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We consider weighted sums ), pu X, of independent and identically distributed random variables
(X,) and compare the tail probabilities of these sums with the moment conditions on X, that is, we
prove various results of Baum—Katz type. Some special examples of weights p,; originating from
summability are discussed.
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1. Introduction

The tail behaviour of partial sums of independent and identically distributed (i.i.d.) random
variables X, X, X5, ... depends on moment conditions on X. Whereas if the moment
generating function exists in a neighbourhood of zero there are large-deviation principles
giving precise information on the tail behaviour, at the other end of the scale, namely if
only lower-order moments exist, we have less precise information on the tails of the
distribution function of S, = Z;':lX j» which can be expressed in the so-called Baum—Katz
laws. These theorems reflect exactly the moments available. Starting with papers by Erdds,
Katz, and Baum and Katz, various results have evolved. We formulate one version; see, for
example, Baum and Katz (1965). Throughout our paper X, X, k € N, denote i.i.d. random
variables.

Theorem 1.

(a) Let y > 1, max{—%, y~ L — 1} < B < 0. Then the following statements are equivalent:
(i) E(|X]") < oo, E(X) = u.
(i) 200, wPHD=2P(|S, — nu| > enfth) < oo, for all € > 0.
(i) 200, n?PED"2 P(supy=, |Sk — ku|/ kP > &) < oo, for all & > 0.
(b) Let v >0, B> max{0, y~! —1}. Then the following statements are equivalent:
(1) E(X]) < oc.
(i) 200, w2 p(|S,| > enfth) < oo, for all € > 0.
(iii) S0 w7 P72 P(supy=,|Si|/ k! > &) < oo, for all € > 0.
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Remark. Related statements are given in the literature for the case y = 1 and other parameter
constellations. Note that if 8 < y~! — 1 then the sums in (ii) and (iii) always converge.

The aim of the present paper is to give Baum—Katz type results for weighted sums 7. There
are a few scattered results of this type in the literature, for example in Wang et al. (1998), but
there no equivalences are developed. The special case of Cesaro summability applied to
random variables is discussed in Gut (1993). Liang and Su (1999) and Liang (2000) give
versions of these results for random variables with a specific dependence structure. Doev
(1989) treats some summability methods, such as Euler and Borel summability, but there are
some problems with Doev’s proofs. Our goal is twofold: on the one hand, we give some
results on general classes of weights; on the other hand, we are interested in weights
originating from summability. Here, in particular, the logarithmic method of summability,
which plays an important role in the context of the almost sure central limit theorems, and
methods of random walk type are discussed below, with the special cases of Euler and Borel.
We also apply our results to Riesz methods. Exact moment conditions for complete
convergence of the corresponding weighted sums are given as applications.

2. Main results

We provide various results depending on the structure of weights p,;. First consider
weights py = 0 with partial sums P, = >_}_, ps. Occasionally we will need the condition
that there exist some 7o € N and constants c¢i, ¢; > 0 such that

Pi = ¢1 max py for at least cpn indices k € {1, ..., n}, forall n = n,. (2.1)
=y=n

Theorem 2. Let (pi)y., be a sequence of weights. For given (€ R, define
gn = nPt'max,<,<, p, for n € N. Consider the following conditions:

(i) E(|X]") < o0, E(X) = 0.
(i) E(X]") < occ.
(i) Y200 w B2 P(IS0 peXi| > q,) < oo, for all &> 0.
(iii) S 00 P2 PSSV Pk Xk| > €qn) < oo, for all € > 0.
(iv) Yoo D=2 P(supk>n|znf:1pj)(j|/qk > &) < oo, for all € > 0.

Then the following statements hold:

(a) Let v >1, max{—%, y I —1} <B<0. Then (i) = (ii) & (iii). Obviously (iv) =
(ii). Further, (i) = (iv) provided that (i) and max <<y py/Max|<j<pi+1 pr =0 >0
hold for all j € N. If in addition (2.1) holds, then (i) < (ii).

(b) Let y >0, B >max{0, y~! — 1}. Then the corresponding conclusions from (a) hold
with (1) replaced by (i').

Remarks. We first remark that, for the conclusions concerning (i), (ii) and (iii), the weights
px may obviously also depend on n.
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Secondly, under condition (2.1) we have ¢, = n’P,, namely 1 < g, /(n'an) < 1/cic,
and then the result holds with ¢, replaced by nP,.

Thirdly, for the conclusion (ii) = (i") in (b) it is sufficient to have convergence of the
sum in (ii) for one & > 0 only. If § < 0 the same holds true in (a) for (ii) = (i).

Example. Let p; = k* for some a = 0. Then
patl In n P

Tatr1 arl

1 as n — oo.

Obviously condition (2.1) is satisfied.

The case of p; = k* with —1 < a < 0 is not covered properly by Theorem 2. For this
case we have the following theorem, where we restrict ourselves to the essentials.
Naturally the results can be extended as in Theorem 2. Setting log™ x = max{2, logx}, we
obtain:

Theorem 3.
(a) Let =1 <a<0and S, =73 ;_k*Xy. Consider the moment condition
E(|X]) < 0. (2.2)
() If 0 <y <1/|a| and B> max{0, y~! — 1}, then (2.2) is equivalent to
Z n’ D=2 p(|S,| > enfr!y < oo, Sor all € > 0.
n=1

(i) If y = 1/|a| and > 0, then (2.2) is equivalent to

o) ny(a+/)’+l)fl

P(|S,| > enfTtly < oo, for all € > 0.
“~  log*n

(iii) If y > 1/|a| and B >0, then (2.2) is equivalent to

&
> o EHBTUP(|S,| > enf Tt < oo, for all € > 0.

n=1

If y>1 and max{1/2,1/y —a} —1 <[ <0 the respective statements hold true with
condition (2.2) replaced by

E(|X]") < oo, E(X) = 0. (2.3)
(b) Let a = —1, that is, S, =Y ;_,X«/k. Now the moment condition is
E(X]" /(log* X)) < . (2.4)
() If0<y<1and B>y~' —1, then (2.4) is equivalent to
o0 VB +1D-2
P(|S,| > enflog n) < oo, for all € > 0.

“— (log* n)
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(i) If y=1 and >0, then (2.4) is equivalent to

[e%¢) 5_1
Z(l:Tn)z P<|S,,| >8nﬁlogn> < 00, Sor all € > 0.
n=1

@iil) If y > 1 and >0, then (2.4) is equivalent to

nP-1
Z(log+n)>’ (1S, > enflogn) < oo, for all € > 0.

Remarks. Part (a) with 8 = 0 is closely related to Theorem 2.2 in Gut (1993). Part (b) gives

a Baum—Katz result for the logarithmic summability method applied to the sequence (Xy).
Note that Theorem 2.4 in Li ef al. (1995), after using Corollary 1 (in Section 3 below)

twice, essentially reduces to Theorems 2 and 3 (see also Theorem A in Liang 2000).

Next we deal with the general but typical situation where the weights follow a continuous
pattern.

Theorem 4. Let X, Xy, k € Z, be i.i.d. random variables and ¢: R — R be continuous,

decreasing and integrable on [0, 00). Further, assume that ¢(x) = ¢(—x) for all x = 0.
Define

n= 3 o) e

k=—00

with some a € (0, 1] (where we implicitly assume almost sure convergence of the sums).

(a) Assume y =1 and > 0. Then the following are equivalent:
(i) E(X]") < oc.
(i) Y00 w@P-1=a p(|T,| > nPe) < oo, for all &€ > 0.
If y > 1 and max{—a/2, a(1/y — 1)} <[ <0, then (ii) is equivalent to E(|X|") < oo and
E(X)=0.
(b) Assume 0 <y <1 and > a(l/y — 1) and that j0°°(¢(t))y dt < oo. Then (i) and (ii)
are equivalent.

Remark. The same result holds for

= 3 oK) L

k=—m,

for m, € N satisfying m,/n* — occ.
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3. Proofs

We begin with a lemma which can be found in a paper by Sztencel (1981). For the sake of
completeness we repeat its proof.

Lemma 1. Suppose we have symmetric, independent random variables Xy, X», ..., X, and
weights 0 < ay < 1,1 < k < n. Then, for all ¢ > 0,
> e) =< 2P< > s) .

! En:Xk >8>$P< zn:aka zn:Xk
k=1 k=1 k=1

—P| min {a

2 <1skSn{ e}

Proof. For the second inequality assume, without loss of generality, that
0sasas...sas1 and put ap = 0. Then we have, with
Sj = Z';c:le’ bj =a;—a;1, 1 =< j < n, that

Zaka:Zkak and Zbk:anﬁl.
k=1 k=1 k=1
Now use Lévy’s inequality, and note that S; < ¢, 1 < j < n implies Z;':lb ;S; < ¢, hence
P Xy > =P b;S; > <P >e)\ <2P(S,>e¢).
<; ar X e) (; i S f) (jmax ;> ) (S, >¢)

To verify the first inequality put X; = a;X; and use the second inequality to obtain

1 minlg'sn{a'} ~ L.
P(Z#Xj>e> s2P<ZXj>e>,

J=1 J=1

which contains the desired inequality. Note that the first inequality is trivial if a; = 0 for
some j. O

Corollary 1. Suppose we have given symmetric, independent random variables
X1, Xo, ..., X, and weights 0 < d;<aj;, 1 <j<n,ncN. Then

n l n ~
P(;aka >e> >§P<;ak)(k >e>.

Proof. Put Y, = ay Xy, so ay/ay Yr = @y Xy and the second inequality in Lemma 1 yields
the corollary. O

Remark. 1f the sums in Corollary 1 converge as n — oo, the inequality holds with n = oo as well.

Next we state some auxiliary results that are needed to find appropriate moment
conditions.

Lemma 2. Let X, X1, X», ... be iid and symmetric, (m,); | a sequence of positive
integers, pu, 1 <k < m, n €N, positive weights, and (1,),., a positive sequence. Then
P(I> 0 pukX k| > An) — 0, n — oo, implies
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1 i
m,,P<X| > 21, max ) < ZP(|pnka| >24,) — 0, n— 00.
Isksm, Dnk P

Proof. By Lévy’s inequality we have

J
P WXl >4, <2p
(é}gﬁ”;pk K ) <

Hence, as n — oo,
my
HP(\pn,X_/| <21, = P(lmax |pnX ;| < 2&,1) = P| max
] sjsm,

1<j<m,

mp
Z Pk Xk
=1

>/'L,,>—>O, n— 00.

j
> puXi| < ,1n> — 1.
k=1

Using the fact that P(|p,X;| < 24,) — 1, n — oo uniformly in j and that log(l + x) ~ x as
x — 0, we find that

L
myP| | X] > 2, max = P(|pniX;|>21,)— 0, n— 0o.
(| | I<k=m, pnk> ; |p.1 _1|

Remark. Under these assumptions we have, uniformly in 1 < /< m,,

my
P anka <31,| =1, n— 00,
il
since

my

Z pnka
k=1

P> puXi| >34, sP(

k=1
< P< S pus
k=1

> /1,,> + P(|puX | > 24,)
Il
— 0, n— oo,

> ln> + ZP(|pnka| > 2],,,)

k=1

where the last expression does not depend on /.

Lemma 3. Under the assumptions of Lemma 2 there exists some ny € N such that

zn: pnka > /’Ln>

1 my
mnP(X| > 41, max —> < ZP(|pnka| >40,)<2- P(
k=1 k=1

Isism, py
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for all n = ny.

Remark. This implies a version of Theorem 2.5 in Gut (1992) in the case of symmetric
random variables with explicit inequalities.

Proof. The left inequality follows from Lemma 2. To prove the right inequality, note that
with

Ak = {|pnka| > 4ln}’> Bk = anij = 3ln 5
=1
Jk
we have
P> pue| > 2a ) = P | Jxn B
k=1 k=1
ny k—1
= Z(p(/lk N By) — P(Ak n{Ju,n BV)>>
k=1 v=1
my k—1
=3 (P(Ak NBY)— > PAin AV)>
k=1 v=1
my, k—1
=" P(4y) (P(Bk) -3 P(A»)
k=1 v=1
1
=5 Py
k=1
for n large enough, by Lemma 2 and the remark following its proof. O

The following lemma will be useful in showing the necessity of the moment conditions.
Its proof consists of a well-known argument but is stated for the sake of completeness.

Lemma 4. Suppose we have some (> —1 and a strictly increasing function
Y: (0, 0c0) — (0, 00). Then

i n*P(|X| > y(n)) < oo if and only if E((¢*‘(|X|))‘f‘“) <00
n=1

Proof. 1t is well known that, for ¢ > —1,
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E|Y[*' & > ntP(|Y] > n) < co.
n=1

Taking into account that P(|X| > y(n)) = P(y~'(|X|) > n) this proves the lemma when
applied to ¥ = = 1(|X]). O

Proof of Theorem 2. (ii) < (iii) is obvious since the sums involved have the same
distribution function. In the case where X is symmetric the inclusion (i) = (ii) follows

from Theorem 1 and the observation
> enﬁ“) < 2P< > snﬁ“)

P Zkak >eq, | =P
=1

by an application of Lemma 1.
In this proof we discuss in detail how the general case works. In later proofs the same
arguments can be applied and will be omitted. Note that

n

Pk
D K
=1 maXi<y<n Py

n
>

k=1

q—Zkak—>0 n— oo. (3.1)

Using the Marcinkiewicz—Zygmund (cf. Chow and Teicher 1978) and ¢, inequalities (cf.
Loeve 1977), we can prove (3.1) for 0 <y < 2 by observing that

1 n
(e e o) = (S e

= nl_(ﬂ+l)yE(|X|y) —0 (n— )

If y = 2 the Markov inequality yields

(‘ Zkak
qn %=

Thus with m(Y) denoting a median of the random variable Y, for any € > 0 we have
m{=—=) Pidk]| =35
qn = 2

for all large enough n. For these n it follows that

1 2
) p” 1+2/),E(X)—>0 n— oo.
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1 n
P = equ) = p(| - peke-m( 3o pe) [ =5
= qn %= n =
P ‘ ! Z x| =5
- Pk P K
qn 5= 172

where the last step is due to the symmetrization inequality (e.g. Lemma 6.16 in Petrov 1995);

note that (O prX)* —Zpk X3
For the proof of (ii) = (i) note that a successive application of the symmetrization
inequality, Corollary 1 (twice) and Lemma 3 yields

00 > Z n/PrH-2 P( Zkaff > 8q,,>

n=1 k=1
- Pk
p/B+H-2 p X3| > enft!
2 > .

max p
k:pkzclllnax Pvl<y<n v
=v=n

V

N —

n/#h=2 p Z X35> enft /¢,

k:pr=c) max p,

Isv=n

\%
=
N

3

Zn”(ﬁH) "P(|X5| > 4enfey).

n 1

For the application of Lemma 3 note that y(8+ 1) —2 > —1 and that the argument from
Baum and Katz (1965, p. 110), can be applied to show that

P ( > X5

k:pr=cimaxi<y=<, py
Finally by Lemma 4 the inequality above yields E|X*|” < oo and thus E|X|" < oc.
Now in the case y > 1 it follows immediately from Theorem 1 of Pruitt (1966) that

>8nﬁ“/c1> — 0, n— 00.

1 n
P—ZkakLE(X):Iu, n — o0.
" k=1

Now assume u # 0. Since we know that, by (2.1),

P
cle = S —
nmaxi<j<nPk

it follows that
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‘ ZPX‘ Clczlm -1, n— oo,
qn %

and the series in (ii) diverges for ¢ < c¢jc;|u|/2. This contradicts (ii) and hence E(X) = 0.

It remains to show that (ii) = (iv) in the case of symmetric random variables. Note that
the converse direction is obvious. Following the method of Baum and Katz (1965), we use
Lévy’s inequality after some manipulations and find

Z n’B+0=2 p( sup

k=n

S

k>8

Z X

Zzz 26 DGED-D pl gup
i=1 k=21

v > 36]2/)
> 5512/')

k

> b
v=1

o0 o0
(D B+D-1)
< ZI:Z ZP( ~sup
i= J=i

2/<f<2/+1

Z DXy

00
< ¢y U p< sup
2 v=1

=1 J<k<2/+1

21+1

o0
= CZZ(‘j+1)(V(ﬂ+I)_1)2P Z vaV > Eqnj+1 Kl
= V=1 g2
00 27+l
<263 2000 p[ 1S ) x> 25y
Jj=1 v=1
o0 n
< EZ pr B2 P( X, | > 86q,,> < 00,
n=1 v=1

where we have used that, for 2/ < n < 2/*1,

P(iPka>i> ZPka>i Z piXi =
=

k=27+1

ZPka >

NI*—‘

and that
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241
$ g2 = U,

n=27

O

Proof of Theorem 3. We shall only show part (b). The proof of part (a) follows along the
same lines (see also Gut 1993, Theorem 2.2). For the sufficiency part we choose, without loss
of generality, ¢ = 3/ with some fixed value of j to be specified later. Then we use the
Hoffmann-Jergensen inequality (see Hoffmann-Jergensen 1974) in its iterated form (cf. Jain
1975), yielding that, for any j € N, there exist constants cy;, c;; > 0 such that

1X
R

P(|S,| > 371 log n) < cle<1m£x > n’log n) + c2;(P(|S,| > n’ log n))zj

n .
<ci; ¥ P(X|> knPlogn) + co;(P(IS,| > n’ log n))*’
k=1

=1+ 1 (say).

By the Markov inequality we find that

nl=v (4P 0<y<l,
P(|S,| > nPlogn) = O(1){ n b7, y=1 (3.2)
n P, with 1 <y’ <y, v' <2,

where we have used the ¢, inequality (cf. Loéve 1977) and, in the case y > 1, also the
Marcinkiewicz—Zygmund inequality (cf. Chow and Teicher 1978). So, under our assumptions
the term /I is sufficiently small after choosing j large enough. The main term is the first one.
For example, in case 0 <y < 1, we have

< L y(B+D-2 _n % (-2 7

. B . n’ P
; ot ;ZT P(X| > knflogn) = oy S Y b,

n=1 k=1 v>fknf log n

where b, = P(v — 1 < |X| <v). Now an asymptotic evaluation of this sum shows that it
converges under the given moment condition. Similar arguments give the other cases.
For the necessity part we use Lemma 3, that is, we have, for 0 <y < 1,

o0 y(BrD-2 1

—— N P(lx| > kil <
“— (log* n) <= (| | " ogn) o0

and note that replacing k& by n yields the moment condition. In the corresponding
calculations, for y > 1 use just the first summand in the inner sum, whereas for y = 1 the
whole sum has to be used. O

Proof of Theorem 4. We may assume X to be symmetric, with the general case following by
the same argument as used in the proof of Theorem 2. First we show (i) = (ii). Using the
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Marcinkiewicz—Zygmund (cf. Chow and Teicher 1978) and ¢, inequalities (cf. Loéve 1977),

we find
00 k 1 Y
E(Ta) < D2 (¢<ﬁ) ;) E(XT)

k=—00

T )J (p(1)” d < oo, (3.3)

for 0 <y =2
Further, we find by the Hoffmann—Jorgensen inequality (Hoffmann—Jergensen 1974) in
its iterated form (Jain 1975) that, for any j € N, there exist constants ¢;;, c2; > 0 such that

k 1
n“) n

cuZP<'X' / >>+Cz/< P(T,| > ).

jez

P(|T,| > 3/n’) < cle<1}(1€aZx

o ) + oy (P(T. > )"

Thus we obtain (we choose, again without loss of generality, ¢ = 3/ with some fixed value of
J to be specified later on)

i n/@tP=1=a p(T, > 3/,F)

n=1

< Znﬂwﬁ)l“zy(ww T )>+CZZnﬂa+ﬁ““( (T, > )"

jez

=1+1.

By (3.3) we find, for y € (0, 2),

00
1< ey Y wr@P ot 2@y < o

if we choose j large enough since (a + )y — a > 0 under our assumptions in (a) and (b).
For y = 2 we obtain, again for large enough j,

o0
Il < 500 Z pratB)-l-a, ~2@+2p) ~
n=1

For the first term we set b, = P(v — 1 < |X| < v) and obtain with a constant ¢, possibly
varying from line to line,
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I< ci pY@HH—1-a ZPO(P(%) L&Xk > nﬂ)
=1 kez n/on
< N\ path1-a b
SISt S S

k€Z y=max{n“th |¢(k/n*),1}

N (at+p)-1 N
= y(@a+p)—1l-a bv 1.

=1 ¢(k/ na);nwr/}/v

Note that the inner sum vanishes if n* /v > ¢(0), that is, n > (vg(0))"/“*?. Thus

I<c¢ i b, Z pratp)—1-a Z 1
v=I

l$nS(V¢(0))l/(a+B) |k‘g¢—1(na+/3/y)na

00 na+/3
SCE b, E p/ P11 —__ |
14
v=1

1<n=(vp(0))/ P
Now assume y = 1 and observe that since by monotonicity and ¢ € L'[0, co) we have

lim,_y¢(y) = 0, implying ¢~ '(v~") = o(v) as v — oc.
Substituting w = ¢**# /v and later v = ¢~ !(w), it is easy to see that

atp | (vp(O) /) jatf
parp—1 g1 (1 >$ = J a1 p-1 i
n ] ( " 0] ” +c 1 [0} "

¢(0) d
= o(v) + cJ () V@B =1 () wy Vet 2
w

1/v

1<n=(vp(0)) /P

p(0)
=o(v) + CVVJ w’ o~ (w)dw
1/v

¢~ 1(1/v)

= o) + cwj (W)’ dp(w)
0

< cv?,

since the integral is bounded due to the continuity of ¢ and the fact that f(;’o ¢7(v)dv < oc.
Hence / < co. Similar arguments apply for the case y € (0, 1).

For the proof of (ii) = (i) we proceed as in Theorem 1. Without loss of generality, we
assume ¢(1) > 0 and apply the Corollary 1 twice and Lemma 3 to obtain, with some
constant ¢ > 0,
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0o > Z n/ @ A=1=a p(|1,| > enf) = 22 n/ @ D=1 p(T, > enf)

n=1 n=1

=S n( () o= o
— n*) n

n=1 ‘k|§n“

= li ny(a+/3)—l—a p Z Xk ~ 8n‘1+ﬂ
2 n—1 | k|<ne o(1)

> en®th
= oS wedtp( x> 4000
p o(1)

and by Lemma 4 we have E|X|" < cc. O

4. Application to weights originating from summability

Given a matrix P = (pu), 41—, We say that a real sequence (s,) converges to a limit s with
respect to the summability method P, s, — s(P), if >, puk Sk — 5, n — 00, (see Zeller and
Beekmann 1970). The Cesaro methods (C,) with p,; = (”_ﬁfi_l)/(":“‘) for 0 < k < n and
a > 0 are well known, in particular the arithmetic mean (Cy).

4.1. Euler, Borel and random walk methods of summability

In the case of the Euler method we have the weights
n e
pnk:<k>pk(1—p) L 0<k=<n,

for some p € (0, 1) whereas in the case of the Borel method we have

k

_ah
Pnk = € F, k € Ny.

More generally, one can consider i.i.d. integer-valued random variables Y; with partial sums
W,, and define weights p, = P(W, = k) to obtain so-called random walk methods of
summability; see, for example, Bingham and Maejima (1985). Under appropriate conditions
on Y; it is well known (see Petrov 1975) that

puk < 1//n  for |k —nE(Y))| < My/n 4.1)

for an arbitrary constant M > 0. Furthermore, under stronger conditions, we obtain an
asymptotic expansion of the weights which can also be found in Petrov (1975). For example,
in the case of the Euler method we have, say,
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k— np )
Hol —— %
pkzéexp ~ (k—npy l+c3 3<\/np(1—p)
" V2manp(T—=p) 2np(1 — p) Vn

N 1 (1> 3w
ol —) = g
’ 3 n Pk

4| A
vnp(l = p)
uniformly in & with some constant ¢3 and the third Hermite polynomial Hj. A similar

Edgeworth expansion holds for Borel weights (and also for weights deriving from suitable
random walk methods). This leads to the following result.

Corollary 2. With the notation introduced above, we have for the Euler or the Borel method
with associated weighted sums T,, for y > 1,

E(|X]") < oo, E(X) =0 Y n"IPP(|T,| >€) < oo, foralle>0.

n=1

Proof. Decomposing T, = > pu X} into the sums corresponding to the weights p(:k) and
applying Theorem 4 to each of the summands shows the sufficiency of the moment condition.
For example, for v = 1 we have a =1 and ¢(x) = e *"/@P1=P) /\ /27 p(T — p), and similarly
for v = 2. For the remainder term (v = 3) we proceed as follows: Define

k—n SN
pro=n"12 1—&—‘ P .
Then use Corollary 1 to conclude

vnp(l — p)
p(‘ > pixy| > e) < P(Z 1P |xh| > e) < P(Z pr X > £n1/2>
k k k

= P(’ > P (Xl — E(|Xk|))' > 8”1/2/2>
k

+ P(‘ ij:k E(XiD| > 8n1/2/2>
[

< P(’ Do P (X - E(|Xk|))’ > en1/2/2> +0,
k

for n large enough. Then apply Theorem 4 again. Note that the shift in the argument of the
function ¢(-) does not matter for i.i.d. random variables.
Necessity follows with the help of (4.1), Corollary 1 (set weights to zero for
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|k — nu| > +/n), then Lemma 3 with m, = c¢\/n with some ¢ >0, and finally Lemma 4
with (x) = ¢, x'/2. O

Remarks. We first observe that a similar theorem can be proved for y € (0, 1] using a higher-
order Edgeworth expansion, and also for other random walk methods.

Secondly, it is well known that X, — 4(C)) if and only if E(|X]) < co and E(X) = 4,
but X, gu(Ep) if and only if E(X?) < co and E(X) = u (for 0 < p < 1). For complete
convergence we have in the case of the C; mean that the existence of the second moment is
necessary and sufficient (see Gut 1993, Theorem 2.1) and for the Euler or Borel means that
the third moment exists. This follows from Corollary 2.

4.2. Riesz and related methods
Let p > 1 and define A, = n'/? exp(n'~'/?) and ¢(n) = n'/?, n € N. Then the following

summability methods are closely related to the C;;, method: the Riesz method, R,, where
we say that s, — s(R),) if, with a; = sy — 541, kK € N(sp := 0),

%Z(h —Aag — s, n — 00;
=1

and the moving average method, M,, where we say that s, — s(M,) if
1

Sk — S, n — oo, for all u > 0.
u¢" n<k<n+uep(n)

It is well known that the R, and M, methods are equivalent (Bingham and Goldie 1988) and
are both weaker than the Cesaro method C/, (Jurkat et al. 1975). However, applied to i.i.d.
random variables for fixed p, all these methods are equivalent — for example,

X5 u(Ry, My, Ciyp) & E(X|P), E(X) = p

holds (Bingham and Goldie 1988).
What can be said about Baum—Katz type results? Note that the following statements are
equivalent:

i n"P(
n=1
00 1 4
S o155
=1 k=1

Hence the M, case can be embedded in the usual arithmetic mean case. If
p=y(B+1/p)—1—1/p, we can use Theorem 1 to deal with the second statement. For
the Riesz method we have:

1
o, 2 N

>enf | < oo, for all u, € > 0;
<n+up(n)

> eépﬁ> < 00, for all ¢ > 0.
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Theorem 5. Let be given p>1, 1/2p)<C<1/p and y > 1/(pl)(=1) and define
Xo = 0. Then the following statements are equivalent:
> n§> < 00,

(i) E(JX]") < oo, E(X) =0,
> exp(nll/ﬁ)n§> < 0.

o0 1 n
. Ey—1-1
(ii) nz::l n>’ /pP< exp(n1-1/7) k§:1(/1n — )Xk — Xi-1)

(i) Y a7 PP(
n=1

> exp(k'VP)x,
k=1

Note that (iii) cannot be treated with Theorem 1 since condition (2.1) is not satisfied. A
corresponding result holds for § > 1/p, but then condition (i) should read E(|X|") < oo only.

Proof. Comparing (i) with (iii), one uses the same arguments as in the proofs of Theorem 2
and 3. That (ii) and (iii) are equivalent follows with Abel’s partial summation and
Corollary 1. U

Corollary 3. Let p > 1. A sequence (X ) of i.i.d. random variables converges completely in
the sense of:

(i) the R, or the M, method if and only if E(|X;|P™) < oo,
(ii) the Cesaro method C,;, if and only if E(|X1\m‘”‘{2’1’}) <oo for p#2 and
E(|X1? log*|X1]) < oo for p =2, respectively.

Proof. Use Theorem 1.2 in Gut (1993) for part (ii). For (i) use Theorem 5 above with
{=1/p for the Riesz means and the equivalence above Theorem 5 with
p=y(B+1/p)—1/p—1 together with Theorem 2 for the moving average case. U]

Hence we may not distinguish between the Riesz and the moving average method, but
both can be distinguished from the Cesaro method with the help of a Baum—Katz theorem.
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