) := D, e,u(0; ))>”

if @ is chosen in the above way. The biorthogonality of IP- and @Q-system
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implies

0
S, B(0) =Y <", 6%".
n=0
It is easy to see that the series converges uniformly and absolutely on any
closed ball {6 € ¢ | |0|i <r,r <279}, see the proof of Theorem 8.34. Thus
S,® is holomorphic in a neighborhood of zero, i.e., S,® € Holo(A¢). In the
next section we will discuss this relation to the theory of holomorphic functions
in more detail. '
The third integral transform we are going to introduce is more appropriate
for the test function space (#")'. We introduce the convolution of a function
pe ()" with the measure u by

Cup(y) = JM p(x+y)du(x), yeA"

From Example 7 the existence of a generalized Radon-Nikodym derivative
pu(z,-), ze Mg in (;/V);1 is guaranteed. So for any g e (A", ze Ng the
convolution has the representation :

C,u(o(z) = «py(‘zv ')’¢>>y-

If pe () has the canonical representation

00
p=> (PLo"y

n=0

we have by equation (27)

o0
Cup(z) =) _ z®", 0.
n=0
In Gaussian Analysis C,- and S,-transform coincide. It is a typical non-
Gaussian effect that these two transformations differ from each other.

8. Characterization theorems

Gaussian Analysis has shown that for applications it is very useful to
characterize test and distribution spaces by the integral transforms introduced
in the previous section. In the non-Gaussian setting first results in this direction
have been obtained by [1,2].

We will start to characterize the space (A")
C,.

! in terms of the convolution
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THEOREM 8.32.  The convolution C, is a topological isomorphism from (N )!
on &L (ML)

REMARK. Since we have identified (4)' and &L (#") by Theorem 5.27
the above assertion can be restated as follows. We have

Cu : Emin(N) = Enin (N )
as a topological isomorphism.

Proor. The proof has been well prepared by Theorem 2.5, because the
nuclear topology on &L, (%) is the most natural one from the point of view
of the above theorem. Let ¢ € (4°)' with the representation

p=) <Pio"y.
n=0
From the previous section it follows
o0
Cup(z) =Y _<z®", ™
n=0

It is obvious from (2) that

|“Cll¢”|p,q,l = ”(onp,q,/l

for all p,q € Ny, which proves the continuity of
Cu: (N)! = Egin(N)-

Conversely let F € &L, (#¢). Then Theorem 2.5 ensures the existence of
a sequence of generalized kernels {¢p™ € #&|n e Ny} such that

Fz) =3 22", o,

n=0
Moreover for all p,q e Ny

o0
2 2 2
1Fllpg1 = D_ ()26

n=0
is finite. Choosing

o0
o= (Photy

n=0

we have [|gl|,, , = l||F|l[,41- Thus g€ (). Since C.p = F we have shown
the existence and continuity of the inverse of C,. O
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To illustrate the above theorem in terms of the natural topology on
&rin(N¢) we will reformulate the above theorem and add some useful estimates
which relate growth in &L, (N&) to norms on (A")'.

COROLLARY 8.33.
1) Letpe (N )l then for all p,l € Ny and z € #_, ¢ the following estimate
holds

|Cup(2)] < 19,21, xP(27" 2] )

ie, Cupe bl (NE).
2) Let Fe&l(#,). Then there exists g€ (N ) with Cup=F. The
estimate

|F(2)| < Cexp(27'|2]_,)
Jor C>0,p,q €Ny implies

Il < C(1 = 2972l pll7s) /2
if the embedding iy, : #y — #, is Hilbert-Schmidt and 21-912 > elliy || ys-

ProoF. The first statement follows from

|Cup(2)| < 1p11(Cup) -exp(2"1|z|_p)

which follows from the definition of n,;; and estimate (3). The second
statement is an immediate consequence of Lemma 2.7. O

-1

u in terms of

The next theorem characterizes distributions from (A")
S,-transform.

-1

THeOREM 8.34.  The S,-transform is a topological isomorphism from ("),

on Holy(A¢).

ReMArRk. The above theorem is closely related to the second part of
Theorem 2.8. Since we left the proof open we will give a detailed proof here.

Proor. Let @€ (AN );1. Then there exists p,q € N such that

o0
2 - 2
101250 =D 271071,

n=0

is finite.  From the previous section we have

S,®(0) = i (d™ 6%y, (28)
n=0
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For 0 e #¢ such that 24|0|]2, < 1 we have by definition (Formula (2))
|”Sl4¢”|—p,—q,—l = II¢||—p,—q,y'

By Cauchy-Schwarz inequality

00
.20)] < D 191_, 1615

n=0
o 12 4 o 1/2
< (Z 2—"q|¢<">|2_,,> (Z 2"q|0|§">
n=0 n=0

= 1Bll_p,—q,u(1 — 271605) /2.

Thus the series (28) converges uniformly on any closed ball
{0e # | IBIIZ, <rr<279. Hence S,® € Holy(A¢) and

Np 10 (Su®P) < ||PI|_,,_, ,(1 — 29727112

if 2/ >gq. This proves that S, is a continuous mapping from (A" );1 to
Holo(A¢). In the language of section 2.2. this reads

ind lim EZ, _, < Holo(A¢)

topologically.
Conversely, let F € Holy(A#¢) be given, i.e., there exist p,/ € N such that
Ny (F) < 0. The first step is to show that there exists p’,g € N such that

NN _p—g—1 < Bppeo(F) - C,
for sufficiently large C > 0. This implies immediately

Holyp(AH¢) < ind lim E

-1
pgeN —P—9q

topologically, which is the missing part in the proof of the second statement in
Theorem 2.8.
By assumption the Taylor expansion

=2\ 1

F(6) = Y —d"F(0)(6)
n=0

converges uniformly on any closed ball {6 € #,¢ | IBIZ <r,r<27'} and
[F(0)] < 1ip,1.00(F).

Proceeding analogously to Lemma 2.6, an application of Cauchy’s inequality
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gives
1 —
|4 FO)O)| < 2105 sup 1F(O)
n! ? -
l6, <2

< Dy (F) - 2" - 16

The polarization identity gives

N
<1,0(F) - € - 2" T] 161,

|ld"F<0>(ol,...,en>
n! i

n

Then by kernel theorem (Theorem 2.2) there exist kernels @™ e Jf?p,’c for
P > p with ||iyp| s < 0o such that

F(0) = f: (@™ %"y,

n=0

Moreover we have the following norm estimate
197 < 10 (F) (2ellippl| rs)"

Thus
2 - 2
NFNZygor =D, 27072,
n=0

o0
<02, (F) > (229 ip,pll3s)”

n=0
= 1500 (F)(1 = 22762 i p | 5) ™"
if g€ N is such that p:= 2%~9¢2|iy,||%s < 1. So we have in fact
HIFI g1 < Bpteo(F)(1 = p) 72,
Now the rest is simple. Define & € (A );1 by

2= 0t(a)

n=0

then S,& = F and
19l g, = NIFI]—py—g,-1

This proves the existence of a continuous inverse of the S,-transform.
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Uniqueness of @ follows from the fact that u-exponentials are total in any
1
(%) O

We can extract some useful estimates from the above proof which describe
the degree of singularity of a distribution.

CorOLLARY 8.35. Let F e€Holo(AN¢) be holomorphic for all 0e N¢
with |0, <27, If p'>p with |iypllys < and geN is such that p:=
22962 |iy,||}ys < 1. Then ® e (#_y)_, and

1Bl g p < Dpio(F) - (1= p) 2.

For a more detailed discussion of the degree of singularity the spaces
(MN7E Be [0,1) are useful. In the following theorem we will characterize
these spaces by means of S,-transform.

THEOREM 8.36. The S,-transform is a topological isomorphism from
(A", Bel0,1) on ELLP ().

ReMark. The proof will also complete the proof of Theorem 2.8.

PrOOF. Let e (Jf_p):g’ x With the canonical representation @ =

S Q#(®™) be given. The S,-transform of & is given by
o0
S,®(0) =Y _<(d™,6%").
n=0
Hence

o0
1S @I, —gp = D () P27

n=0
is finite. We will show that there exist /e N and C < 0 such that
n_p12/1-)(Su®) < C||1S, P4 —p-

We can estimate as follows

00
1S,2(0)] < > 187_, 16l

n=0
© 1/2 © 1 1/2
(o) (o)
n=0 n=0 (n)

1/2
o0 1 _
= ”lSﬂ¢”LP»—‘Iy‘ﬁ (Z pnﬂ ’ | l—ﬂ 2nqp nﬂlol;") bl
n=0 (n)
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where we have introduced a parameter p € (0,1). An application of Holder’s
inequality for the conjugate indices }9 and ﬁ gives

o VP (@ (-2
1,00)| < 1S, Pll_p, -5 (Z p”) ~<Z E(qu‘”lelﬁ)”“‘”)

n=0 n=0

_ 1=B o iiep) g1 _
= 1Sl 51 ~ ) me"p(T 20/0-8) =101~ g 2/ ﬂ))

If /e N is such that
—a/(1— 1-8 _pi1-
2l-4/(1-8) 2ﬁp B/(1-B)

we have

N_p12/0-)(Su®) = sup |S,P(6)|exp(—2'|02/P)

Oestyc

<1 =p)"218,@ M _p—g,-5

This shows that S, is continuous from (A" );ﬂ to é’i{fll_ﬂ )(/Vc). Or in the
language of Theorem 2.8

ind lim E_

p.geN p—q < g‘%‘/‘”‘(l_ﬂ)(/‘/c)

topologically.

The proof of the inverse direction is closely related to the proof of Lemma
2.7. So we will be more sketchy in the following.

Let Fe & (M), k= ﬁ Hence there exist p,/ € Ny such that

max
|F(0)] <n_p_1.(F)exp(2'|0]5), 60€ N

From this we have (completely analogous to the proof of Lemma 2.7) by
Cauchy inequality and kernel theorem the representation

Fo) =3 (@, 0m

n=0

and the bound

6™, < 1 _14e(F) () ™5 {(k2) ¥ el iy, s},

where p’ > p is such that iy, : #y — H#, is Hilbert-Schmidt. Using this we
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have

©
“'F”lz_pf,_q,_ﬂ = Z(n!)l_ﬂ2_4”|¢(n)|2_pl

n=0

0
<02, i (F) Y (n) PR (k2! Poellippll s}

n=0

) o0
<nZ, ;. (F) Z P

n=0

where we have set p := 2-9+2/k2/ke2|i, ||%. If g € N is chosen large enough
such that p < 1 the sum on the right hand side is convergent and we have

FI-p—g,—p < Dp,—12/0-p)(F) - (1 = p) 2. (29)
That means
2/(1-p) ; ; -B
& (M) = 11;361¥In E—p,—q
topologically.
If we set

@ = fj 0s(@™)

n=0
then S, =F and d e (Jf_p:):g since

0

> (m)! Farme™?
n=0

is finite. Hence
Sy (W), — HIP (Ae)

is one to one. The continuity of the inverse mapping follows from the norm
estimate (29). O

9. The Wick product

In Gaussian Analysis it has been shown that (A );; (and other distribution
spaces) is closed under so called Wick multiplication (see [20] and [3, 29, 35]
for applications). This concept has a natural generalization to the present
setting.
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DErFINITION 9.37. Let @, ¥ e (N );1 Then we define the Wick product
DO Y by
S (PO V)=S0 -8,7.

This is well defined because Holyp(A¢) is an algebra and thus by the
characterization Theorem 8.34 there exists an element @ O ¥ e (A );1 such
that S, (PO VW) =S,2-S,7.

By definition we have

04(@™) & O(P™) = Qh (™ & ¥™),

oM e (.qu‘:g’”)' and Y™ e (JV,I?"')'. So in terms of @Q-decompositions @ =
2, 04(D™) and ¥ = 32, Q4(¥™) the Wick product is given by

o0
o¥ =) oxa"
n=0
where

n
Fn) — z o) @ k)
k=0
This allows from concrete norm estimates.

ProrosITION 9.38. The Wick product is continuous on (N ) In par-
ticular the following estimate holds for @ € (Jf_,,l)_qI w PE(H —qz) and

—q2, 4
p=max(p;,p2), =q1 +q2+1
1D O Pl g u = 1Pl _py—g0, ull PNy —gs

Proor. We can estimate as follows

0
2 —ng| =(n))2
(Lol o Z 2 nq,‘:(n)l—p

n=0
=) 2™ (Z |o®)]_,| P I_p)
n=0
Z 27™(n+ 1 z |¢k)| yin— k)|2_p
k=0
< z E 2-ng |¢(n)|2_P2—"qzlyj(n—k)|2’_p
n=0 k=0
n=0 n=0

2 2
= 1915, -1, ull PN s g, O
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Similar to the Gaussian case the special properties of the space (A );1
allow the definition of Wick analytic functions under very general assumptions.
This has proven to be of some relevance to solve equations e.g., of the type
POX =V for Xe (N );1. See [20] for the Gaussian case.

THEOREM 9.39. Let F : € — C be analytic in a neighborhood of the point
=E,(®), De(A),'. Then FO(®) defined by S,(F(®P)) = F(S,P) exists
in (#)7\.

Proor. By the characterization Theorem 8.34 S,® € Holy(A¢). Then
F(S,®) e Holy(A¢) since the composition of two analytic functions is also

analytic. Again by characterization Theorem we find F<(®) e (A );1. O

REMARK. If F(z) =Y, jax(z —zp)" then the Wick series 3 o, ak
(¢—zo)°” (where 5”0" =¥ O ¥ n-times) converges in (A )—1 and
FO(®) = 2 ar(®D — 29)°" holds.

ExaMpLE 9. The above mentioned equation ® O X =¥ can be solved
if E,(®) = S,®(0) #0. That implies (s cp)— € Holp(Ag). Thus &) =
S;‘((S,,¢)“l)e(JV);l. Then X = %D o ¥ is the solution in (./V)
For more instructive examples we refer the reader to [20].

10. Positive distributions

In this section we will characterize the positive distributions in (A~ );1.

We will prove that the positive distributions can be represented by measures
in M,(A"). In the case of the Gaussian Hida distribution space (S)' similar
statements can be found in works of Kondratiev [17, 18] and Yokoi [37, 38],
see also [31] and [27]. In the Gaussian setting also the positive distributions in
(#)7! have been discussed, see [23].

Since ()" = &L (N') we say that g e (M) is positive (¢ >

> 0) if and
only if ¢(x) >0 for all xe A".

DEerFINITION 10.40. An element & € (N ) is positive if for any posmve
pe (N ) we have KD,9»,=0. The cone of positive elements in (N )
denoted by (N )

THEOREM 10.40. Let d € (M ) Then there exists a unique measure
Ve MyN") such that ¥ ¢ e (N)!
(@09, = jﬂ, p(x) do(x). (30)

Vice versa any (positive) measure v € Mo(N") defines a positive distribution ® €
(A by (30).
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REMARKS.

1. For a given measure v the distribution @ may be viewed as the
generalized Radon-Nikodym denvatlve of v with respect to u. In fact if v
is absolutely continuous with respect to 4 then the usual Radon-Nikodym
derivative coincides with @.

2. Note that the cone of positive distributions generates the same set of
measures #,(4") for all initial measures u e M (N").

Proor. To prove the first part we define moments of a distribution @ and
give bounds on their growth. Using this we construct a measure v which is
uniquely defined by given moments*. The next step is to show that any test
functional ¢ € (4)" is integrable with respect to v.

Since 2(A”) = (A)' we may define moments of a positive distribution
de(N),

Mn(él---,én)z<<¢7H<',éj>>>a nGN) é]e'/‘/; lsjsn
Jj=1 u

Mg = <<¢a 1]>>

We want to get estimates on the moments. Since @ € (%—P):clz, , for some

P,q >0 we may estimate as follows
n
x®n’®éj
j=1

n

¢’ X®n’®éf < ”¢“—p,—q u
=1 P

To proceed we use the property (12) and the estimate (7) to obtain
2
< o & 5]> ( )

j_
( ) (k") 2kqiM” kl——p H Iéj

2
= |éjl§ Z (k) (k)2 ((n — k)1)?K>n—H)2ka

j=1 k=0

F 2V

2

<P"®M,, k,®lé,>

Py, 1 y2U

*Since the algebra of exponmential functions is not contained in (A~ )L we cannot use Minlos’
theorem to construct the measure. This was the method used in Yokoi’s work [37].
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n n
= H & 2(n)?2m Y 2~k g2n-k)

Jj=1 k=0
n 0
< [T1ghpmy2e - 274k
j=1 k=0

which is finite for p,q large enough. Here K is determined by equation (7).
Then we arrive at

IMa(&1, -, &) < KCmt [T 181, (31)
j=1

for some K, C > 0.
Due to the kernel theorem 2.2 we then have the representation

Mn(él,-“,én) = <M(n)7él ® - ®¢n>’

where M® e (#®"). The sequence {M®™,n e Ny} has the following property
of positivity: for any finite sequence of smooth kernels {g™,neN} (ie.,
g™ e #®" and g =0V n > ny for some ny e N) the following inequality is
valid

no —
> M), g8 @ glly > 0. (32)
k.j
This follows from the fact that the left hand side can be written as @, |p|>)
with

no
p(x) =Y <x®,g"y, xen,
n=0

which is a smooth polynomial. Following [6, 4] inequalities (31) and (32)
are sufficient to ensure the existence of a uniquely defined measure v on
(N, €s(AN")), such that for any ¢ € #(A") we have

@03, = [ o).

From estimate (31) we know that ve .#,(4”). Then Lemma 3.9 shows
that there exists ¢ > 0, p € N such that exp(e|x|_,) is v-integrable. Corollary
5.25 then implies that each ¢ e (A#")' is v-integrable.

Conversely let ve #,(A") be given. Then the same argument shows that
each g e (N )! is v-integrable and from Corollary 5.25 we know that

[, oo

< Clill g | explelsl_p) dv(o
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for some p,q, e N, C > 0. Thus the continuity of (p»—» f 4 @dv is established,
showing that @ defined by equation (30) is in (A" ) O

11. Change of measure

Suppose we are given two measures U, i€ My(AN") both satisfying
Assumptron 2. Let a distribution & e (A ) be given. Since the test function
space (°)! is invariant under changes of measures in view of Theorem 5.27,
the continuous mapping

¢H<<é’¢>>/ia Y€ (‘/V)l

can also be represented as a distribution @ € (A ) . So we have the implicit
relation @ € (,/V) —de (/V)‘ defined by

«év ¢>>;2 = <<¢1 (0>>/1

This section will provide formulae which make this relation more explicit in
terms of redecomposition of the @-series. First we need an explicit relation of
the corresponding IP-systems.

LeMMA 11.42. Let u, i€ My(N") then

Pix)= > k'l'ml x) ® P{(0) ® M7,

k+I+m=n

Proor. Expanding each factor in the formula

eu(6,x) = ea(0, )1, (0)14(0),

we obtain
i l ()@”) — Z 1 <P"(x) ® P”(O) ® M" 0®(k+l+m)>
<= n! it Klm!
A comparison of coefficients gives the above result. O

An immediate consequence is the next reordering lemma.

LemMA 1143, Let pe (N )1 be given. Then ¢ has representations in
IP#-series as well as IP#-series:

‘00 0
9= (Pho"y =" (PL oy

n=0 n=0
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where o™, ™ ./Véé” for all ne Ny, and the following formula holds:

. 2 (I+m+n)! 5 wpd
9= 32 e ) oM i (3

Now we may prove the announced theorem.

THEOREM 11.44. Let & =372 ,<04 8"y e (A);'. Then &= 1,
<Q#, &™) defined by

(D, 0, =D, 0Y; ¢ (N)

is in (N );1 and the following relation holds

m — 0@ PLO) @ MA
oM = 3" l!m!d ® P} (0) ® M4
k+l4+m=n

Proor. We can insert formula (33) in the formula

[ 0
nK@®, g™y =3 nl<@™, 5
% %

n=0

and compare coefficients again. O
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