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Abstract

In this paper we define a subclass of bi-univalent functions. Further, we find the estimates
on the bounds |az| and |as|, the Fekete-Szego inequalities and the second Hankel determinant
inequality for defined class of bi-univalent functions.
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1 Introduction

Let A denote the class of functions of the form
o0
f(2) :z—|—2anz” (1.1)
n=2

which are analytic in the open unit disc A = {z : z € C and |z|] < 1} and let S denote the
class of functions in A that are univalent in A. It is well known (e.g. see Duren [17]) that every
function f € S has an inverse map f~!, defined by f~1(f(2)) = z, z € A and f(f ' (w)) = w,
(lw] <7o(f); ro(f) 2 7). where

fHw) = w — agw?® + (263 — az)w® — (5a3 — 5agaz + ag)w* + .. .. (1.2)

A function f € Ais said to be bi-univalent in A if both f and f~! are univalent in A. We let ¢ denote
the class of bi-univalent functions in A given by (1.1). For a further historical account of functions
in the class o, see the work by Srivastava et al. [47]. In fact, judging by the remarkable flood of
papers on non-sharp estimates on the first two coefficients as and as of various subclasses of the
bi-univalent function class o (see, for example, [3-8,10-13,15,16,19,22,23,31-36,38-45,48-54] and
references therein), the above-cited recent pioneering work of Srivastava et al. [47] has apparently
revived the study of analytic and bi-univalent functions in recent years.

We say that a function ¢ : A — C is subordinate to a given function 1) : A — C and write
w(z) < P(z) (or simply ¢ < ), if there exists a complex-valued function w which maps A into
itself, w(0) = 0 and p(z) = ¥(w(2)); z € A. In particular, if ¢ is univalent in A, then ¢(0) = 1(0)
and p(A) C Y(A).
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For integers n =2 1 and ¢ 2 1, the ¢—th Hankel determinant, defined as

(079 an+1 e anJrqfl
Ap41 Ap4-2 U Ap4q—2

Hy(n) = : : : : (a1 =1).
Up4q—1 QAniqg—2 *°° An429—2

The Hankel determinants Hz(1) = a3 —a3 and Ha(2) = asay—a3 are well-known as Fekete-Szego
and second Hankel determinant functionals respectively. Further Fekete and Szeg6 [18] introduced
the generalized functional az — a3, where § is some real number. In 1969, Keogh and Merkes [25]
studied the Fekete-Szegd problem for the classes S* and K. In 2001, Srivastava et al. [46] solved
completely the Fekete-Szegd problem for the family C; := {f € A : R (" f'(z)) >0, -3 <n <
2, z € D} and obtained improvement of |ag — a3| for the smaller set C;. Recently, Kowalczyk et
al. [26] discussed the developments involving the Fekete-Szegd functional |az —da3|, where 0 < § < 1
as well as the corresponding Hankel determinant for the Taylor-Maclaurin coefficients {a, }nen {13
of normalized univalent functions of the form (1.1). Similarly, several authors have investigated
upper bounds for the Hankel determinant of functions belonging to various subclasses of univalent
functions [1,2,14,27,29,30] and the references therein. On the other hand, Zaprawa [53,54] extended
the study on Fekete-Szegd problem to some specific classes of bi-univalent functions. Following
Zaprawa [53, 54], the Fekete-Szegd problem for functions belonging to various subclasses of bi-
univalent functions were obtained in [4,23,32,50]. Very recently, the upper bounds of Hy(2) for
the classes S%(8) and K, (8) were discussed by Deniz et al. [16]. Later, the upper bounds of Hs(2)
for various subclasses of o were obtained by Altinkaya and Yalgin [6,7], Caglar et al. [12], Kanas
et al. [24] and Orhan et al. [34] (see also [35]).

Motivated by the recent publications (especially [5,8,16,34]), we define the following subclass
of o.

For 0 A <1and 0= < 1,afunction f € o given by (1.1) is said to be in the class G2 (¢), if
the following conditions are satisfied:

(1—/\)f’(z)+/\<1+ ZJ{&) <o(z), 0SA<1, zeA

and for g = f~! given by (1.2)

(1= N\)g (w) + A (1 + wgg,/(/g)) Zo(w),  0SA<1, weA,

where ¢ is an analytic and univalent function with positive real part in A, p(0) =1, ¢’(0) > 0 and

 maps the unit disk A onto a region starlike with respect to 1 and symmetric with respect to the
real axis. The Taylor’s series expansion of such function is

@(2) =1+ Biz+ Byz* + B32® + ..., (1.3)

where all coefficients are real and By > 0. Throughout this paper, we assume that the function ¢
satisfies the above conditions unless otherwise stated.
It is interesting to note that the classes

Gop) :=Holp) and  Gi(¢) == Ko(p)



Fekete-Szego problem and Second Hankel Determinant for a class of bi-univalent functions 143

were introduced and studied by Ali et al. [3],

o) (1+ (1-25)z

2 —@e) 0ss<y

was introduced by Azizi et al. [8],

B
QS (1—#(11_—22,@)2) = "Hﬁ (0£8<1) and gg <<1+z) ) = H,(8) (0<B<1)

1—-=2
were introduced by Srivastava et al. [47] and

Gl <1+(1—2,8)z

1—=2

) =8 (0SB<1)

was introduced by Brannan and Taha [9].
In this paper, we shall obtain the Fekete-Szegt inequalities for G () as well as its special classes.
Further, we obtain the second Hankel determinant for functions in the class G2 (3).

2 Initial Coefficient Bounds
Theorem 2.1. If f given by (1.1) is in the class G2 (¢), then

B1vB;

|az| = > (2.1)
VB + (3 - NB? — 4B,]
and s

4 B B : 4 .

(1 - 3(1+>\)Bl> 4Bl+\(3—,\1)3f—432| + 50 if Bz 30N
|as| = (2.2)

B : 4
3040 if Bi < 3y

Proof. Suppose that u(z) and v(z) are analytic in the unit disk A with «(0) =v(0) =0, |u(z)| < 1,
lv(z)] <1 and

u(z) = b1z + i bz, v(z) =1z + i 2", |z| < 1. (2.3)
n=2 n=2
It is well known that
il S 1, [bol S1 =0, fer| £ 1, feo] S 1= eaf”. (2.4)
By a simple calculation, we have
o(u(2)) =14 Bibyz + (Biby + Bob3)2? + ..., 2| <1 (2.5)

and
o(v(w)) =1+ Bieiw + (Bicy + BacH)w? + ..., |w| < 1. (2.6)
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Let f € G)(¢). Then there are analytic functions u,v : A — A given by (2.3) such that

7o)

(- NF(2)+ A (1 n — ou(2))

(1= \)g'(w) + A (1 T wg*‘fl(lg“)”)> = o(v(w)).

It follows from (2.5), (2.6), (2.7) and (2.8) that

2&2 = Blbl
3(1 4 Nas — 4 a3 = Byby + Byb?
—2@2 = B1Cl

2()\ + 3)0,% - 3(1 + )\)ag = 3102 + BQC%.

From (2.9) and (2.11), we get
b1 = —C1.

By adding (2.10) to (2.12), further, using (2.9) and (2.13), we have
(2(3 = N\)B}f —8Bz)a3 = Bj (b2 + c2).
In view of (2.13) and (2.14), together with (2.4), we get
(23 — N B2 — 8By)a3| < 2B3(1 — [b,[2).
Substituting (2.9) in (2.15) we obtain

0] < Bi1vBy
T VAB; + (3= \)B? — 4B,|

By subtracting (2.12) from (2.10) and in view of (2.13), we get
6(1 + A)ag = 6(1 + )\)CL% + Bl(bg - 62).

From (2.4), (2.9), (2.13) and (2.17), it follows that

B
< 2421
las] = laz| +6(1+)\)(| 2| + |c2|)
B
< 2y L (1—|pf?
< agf +3(1+)\)( [b11%)

1 4 | |2 n By
= - ] la —_—
31+ NB; ) 2 31+

Substituting (2.16) in (2.18) we obtain the desired inequality (2.2).

(2.10
(2.11

(2.12

—_ — — —

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

Q.E.D.

Remark 2.2. For A = 0, the results obtained in the Theorem 2.1 are coincide with results in [36,

Theorem 2.1, p.230].
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Corollary 2.3. Let f € K,(¢). Then

Bi1v B
las| =
V/ABi +[2B} — 4By
and .
2 B B . 2.
(1 - ﬁ) 4Bl+\231§—4132\ +5 Bz
las| =

B . 2
3(1+1,\) B1 < 3

3 Fekete-Szego inequalities

In order to derive our result, we shall need the following lemma.

145

(2.19)

(2.20)

Lemma 3.1. (see [17] or [21]) Let p(2) = 1+ p12 + p222 + --- € P, where P is the family of all

functions p, analytic in A, for which #{p(2)} > 0, z € A. Then
|pn| §2a n=123..,

and

1, 1
——p?l<2— —|;m|?
p2 = 5P| S QMI

Theorem 3.2. Let f of the form (1.1) be in G2 (). Then

B if |By| < By

3—X?
|a2|§
Pol " if By 2 By
and
I Ton i |Bof < By
as — az| <
343X\ -

Dl it |By| 2 By

Proof. Since f € G)(y), there exist two analytic functions r, s : A — A, with 7(0) =0

that

= ¢(r(2))

(1= /") +A (1 i zf“(z))

f'(z)

and

(=0 )+ (14 22 80) — o).

Define the functions p and ¢ by

_14r(2)

= =14piz+pez? +p3z®+ ...
1—7r(2)

p(2)
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and
1+ s(w)

_7:1+q1w+q2w2+q3w3+...
1 —s(w)

q(w)

or equivalently,

_P(Z)_l_l _pj 2 p1 Pj_ _PiP2)\ 3
T(Z)—p(z)+1—2 Pzt \p = | F st (G o) - )2

_gqw) -1 1 i\ a (4 AN

Using (3.5) and (3.6) in (3.3) and (3.4), we have

(1= N)f/(2)+ A <1 + Zf”<z>> . (p(Z) - 1)

(2) p(z) 1
and () (w) 1
/ wg (w o qlw) —

(IA)g(wH/\(H g'(w) )¢<q(w)+1)'

Again using (3.5) and (3.6) along with (1.3), it is evident that

p(z) -1 1 1 L o 1 2 .2
=1+-B -B - = -B
¥ (p(z) T 1) + 3 P12+ 5Pt P2 2171 + 1 2p1 | 27 +

g(w) — 1 1 1 1 1
© (()) =1+ -Bigw+ (Bl <Q2 - §Q% + iB2Q% w? ..

and

q(w) +1 2 2
It follows from (3.7), (3.8), (3.9) and (3.10) that

1
2ay = §Blp1
2 1 L, 1 2
3(1 + )\)a3 — 4/\0,2 = §B1 P2 — §p1 + ZBQpl
1
—2a; = §B1Q1
2 1 L, 1 2
2()\ + 3)@2 — 3(1 + )\)0,3 = §Bl qo — §q1 + 132(11 .
Dividing (3.11) by 3 4+ 3\ and taking the absolute values we obtain
4\ 2 Bl 1 2 |BQ‘ 2
_ < _Z [ ]
55 S5 2P Tl

Now applying Lemma 3.1, we have

(3.5)

(3.6)

(3.7)

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)
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Mmoo, Bl |Bs|-Bi,
_ <
e = e T Ty
Therefore
sosxe if |Be| £ Bi;
oo,
ag — ———az| <
313\

B2l i |By| 2 B,

Adding (3.11) and (3.12), we have

B B —B
(6 —2\)a3 = - (p2 +2) — %(zﬁ +q7).
Dividing (3.13) by 6 — 2\ and taking the absolute values we obtain
1 [B 1 | By B 1 | By
2 < 21 Zp2| 122 2 P 2 2] 1220 2
jazl” = 555 [ 5 (P2 Pi|t Il o a2 = gai |+ T lalt

Once again, apply Lemma 3.1 to obtain

1 B 1 B B 1 B
o < =5 | 5 (2 5 P) + B+ 5 (2 Glanl) + ).

6 -2\ 2

Upon simplification we obtain

2 2

| Ba| — By (

1
|a2|2 < — |:2B1 + 2

2 2
< 1 i+ o))

Therefore

2 if |Bs| £ By

A7
lag| =
2 it By 2 By
which completes the proof.
Remark 3.3. Taking
1+2\” 9 2
o(z) = 1 =14282+282°+..., 0<p<1
—z

the inequalities (3.1) and (3.2) become

23 A 23
<./ =2 d _ 2 2l< .
2l =43 an 7 330" = 353
For ) Lo
o) = U= o g toa— )24, 0<B<1

1—=2

147

(3.13)

Q.E.D.

(3.14)

(3.15)

(3.16)
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the inequalities (3.1) and (3.2) become

2(1-7) AN o

jas] £\ =5— and a5 — 505 < 2§1+_3f). (3.17)
4 Bounds for the second Hankel determinant of G2(/3)
Next we state the following lemmas to establish the desired bounds in our study.
Lemma 4.1. [37] If the function p € P is given by the series
p(2) =1+ prz+paz? +p3z®+---, (4.1)
then the following sharp estimate holds:
|pn| < 2, n=12---. (4.2)

Lemma 4.2. [20] If the function p € P is given by the series (4.1), then

20 = c+z(d—c})

des = A4200(4—A)r—ci(4— At +2(4 — )1 — |z]?)z
for some z, z with |z| < 1 and |z] < 1.

The following theorem provides a bound for the second Hankel determinant of the functions in
the class G2 (53).

Theorem 4.3. Let f of the form (1.1) be in G2(3). Then

sty (=N -8 +1]

2(1+2X))
(142X)++/ (142X)2+18(14+X1)2(2—X)
pe|0,1— \/6(1+>\)(27>\)

36[8(1+2X0)(2 — A) — (14 20)2](1 — )2

asay — a3| < (1-5)2 —324(1 4+ A)(1 +2X\)(1 — B) + 288(1 +2X) — 729(1 + )2 |
72(1+23) 91+ N2 =M1 =82 =6(1+N(1+20)(1-7) ’

+8(1 +2X) — 18(1+ A)?
Be (1 - (1+2/\)+\/(1+2>\)2+18(1+>\)2(2—/\)71) .

6(IFA)(2—N)

Proof. Let f € G2(B). Then

=27 (14 ) =54 0 sl (1)

and

(1= 29/ w) + 2 (14 25 ED) = 5 (1= ), (4.4
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where p, ¢ € P and defined by

p(z) =1+crz+c2> + 32+ ... (4.5)
and
q(2) = 14+ dyw + dow? + dzw® + . . .. (4.6)
It follows from (4.3), (4.4), (4.5) and (4.6) that
2&2 = (1 - B)Cl (47)
3(14+Naz —4xa2 = (1—-PB)eo (4.8)
4(1+ 2\)ag — 18Xazaz +8Xa3 = (1— B)es (4.9)
and
—2a2 = (1 - B)dl (410)
23+ N)a3 —3(1+Naz = (1-pB)d> (4.11)
2(10 4+ 11\)agaz — 4(5 4+ 3\)a3 — 4(1+2\)ay = (1 — B)ds. (4.12)
From (4.7) and (4.10), we find that
Cc1 = —d1 (413)
and )
as = ; ﬂcl. (414)
Now, from (4.8), (4.11) and (4.14), we have
1—B)? 1-p
a3:( I ) c§+6(1+A)(c2—d2). (4.15)
Also, from (4.9) and (4.12), we find that
SA(1—B)° 5 5(1—p) 1-p
= — ———(c3 — d3). 4.1
4= T51 o0 (e TR T gy e d) (4.16)

Then, we can establish that
A=2)1-p)* 4, 1-58)° ,

_ a2l =
|a2a4 a3| 32(1 T 2)\) cl+ 48(1 n /\) 61(02 d2)
w —da) — ﬂ )2
AT 2)\)01(63 ds) 36(1+ V)2 (c2 = d2)”|. (4.17)
According to Lemma 4.2 and (4.13), we write
4 — 2
et = E58aoy (4.18)
r —de — ﬁ ci(4—3)(z+y) B cr(4 = c2)(2? + y?)
3 — a3 > 5 -
(4= DA =)z — A = [y[*)w]

+ 5 (4.19)
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for some z,y,z and w with || =1, |y| £ 1, |2| £ 1 and |w| < 1. Using (4.18) and (4.19) in (4.17),
we have

R
[drati=dery au-d o
JUCET: TGRSt INCET U T
s Uit et
+[(1 —9%)(31%&)—@1) . 35();;1/\ ﬂ (el + o)
+[(1 —Gf()i—i(;)\; D8 3%(;2/\ } (Il + 117
HA D o)

Since p € P, so |c1| £ 2. Letting ¢; = ¢, we may assume without restriction that ¢ € [0, 2]. Thus,
for v = |z| £ 1 and v = |y| £ 1, we obtain

lagas — a3] S Ty + To(y +7v2) + Ts(0: +13) + Tu(n +72)° = F(11,72),

R-NO=B) o A=pP (1= 3Pl — )

. = Ti(c) = 201+2\N) - 3201 +2A) 16(1+2)) >0
no= o= 14421(+A) Vo

Now we need to maximize F(7y1,72) in the closed square S := {(71,72) : 0 < v £ 1,0 S v £ 1}
for ¢ € [0,2]. We must investigate the maximum of F(v1,%2) according to ¢ € (0,2), ¢ = 0 and
¢ = 2 taking into account the sign of F,, ., Fyyny — (Fyyq,)2

Firstly, let ¢ € (0,2). Since T5 < 0 and T35 + 2T > 0 for ¢ € (0,2), we conclude that

F, . F

Yiyit yeye T (F’Yle)z <0.

Thus, the function F' cannot have a local maximum in the interior of the square S. Now, we
investigate the maximum of F' on the boundary of the square S.
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For vy =0 and 0 £ 79 £ 1 (similarly v = 0 and 0 < v; < 1) we obtain
F(0,72) = Gy2) = T1 + Toyz + (T + Tu)73.

(i) The case T3 + T4 = 0 : In this case for 0 < 72 < 1 and any fixed ¢ with 0 < ¢ < 2, it is
clear that G'(vy2) = 2(T5 + T4)v2 + T2 > 0, that is, G(y2) is an increasing function. Hence, for fixed
¢ € (0,2), the maximum of G(vy2) occurs at v2 = 1 and

max G(y2) = G(l) =Ty +Tr +1T5+ Ty

(ii) The case T3 + Ty < 0 : Since Ty + 2(T5 + Ty) =2 0 for 0 < 72 < 1 and any fixed ¢ with
0 < ¢ <2, it is clear that To + 2(T5 + T4) < 2(T3 + Ty)y2 + To < T and so G'(7y2) > 0. Hence for
fixed ¢ € (0,2), the maximum of G(72) occurs at 75 = 1 and also for ¢ = 2 we obtain

a2
Fmm) = g o (2= V=92 +1]. (4.20

Taking into account the value (4.20) and the cases 7 and ii, for 0 < 75 < 1 and any fixed ¢ with
0 < ¢ <2 we have
maxG(vg) = G(].) = T1 + T2 + T3 + T4.

For 71 =1 and 0 < 5 < 1 (similarly 72 = 1 and 0 < 4; < 1), we obtain
F(1,72) = H(y) = (T3 + Ta)ys + (T + 2Ty)v2 + Ty + To + T + Ty
Similarly, to the above cases of T3 + T}, we get that
max H(ye) = H(1) = Ty + 2T + 2T5 + 4Ty4.

Since G(1) £ H(1) for ¢ € (0,2), max F'(v1,72) = F(1,1) on the boundary of the square S. Thus
the maximum of F' occurs at v; = 1 and v, = 1 in the closed square S.
Let K:(0,2) = R

K(c) =max F(y1,v) = F(1,1) =T\ + 2T + 273 + 47y. (4.21)
Substituting the values of Ty, Ty, T3 and Ty in the function K defined by (4.21), yields
1— )2
K(©) = s (01— 21+ A2 -\

©288(1+ A)2(1+2))
—6(1— B)(1+A)(1+2X) — 18(1 + A)? +8(1 +2))] ¢*
+[24(1 = B)(1+ A)(1+2X) + 108(1 + A)® — 64(1 + 2))] ¢
+128(1 +2)\)}.

Assume that K(c¢) has a maximum value in an interior of ¢ € (0,2), by elementary calculation, we
find

K'(c) = a g {[9a =521 +X1*2-N)
72(1+ A)2(1 4 2))

—6(1 = B)(L+ A)(L+2)) — 18(1 4+ A\)* + 8(1 +2))] ¢*
+ [12(1 = B)(1 + A) (1 +2X) + 54(1 + A)* — 32(1 + 2X)] ¢} .

After some calculations we concluded the following cases:
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Case 4.4. Let
[9(1 = B2 (X + )2 = A) = 6(1 = B) (L + A)(1+2X) —18(1+ X)* +8(1+2))] 2 0,

that is,

(1+420) + /(T +20)2 + (2 = M[I8(1 + \)2 — 8(1 + 2\)]
3(1+N)(2-N)

pe0,1—

Therefore K'(c) > 0 for ¢ € (0,2). Since K is an increasing function in the interval (0, 2), maximum
point of K must be on the boundary of ¢ € [0, 2], that is, ¢ = 2. Thus, we have

_ _ @-p2
quax, Kle) = K(2) = 53739y

[(2=N(1-8)7+1].
Case 4.5. Let
9(1 — B)2(1 +N)%(2 = A) — 6(1 — B)(1 + M) (1 +2)) — 18(1 + A)? +8(1 +2))] <0,

that is,

(14+2)0) + /(T +20)2 4+ (2 = M[I8(1 + A)2 — 8(1 + 2))] )
3(1+N)(2—-N) Tl

b€ [1—

Then K'(c) = 0 implies the real critical point ¢y, = 0 or

B 12014 A)(1+20)(1 — B) — 54(1 + )2 + 32(1 + 2))
O A B N2 - A) —6(1 - B)A N1+ 20 — 181+ A2 +8(1 +20)

‘When

(142X +4/(1+20)2+ (2= M) [18(1+1)2—8(1+2))] (1420 ++/(1+20)2+18(1+1)2(2—N)]
pe (1 - EIGESY ISy ;1= ESYIe=Y) :

We observe that cp, = 2, that is, cg, is out of the interval (0,2). Therefore, the maximum value
of K(c) occurs at ¢y, = 0 or ¢ = ¢y, which contradicts our assumption of having the maximum value
at the interior point of ¢ € [0,2]. Since K is an increasing function in the interval (0,2), maximum
point of K must be on the boundary of ¢ € [0, 2] that is ¢ = 2. Thus, we have

max K(c) = K(2) = (d=B7

0Scs2 o 2(1+2)\) [1+ (2*)‘)(1 *ﬂ)Q]-

(1420)+4/(1+2X0) 2+ 18(1+A)2(2— )
HEEDVICRSY

When 5 € (1 — ],1> , we observe that cyp, < 2, that is, cp, is an

interior of the interval [0,2]. Since K" (cp,) < 0, the maximum value of K(c) occurs at ¢ = cg,.
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Thus, we have

o2z, Ke) = Klcon)
o 36[8(1+2X0)(2 — A) — (14 20)2](1 — B)?
o (1-p)2 —324(1 + \)(1 4+ 2)\)(1 — B) + 288(1 + 2)\) — 729(1 + )2
O T2(1+2)) 91+ N2 - N)(1-p3)?2
—6(1 4 A)(1+20)(1 — B) +8(1 + 2X) — 18(1 + A)2
This completes the proof. Q.E.D.

Corollary 4.6. Let f of the form (1.1) be in H#2. Then

1-8)2[1+2(1-8)7] . 11-/37
2 < 5 ; B e [0,
lagas — a3| =

(1-B)?[608°—845—25] 11-/37
TeeFE—T55+) 5 P € ( 1

Corollary 4.7. Let f of the form (1.1) be in H,. Then

3

lagay — a3] < 3"

Remark 4.8. For A = 1, the result obtained in the Theorem 4.3 coincides with results in [16,
Theorem 2.3, p.305].
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