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We present a moderate-deviations principle around non-degenerate attractors of the empirical measure
of random variables distributed according to a mean-field Gibbs measure. We state a result for a large
class of densities of the Gibbs measure. This result is an application of a rank-dependent moderate-
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1. Introduction

Let S be a Polish space furnished with the Borel o-algebra & and M;(S) be the set of
probability measures on (S, S). For a function ' : M{(S) — R and for u € M(S) we
consider the Gibbs measure P defined by

PL(dX) := Zi exp{ nl (% > 6x,> }dﬁ"(X),
r i=1

where X = (x1, ..., x,) € §" and

Z = J exp{ nl (%zn: 5x,-> }dy®”(X).
i-1

We are interested in the asymptotic behaviour of P{ when n goes to infinity. In this paper we
are concerned with moderate fluctuations (moderate-deviations principle) of the empirical
measure

1
Un :;;6’61

under Pf. Fluctuations for mean-field interacting particles have been widely studied; see, for
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example, Ben Arous and Brunaud (1989), Bolthausen (1986), Kusuoka and Tamura (1984),
McKean (1975), Sznitman (1984) and Tanaka (1984).

If ' is bounded and continuous on M;(S) furnished with the strong topology (which is
defined as the coarsest topology on M (S) such that the map M (S)>v— fS<pdV is
continuous for every bounded measurable function ¢ : § — R) it is known (see Ben Arous
and Brunaud 1989) that u, under Pp satisfies a large-deviations principle (LDP) — for a
definition see Dembo and Zeitouni (1998) and below — with a good rate function

H@):= Holw) —~T(w) — _inf {H@w) - T(#)}, (1.1)
vEM1(S)
where H(v|u) is the relative entropy of v with respect to u:

d
Jlogidv v U,

H(vlu) = (1.2)

00 otherwise.

In the so-called non-degenerate case (for a precise definition see (1.5) and thereafter) u,
converges to a convex combination of the minimizers of H; see Ben Arous and Brunaud
(1989) and Kusuoka and Tamura (1984). If H achieves its minimal value at a unique
probability measure u* which is a non-degenerate minimum (this is, roughly speaking, the
property that H is strictly convex in a neighbourhood of #«*), then Gaussian fluctuations
around 4™ are expected. The most general assumptions on I' to obtain Gaussian behaviour
can be found in Ben Arous and Brunaud (1989), Guionnet (1999) and Kusuoka and Tamura
(1984). The authors assume that I" is of the form

r

T(u) = ZJVk(xl, e x) du (L o xp), (1.3)

k=2

for a finite integer » and symmetric functions ¥; on S¥, so that there exist a compact metric
space Cy, a signed measure v; on C; with bounded total variation and a real-valued bounded
continuous function g : Cy XS — R such that, for any k€ {2,...,7} and any
(X1, ..., xp) € Sk,

Ve, - x0) ng, %) gu(t, 1) -+ ga(t, x) dvi(). (1.4)

Guionnet (1999) assumed that V, is symmetric and bounded and satisfies a special regularity
condition, and hence considered a larger class of functions I'.

The Hessian = of T is the symmetric operator in the subspace Lj(u™)=
{p € P(u*): [@du™ =0} of L*(u*) so that, for any ¢ € L3(u*) such that, for e € R
small enough, (1 +¢¢@).u™ € M(S),

1

(02 E0) gy 1= lim 55 AT + £ @)+ T(1 = e @).p™) = 20O} (19)

We remark that, for I' given in (1.3) with symmetric V7,
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(0, ) 12 = Z k(k — 1)Lk<ﬂ(?€1)<ﬂ(x2)Vk(X1, X2, Y1y -y Yro2)d(u®)PE
=

If ©* is a minimizer of H, it is called non-degenerate if 1d — E is positive definite on
L3(u™).
We will assume the following:

Condition 1.1. H in (1.1) achieves its minimum value at a unique probability measure u*,
and u* is a non-degenerate minimum.

Throughout this paper we denote the space of bounded measurable functions on S by
B(S) and the space of bounded continuous functions by Cp(S).

Let us recall the definition of the moderate-deviations principle (MDP). A sequence of
probability measures {u,},cn on a topological space X equipped with o-field B is said to
satisfy the LDP with speed «, | 0 and good rate function 7(-) if the level sets
{x : I(x) < a} are compact for all & < oo, and for all B € B the lower bound

liminf a,logu,(B) = — inf I(x),
n—00 xeint(I')

and the upper bound

limsup a, logu,(B) =< — inf I(x)
n—00 xecl(I')
hold, where int(B) and cl(B) denote the interior and closure of B, respectively. We say that a
sequence of random variables satisfies the LDP provided the sequence of measures induced
by these variables satisfies the LDP. Let {b,},en C (0, 00) be a sequence satisfying
b
lim 2% =0 and lim -3 = 0. (1.6)
n—oo N n—o0 bn
If X is a topological vector space, then a sequence of random variables {Z,} ,cn satisfies the
MDP with speed n/b% and with good rate function I(-) if the sequence {(n/b,)Z,}nen
satisfies the LDP in X with the good rate function /(-) and with speed n/ bi.
We will prove an MDP for the laws of (1/n)> " (dx, — ™) under P} if Condition 1.1
is fulfilled with V; satisfying (1.4) for £k = 3 and a symmetric, bounded /, — that is, an
LDP of

1 n
M" = M"(*) = 2= (O — 1) (1.7)
ni=1

under Pf. The assumption of regularity of V, in Guionnet (1999) is relaxed here. Note that a
bounded and continuous V> is regular but a bounded measurable V, can fail to be regular by
Dembo and Zeitouni (1998, Exercise 7.3.18).

Consider the set M(S) of signed measures on (S, §) with finite total variation endowed
with the strong topology. Let u € M (S) be the law of an independent and identically
distributed (i.i.d.) sequence {X;};en. In de Acosta (1994) it is proved that the sequence
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. 1<
Hn ::Fn;(aXi 7/")

satisfies an LDP with speed n/ bi in M(S) with respect to the strong topology for every (b,)
satisfying (1.6) with good rate function

1 du :
o=, (3)

if (S) =0 and v < ¢ and +oco otherwise.
Let us consider a Hamiltonian I" : M(S) — R given by

T'(v) = J W(x, y)dv(x)dv(y).

If T is assumed to be continuous with respect to the strong topology on M(S) we may hope
to obtain an LDP for the empirical measure jt, under Pp by applying the results of de Acosta
(1994) in the i.i.d. case and Dembo and Zeitouni (1998, Theorem 4.3.1 and Exercise 4.3.11).
There are at least two reasons why such an approach is not very useful. First, the map
M(S) 3 v — v @ v is not continuous even in the case where M(S) and M(S?) are endowed
with the weak topology (see Fuglede 1960, Lemma 1.2.4, p. 148). Thus, in general, even the
class of bounded and continuous functions W is not included. Moreover, applying the results
of de Acosta (1994) and Dembo and Zeitouni (1998 Theorem 4.3.1 and Exercise 4.3.11) is
only of use for the bivariate case because otherwise the corresponding Gibbs measures are
not of the mean-field type we consider in this paper.

We therefore propose another method of proving the MDP for mean-field interacting
particle systems with bounded interaction. Besides applying standard techniques from large-
deviations theory (contraction principle, Varadhan’s lemma, Dawson—Gaértner projective
limit approach) the main tool in our proofs is to establish the MDP for a collection of so-
called rank-dependent U-statistics and U-empirical measures. For example, in the case
T(uw) = [ W(x, y)du(x)du(y), u € M;(S), with bounded measurable W we will need the
LDP for

1 <& . 1
(b D (S =l ()55 > WX, X_,-)) , (1.8)
ni=1 noi#tj

where {X;};en is an ii.d. sequence and f : S — R is a bounded measurable function. In
Eichelsbacher and Schmock (2001) an LDP is proved for the second term in (1.8). The proof
of an LDP for the sequence (1.8) is far from obvious because of the dependency of the
entries in (1.8).

The paper is organized as follows. In Section 2 we state our main results. We also state
some exponential estimates deduced from results in Ben Arous and Brunaud (1989),
Guionnet (1999) and Kusuoka and Tamura (1984) which are proven by the control on U-
statistics developed in Arcones and Giné (1993) and de la Pefia (1992) (decoupling and
randomization techniques; see de la Pefia and Giné 1999). In Section 3 we state the rank-
dependent MDP for vectors of U-empirical measures in a general setting. In Section 4 we
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prove the MDP stated in Section 3, and in Section 5 we prove our main results. Finally, in
Section 6, we consider applications to the Curie—Weiss model and to diffusion processes
with mean-field interaction, considered in Ben Arous and Brunaud (1989), Ben Arous and
Zeitouni (1999), Kusuoka and Tamura (1984) and McKean (1975).

2. Moderate deviations for Gibbs measures

In this section we state the LDP for M"(u*) under P! in M(S) endowed with the strong
topology, where u* is defined in Condition 1.1. First, we consider the case in which T is
given by

T() = JW(x, VA du(y), e Mi(S). @.1)

(Later, we allow for more general types of polynomial interaction.) We denote the Hessian &
in this case by 2. Our first result is the following theorem:

Theorem 2.1. (Moderate deviations for bivariate potentials). If Condition 1.1 holds and W
in (2.1) is symmetric, bounded and measurable, then the sequence {M"(u*™)}>", satisfies the
LDP under P in M(S), equipped with the strong topology, with speed n/ b%, and with good
convex rate function

1 dv \? %
1) = 2Js(du*> du _Jssz”d” & =0, 2.2)

00 otherwise.

In the course of proving this theorem we will see that we obtain another form of the rate
function (2.2) using the projective limit approach (see (5.8)).

In the next theorem we will consider polynomial interactions. We will assume the
following:

Condition 2.1. Let T have the form

m

T(u) = ZJ CCR. x)du G, L xp). (23)
k=2JS*

Let W, be a bounded measurable and symmetric function. For every k =3, let Wy be in

®§Cb(S), the k-fold projective tensor product of Cp(S), and symmetric.

Remark 2.1. If T satisfies Condition 2.1, by Corollary 1.6 in Ben Arous and Brunaud (1989),
there exists a compact metric space C and a signed measure v with finite total variation and a
bounded continuous function % : C X § — R such that

m

ZJ Wi(xy, .., xk)dpt®k(x1, ce, X)) = J Wau®"(x1, ..., Xn),
=3 Sk Sm
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with

W= J K2 () v(dr). (2.4)
C

Theorem 2.2 (Moderate deviations for polynomial interaction). Assume that T satisfies
Conditions 1.1 and 2.1. We then have the LDP holding for {M"(u*)}}", in M(S) equipped
with the strong topology with speed n/ bi and with good convex rate function given by

2 m
1J (dv) dﬂ*—ZMJ Wid(@h)**2dvdv () =0,
N st

1) = { 2 )s\du* = (2.5)

00 otherwise.

The following corollary presents a special case of Theorem 2.2 which we will apply in
Section 6.2.

Corollary 2.3. Suppose Condition 1.1 holds and Wi =0, k=2,..., m— 1. Denoting
V = W,, the sequence {M"(u*)},=1 satisfies the LDP on M(S) equipped with the strong
topology with speed n/ bi and good convex rate function

1 dv \? m(m — 1)
—| (=) du* ————=| Vdu")*"2dvd $)=0
I(v) = 2L<d,u*) # 2 L (W)™ dvdy - U =0,

00 otherwise.

To be able to apply Varadhan’s lemma we have to obtain strong upper bounds on
exponential moments of U-statistics. The following is based on results of de la Pena (1992)
and Arcones and Giné (1993) as well as the considerations in Eichelsbacher and Zajic
(2002) and Guionnet (1999). We need to prove the following lemma.

Lemma 2.4. Assume that T satisfies Conditions 1.1 and 2.1. Then, for some y > 1, one
obtains, in the notation of (3.9) below,

b
surl) E( oy lexp <j/n”Z M§’2(Wk)>] < o0. (2.6)
n= k=2

Before we give the proof of the lemma let us remark that under the conditions for the
potential functions W, (Wy);=, and V in Theorems 2.1 and 2.2 and Corollary 2.3
respectively, the LDP of u, under Pr holds. This follows basically from Theorems 1.7 and
1.19 and Lemma 1.21 in Eichelsbacher and Schmock (2002). The result is the following:

Theorem 2.5. Assume that the interaction T is given by the right-hand side of (2.3) with
measurable and bounded functions Wy. If M (S) is furnished with the strong topology then
Un under Pp satisfies an LDP with good rate function defined in (1.1).

Proof. The interaction can be written as a function T on M(S™):
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m

F0 =Y | Wi oxod o, )

k=2

where u; denotes the marginal distribution of « on the first k& components. If the spaces
M(S¥), k=2, ..., m, are furnished with the strong topology as well, by our assumptions I'
is a continuous function. Hence, applying Theorem 2.9 in Eichelsbacher and Schmock
(2002), the sequence u®™ under P} satisfies and LDP Since the projection map
Mi(S™) 3> u— puy € My(S) is continuous, the contraction principle (see Dembo and
Zeitouni 1998, Theorem 4.2.1) implies the result. O

Remark 2.2. Actually the results in Eichelsbacher and Schmock (2002) give an LDP for u,
under Pp even for unbounded functions W) which satisfy some exponential moment
conditions; see Lemma 1.21 in Eichelsbacher and Schmock (2002).

Proof of Lemma 2.4. We would like to be able to replace W, by a function W, of the form
(1.4) and maintain the positive definiteness of Id — =. If W, were regular we could apply
Guionnet (1999, Lemma 3.1). However, the proof of the latter lemma continues to hold for
bounded measurable W, if, in the proof of the latter lemma, we apply Sanov’s theorem for
products of empirical measures with a sufficiently strong topology (see Eichelsbacher and
Schmock 2002, Theorems 1.7 and 1.10, for such a topology) and apply the contraction
principle followed by Varadhan’s lemma to Theorems 1.7 and 1.10 of Eichelsbacher and
Schmock (2002) in order to obtain inequality (43) of Guionnet (1999). For details, see
Eichelsbacher and Zajic (2002). Let Wi=W,, for 3<k<r and [ =T with the W;
replaced by W,2<i<r.

By Remark 2.1, T can be represented as fgﬂ) = (W, u®™) with W given in (2.4).
Consider B(T') := L™(C, v) and T : M;(S) — B(T) defined by T'(u)= Js h(x, ) du(x); then
we define

By(u™®) = {u € My(S) : |T(u — )| < 6}

with |-|| = |- |lz»). Then Bs(u™) is an open ball around u* in the strong topology.
Proceeding as in Kusuoka and Tamura (1984, Section 4), we have that

b2 m
E(ueyor [I(BM*»( exp <n" > Mﬁ’z(Wk)> ]

k=2
b2 m
= Epen [1@@(#*»(’ exp <n”z L';(Wk)ﬂ exp (n(H(p* ) — T(u™)))
k=2

so that the LDP implies that, for any ¢ > 0,

, 1 e ,
lim sup ;log E (e [1(35(#*))0 exp (nnz M’,‘,’%Wﬂ)] <= - inf H®w).
k=2

=00 ve(Bs(u*))

Using the fact that H is a good rate function and that u* is a unique minimizer, we obtain
that there exists a positive constant ¢ such that, for n large enough,
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b2 m b2 m
E(M*)Xn |ﬁxp <;ZM§’2(Wk)>] — E(ﬂ*)forz [I(Bé(ﬂ*)) exXp <nnz Mﬁ’z(Wk)>]
k=2 k=2

Hence it remains to prove that

< exp(—cn).

. by ko

lim sup B [h&w*» exp <V7"; M (W) | | < oo
But this follows from Kusuoka and Tamura (1984, Lemma 3.2, (3.28)) and Ben Arous and
Brunaud (1989, Theorem (B)iv, (3.4)). ]

3. Rank-dependent moderate deviations

Let us state the moderate-deviations result for vectors of U-empirical measures of different
ranks. Let (S, S, u) be a probability space, let (Q, A, P) = (SV, S®N, u®V) be the product
space, and let {X;};cn be the coordinate projections from Q to S forming an i.i.d. sequence
with £(X;) = u. Let (E, ||-||r) be a separable real Banach space with Borel o-algebra €.
Let m € N and M(S™) denote the set of signed measures with finite total variation on the
product space (S™, S®™). Let ® be a collection of S¥”—E-measurable and Bochner u®™-
integrable functions ¢ : S” — E containing the set B(S™, E) of all bounded measurable
ones. We define the d-restricted set of signed measures by

ME(S™) = {v € M(S™) J llollzd|v] < oo for every ¢ € CID},
Sm
where |v| denotes the total variation measure corresponding to v. Let T®(E) be the coarsest
topology on M®(S™) such that M®(S™) > v — [, ¢ dv is continuous for every ¢ € ®. If
® = B(S™, E), then we write 7(E) instead of T®(E). The o-algebra on M(S™) is defined to
be the smallest one containing M®(S™) such that all the maps M(S") > v — fsm ¢ dv with
@ € B(S™, E) are measurable.
The U-empirical measure of order m is defined by

) 3.1
R(m) iy, iye I(m,n)

for all integers n = m, where ng, = [[i—(n— k) and the set I(m, n) C {1, ..., n}"
consists of all m-tuples with pairwise different components. Given a measurable function ¢
on S§”, the U-statistic of order m with kernel function ¢ is defined, for every n = m, as

" 1
Ul = | edr =l Y gl X (3.2)
sm Bm) i, i e 1(mm)

For the moderate deviations upper bound in Theorem 3.1 below, we have to formulate
moment conditions for the unbounded ¢ € ®. This in turn requires a decomposition, which
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for symmetric ¢ is closely related to the Hoeffding decomposition for the corresponding
U-statistic.

Given ¢ € Li(u®™, E) and a non-empty subset 4 of {1,...,m}, define ¢, €
Li(u®M, E) by u-integrating ¢(sy, ..., s,) with respect to every s; with i€ {1, ...,
m}\A. By convention, ¢g = [, ¢ du®" € E. Furthermore, define ¢, € Li(u®Ml, E) by

Ga((sica) = Y (=D Plop((si)icp). (33)
BCA
for every non-empty 4 C {1, ..., m}, and let ¢y = @u. Note that
00 = | _0d( £0u00, -~ + L0 ). G4

According to the inclusion—exclusion principle or the Mdbius inversion formula,

Plst, s sm) = Y Gal(siica)

Ac{l,...m}
for u®™-almost all (sq, ..., s,) € S™. Hence, for every n = m,
| oarr=a+>| goar (3.5)
sm —1 Sa
[P-almost surely, where, for every a € {0, 1, ..., m},
Fa= Y. ¢a (3.6)
Ac{l,...m}
|4]=a
Due to (3.4), every ¢, with non-empty 4 C {1, ..., m} is u-degenerate.
We can now state the moment conditions on ¢ € @ in terms of the corresponding u-
degenerate functions @y, ..., ¢,, given via (3.3) and (3.6). Assume that {b,},en C (0, 00)

satisfies (1.6). We make an effort to balance the moment conditions with the type of
Banach space E and the growth rate of {b,},cn.

Condition 3.1. For some rank r € {1, ..., m}, ® satisfies the following:

(1) The separable real Banach space E is of type p €[1, 2].

(il) @ C Ly(u®", E).

(iii) If r =1 then, for every ¢ € @,
@ [l [%du < oo, and
(b) lim,, .o (n/b3) log (nP([|¢1(X )| = b)) = —oc.

(iv) For every a € {r, ..., m} with a =2 there exists p, € (1, p] such that
(@) pr=2 and lim,,ﬁoon“”/bi"/p“_r =oco ifa=r+1, and
(b) for every ¢ € @ there exists at least one 04, > 0 such that
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Js exp(Qap || Pall 7 )du®" < oo. (3.7)

If ® = B(S™ E), then all corresponding u-degenerate functions are bounded and
Conditions 3.1(iii) and (iv)(b) certainly hold. Unless » = 1, the Banach space E has to be of
type 2 due to Condition 3.1 (iv)(a). In the case p, =2, the limit in Condition 3.1(iv)(a)
reduces to the first condition in (1.6). For @ = r + 1, a choice p, <2 allows us to balance
a weaker moment condition (3.7) with a slower growth of the sequence {b,},cn. Note that
for the case of rank » =1 we do not need E to be of type 2.

Let us define the moderate U-empirical measures of general rank » € {1, ..., m}. Given
ac{l,...,m} and A={i},...,i,} with 1< <ip<...<iy=m, let 1<i, <
... <iy<m denote the indices in {I,..., m}\4. Define the permutation 7, of
{1, ..., m} such that 74(i;) =j for every je€{l,..., m}. For every map 7:{l,...,
m} —{l,..., m} we define m;:S8" — 8" by m(s)=(S:1)--.,Sxm) for every
s=(81,...,8m) €S". Using 74, define the mapping Y4, : M(S%) — M(S™) by
Yam¥) = (v @ u®" ;! for all v e M(S9).

The marginal measure of y,4,(v), corresponding to the ordered indices in A4, is then
given by wv; all other one-component marginals equal u. Related to (3.3), define
Pam © M(S%) — M(S™) by

Pam@) = (DA 4 3" (D)4 p), (3.8)
BCAB#D
where v, p denotes the marginal v; _; of ve M(S%, when B={i;, ..., i;,} with
1 <j <...<jp=<a For n=m define the moderate U-empirical measure M)"" of rank
ref{l,..., m} by
n\" -
Mm = <b> Ly =" = > gaaLih). (3.9)
n Ac{1,...m}
I1<|d|sr-1

Using (3.3)—(3.6), it follows from these definitions that, for every ¢ € Li(u®", E),

m,r n & =~ a
meden’ _ (b_n) ZJ GudLy Pas, (3.10)

a=r
which means that M"" extracts from ¢ the components of higher rank.

Let us assume that for every unbounded ¢ € ®, every non-void 4 € {1, ..., m} and
every (x)ies € S4, the function SU-+""N 3 (x),c1 pa— @(x1, ..., x,) is Bochner

.....

For m = (my, my) € N> and r=(r, 1) € N> we define the rate function 7, :

M(S™) X M(S§™) — [0, oo] for the moderate deviations of rank re€ {1,..., m} X
{1, ey I’}’lz} by
L[ [din\?
L V1, v2) = EL (d,u) du (3.11)

if there exists a v € M(S) satisfying v(S) = 0 and v < u such that, for i =1, 2,
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vi= Y vam@ =Y @ (L) + L (3.12)

Ac{1,....m;} ACTymyy JEH i

and we define 7, ,(vi, v2) = co otherwise. In the case r; =1, equation (3.12) reduces to
v = Z;"zl U1 @ v ® u®"/ and every one-component marginal of v; is equal to v. For
every [ € [0, 00), let K({p,, 1) ={(v1, v2) € M(S™) X M(S")|I . ,(v1, v2) < I} denote
the corresponding level set. For B C M(S") X M(S™), define /,, ,(B) = inf,cpl,n (v). The
space M(S") X M(S8™) is equipped with the product topology and the appropriate product
o-field. For @ = (@, ®,) C Ly(u®™, E) X Ly(u®™, E), in the following the 7®(E)-
topology denotes the corresponding product topology.

Theorem 3.1 Rank-dependent moderate deviations. The following assertions hold for every
r=(r, r)e{l, ...,m}X{1, ..., m}:

@) If © = (D, D) C Ly(u®™, E) X Ly(u®™, E), then the level set K(Iy,, ) C
MPI(S™) X MP2(8™2) for every [ € [0, 00).

(b) If © = (D, Py) C Ly(u®™, E) X Ly(u®™, E), then K(I,,,, 1) is T(E)-compact for
every 1 € [0, c0).

(c) Assume that there exists a p € (1, 2] such that the Banach space (E, ||-| ) is of type
p and lim,_.on/b? =0. If ®; C L,(u®™, E) in the case m;=r;, i=1,2, or if
D; C Ly(u®™, E) in the case r; < m;, i =1, 2, then

lim infbizlog P((M ", My € B) = —1,,(intyog)(B)) (3.13)
n—oo
Jor every measurable B C M(S™) X M(8™), where inte g (B) denotes the interior
of the set BN (M®P15(S™) X MP2(S™)) with respect to the t®(E)-topology.
(d) If ®; satisfies Condition 3.1 for r, i =1,2, then

lim sup blzlog PM™", M) € B) < —I, ,(clyo z)(B)) (3.14)

n—0o0 n

for every measurable B C M(S™) X M(8™), where clog)(B) denotes the closure of
the set BN (M®P1(S™) X M®(8§™)) with respect to the T®(E)-topology.

Remark 3.1. 1t is obvious from the proof of Theorem 3.1 that we have an MDP for a vector
of a finite number of U-empirical measures.
The following corollary is an immediate consequence:

Corollary 3.2. For r = (1, 2) and m = (1, k), the rate function is

1 dv\?
I(v, vp) = EL (@) du

if v(S) =0, v < u and v, is given by (3.12) with r, =2 and my = k, and +oo otherwise. In
the case k =2 we obtain vy =v @ v.
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4. Proof of the rank-dependent moderate deviations

In the proof of Theorem 3.1 we will several times apply the following Bernstein-type
inequality proved in Eichelsbacher and Schmock (2001):

Theorem 4.1. (Bernstein-type inequality). Let (E, ||-||g) be a separable Banach space of
type p € (1, 2] and let r € N. Then there exist constants c3, ca € [1, 00) such that for every

symmetric, Bochner u®’-integrable, completely u-degenerate function ¢ : S”™ — E with an
a > 0 satisfying

a= L‘ exp (a||¢|| %) du®" < oo, 4.1

there exists a constant c, € (0, o) such that, for all x > 0 and all integers n = r,

xP/r
oy _
Pl U(@)lls = x) < s exp ( cso PIT + C¢(xp/r/n)1/(r+1)>’ 4.2)

where 0 = ||¢||,(uorp) and 0 = r(1 — 1/p).

Furthermore, we will use the following approximation result (see, for example,
Eichelsbacher and Schmock 2001).

Lemma4.2.Let 0 >0, p=1, reN, and let ¢ € L,(u*", E) be a symmetric and

completely u-degenerate function. Then there exist k € N, vectors fi, ..., r € E and
bounded measurable functions fi, ..., fr: S — R with [¢fidu=0 forall i€ {1, ..., k}
such that ¢, =S \BifS" satisfies ||¢ — @ollL,(uorpy <0, where [7(si, ..., s,) =

H;:lfi(sj) forall sy, ...,s, €8S.
Let 1, ,, : M(S™) — [0, co] be defined by
1( (dv\?
Im- r\Vi) =< - d 43
o =3 [ (5) 3

if there exists a v € M(S) satisfying ¥(S) = 0 and v < u such that v; satisfies (3.12), and
Iy, r,(v;) = oo otherwise. Then it is easy to see that

K(Lp,r, 1) C K(Lny,rys ) X KLy, 1) (4.4)

for every / € [0, co).

Proof of Theorem 3.1. (a) and (b). Using (4.4), (a) follows from Theorem 2.14(a) in
Eichelsbacher and Schmock (2001).

By Theorem 2.14(b) in Eichelsbacher and Schmock (2001) we know that K({,, ,, /) is
7®(E)-compact for i = 1, 2. Using (4.4), to prove (b) it therefore suffices to show that 7,
is lower semicontinuous, which is left to the reader. ]
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Proof of Theorem 3.1. (c). Consider a measure v = (v1, V3) € intye g (B) with 1, (v) < cc.
Then v € MP1(ST") X MP2(S}") by the definition of the T®(E)-interior of the set B, hence
Jgn ll@ill £ dvi| < oo for every ¢; € ®;. By the definition of the t®(E)-product topology,
there exist 7 >0, k;, k» € N and Plls s Pliy € Pl @21, ..y P2k, € Py such that the
7P (E)-open set

C((v1, v2), 2n) := C(v1, 27) X C(v2, 2n)

with

C(v;, 21) = {V{ S Mde(Smi)|HJ @i jdv; —v))
sy

<2y forevery j€ {1, ..., k,}}
E

is contained in intez(B). Since 1, (v) < co, a measure v € M(S) for the representation
(3.12) and a density g = dv/du exist, but both might not be unique, as the discussion after
(3.12) showed. The density g satisfies [;gdu=0 and [gg*du=21,,(v)<oo.
Furthermore, a density of v; with respect to u®™ is given by

d'Vi dv .
(s = Y [5G0 e, (4.5)
dusm: AC{T,..m;} i€4 du
‘A‘:rz

and, for every ¢, € @,

| ot sl TT gl s sy = | Jolediv] < oo
Smi j:1 Smi

in the case m; = r;; otherwise, when ®; C Ly(u®™, E),

L ot eoosudly S TTI&6H (s, -..., dsi)

m
= ( r")I(p,-|L2(ﬂm,-,E)(2lm,,(v)){ < oo
1

by the Cauchy—Schwarz inequality. Define g*(s) = max{+g(s), 0} for s € S. It follows
from the dominated convergence theorem that there exist constants c¢T €
[0, || &% 2..(wy) U {0} such that the truncated function g = min{c*, max{—c~, g}} satisfies
Jggdu =0 and

L loullsdvi—vl<n  jefl, ... k) ie{l,2), 4.6)
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where 7; € M(S") is determined by

dv; m
G (10 o Sm) = > Hg(s_,—), (S1, .oy Sm) € S™.

Ac{l,...m;} jeA
[A]=r;

Since g is bounded and ®; C Li(u®™, E), the measure ¥; is actually in M‘D"(S”’f).

Note that C((vy, v2), n) C C((v1, v2), 2n) by (4.6). Furthermore, C((v, v2),n) is a
measurable subset of M(S™) X M(S™) because M Pi(S™) is measurable for every i by
definition. Define the function F,(s) = H7:1(1 + (bn/n)g(s))) for all s = (s,)jen € SV. Due
to (1.6) there exists, for every ¢ € (0, 1), an n, = m such that b,c”/n < ¢ for all n = n,.
Define P, € M (Q) by dP,/dP = F, for all these n. Then

1
P, M=2) € B) = P(MM", M=) € C((v1, 72), 1) = J 7 4P (A7)
D,tn

where D, = {(M", M7>") € C((v1, v2), 7)}. Defining a, = P,(D,) and using Jensen’s
inequality, we obtain, for every n = n,,

1 1
log — dP, =loga, — —J F,log F, dP. (4.8)
Jb, Fy anJp,

Since xlogx = —1/e for x =0 and fs gdu =0, it follows that, for all n = n,,

2

1 b
F,log F,dP < — W), 4.
plog FydP < 4 ot L, () (4.9)

DVI

where we have used the estimate (1 + x)log(1 + x) < x + x2/(2(1 — ¢)) for all x = —¢ for
the second inequality. If we can show that lim, .., a, = 1, then (1.6), (4.7), (4.8) and (4.9)
together imply
Lo,
ligr_l)iggf biz log P((M", M7"™>") € B) = _—m,_(v)’

o 1—c¢

which in turn implies (3.13). Since, for every i € {1, 2},
lim P,(M"""" e C(v;, ) =1
n—0o0

(see the proof of Theorem 2.14(c) in Eichelsbacher and Schmock 2001, pp. 13 and 14) we
obtain lim,_...a, = 1. The proof in Eichelsbacher and Schmock (2001) depends strongly on
quite sharp moment inequalities for Banach-space-valued U-statistics using decoupling
inequalities and the hypercontractive method in moment inequalities. U

Proof of Theorem 3.1 (d). Let C denote the 7®(E)-closure of B N (M®P1(S™) X M®P2(S™)).
The pair of moderate U-empirical measures {(M7'"", M7}, = (m amy take values in
MP (S X MP2(S™), 1t suffices to consider only the case 1, ,(C)>0. Choose
1€ (0, 1,,(C)). Let F; denote the family of all finite, non-empty subsets of ®;, i =1, 2.
For every (Fi, Fp) € F1 X F, define
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syt MPI(S™) X MP2(S™) — EF X ET

Or (1, v2) = (J (Pdvl) X (J (ﬁdw) .
sm @EF s PEP

I17 (IT*2) denotes the restriction of IT( s s, to the first m; (last my) coordinates. Note that
Efiwith ||yl gr == 2, cr vl £ for y = (vp)pcr, € ET, i = 1, 2, is a Banach space, as is
the product space Ef' X E>. Following the proof of Theorem 2.14(d) in Eichelsbacher and
Schmock (2001), there exist an F = (F, F>) € F; X F, and an open set U in Ef x ER
such that IT, Fl,, #)(U) covers K(1,,r, 1) and is disjoint from C. The construction of U uses the
closeness of C as well as the compactness of K(I,,, ). Define
& := dist(I(r, ) (K(L s 1)), UC), where dist is a distance in EX' X EF2. We choose the
supremum of distances dist;, i = 1,2, in E’i, which metrizes the product topology in
Ef X EP2. Since I £, ) (K 1, 1)) is @ compact subset of the open set U, it follows that
&€ >0 and that

A = {(x, ¥) € EfY X E™  dist((x, ¥), T, ) (K(Lys 1)) < €}

by

is an open set contained in U. We rewrite 4, as
A, = {(x, y) € EMN X E™ : disty(x, 1" (1)) < &, dista(y, [1™ (1)) < ¢,
with (vy, v2) € K(Lp.r, 1)}

Thus we can find (F, F>) € F| X F, and an open (possibly non-convex) &-neighbour-
hood 4, C EM X EP> of II£, 7)(K(I ,r, 1)) such that

(M7, M) € BY C (M1, M) € C)
C Tl oy (M7, M) € EFY X EP\ A, (4.10)
for all » = m; A m,. Using (3.10), it follows that
P(p, (M1, M) € EF X EF\ 4,)

m n r P
= P — 11 LY =
o ((b) T L] v 4m>
ny n 1) P
p> P(Q—) I (L) >m> (4.11)

a=r+1
n\" 7] n\" 7 F F
+P <b—) g, (L), (b—) g, (LY) | € E7 X EP\A,p |,
where Fi, ={@ia}per, for a€{r, ri+1,..., m}, i =1, 2, with the notation from (3.6).

We will assume in the following (without loss of generality) that F;, and therefore £, up to
Fi m,;, consist of symmetric functions. In order to see that the terms with @ = r; + 1 in (4.11)
do not contribute to the moderate-deviations upper bound (3.14), it suffices to prove that
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hmsupb logP<( ) ||U(<,o,a)||E/n> o0 @.12)

n—o0

for every a € {r;+1,..., m;}, >0 and @;, € F;,. This follows from an application of
the Bernstein-type inequality (4.2) (for details, see Eichelsbacher and Schmock 2001).
Choose o; > 0 so that e/(4|F;|o;) > (max{cs, 2}1)"'/2, for i = 1, 2, with ¢4 as in (4.2). For
every @;,, corresponding to a ¢; € F;, we can find a function ¢, ,,, as described in Lemma
4.2 such that ||@;,, — @i 0.l 1o(uerpy < 04 Define Fi oo = {@ir.0,}g,cr,- Then

[|:D<<<bn> rlHFl,rl (LZI)’ (bn> rzHFz,rz (L;2)> € EF] X EFZ\A5/2>
n
-3y p((b—) 1U5Gir — G, 8|F>

i=1 @,€F;
n\" . n\"” B F r
" . (b_> HFl,rl,ol (Lnl)’ <b_) HF2,r2,uz (an) €EE'XE 2\A5/4 . (413)

In order to show that, for every ¢; € F,

n\"i &
limsup — log P (=) |U(Gir — Giro)lls = = | < 1, 4.14

apply the Bernstein-type inequality (4.2) (for details, see Eichelsbacker and Schmock 2001);
(4.14) is determined by the choice of the o,;, which measures the quality of the
approximation.

To treat the last term in (4.13), we need to prove that

lim sup b2 10g|]3’<<b ) IO, (L — L)

o = ;) = —o0 (4.15)
for i = 1, 2. Due to the form of the functions in F;,,,,, as described in Lemma 4.2, it suffices
to show that

limsup 75 logP<(b ) U~ W] = n) -0 (416

n—oo

for every 7 > 0 and every bounded measurable function f : § — R satisfying fs fdu=0.
When proving (4.16) we assume that ; = 2, i = 1, 2, and we use the arguments in the proof
of Theorem 2.14 in Eichelsbacher and Schmock (2001). We skip the details.

To treat the last term in (4.11) in the case r; € {2, 3, ..., m;}, combining (4.11)—(4.15),
it remains to show that
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r "
limsup biz logﬂj)(((bl) HFI,r],ul(LQr?rl)a <bi> HFzyrz,uz(L%rz)> S E‘FI X EFZ\A3/4> = —l

4.17)

For this purpose, we assume without loss of generality that there exist &, k, € N such
that every @, ,, o, with ¢; € F; used in (4.13) and described in Lemma 4.2 is of the form

Pirio: = Zf;lﬂwjfg:} where 3, ; € E and f,, ; : S — R is bounded and u-degenerate for

all je{l,...,k;} and ¢;€ F;. Define the map w;:S— (R¥)" by wyis)=
(fou1(8)s s fouk(8)per, and the map T : (RM)" X (R*) — £ X EF by

T((x(pl,la cees xt/)l,kl)(/)leFla (x(/)z,h sy x(/)z,kz)(/)zEFz)

ki ky
_ £ )
= E /3(01,/)‘(/;1,_/ > § :ﬁq’z’fxmz,j
= =1

P1ER €

Then, for every n € N,

n\" ny, ,
{((E) Op, , (L™, (b—n>’2HF2’,2_UZ(L‘f 2)) € EN x EFz\A8/4}

= {(J prdML, J ¥, dM;J) c T’I(EF‘ X EFZ\A£/4)}. (4.18)
S S

Since T is continuous, T '(E" X E™\4,;,) is closed in (RF) X (R*)™ and the
moderate-deviations upper bound in the z-topology on M(S) from de Acosta (1994, Theorem
3.1) implies that

lim sup blz logP<(J Y1 dM};lj J P2 dMLJ) e T Y(EP x EFz\A8/4))
s s

n—oo n

< —inf{ll,l(&)w € M}, (J Yy d, J s dﬁ) e I " (Ef x EFZ\A8/4)} (4.19)
S S
with /;; as in (4.3). Note that
T (J Yy dv, J Y dﬁ) =g, , @), g, , (597)
N S

for all v € M(S). Hence, to derive (4.17) from (4.18) and (4.19), it suffices to show that
(g, , @), OF,, , (797)) € Ay for all v € K(I14, D).

Consider any v € K(/;, /). Define v; € M(S") by (3.12). According to (3.11) and (4.3),
L,.(vi) = 11,(¥), hence v; € K(I,,,,,, [) C M®(S™). With the arguments given in the
proof of Theorem 2.14(d) in Eichelsbacher and Schmock (2001), it follows that
|TFi(wy) — Iy (597)|| gr < 0, Fi|(21)"/> < &/4. This shows that

M, ,, ), M, (797)) € Aeja,
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which finishes the proof of the moderate-deviations upper bound (3.14) for r; €
{2, 3, ey mi}.
Let us now consider the case r; = r, = 1. Note that

<b£HF1,1(L11)9 blHFu(Lll)) = (HF],I (M};l)’ HFZ,I (Mlzjl))

is the sum of n independent and identically distributed E7" X E*2-valued random vectors of

mean zero. Condition 3.1(iii)(a) and Hoélder’s inequality imply that, for every i=1, 2,
~ 2

Js 1@)gier, ||z du < oo and therefore

[ e e
Condition 3.1(iii)(b) for ®;, i = 1, 2, implies that
. n ~ -
lim 2 10g (nP(H((pl(Xi))(p]EFla ((pZ(Xi))(/zzeFZHEFlXEFz = bn)) = —OQ.
n—oo b

Therefore, it follows from Eichelsbacher and Schmock (2001, Theorem 2.17) and from
Arcones (1999, Theorem 2.4) that

. n
lim sup w log P((I (M), T, (M) € EF' X EP\A4,/4)

n—oo n

< —inf{7; ()7 € M(S), M, (@), g, (¥) € E™ X EP\4, 4}

It suffices to show that (Ilp (), Iy, (v)) € 4.4 for all v € K({y,1, /). Consider any
v € K(I1,, I). Define v; € M(S™) by (3.12). We know that /,,, ,,(v;) = I, 1(v) and therefore
V1, v2) € K(I 1,1y, [). Thus we obtain

lim sup blz log [P’((HFH(M};l), Iy, (ML) € EP % EFZ\A£/4) <1

n—oo n

and, together with (4.10) and (4.11), this estimate implies (3.14) for r, = r, = 1.
Finally, let us consider the case ; =1 and r, = 2. Here it remains to show that

n
lim sup blz logn)(((bl) HF1,1(Ln)9 <b£> HFz,rz.vz (L?Vz)> € EFI X EFZ\AS/4> s -/

(4.20)
For this purpose define the map v, : S — (R®)™ as above and the map T:ERX
(R — EF X EF2 by

ky
T(y, (X155 Xpp k) poe ) = | Vs Zﬂw,jx;zz,j $2 € Fs
Jj=1

Then, for every n € N,
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n n\"”
{((E)HFH(L,I)’ <b—n) HFZ:Q,UZ(L%VZ)> c EFI X EFz\As/4}

- { ((;) T, (L), j 2 dMLJ) e 77(E" x EFZ\A£/4)}. (4.21)
n N

Since 7 is continuous, 7~ '(E”" X E2\4,,,) is closed in E' X (R¥)™ and the moderate-
deviations upper bound in the 7®-topology on M(S) from Eichelsbacher and Schmock (2001,
Theorem 2.17) and Arcones (1999, Theorem 2.4) implies that

lim sup I;logP<<HFl‘l(M}1’l), J P2 dML’l) e T7YEMN % EFZ\A8/4)>
s

n—oo n

< —inf{ll,l(ﬁ)w € M(S), <HF1,1(17), J P dg) e T Y(EP x EFZ\A8/4)}. 422)
N
Note that
T<HF“' ® J V2 dﬁ) = (Hn.] ), Mg, . (17®’2))
s

for all ¥ € M(S). We are done if we can show that (I1p,,(¥), Ip,, , (V97)) € 4,4 for all
v € K(1,, ). But this follows from our previous results: consider any v € K(/;;, /) and
define v; € M(S™) by (3.12). We know already that [|[T1(vy) — [f,, , (¥97)[|gr, < /4 for
a vy € K(Ip,,r, ) and that Ilp (V) € jagdl (K(Im,r, 1)). This finishes the proof of the
moderate-deviations upper bound. U

5. Proofs of the mean-field moderate deviations

We begin our examination of the LDP of {M"},=; for I given by (2.1) by considering the
LDP of {M"(¢)},=1 where ¢ € B(S) is fixed. The following proposition follows from
Theorem 3.1, Corollary 3.2, the contraction principle and Varadhan’s lemma.

Proposition 5.1. If Condition 1.1 holds and W : S* — R is symmetric, for every fixed
@ € B(S) the sequence {M"(9)}°°, satisfies the LDP in R with speed n/b* and with good
rate function

S X A _ B B
Iy(y) = 1nf{2L (d,u*) du™ — Jsz Wdvdv: Lq& dv =y, v(S) = 0},

Proof. To obtain the MDP we first demonstrate the upper bound. We apply Theorem 3.1 for
r=(1,2), m=(1,2), ®=(B(S), B(S?)), and M(S) X M(S?) endowed with the product
topology of the strong topologies of the components. By Corollary 3.2 and the contraction
principle (see Dembo and Zeitouni 1998, Theorem 4.2.1), the LDP holds for every ¢ € B(S)
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for {(MY1 (), M22(W)}2, = {(M"™(p), ME*(W))}>, under the distribution x*®>* in R?
with good rate function

dv
Iy p(y, x) = 1nf{2L (d,u ) du™|v(S) = 0, Jsz Wdvdv = x, L(,bdv = y}.

For C C R a fixed closed set, define the upper semicontinuous function ® : R> — R by

X yeC,
—00 otherwise.

D(y, x) = { 5.1

We obtain

lim sup b2 log PE(M"(¢) € C)

n—oo

b2
— lim sup biz log Epy {exp (—" D(M"(p), 0))]
n—oo n n

2
= llrrlsup 2 logE,/n [exp (b (M"(([)) ( ) L%W)))]/Z{-’

2

= limsup — 2 logE [exp (%cb(M"((p), M%;Z(W))ﬂ N(ZP¥,

n—oo

where (ZP)* = [ exp {n[((1/n)3_,0x)} d(u*)®"(X). By Varadhans lemma (see, in parti-
cular, Dembo and Zeitouni 1998, Lemmas 4.3.4, 4.3.6 and 4.3.8) we obtain the upper bound

limsup — 1 log PE(M"(p) € C)

n—00 n

= sup {CD()’, x) - [W¢(ya x)} - Sup{x - [W(x)}
(y,x)eR?

- _(yxglelfc:xR{IW(p(y’ xX) = x} + mf{IW(x) - x} (5.2)

dv
Ty(x) = 1nf{2L<dﬂ ) du*|v(S) = 0, LZdedv—x},

so that the second term in (5.2) becomes

d
1nf{ J (d;) du* JszVdVMS):O}' (5.3)

To apply Varadhan’s lemma with the function ®(-, -) we have to check the following moment
condition: for some y > 1,

Here
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2

limsup — b 10g E oy {exp( % DM (), Mf;z(W))ﬂ < o0. (5.4)

n—o0

That (5.4) holds follows from Holder’s inequality and Lemma 2.12.
Since Id — 2 W is positive definite on L2 5(u™), we have that (5.3) is zero. More explicitly,
the bounded operator defined by

14=22) = | £~ | 2Ww e 0 o)

for g € L2 s(u™), is positive definite (this operator appears, for example, in (1.4) of Kusuoka
and Tamura 1984). Hence, we have, for some ¢ > 0, that

Id—-2m)g =c Vge Lju"):llgleg =1,

which implies
(4=2)&) = | PO’ Ve L")
Choose, in particular, v € M(S) such that »(S) = 0 and dv/du* € L2 2(u*), we have that

ad—zwqa%
dv 2 *
-[ (dﬂ) () = [ 205 9) 800 0 ()4 (i )

d 2
:Lgé)uwm@—L2MLﬁwmww

dv \? N
- cL (i) (x) du* ()

From this we see that the quantity (5.3) must be zero. That the first term in the right-hand
side of (5.2) equals —inf ,cc/y(y) is clear. Hence we have the desired upper bound. The
lower bound is obtained in an analogous manner (using the same exponential moment
estimations as in the proof of the upper bound) and we omit the proof.

To see that the proposed rate function is lower semicontinuous, note that Iy 4(y, x),
being a rate function, is lower semicontinuous, while the function x is continuous. Hence
subtracting the latter from the former, lower semicontinuity is maintained.

To see that the proposed rate function is good, consider a fixed level set

{v: 1) = inf{Tyg(r. 0 —x} < al.

where a = 0 is fixed. Suppose this set is not compact. There then exists a sequence »”, with
y" — oo, such that /4(y") < a (note that we may pick the y” positive as I4(y) = I4(—)).
Hence, for each n there exists v such that
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1 dv\?
—L (—*) du™* — L Wdvdv < 2a (5.5)

and
J ¢dv = y".
s
However, as Id — 2 I is positive definite on L(Z)( u*) we have, for some ¢ > 0,
1 [ dv\? dv \?
| (=) du* = | Wdvdv= — ) du* 5.6
ZJS (dﬂ*> : Jsz e CJS (dﬂ*> # 60
and, by Holder’s inequality, we have

00 — y" = qudv* < \/quzdﬂ* \/Li—zcm*. (5.7)

As y" >0 we cannot have ,/ [¢ ¢>du* = 0 and it suffices to note that (5.5), (5.6) and (5.7)
lead to an absurdity. O

The following extension of Proposition 5.1 is also true. We omit the proof as it is quite
similar to that of the previous proposition. Fix ¢; € B(S),i=1,...,d, where d is a
positive integer.

Proposition 5.2. If Condition 1.1 holds and W is symmetric, then the sequence
{(M™ 1), ..., M (Pa)}oo, satisfies the MDP in R? with speed n/b> and good rate
function

Ig,... m(y):)l;g“g{lw,@ ..... ¢, (, X) — x},

where

1 dv \?
I gr...ps(v. X)=inf —J i du*:v(S):O,J dedV:x,J¢,-dv:y,~,i:1,...,d .
T 2 )g\du* 52 s

The following theorem now follows from results regarding large deviations for projective
limits due to Dawson and Giértner: we have in mind here Dembo and Zeitouni (1998,
Theorem 4.6.9).

Theorem 5.3. If Condition 1.1 holds and W is symmetric, then the sequence {M"}),
satisfies the LDP in M(S) equipped with the strong topology with speed n/ bi and with good
rate function

Iv)=sup  sup Iy
deZ, {¢\,...pa€B(S)}

,,,,, (P15 V), s (Pa, V), (5.8)

where (p;, v) denotes [¢¢;dv.
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Remark 5.1. Note that Theorem 5.3 provides a proof of Theorem 2.1 modulo the form of the
rate function.

Proof of Theorem 2.1. Given uniqueness of rate functions and Proposition 5.2, it suffices to
show that the relevant upper and lower bounds hold and that /(v) is lower semicontinuous.
By the contraction principle and Corollary 3.2, the MDP holds for the sequence
{(M", M?2(W)}°C, under the distribution #*®> in M(S) X R, endowed with the
topology given by the product of the strong topology on M(S) and the usual topology on
R. The good rate function is

Iy(v, x) = L (dif) du™, »(S) =0, Lz Wdvdyv = x.

For C C M(S) a fixed closed set, define the upper semicontinuous function ® by

[ x ved,
v, x) = { —00 otherwise.

By Varadhan’s lemma (in particular, Dembo and Zeitouni 1998, Lemma 4.3.4, Lemma 4.3.6)
and (5.4) we have

b2
lim sup b2 log PL(M" € C) = limsup bz log Epr {exp (7” Dd(M”, O))}

n—oo n—oo

b2 n\?
= limsup — 2 logEﬂm exp dJ M", (b_) LX(W) /Zt

bZ
— lim sup biz log E e [exp (—”CD(M” M”(W)))] J(Zhy*

n—oo n

< sup {DPW,x)— Iy, x)}— sup{x — Iy(x)}
(v ES)XR

= xigng{lW(V x) —x}+ 1nf{1W(x) —x}.
Here Iy (x) is as in the proof of Proposition 5.1 and inf,cg{/w(x) —x} = 0. The lower
bound is obtained in an analogous manner.
To see that the proposed rate function is lower semicontinuous, note that 7y(-, x), a rate
function, is lower semicontinuous and hence, as —x is clearly lower semicontinuous, the
sum of these two functions is also lower semicontinuous. O

Proof of Theorem 2.2. We proceed as in the proof of Theorem 2.1. By Corollary 3.2 and the
contraction principle (see Dembo and Zeitouni 1998, Theorem 4.2.1), the LDP holds for
every ¢ € B(S) for

{(Mn(¢)s M%Z(WZ)a Mil’z(W3)a DY MZI’Z(Wm))};O:I
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under the distribution #*®> in R”. Again by the contraction principle the LDP holds for

{ (M"<¢), > M’;’Z(Wu) }
k=2 n=1
[W,(]ﬁ(y: x)

dv m k(k— 1) i -
1nf{2js<d/,t > dfu ‘ v(S) =0, ZTJSkadVdVd(lu )® =X, Jsgbdv_y}.

k=2

with good rate function

For C C R a fixed closed set and @ given by (5.1), the upper bound is given by

lim sup — 2 log Pr(M"(@)e C) < sup {@(y, x)— Iwy(y, x)} — sug{x —Iy(x)}

n—00 n (y,x)eR?

== inf we(yx) —x}+ nf{ly(x) — x}. (5.9)

Here

IW(X)mf{ L(d‘Z’) du| (S)fo,zm:k("z‘ ”L/ Wkdvdvx}.
k=2 )

Analogously to the proof of Proposition 5.1, the second term in (5.9) becomes 0, using the
positive definiteness of Id — Z. To be in the situation of Lemma 4.3.6 in Dembo and Zeitouni
(1998) for the function ®P(-, -) we have to check the following moment condition (see Dembo
and Zeitouni 1998 Lemma 4.3.8): for some y > 1

exp <yb— <I)<M (), ZM“(W,J))] < 0.

But this is true by Lemma 2.4. Now we proceed as in the proof of Proposition 5 to obtain the
lower bound and the properties of the rate function. U

limsup — pE; logE(# Yo

n—o0

n

6. Applications

6.1. Curie—Weiss model

In the Curie—Weiss model, § = {—1, +1}, u =10_; 4+ 0;) and
L(v) = Tgu(v) == B(v, x)* + h{v, x),

hence

Pr(dX) = ! exp {ﬁ Z xXixj + h Zx,} du®"(X);
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>0 is called inverse temperature and 4 > 0 the strength of an external magnetic field.
Define

- 1
2xlog(1—x)+ ;x

if |x| < 1, and +o0 otherwise; the rate function of the LDP is given by H(x) — inf, H(x). It is
well known (see, for example, Ellis 1985, Section 1V.4) that in the case # = 0 and 8 < % or in
the case h # 0 there is a unique minimizer u* of H(-) which is non-degenerate. In the case
h=0and > % there are two non-degenerate minima u, u5. The case & =0 and 8 = % is
degenerate. In all cases and for any minimum, x*(1) satisfies the relation

H(x) = —fx* — hx +

log (1 + x),

*(
log (%) =4p2u"(1) = 1) + 2h* (1),

with ¢*(1) =1 for h=0 and g <1 For 0 < <! and 2 =0 in Ellis and Newman (1978)
the central limit theorem is proved:

n Xi
i=1 2
Em = NO. (B

in distribution with respect to the Curie—Weiss finite-volume Gibbs states with
o*(f) =41 -2p)"".

Theorem 2.1 presents a MDP for the Curie—Weiss model. The rate function is

I(x) = 2x> — 4f8x%.

6.2. Diffusion processes with mean-field interaction

6.2.1. McKean type

We now consider an application of Corollary 2.3 to the empirical distribution of the
stochastic differential equation

n

dX' (¢, w) = dBi(t, w) + ! > grad DX (1, w) — X (4, w)dt
n=<

Jj=1
X0, w) =Y'(w), i=1,...,n,
where B(t, w), i =1, 2, ..., are independent R?-valued Brownian motions, Y’ are i.i.d. R¢-

valued random variables with E[||Y1||*] < oo and @ is a rapidly decreasing smooth function
on RY satisfying ®(z) = ®(—z), z € R?. With S the Polish space of R?-valued continuous
functions on [0, 7], T € R, denoted by C([0, T], R?), it is known (cf. Kusuoka and Tamura
1984; McKean 1967) that, for any bounded continuous function f on S¥, k =1,
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k
lim E[f (XL, w), ..., XA, w))] = ka(wl, WO T Ro(dw).
i=1

Here R, denotes the distribution on S induced by the solution of the following stochastic
differential equation of McKean type:

dx(z, w) = dB'(t, w) + (J grad D(X (1, w) — z)u,(dz))dt
Rd

X0, w) = Y'(w),

where u;(dz) is the probability distribution of X(¢, w).

Suppose that u is the probability on S induced by Y'(w)+ B'(t, w), 0 <t =< T. Let v,,
neN, be the probability distribution on S” induced by (X.(z, w), ..., X2(t, w)),
0 =<t=<T. Then by the Cameron—Martin formula one obtains the mean-field character
of the model:

n

T
(ws) = exp <3 3 j grad ®(w(1) — w/(1) dw'(1)

ij=1

dv,
dﬂ®”

1 n T n . ) 2
T Z: L Z grad(w'(¢) — w/(1)) dt) ,
i= j=
where w” = (w!, ..., w") € S" and the first integral is an It6 integral.

Theorem 6.1. The sequence of empirical measures {M"(Ry)},=1 satisfies the LDP with
speed n/ bi and with good convex rate function

1 dv \?
[('V) = EJS <d—1e0> dR() - 3J Vdvdv dRQ,

where

V(xs Y, Z) = %{VZ(X’ y) + VZ(ys Z) + VZ(Z’ x)} +%{V3(X, Y, Z) + V3(ya Z, x) + V3(Z’ X, y)},

T

1
Valx, ) =3 {‘P(x(T) = WD) = @(x(0) — ¥(0)) — J AD(x(1) — y(f))dt},

0

T
Vi(x, y, z) = —% {L grad ®(x(t) — y(1)) grad D(x(r) — z(¢))dt.

Proof. We apply Corollary 2.3 with m = 3. Condition 1.1 follows from Theorems 3 and 4
and the proof of Theorem 5 in Kusuoka and Tamura (1984). The boundedness is easily
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verified. V' even satisfies the conditions assumed in Ben Arous and Brunaud (1989), which
are like (1.4). U

6.2.2. Langevin dynamics with McKean—Vlasov limit

Next we apply the results to the Langevin dynamics of a system of interacting particles
leading to a McKean—Vlasov limit. Let X' (7, -) satisfy the system of stochastic differential
equations as in Ben Arous and Brunaud (1989):

. . . 1 . .
dXi(t, @) = dBi(t, 0) = VUXi (1, @) dt +— Y ViV(Xi(t, 0), X1, w)dt.
n .4
Isjsn
Again the (B’ )<=, are n independent R?-valued Brownian motions, U : RY — R? is a Ci
function and ¥ € @2 C3(R?, R), where &2 denotes the two-fold projective tensor product of
Ci(ﬂ:@d , R). V' is assumed to admit the representation

V= J g(, %% v(dr)
C

with (C, v) a compact space and g : RY X C — R differentiable in its first coordinate for all
7 € C. It is known that V" has such a representation with continuous g; see Ben Arous and
Brunaud (1998, Corollary 1.6). Finally, we assume for the initial law of (X’ (0, -))1</<, that

lu(')’ = 1aw({Xi,(0, Yh=isn)

= Z;l exp (nl’ Z S(x;,, ...,x,-,_)> dug"(dxy, ..., dxy)

1<i<..<i,

with S € @ Cyp(R?, R), r=2. Denote by v, € Mi(C(0, T], (R9)¥)) the law of
(X!, ..., X*). The empirical measure of the X’ converges to Dirac measure concentrated
in the solution of the following SDE. Let B, denote an R?-valued Brownian motion,
independent of Xy, and for u € M (R?) let

X, = dB, - VU(X,)dr + Jvl V(X ) ui(dy)de

with u, the law of X, uy = u. Then it is known that under our assumptions the process X,
exists and is well defined. It is the McKean—Vlasov nonlinear diffusion; see Funaki (1984).
Let Pr(u) € M(C([0, T], R%) =: S denote its law. We are now ready to state the result for
this model:

Theorem 6.2. Let s = r\V/ 3. The sequence of empirical measures {M"(Pr(u))},=1 satisfies
the LDP with speed n/ bfl and with good convex rate function

1 dv \? s(s—1) 252
1) =3 (o) 4Prm =52 [ voravavacppiuy,
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where yor : S°* — R is a symmetric function defined by (2.5) in Ben Arous and Brunaud
(1989) (depending on V and S).

Proof. By calculations in Ben Arous and Brunaud (1989) we see that the law v, , is of mean-
field Gibbs type with respect to Pr(u)®". The potential function v, 7 is in the space ®% Cp(S)
(see Ben Arous and Brunaud 1989, (3.6) and Corollary 3.21). That o 7 possesses a unique
non-degenerate minimizer of the LDP rate function which is Pp(u) is proved in Ben Arous
and Brunaud (1989, Corollary 3.10 and Theorem 2.7). O
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