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ABSTRACT. This paper proves the existence of a new family of nontrivial homo-

topy elements in the stable homotopy of spheres which is of degree

2(p - l)(pn + 3/?2 4- 3/7 + 3) - 7 and is represented by bn-\goγ3 in the E]'*-term of the

Adams spectral sequence, where p ^ 7 is a prime and n ̂  4. In the course of proof, a

new family of homotopy elements in π*V(\) which is represented by 6π-ι0o in the

E2'*K(l)-term of the Adams spectral sequence is detected.

1. Introduction

Let A be the mod p Steenrod algebra and S the sphere spectrum localized
at an odd prime p. To determine the stable homotopy groups of spheres π*S
is one of the central problems in homotopy theory. One of the main tools to
reach it is the Adams spectral sequence (ASS) E^ = Ext^Z^Z^) => nt-sS,
where the E^-term is the cohomology of A. If a family of generators x, in
£2* converges nontrivially in the ASS, then we get a family of homotopy
elements fi in π*S and we say that /• is represented by jt, e Ej * and has
filtration s in the ASS. So far, not so many families of homotopy elements in
π*S have been detected. For example, a family Cn-i e npnq+q_^S for n ̂  2
which has filtration 3 and is represented by h$bn-\ e Exi^pΛq+9(Zp^Zp) has been
detected in [2], where q = 2(p — 1). The main purpose of this paper is to
detect a new family of homotopy elements in π*S which has filtration 7 in the
ASS.

From [3], Extl/(Zp,Zp) has Z^-base consisting of aQ e Ext '̂1 (ZP,ZP),
hieExt^plq(Zp,Zp) for all i^O and Ext%*(Zp,Zp) has Z^-base consisting of

«2, 0j>, βto*/ (i > 0), gt (ί ̂  0), kt (i ̂  0), bt (i ̂  0), and hthj (j ^ i + 2, / ̂  0)
whose internal degree are 2q+ 1, 2, plq+ 1, pMq + 2p*q, 2pMq+p*q, pi+lq
and p*q+pjq respectively. From [1] p.110 table 8.1, there is a generator
y3 6 Ext^ +2p+l'9(Zp,Zp) whose name in [1] is λo,ι,2,3 Our main result is the
following theorem.
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THEOREM I: Let p^-1, n ̂  4, then the product

h n v =έ n0/1-10073 T* U

αwrf /f converges in the ASS to a nontrivial element in npnq^p2+p+\^q_ηS of
order p.

The above family of homotopy elements in π*^ is constructed based on a
family of homotopy elements in π*K(l), the stable homotopy groups of Toda-
Smith spectrum V ( l ) .

The spectrum V(\) is closely related to S and is defined as follows. Let
M be the Moore spectrum modulo a prime p ^ 5 given by the cofibration

(1.1) S-^S^M-^ΣS

Let α: ΣqM — > M be the Adams map and K be its cofibre given by the
cofibration

(1.2) ΣqM -^M^K^ Σq+lM

where q = 2(p — 1). This spectrum which we briefly write as K is known to be
the Toda-Smith spectrum V(\). Theorem I will be proved based on the
following result.

THEOREM II: Let p ^ 5, n ̂  2, then

the reduction of bn-\gQ e Ext^p"q+pq+2q(Zp,Zp), converges in the ASS to a
nontrivial homotopy element in npnq+pq+2q-^K.

From [2], there is Cn-i e πpnq+q_^S for n ̂  2 which is represented by
hβbn-i eExt^pnq*q(Zp,Zp). By using Cw-i as a geometric input and some
properties of K studied in [7], we will detect an element Cή_ι e [Z*"***"4^ J^
satisfying

fζ^_λ — ijf(ζn_ι Λ IK) modulo higher filtration

Moreover, we will show that ζ"βi'i 6 πpnq+pq+2q-4K is a nontrivial element
of filtration 4 represented by bn-^εE^ qJrpq+2q(n*K,Zp}, where £e
[Γ(/H~1)έ7Λ:,Λ:] is the known ι?2-periodicity element (cf. [7] p.426). This is a
sketch of construction in the proof of Theorem // given in section 3.

Let V(2) be the cofibre of β: Σ^p^qK -> K and γ e [Σ^p2+p^qV(2), V(2}}
be the #3 -periodicity element for /? ^ 7 (cf. [7] p.426). Reduct the element
ζ'ή^βi'ieπ+K to π*K(2) and compose with γ3
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moreover, we pinch this resulting map to the top cell of F(2), then we get
an element in πpnq^p2+p+^q_ΊS which will be shown to be represented by

bn-ι9o73 eExtΊj*(Zp,Zp) in the ASS. This is a sketch of construction in the
proof of Theorem I given in section 3. Note that the bn- ιgoγ3 -element
obtained in Theorem I is an indecomposable element in π*S, i.e. it is not a
composition of elements in π*S of lower filtration, because bn-\ and
0o eExt%*(Zp,Zp) are known to die in the ASS.

After giving some preliminaries on Ext groups of lower dimensional in
section 2, the proof of the main theorems will be given in section 3.

2. Some preliminaries on Έxt groups

In this section, we will prove some results on Ext groups of lower
dimension which will be used in the proofs of the main theorems.

PROPOSITION 2.1: Let p ^ 5, n ̂  2, then

(1) ExtJ/(Zp,Zp)=0 for t=pnq, pnq + q + r (r = 0,l), and
(r = 0,2) and aξbn-ι Φ 0 e E*tYq+2(Zp,Zp).

(2) Exty^+^Z,) = Zp{*2bn-ι} with α2 e Extf*+1 (Zp, Zp)

(3) Exty(Zp, Zp) = 0 for s ̂  5, t = - 1, -2, -3(mod q) except for p = 5,
s = 5 and t = 5 (mod 8).

PROOF. From [11], we have a quotient chain complex (C*'*,rf) of the
cobar complex of A whose cohomology is isomorphic to Ext^'*(Z/7,Z^) (not an
algebra isomorphism!) and as a vector space over Zp

C*'* - E(Λmι,|;ιι > 0, ι> 0) ® P(bmj\m > 0, i > 0) ® P(0> ̂  0)

where E is the exterior algebra and P the polynomial algebra, hmj,bmj,an are
represented in the cobar complex by

fl — τ p ,
"n — [τn\ & *^

To prove (1), observe the following internal degree modpnq for

ll*ι,ι-ι II =y
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!!*,,,_! || = (X+'-2 + +pl~l)q (mod/i11?), i

(mod />"?), i^

(mod/?"?)

At degree / = pnq + mq + r with m, r < p, C4)ί has no generator which has
factors consisting of the above elements, because such generator will have
internal degree (cn-\pn~l -\ ----- h c\p + CQ)? -f d(modpnq) with some c, 7^ 0
( l < ι < y ι - l ) , where 0<c,</>, ,s = 0 , . . . ,w- 1, 0 < d ^ 4. Exclude the
above factors and factors with internal degree > pnq, we can easily show that

C***q = 0, C^p"q+q = 0, C4'p*9+2q = 0

But computing the coboundary in the cobar complex we have

* Σ::! ©A^^r^'iτ.] = Σ::
?Ίτι|τι] + [ίf'lίiτilτo] - [«ff|ίι|τ0τι]) = -2[ί

- [ίfltf MTO]

Take the quotient of the above equality in C* * we have

db\,n-\a\ — δi.B-iλi^αo, dh\tΛa\

Similarly we have

It is obvious that έijAι,π is represented by a\hn in Ext%*(Zp,Zp), so
,n = 0, and (1) is proved.

By a similar method we can check that

However, the known generators hna.2 and hngQ in Ext^'*(Z/7,Z/7) are represented

respectively by h\,nh\$a\ and Ai^Ai^A^o m C3'*, thus d(h\^nh\$a\) — 0,
^(Aι,ΛAι.oA2,o) = 0 and so (2) is proved.

To prove (3), observe the following internal degree mod #,

HA,,,,,-!! = 0(mod ?), \\bmj\\ = 0 (mod ?), \\an\\ = 1 (mod ?)
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Similarly, look at the following exact sequence

^ Extrfq+2(Zp,Zp) ±> Extrfq+2(H*M,Zp) ± Extrfq+l(Zp,Zp) ^

induced by (1.1). The left group is zero for r = 2 (cf. [3]) and has unique
generator a\hn for r = 3 (cf. [1] table 8.1) which satisfies /*(αj)λn) =

i*p*(aQhn) = 0, then im4 = 0. The right group has unique generator a$hn and
tfo&Λ-i for r = 2 and 3 respectively which satisfies /?*(0oλ«) = a^hn φ 0 e

Prop. 2.1(1)), then imy'* = 0 and so the middle group is zero for r = 2,3. It
follows from the following exact sequence

0 = Ext7"^+2(H*M, Zp) £* Extrfq+l (H*M, H*M) -̂  Extrf"q+l (H*M, Zp) = 0

induced by (1.1) that Ext^Λ+1(H*M,H*M) =0 for r = 2,3.
(2) Consider the following exact sequence

P\ τjγtr,Pnq+2c7 7 \ J\ τiτrtr>PH9+l f 7 W* Λ/f "\ _ίl T!^r^"^+lf7 7 ^ ίl
' -L Ά t A \^Ί}ι ^D) J-/AI A \Z^n* Π. lv± I ^ JJ/λl j t^n. £-jp) '

Λ ^ r ' r f A \ f ' / .Λ ^ f' f'

induced by (1.1). The left group is zero for r = 2 (cf. [3]) and has unique
generator a^hn for r = 3 (cf. [1] table 8.1) which satisfies j*(dQhn) =
j*p*(aQhn) = 0, then imj* = 0. The right group has unique generator a^hn and
aobn-\ for r = 2 and 3 respectively which satisfy p*(aβhn) = a\hn Φ 0 and

/?*(αo*«-ι) = «o*«-ι ^^ t̂ 1611 ™z* = ̂  and so Λe middle group is zero for
r = 2,3.

Similarly, look at the following exact sequence

P* T^rj^tf+l/^ ^ N J* π^r^qsrj TT* Λ/f\ _^* rjvt'
i,/>11^/'tq±l(Zp,Zp) ^ Ext7^(Zp,H*M) -U Ext/^Z^Z,,) ̂

induced by (1.1). The left group is zero for r = 1 and has unique generator
aohn for r = 2 which satisfies j*(flo^«) =j*p*(hn) = 0, then imy'* = 0. The right
group has unique generator hn and bn_\ for r = 1 and 2 respectively which

satisfies p*(hn) = aQhn Φ 0 e Ext^"*+1 (Zp, Zp) and p*(bn-ι) = a^bn-\ Φ 0 e
Έ,jA%pnq+l(Zp,Zp) then im/* = 0 and the result follows. Q.E.D.

PROPOSITION 2.4: Lef p ^ 5, « ̂  2,
(1) Ext^(H*M,H*M) - Z^ί^-i}

Zp{oι*(bn-i)}, where α*: Ext^(H*M,H*M)
is ίA^ boundary homomorphism induced by α: J^ M — >• M.

(2)

PROOF. (1) Consider the following exact sequence

0 =
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then when t= — 1,— 2, — 3, C5>ί is spanned by generators with at least #— 1,
q — 2, q — 3 factors of 0z 's, so s ^ q — 3 ̂  5, (3) is proved. Q.E.D.

PROPOSITION 2.2: Let p^l, « ̂  4, then the product

0 6

*'*where γ3 = *0,ι,2,3 e E x t + Z ^ Z , ) wAorc representative in C*

*ι,2*2,ι*3,o

PROOF. The related internal degree / =pnq + 3(p2 +p+ l)q is divisible
by q, then C^ y = 6, 7) is spanned by generators which has no factor Λ, 'S.
Since f = 3# (mod/?#), | | A Π > Z | | = 0 (moάpq), | |An > /_ι| | = 0 (mσdpq) (Λ,ι>0),
then CΛf'ί(j = 6,7) must be spanned by generators which has factor /^o/^oλfc.o

(i<j<k). Comparing ||Az,oΛ/,o^A:,oll modulo pnq, we have ι = l , 7 = 2,
fc = 3. Exclude this factor A,,oA/,o^,o3 the other factor is in cs

and we can easily check that c3>?+(2/>2+/>)<7 = Zp{hιιΛhι^h2tι}, C4'

Zp {61^-1*1,2*2,1}^ So we have

Moreover, by computing modulo mixed words, we can check that hngoγ3 e

Eti%W(P2+P+l*(zp9Zp) and Vι^o73 e Ext̂ ^^^^^Z^Z,,) are repre-

sented respectively by Aι,Λ*ι,2*2,ι/*ι,o*2,o*3,o and 61 --1*1,2*2,1*1,0*2,0*3,0- So
= 0 and Vι0oy3 ^ 0 € Ext^^^^^^Z^Z^). Q.E.D.

PROPOSITION 2.3: Let p ^ 5,n ^ 2,
(1) Extrfq+l (H*M, Z^) - 0, Ext7^+2(H*M, Zp) - 0 and

H*M) = 0 for r =- 2, 3.
(2) Ext7^+1(Z/,,H*M)-0 /or r = 2,3 αwrf Ext^(Zp,H*Λf) = 0

r = l , 2 .

PROOF. (1) Consider the following exact sequence

ί̂H^Z,,) ̂  Ext^^Z^Z^) ̂

induced by (1.1). The left group has unique generator a$hn and a^bn-\ for

r = 2 and 3 respectively (cf. [3] and [1] table 8.1) which satisfies /*(tfo*/ι) =

!*/>*(*«) = 0, /*(flo*n-ι) = Up*(bn-\) = 0, then imi* = 0. The right group is
zero for r = 3 (cf. [1] table 8.1) and has unique generator bn-\ for r = 2 which

satisfies /?*(*„_! )=έϊo*n-ι ^06Ext^+1(Z^,Zp), then imj*=Q and so the
middle group is zero.
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induced by (1.1). The left group is zero by Prop.2.3.(l), the right group has
unique generator ί*(bn-\) since Exi^p"q(Zp,Zp) = Zp{bn-\} and Exir

Jj
pnq~l(Zp,

ZP)=Q for r = l , 2 (cf. [3]) and p* = 0 since Ext^+1(H*M,Zp) - 0 by
Prop.2.3 (1), then the middle group has unique generator bn-ι such that

i*(bn-ι) = i*(bn-ι).
Look at the following exact sequence

induced by (1.1). The left group is zero and the right group has unique
generator h$bn-\ = j*vL*i*(bn-i) by [1] table 8.1, so the middle group has unique
generator α*/*(όrt_ι). Consider the exact sequence

? p *Mj H*M) Ext,/>*+*+ (H*M, zp)

induced by (1.1). As stated above, the right group has unique generator

<W*(*Λ-ι) Moreover, /?*a*/*(6n_i) = ati*p* (bn-\) = a*ι*(έio6π-ι) =
a^;/?*(όn_ι) = 0, that is to say, the right /?* = 0. So, Ext^"^-fl(H*M,H*M)
has unique generator α*(Z>w_ι) such that /*α*(ftπ_ι) = /*α*(έn_ι) = α*z*(Aπ_ι)
since Ext^Λ+^2(H*Λf,Z^) = 0 by the fact that Ext̂ +^Z,, Z^) - 0 for
r = l , 2 (cf. [1]).

(2) Consider the following exact sequence

0 = E^Y"+\ZP,ZP) ± Ext^°9+1(H*M,Zp) ̂  Extl/n<l(Zp,Zp) ^

induced by (1.1). The left group is zero and the right group has unique
generator hn (cf. [3]) which satisfies />*(*„) = aQhn φ 0 e Ext^^+1(Z/7,Zp), then
E\t^pnq+l(H*M,Zp) = 0. It follows from the exact sequence

0 = Exty<7+1(H*M,Z/;) ^> Exty^(H*M,H*M) ̂  Ext^H'M^) ̂

induced by (1.1) that Ext^'^(H*M, H*M) has unique generator hn so that
i*(hn) = i^(hn) E Ext^^(H*M, Zp\ where the right /?* = 0 since
Exty*+1(H*M, Zp) = 0 by Prop.2.3 (1).

Look at the following exact sequence

induced by (1.1). The left group is zero and the right group has unique
generator hQhn =Λ«*ί*(A») (cf. [3]), then Ext^^+i?+1(H*M,Z/7) = Zp{a*i*(hn)}.
It follows from the exact sequence

*M, Zp) Ext"^+(H*M, H*M) Ext"^ + (H*M, Zp)

induced by (1.1) that Ext^"*+*+1(H*M,H*M) has unique generator
α*(AΛ) such that ϊ*α*(Aπ) = ι*α*(An) = α*ί;(Λrt) e Ext^"^^+1(H*M,Z^) since
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Ext}p"9+9+2(H*M,Z/)) = 0 by the fact that Exi2/"9+q+r(Zp,Zp) = 0 for r = 1,2
(cf. [3]). Q.E.D.

PROPOSITION 2.5: Let p^ 5,n~^2, then
(1) Ext¥"q+q+\H*K, Zp) = 0, Exty q+q~l (H*M, H**) = 0 and Ext3/"q-\Zp,

(2) For bn-igo € Ex^p"'l+pq+2q(Zp, Zp), (/'/).(*»-ι0θ) * 0 e Ext4/"q+pq+2q(ll*K,

Zp).

PROOF. (1) Consider the following exact sequence

induced by (1.2). The left group is zero since Ex$pnq+q+r(Zp,Zp) = 0 for
r = 2, 3 (cf. [1]) and the right group is zero by Prop.2.3.(l), then the middle
group is zero.

For the second result, we first show that Ext^+^~1(H*M,H*M) =

Zp{(ϋT(&)M*>n-ι)} and /4(α2*w_1)^θ6Ext^+^(H*M,H*M)5 where
oL2bn-\ εExt^pnq+2«+l(Zp,Zp) is the generator in Prop.2.1.(2).

Look at the following exact sequence

induced by (1.2). The left group has unique generator /*(/z0£w-i) =
ij***i*(bn-ι) since Ext^p"q+q(Zp,Zp) = Zp{hQbn-ι} and Exlrfq+q-\Zp,Zp) = 0
for r = 2, 3 (cf. [3] [1]) and the right group is zero since ExtJ/'"^+r(Z/M Zp) = 0
for r = — 1,— 2, then the middle group has unique generator y*/*(Ao^«-ι) =
(i/)*((/)*α*(Vι).

By the following exact sequence

0 =

induced by (1.1) we know that ι;(α26,,-ι) * 0 e Ext^+2^+1(H*M,Zp)5 where
the left group is zero by [1] table 8.1. Moreover, by the following exact
sequence

0 - Ext^+2^(H*M,Zp) ̂  Ext4/nq+2q+l(H*M,Zp) ^ Ext4/nq+2q(H*M,H*M)

induced by (1.1) we have y*4(α26π-ι) 7*0, where the left group is zero since
ExiYq+2q+r(Zp,Zp)=^ for r=- l ,0 (cf. [1] table 8.1).

Now observe the following exact sequence
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induced by (1.2). Since Ext^p"9+2g+r (Zp, Zp) = 0 for r = 0,-l and

EχtW2?+l(z^z^=z^α2/Jn} by fl] toWe g l and Eχt2./>"?+2*(Zp;Zp) = 0

(cf. [3]), then Ext^'/)"?+2?(H*M,H*M) has unique generator j*i*(a.2hn) satisfying

(/Γf 4(α2λn) = (aO Vα'φΠΛ,,) = 0

since a.2ijj' = 0 eE?~2 K,M\. So the above im(/)*=0. Moreover, the
right group has unique generator (y)*(y)*α*(*«-ι) satisfying

^ 0 e Ext^"?+2?(H*Λί,H*M),

then the above α* is monic and so im(i')* = 0 and we have
3,/>»?+?-l(H*M>H*£) = Q

At last, observe the following exact sequence

induced by (1.2). Since E\irfq~t(Zp,Zp) = Q for 1= 1,2 and r = 2,3, then
Ext^"?~2(Zp,H*M) = 0 for r = 2,3 and so the above (/)* is an isomor-
phism. Moreover, Ext^"?+?"' (Zp, Zp) = 0 and Ext^^+^Zp, Zp) = Zp{h0bn^ }
by [1] table 8.1, then Ext3/"9+9~l(Zp,H*M) = Zp{jf(hobn^)} and so
Ext^"?~2(Zp, H*AΓ) has unique generator C#')*(A<A -ι).

(2) This follows from Prop.2.1.(3). Q.E.D.

Let K' be the cofibre of αi: ΣqS — » M given by the cofibration

(2.6) ΣqS 4 M Λ Λ:'

then A:' is also the cofibre of .#': Γ-'AΓ -» 2:?+15. This can be seen by the
following commutative diagram of 3 x 3 lemma in stable homotopy category

(2.7) Σ*S
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That is, we have a cofibration

(2.8) Σ~1K ̂  Σq+lS A K' ^ K

From (2.7), yz =p, then the composition zy = \κ> Λ/?: K' Λ Σ9+1S A K'.
To check this, observe that yzy = py = y(lκ, /\p) and so zy = \κ> ^p + vh for
some h ε[K', M] and this group is zero by the following exact sequence

(^ [M,M] ^- [K',M] £- [Σq+lS,M] = 0

induced by (2.6), where (α/)* is monic.
The cofibre of \κ> Λ/?: K' —> K' is K' /\M and it is also the cofibre of

mjj1: Σ~1K —>• 27Af, this can be seen by the following commutative diagram of
3 x 3 lemma in stable homotopy category

(2.9) K' -^^ K' ——» K

Ijr/Λi

Σq+lS KΆM

Σ~1K > ΣM

That is, we have a cofibration

(2.ιo) Σ~IK

Let L be the cofibre of αi =yαι: J]^"1 5-^5 given by the cofibration

(2.11) Σ9-lS^S^L^Σ,q S.

From [7] p.434, there is Je \Σ~q~l L*K,K] such that

(2.12) Δ(i" Λ U) = ίf E K"*-1 ,̂ «], /̂ " = i//(/ Λ U).

PROPOSITION 2.13: L^ /? ^ 5, « ̂  2,

0, Ext^^^ ̂ H*^, H*M) - 0, Ext^ ̂  ̂ H*^7, H*M) - 0 and

unique generator (a^bn-\)κ, satisfying y*(θQbn-\)κ, =

PROOF. We first prove that Exi^pΛq~q~l(Zp,ΐl*K) = 0 and
Ext2/"q(H*M,H*K) = Q. To check this, consider the following exact
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sequences

(H*Λf , H*M) - E x t ( H * M , H*/Q E x t ( H * M , H*M) >

induced by (1.2). The upper left group is zero by Prop.2.3 (2) and the
upper right group is also zero since Extjf q~q~r(Zp,Zp) = 0 for r = 0, 1 (cf. [3]),
then the upper middle group is zero. The lower left group has unique
generator α*(AΛ) by Proρ.2.4.(2) so that im(/)* =0. The lower right group
has unique generator όπ_ι by Prop.2.4.(l) satisfying a*( f t w _i)^0e
ExiYq+q+l(H*M,H*M), then im(/')* = 0 and so the lower middle group is
zero. Hence, by the following exact sequence

0 - E x t ( H * M , H * # ) Ext/g(H*K',H*K) Ext9~q"(Zp,H*lC) = 0

induced by (2.6) we know that Ext2/"q(H*K',H*K) = 0.
Consider the following exact sequence

induced by (2.6). The left group is zero since Extrf"q+q+t(Zp,Zp) = 0 for
t = 1,2,3 and r = 2,3 (cf. [3] and [1] table 8.1) and the right group is zero by
Prop.2.3.(2), so Ext7^+2(H**',H*M) = 0 for r-2,3.

At last, look at the following exact sequence

induced by (2.6). The left group is zero since Ext%p q+q+t(Zp,Zp) = 0 for
ί = l , 2 and the right group has unique generator a$bn-\ (cf. [1]) satisfying
(ui)^(aQbn-ι) = 0, then Ext^pnq+q+2(H*Kf,Zp) has unique generator (aQbn-\)κ,
as desired. Q.E.D.

The main theorem II will be proved by some technique processing in the
Adams resolution of certain spectra and need some more knowledge on Ext
groups. Let

* s

I
I £, μ0
y

^-ΊΊΓΓL^ r -1 \Σ KGi Σ KG\ K.GQ = KZp

be the minimal Adams resolution of S satisfying
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(1) Es-+ KGS -A Es+\ -̂  ΣES are cofibrations for all s ^ 0 which induce

short exact sequences 0 -> H*£y+ι -A H*KGS -A H*ES —> 0 in Zp-cohomology.
(2) KGS is a wedge sum of Eilenberg-Maclane spectra of type KZP.
(3) πtKGs are the E^-terms, (bscs-ι)+: ntKGs-\ -> ntKGs are the rff'r-

differentials of the ASS and πtKGs ^ Ext¥(Z0,ZΛ Then

a\ Λ \w _ j uυ/\ ιw ..

*>2 Λ lw pi Λ lw

>κ

Σ~2KG2 Λ JF Γ-^Gi Λ ̂

is an Adams resolution of arbitrary finite spectrum W.
From [7] p.430, there is α" e E*~2 #,.£] satisfying

(2.14) α'Y = /'(/α*/, f<f = ij*ijf.

It follows that yy'α" = 0 and so by (2.8), α" = xa" with at' e [Σq~2 K,K'}
and /xα" = /.yα" = ijoLijj'. So, .yα7' =7'αz/7/ e [K, X)3 5]. Moreover, xα"/' =
αV = /'//α// = xvijaij, then α"/' = t z/αz/ since [M, ̂ 3 S] = 0. That is, we have

(2.15) yΰ" =jaijjf, δί"if = vijrij.

Let X be the cofibre of α/;: Σq~2 K ^> K given by the cofibration

(2.16) Σq~2K ί K Λ X Λ 2;*-1 ̂

PROPOSITION 2.17: Lei /? ^ 5,n ^ 2, ί/zen
(1) 7%^ is (bn-ι)f e Ext^Λ(H*A:, H*^) and (bn-ι)'κ, e Ext^^(H*A:', H*^;)

such that t/y^Vi)' = UfΓ(bn-ι) e Ext^"M"2(Zp, H*^Γ) and

(2) Ext^p"9+9~l(H*K',ll*K) has unique generator (h*bH-\)H

K, satisfying

(ι*)*(tyVι&, - »,v*(AoVι) ̂  (AoVOr =
(3) Ext^'"*t*~1(H*A',H*JO Aαί ί/n/ήrMe generator

ι)' satisfying j'^bn^)" = i,(J')*(h<b,-i)eEx$f'<-2(11*M, H*K).

PROOF. (1) We use an argument in the Adams resolution. Let
bn-leπpnqKG2^Ext2/nq(Zp,Zp), then bn-ιjj' = (Iκσ2 *jj')(bn-i Λ \κ) and
(bn-\ Λ Ijξ:) e \ΣpHq K,KG2/\K] is a rfi -cycle which represents an element
in Extjpnq(H*K,H*K) and we write it as (bn-\)' . The equation bn-\jjf =
(\KG2 Λjy')(bn-ι Λ \κ) implies (jj'Y(bn^ = (jj\(bn-ι)' eΈ^Yq-q'\Zp,Ή*K).

Moreover, bn-iy = (\K(h Λy)(bn-ι Λ lκ ) e E "̂̂ "1 ,̂̂ ^2] and (bn-ι Λ UO e
\Σ?nq K',KG2/\K'\ is a ί/i -cycle which represents an element in
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Ext%p*9(H*K',H*K') and we write it as (bn-\)'κ,. Then, the equation bn-\y =

(I*(r2 Λ y)(bn-\ Λ \κ>] and (\κ(h Λ υi)bn-ι = (bn-\ Λ !K')vi implies y*(bn-ι) =
y4bn-ι}'κ> e ExiYq-q-\Zp,n*K'} and W(bn-ύ'κ> = (™)*(Vι) 6

'*"*(H*Je'/,Z/,) respectively.
(2) Consider the following exact sequence

induced by (2.6). The left group is zero and the right group has unique

generator (jjf)* (hobn-ι) by Prop.2.5. Moreover, (<*i)t(jir)*(hobn-ι) =

= 6
9 3 = 2 =since αz/α//)*' = 0 e [Σ9 3 K, M] (Note: αyαiy = (l/2)ιyα2y = y'αyα). Then,

the middle group has unique generator (Ao^n-i)*/ such that y+(hQbn-\)"Kt =

and so we have (h^bn-\)"κ, = (α//)*(6Λ_ι)^,. On the other hand, y*(hQbn-\)"κ, =

U/rCrtn-i) = 0/)*(αι),(Vι) = (viUJfUbn-i)' = y*%(bn-ι)', then
(hobn-ι)κ, = %(bn-ι)r as desired.

Moreover, (/')*(AoVι)^ - ('T(«T(*ι.-ι)5r = (ά"/')*^-!)^ =
(vijocij)*(bn-ι)'κι = (juij)*(υi)#(bn-ι) = vi*j*(hobn-ι).

(3) We first prove that Extt/"q~\Zp,H*K) = 0 for r = 2,3, this can be
seen by the following exact sequence

0 = Erfq+q-(Zp,n*M} Eκΐq-Zp,tt*K} Extrq-Zp,H*M) = 0

induced by (1.2), where both side of groups are zero since Extrf"q~l(Zp,Zp) = 0
for t = 2, 3, r = 2, 3 and Extr/t*+q-'(Zp, Zp) = 0 for t = 1 , 2, r = 2, 3 (cf. [3] and
[1] table 8.1). So, from the following exact sequence

0 =

induced by (2.8) we know that Ext^p"q+q~l(H*K,H*K) has unique generator

Vi)" = x.ίΛoVi)^ = x*%(bn-ι)' = <(bn-ιt Moreover, ^(ΛoVi)" =
i)" = x*(h«bn-ι}"κ, =
Vι);. Q E.D.

3. Proof of the main theorems

We will first prove theorem II. Before proving it, we need to prove some
lemmas.

LEMMA 3.1: Let p ^ 5 and x*(~hn) 6 Ext^+*+1(H*M,H*M) be the gen-
erator stated in Prop.2.4.(2), then \l/^(hn) Φ 0
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and it is a permanent cycle in the ASS, where ψ: ]Γ M — » Kf Λ M is the map in
(2.10).

PROOF. We need to prove ι;*α*(λn) = (\κ> AyJ^α^A,,) φ 0 e
"*+*+1(H*/r,H*M) and this can be seen from the following exact

sequence

0 - Exty *(Z,, H*M) Ext^"^+1 (H*M, H*M) ̂  Ext^+*+1(H*A:', H*M)

induced by (2.6), where the left group is zero by Prop.2.3.(2).
For the second result, we do work in the Adams resolution. Let
E [£^"*+*+1 M, KG2 Λ M] be the d\ -cycle which represents α*(Aπ) e

*M,H*M), then it suffices to prove that

Since the ί/i -cycle ( 1 A:GZ A ι;) (A0A/ι)^e TZ^+^+I AΓG2 Λ A:' represents
u*(ϊ* α*(Λn)) = v*ot*i*(hn) = 0, then (1^2 /\v)(hohn)i is a rfi -boundary and so we
have

(3.2) (c2 Λ ljrO(ljκfc A v)(hvhn)ij = 0.

^From (2.9), there is a factorization v = (\κ Λj)ψ: Σ M — >

KΆM^ΣK', then from (3.2) we have (c2Λ 1^ΛM)(UG2 ^)(hvhn)ij =
( U Λ l ^ Λ i ) / for some / e [£^+*+1 M,^3 Λ^']. Hence, (0 2 Al^ A M )-
(1 3̂ Λ l^/ Λ /)/ = 0 and (52 Λ U/)/ = (1^ Λ \κ» Λ/?)/2 =/2(lM Λ/?) = 0 with

/2 e [Σf"q+q M, ̂ 2 Λ ̂ . Thus / = (C2 Λ IjfOflf with ^ e [^π^+1 M,
Λ AT'] and we have

(3.3) (c2 Λ lκΆM)(lκG2Λψ)(hohn)ij = (c2 Λ

It follows that (b^ Λ IA:')^ — 0 since \κo3 Λ IA:' ^P = 0, i.e., 0 is a
which represents an element in Ext%p"q+C!+l(H*K',H*M). We claim that this
group has unique generator u*α*(An), this can be seen from the following exact
sequence

induced by (2.6), where the right group is zero by Prop.2.3.(2) and the left
group has unique generator α*(AΛ) by Prop.2.4.(2), moreover,
Exty*(Z,,H*Λf}j=0 (cf. Prop.2.3.(2)) so that im(α/), = 0. Then,
9 = c(\κG2 Ai?)(AoΛn) modulo d\ -boundary with cεZp and so (3.3) becomes

(3.4) (c2 Λ \κΆM)(lκG2 A Ψ)(hQhn)ij = (c2 Λ Ijr 'Λ

where we omit the scalar c e Zp which is inessential in the argument below.
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Now we will use some technique on derivations of maps between M-
module spectra. The spectra E^ A K' A M, KG2 Λ K' Λ M and KG2 Λ M are M-
module spectra with M -module structure determined by the right M , then the

derivation d(c2A\κ'*M) = c2 ^d(\κ'/^M) = 0 (cf. [10] p.210 theorem 2.2) and

d(\K(h A Ψ) = 1KG2 A d(Ψ) = 0 since d(ψ) e E2 M, K' Λ M] = 0 by the fol-
lowing exact sequence

0= [Σ2M,ΣM] -̂  [Σ2M,Kf AM] ^ [Σ2M,K] = 0

induced by (2.10). So the^ derivation of the left hand jide of (3.4) equals
-(c2Λ 1^ΛM)(1^ Λ(A)(A 0 Λ W ) since d(ij] = -\M and d(h<*hn) e [£^+*+2 M,
KG2 Λ M] = 0 since πpnq+q+rKG2 Λ M = 0 for r = 2, 3 by the fact that
πpnq+q+rKG2 = Ext2/nq+q+r(Zp,Zp) = 0 for r = 1,2,3.

Moreover, we consider the derivation of the right hand side of (3.4).
Note that KGS is an M-module spectrum with M-module action
mGs:MΛKGs -> KGs,mGs: Σ KGS -> M *KGS. Then KGs/\Kf is also an M-
module spectrum with M-module action

mGs Λ U/: ΣKGS ΛK' -

So by applying d to (3.4) we have

(3.5) (C2 Λ U'ΛM)(UG2 Λ l/0(W

= (^2 Λ lκΆM)d(lKG2 Λ IΛ:' Λ /)(1^G2 A v)(hohn)

H- (^2 Λ l*'ΛM)(ljκfc A U/ Λ /)rf(lA:G2 A v)(h0hn)

Since (AoA«) is a rfi-cycle, i.e., (63^2 A IM)(AQA«) = 0, then
v}(hohn) 6 [£^+*+2 Af,ATG 2AA: /] is also a d\ -cycle. To check this,

we need to prove the commutativity (63^2 A \κ'}d(\κG2

 Λ^) =
d(\κo3 A ί;)(53̂ 2 A IM). Note that d(\KGl ΛV) = (mG2 Λ \K>}(\M A UG2 A Ό) -
(T Λ \M)(\KG2 Am), where Ϋh\^ M — >M/\M is the M-module action of
M. Then it suffices to prove the following diagram commutes up to homotopy

KG2

Consider the induced homomorphisms in Z^-cohomology. Since
( i A \KGS] = lKGs, then m^s(a) = l0a for any aεH*KGs. So we have
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m*G3(b3c2)*(a) = 1 (x) fe)*(tf) - (lMΛ^2)*(l ® a) = (\M ^c2Ym^(ά) for
any a e H^KG2> This proves the above commutativity and so
d(\κG2^v)(hQhn)e\Σpnq+q+2 M,KG2*K'} is a </ι -cycle which represents an
element in Ext^+*+2(H*Λ^H*M). However, this group is zero by
Prop.2.13, then d(\κGι At;)(ΛoA«) is a ί/i -boundary and so (3.5) becomes

(3.6) (C2 Λ l^Λ

Λ \κ> Λ ι')(ljHfe Λ v)(hQhn)

Recall from (3.2) we have (\κc2 ^v)(hohn)ij = (faci Λ 1^002 for some
g2 e ΣP"q+q M, KG\ f\K'\. Moreover, for the same reason as stated

above, we have the commutativity d(\κG2

 Λ !#' A ί)(b2C\ Λ \κ>] =
(faci Λ lκ'Λλf)d(lκGι Λ \κ> Λ i). (Note: Here, we need only to check
mfy&ci) = ( IMA 62^1 )^GI and this can be proved by the induced homo-
morphism in Z^-cohomology by using the fact that (J^IKG,)^GS =

lKGs). Then (c2 Λ \K'*M)d(\K(h Λ IK' Λ i)(lκ<h Λ v)(fahn)ij = 0 and by (3.6) we
have

(C2 A 1*'ΛM)(1*G2 A ψ)(hohn)ij = 0

By applying rf to this equation, we have (c2^^κ' ^M^KG^ Ai/0(^oA/i) = 0
since d(ij} = -\M and d(hQhn) = Q,d(lKG2 Λ^) = 0,</(c2Λ I^ΛM) = 0. This
finishes the proof of Lemma. 3.1. Q.E.D.

LEMMA 3.7. Lei /> > 5 and (ad>n-\)κ, εVκ\^pnq+q+2(Ά*K' ,ZP) be the
generator stated in Prop. 2.13, then this (a$bn-\)KI is a permanent cycle in the
ASS.

PROOF. From [3] or [8] p.ll Theorem 1.2.14, we have d2(hn) =a§bn-\,
where d2: E^p"q ^ E^q+l is the differential of the ASS. Then, for
hneπp*qKGι^Extl>pΛq(Zp,Zp)9 we have cιhn = a2f with /' e πp*q+ ιE3 and

It follows that (a2 A IM)(IE* A α/)/; = 0 and (U3 Λ αi)/7 = (^2 A \M)g" with
ί/i -cycle gf77 e πpnq+q+ι KGi Λ M which represents an element in
Ext2/nq+q+\H*M,Zp)=J^{i*a*(hn)} by the proof of Prop. 2.4, then
(1^3 Λαι)/; = (c2Λ \M}(hbhn)i and so by Lemma 3.1, we have

(2.6)

(U3 Λ ̂ rαi)/ - (c2 A lκ>*M)(lκG2 A ^)(AΛ,)ι - 0

So by (2.10), (\E, Λα/)/' - (1^ Λaάp')f" with/" e πpnq+q+3E3AK and by
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with f£ E πpnq+q+2E3 AKf. It follows that

(IjHfc Λ//)(*3 Λ \κ)f" + (1KG3 Ay)(b3 Λ lK')f2 = b3f = aobn-ι

Since (63 Λ \κ)f" E πpnq+q+3KG3 Λ K represents [(b3 Λ \κ)f"\ E
Ext3jpnq+q+\H*K,Zp)=Q by Prop. 2.5., then (ϊ3 Λ \K')f2 6 πpnq+q+2KG3 *K'
must represents the generator (a^bn-\)κ, E E\t^p q+q+2(Ά*K',ZP}. This
finishes the proof of the lemma. Q.E.D.

PROOF of THEOREM II: The relation α" = xΰ" in (2.14) yields an element
σe Ljf, X^+2SΊ fitting into the commutative diagram

v-^v^r—2 πr <* π w

 v

 u ^-^q—\ Ύ JT ay J A ^ A —->• A —» > A ^

K: ^
l

Σ q+2 ςt z

Λ — >

•1
Λ Σ'̂ -

in which both sequences are cofibrations. Thus we have relations jj' = σw and
α"w = zσ.

For the generator (Ao^/i-i)^/ e Ext^^^^H* '̂,!!*^), M*(Aoέn_ι)^, =

Ext^^^^ίH^^Z^) is a permanent cycle by Lemma 3.7, then M*(A06n_ι)^,
is also a permanent cycle in the ASS. (Note: y*z*(bn-\)'κ, = z*y*(bn-\)'κ, =
z*y*(bn-ι) =p*(bn-ι) = a§bn-\ =y*(a§bn-\)κ,, then we have the above equa-
tion z*(bn-ι)'κ, = (aobn-ι)κ, since Ext^p"q+q+2(H*M,Zp) =0).

Therefore, (^3 Λ \}(hQbn-\)"κ,u = 0, which yields a commutative diagram

Λ | KAo^Oί I/ 1/2

, C3 Λ 1

by which we obtain maps f-.γfnq+lK^E^Kf and f2\YfqX^>
E3AKf. By Lemma 3.7, let /: ̂ "̂ +2 5 ̂  ̂ 3 Λ^; denote a homotopy
element represented by (aQbn-ι)κ,, that is, ( Z > 3 Λ l ) / = (αo^«-ι)A:/ Therefore,
we have (53 Λ 1*')Λ = (hobn-\)"κ,u = (aobn-\)κ,σ = (Ϊ3 Λ lA:/)/σmodrfι-
boundary.

Thus, we have (63 Λ ljτ)/2 = (*3 Λ U/)/σ -f (^3^2 Λ 1^)^3 with 03 e

Λ K'} and f2=fσ+ (c2 Λ !*,)& + (53 Λ Iκ,)f3, and so

Λ \κ,)f =/2w =/σw + (53 Λ U/)/3w + (c2 Λ ljr/)03w

= /// H- (̂ 3 Λ lι:')/3w 4- (c2 Λ 1 )̂03^
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By (2.12), jj'A =jijj'(j" Λ lκ) = 0 for A e E'*"1 L A K, K] and we obtain

(3.8) (d3 Λ 1*')/Λ =/2w = (a3 Λ \K,)f3w2 + (C2 A \

It follows that (53c2 Λ l*')03wJ = °> i e > ft "̂  e [^«-«- L Λ AT,
Λ IT] is a </! -cycle which represents [g3wA] e Ext^" M~! (H*/T,

H*LΛ A"). This group is nonzero, but we claim that [03wJ] = 0, which can be
proved as follows.

Consider the derivation d(g3wZ) e \£f"q~q LΛK,KG2 ΛK'}. We have
d(g3wA) = (mG2 Λ lχ')(lM Λg3wA)mLAK, where (mG2 Λ \κ>)\ MAKG2*K' -»•
KGi Λ K1, WLAK'- Σ L/\K -^ M /\L/\K are the Af -module actions of A^Gi Λ K'
and L Λ ^ respectively. In the proof of Lemma 3.1, we have the commu-
tativity (b^m^ = mGz(\M Λ E3c2), then (63c2 Λ U/)rf(^3wJ) = (mG3 Λ l^/) -
( lMΛ6 3 c 2 Λ lK>)(lM*g3wA)mL/,K = 0, i.e., d(g3wA) e [̂ "«"̂  LΛ^,
J^G^ΛJξΓ'] is a ί/i -cycle.

Moreover, by the derivation formula, d(g3wZ) = d(g3w)A + g3w(j" /\ lχ)
is a ί/i-cycle (Note: d(A}=j"^\κ by [7] p.434), then d(g3w)i'f =
d(g3w)2(i" Λ\K) (cf. (2.12)) is also a rfi-cycle.

Let KΊ be the cofibre of α2: J]2^ M — > M given by the cofibration

(3.9) E 2* M 4 M -1 AΓ2 Λ Σ 2?+1 M .

Then we also have a cofibration (cf. [7] p.422)

(3.10)

satisfying ^/' = ij*, /^_= 0/2-
Following from (63^2 Λ lκι)d(gίw)i'f = 0, we have (b^ Λ \κ'}d(g3w) =

g$ with ^4 e [ΣP"?-?+1 ^2, JtG3 Λ K'}. But ̂ /' = 04/2α = 0, then g$ = gs

with g5 e [ΣP"?+?+2 M,KG3 *K']. So we have

(3.11) (b3C2^1

and (64c3 Λ IjcOffs = ^6« = 0 (with g6 e E
P"9+2 M,^G4 Λ^), i.e., ^5 is a Bi-

cycle which _represents \jj5] eExt3'""9+9+2(H*K',H*M) = 0 by Prop. 2.13.
Then 0s = fe Λ Ijf0flr7 for some gΊ e (γf«+ι+2 M, KG2 Λ AT'] and (3^1)
becomes (^3^2 Λ lj^)ί/(<73M;) = (63c2 Λ \κ'}<jηj' and (ft3c2 Λ \κ>)d(gίw}Δ =
&C2 Λ Ijc0ff7/^ = fe Λ \κι)9ηίjf(j" Λ 1,) (Cf._2.12)).

Following from the conclusion that d(g ,,wΔ) = d(gίw)Δ + g )w(j" Λ IK) is

a </ι-cycle, we have (6302 Λ lg>)d(g3w)Z + (b^C2 Λ ίκ')S3w(J" Λ Ijf) = 0 and so
(63c2 Λ \κ')9ηijj'(j" Λ I*) + 03w(/' Λ Ijf)) = 0 and (53c2 Λ lκ')(SιW +
0 8 (« ιΛl jc) = 0 (with gse\Σ,p"9~9+lK,KG3ΛK']). It means that

e \Σf"q K,KG2 f\K'\ is a ί/i-cycle which represents an element in



A new family of filtration seven in the stable homotopy of spheres 201

Λ^H**:) = 0 by Prop. 2.13. Hence, gΊijf + §3w is a ^-boundary
and so #3wJ is also a d\ -boundary since jj'A = 0. This shows the claim.

So, (3.8) becomes (03 Λ \κ')fA = (α3 Λ \κ>)f^A and so
(c3Λlκ>)g9 for some g9 e [£*"*-* LΛK,KG3 /\K'}. Since α": Σq~2 K
induces zero homomorphism in Z^-cohomology, then

Λ α"). Now A(\L A α//) = α"J, then we have

(3.12) (c3 Λ l*0(/>oVι)^ = 7α"J =7^(U Λ α") = 73wJ(lL Λ α") - 0

(Note: we prove A(\L/\a") = α"J as follows. Since (A(lLΛκ") - u!'A)
(^ Λ Ijp) - ( J(ιβ// Λ U)α/; - (α"4)(ι" Λ U) - ιχ; - α'7//' = 0 by (3.9), then
(A(lLΛa")-z"A)e(j"Λlκ)*[Σq~3 K,K}=0 since E'~3^,^] = 0 by [7]
p. 431.)

It follows from (3.12) that there is /4 e [ΣP"q~2 L^K,Ei/\K] such that

(*3 A 1*0/4 = (hQbn-\)"κ,A and we have

(3.13) (fe A I

= (!A:GS A υ)(h$bn-\ Λ \M)ΪJJ' modulo rfi -boundary

(cf. (2.12) and Prop. 2.17 (2)).

From [2], there is £«-ι e npnq+q^S which is represented by h§bn-\ e
Ext^pnq+q(Zp,Zp) in the ASS. Then ζn_\ can be lifted to C«-ι,3 £ πpnq+qEτ, such

that *5ι52Cn-ιf3 = f»-i and 53CΛ-ι,3 = *o*ιι-ι e πpng+qKG3 ^ Ex$pnq+q(Zp,Zp).
So, by (3.13) we have

(53 A U)(l^3 Ax)74(/r/ A lκ) = (lκ Λ i')(hobn-ι A lM)/>/ + (53c2 A \κ)g

= (53 Λ ljjr)(1^3 A /'XCκ-1,3 A IM)(// + (blC2 Λ U

with gf e [Σpnq~2 K, KG2 A K] and

(U A x)/4(/'/ Λ 1K) = (1E3 Λ 0(C*-1,3 A \M)ijf + (C2 A l*)flf + (53 A lK)fS

for some /5 e \Σf*q~l K,E4*K] and we have

(3.14) (U3 A i'i)tn-\tU'(*l Λ U) + (fl3 Λ U)75(«l Λ 1*) = 0

From [7] p.433, there is a homotopy equivalence K /\K = Kv
Σ LA K v X)^+2 K and there are multiplication μ\K/\K-^K and injection
v: £^+2 K-^ KAK satisfying μ(i'i Λ U) = 1*, (y/ Λ IA:)V = lκ. Now write
α' — αi A IK and following (3.14) we have

(\EZ A α'i'Ofn-i.sjfr'' = («3 Λ U)(U4 Λ α')75 (up to sign)
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and

(\E3 Λ/l)(α' l ' ίΛ l*)(irt-l,3 A 1*)C//A l*)v = (53 A \

and

(1*3 A α'XCn-1,3 A 1K) = (53 A !*)(!* Λ α')/6

where we write /6 = (1#4 Λμ)(/5 Λ ljS:)v and use μ(α' Λ lκ) = α'μ Since

j'oί = ώjf', then (1^ Λ ag//)(fn-i>3 Λ 1*) = (U3

 Λ a//y')(tf3 Λ l#)/6 and so

(3.15) (1*3 Λ ///)(CW-1,3 A 1*) = (1

with C_ι,3 6 \Σf«*-\ K,E3ΛK}. From (3.15),

Λ/)(53 A U)Ci,3 = (UG3 A ///)(*3 A U)

-l A

with (\K(hΛJf)g2e[Σpnq-2 K,KG2ΛM] by Prop.2.17(3). Then

(63 A U)Cι,3 ̂  (Ao*ι.-ι);/ + fe A U)φ + (Ijofc Λ i'0flf3 and ̂  e [̂ "̂ -1 ̂
AΓG3ΛM] is a </ι -boundary since Ext^'/7^+^~1(H*M,H*A:) = 0 by Prop.2.5.(l).
That is, we have (£3 Λ \κ)ζ'ή-\ 3 — (h^bn-\)" modulo d\ -boundary.

Let f^1 = (^5ι52Λljf)cl1|36[Σ^rfςf~4^,^ and consider the map
ζZ_lβirieπp*9+P9+2q-*Ky where 0'e [Σ^1***,*] is the known ι;2-map (cf.[7]
p.426) which has filtration 1 in the ASS. Since C^_ι is represented by

i)" 6 Ext^"^-1 (H**:, H*Λ:), then ζ'ή^βi'i is represented by

Now from [10] p.219 Theorem 3.2 and [9] p.60 Theorem 5.2 we know that
the map oί'βi'i e npq+2q-iK is nontrivial and is represented by (ίΊ'J^o) e
Ext2/qJr2q(Ά*K,Zp) up to nonzero scalar. Then

1 e Ext° °(Z,,Z,) Ώ Exti'^^^H^Z^) ̂ > Ext^^ίH^Z^)

we have ^(βi'i\(\) = (/ ;0*(flfo) e E^pq+2q(Ά""K,Zp} up to nonzero scalar and

so C-iJW'i is represented by af^(βfi)^(bn-ι) = (iri)t(gobn-i) Φ 0 e
Ext^^^ίH^Zp) by Prop.2.5. Moreover, (i'ι)^bn-,}e
Ext*:p"q+pq+2q(H*K,Zp) can not be hit by differential since
Ext̂ ^+ ί̂Γ^Z,) = 0,Extl/nq+pq+2q-2(H*K,Zp) - 0 by several steps of
exact sequences induced by (1.2) (1.1) and using Prop.2.1.(3). Hence,
ζ'ή-\βi'i e πpnq+pq+2q-4K is a nontrivial map which is represented by

*A',Zp) (up to nonzero scalar) in the ASS.
Q.E.D.
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PROOF of THEOREM I: Let V(2) be the cofibre of β: Σ(p+γ}qK -> K given
by the cofibration

Σ(P+lhκ Λ K Λ V(ΐ) Λ Σ(p+^q+lK,

from Theorem 77, there is ζ'^βi'ie πpnq+pq+2q-4K which is represented by
6n_ι0o e Ext^pnq+pq+2q(H*K, Zp). Let y : Σ^p+p+l^V(2) -> F(2) be the ι;3-map
and consider the following composition (t =pnq+pq + 2q — 4)

Since d/K'i is represented by Vι0o e Ext^+m2^(H*A:,Z^) which is
the image of bn-\gQ e Ext^'p'l^"f/7^2^(Z/,,Z/,) under the homomorphism

(i;0, :Exty^+m^(Z^,Z^)^Ext^+m2<7(H*^,Zp)5 then the above / is
represented by

c = 7 / Λ ( y j ' U(VιίΛ>)

The proof of the following lemma will be postponed to the last of the
paper.

LEMMA 3.16: Let p^l, then γ3 =jj/jγ3n/i^n3p2q+2pq+q-3S is represented
(up to nonzero scalar) by the unique generator γ3 = AO, 1,2,3 in
Ext^p2+2pq+q(Zp,Zp) in the ASS.

From Lemma 3.16 and the knowledge of Yoneda products we know that
the composition

is a multiplication (up to nonzero scalar) by }>3 = AO, 1,2,3 e
Ext '̂3/7 +2pq+q(Zp,Zp). Hence, / e π*S is represented (up to nonzero scalar) by

c = 6Λ_ιflfoy3^0eExt^"g+3(/>2+/^1)ί(Zp,Z/,) in the ASS. Moreover, from
Prop.2.1 (3), ExtΊ

A-
r^q+3(p2+p+l}q-r+\Zp,Zp)=0 for r > 2, then bn-\g^ can

not be hit by differentials in the ASS and so the corresponding homotopy
element / e π*S is nontrivial and of order p. This finishes the proof of
Theorem I. Q.E.D.

PROOF of LEMMA 3.16: From [5] theorem 2.12, γ3 =jfjγ3ϊifi e
π3p2q+2pq+q-3$ *s represented by ^1^2(^3) eE\iβp^BP(BP^,BP^) in the Adams-

Novikov spectral sequence, where t>| e E\t%p^BP(BP*,BP*V(2)) and
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δk : Ext*£BP(BP*,BP* V(k}) -> Ext*B+l'*P(BP*, BP* V(k - 1)) is the boundary

homomorphism associated with the exact sequence 0 — > BP*V(k — 1) -+
BP*V(k - 1) -> BP*V(k) -> 0. By a computation due to K. Shimomura, in

the cobar complex Ω3BP* we have

if if

+ (other terms with υn).

Consider the Thorn reduction map Φ: Ext%pBP(BP*, BP*) -» Ext^*(Zp,Zp).

Since Φ(tn) = ζn

 and Φ(vn) = 0> where ξn means the conjugate of ξn ε A* (A* is
the dual of A), thus modulo mixed words (cf.[ll]) we have

2 — — —n2

This proves the lemma. Q.E.D.

Acknowledgement: The authors would like to thank the referee for his
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