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1. Introduction

A solution of a backward stochastic differential equation (BSDE) associated with a
coefficient f and a terminal value & on [0, 1] is an adapted process (Y;, Z;),<; such that

1 1
Y, = §+J f(s, Yy, Zg)ds — J Z,dB,, t<1.
t t

This type of equation, at least in the nonlinear case, was first introduced by Pardoux and Peng
(1990a), who proved the existence and uniqueness of a solution under suitable assumptions
on f and &, the most important of which are the Lipschitz continuity of f and the square
integrability of §. Their aim was to give a probabilistic interpretation of a solution to a
second-order quasilinear partial differential equation. Since then, these equations have
gradually become an important mathematical tool in many fields such as financial
mathematics (see, for example, El-Karoui et al. 1997a; 1997b; Buckdahn and Hu 1998;
Cvitani¢ and Karatzas 1996), stochastic games and optimal control (Hamadéne and Lepeltier
1995a; 1995b; Hamadéne et al. 1997; 1999; Cvitani¢ and Karatzas 1996; Dermoune et al.
1999), partial differential equations and homogenization (Pardoux and Peng 1990b; 1992;
Pardoux 1999; Peng 1991; Darling and Pardoux 1997; Buckdahn and Peng 1999) and
construction of I'-martingales (Darling 1995).

A further problem under widespread discussion is how to improve the existence and
uniqueness result of Pardoux and Peng (1990a) by weakening the Lipschitz continuity
condition on f. Hamadeéne (1996), Kobylanski (2000) and Lepeltier and San Martin (1997,
1998) have dealt with the situation where Y is a unidimensional process. They obtained an
existence result without assuming f Lipschitz continuous. However, the solution is not
necessarily unique. Hamadene (1996) takes f to be just locally Lipschitz, while Kobylanski
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(2000) and Lepeltier and San Martin (1997; 1998) merely assume that f is continuous. In
the proofs of these results, the comparison theorem for BSDE solutions plays a crucial role.

The situation where Y is a multidimensional process has also been studied, although the
comparison theorem does not apply. In general, however, the existence and uniqueness results
are obtained only under weaker regularity assumptions with respect to the component y of f.
The improvements are not concerned with the regularity of f in z since it is usually supposed
that /" is Lipschitz with respect to that component (Pardoux 1999; Darling and Pardoux 1997;
Briand and Carmona 2000; Mao 1995). Nevertheless, some work has been done where this
latter condition is removed. Pardoux and Peng (1994) assume that f is deterministic and
sufficiently regular, while Hamadéne ef al. (1997) suppose that the randomness stems from a
Markov process. Finally, Zhou (1999) uses a generalization to the multidimensional case of
the comparison theorem. However, he requires some monotonicity conditions and some form
of pattern for the components f; of f.

In this paper we mainly address the problem of the existence of a solution for BSDEs
associated with coefficients which are not Lipschitz in z. In fact, we show that the
multidimensional BSDE associated with (f, §) has a solution if the coefficient f of the
BSDE satisfies the following conditions:

(i) y+— f(¢, y, z) is uniformly continuous uniformly in (7, w, z) and its modulus of
continuity @ satisfies Assumption 2 below.
(i1) The function z — f(¢, y, z) is uniformly continuous uniformly in (¢, w, y).
(iii) The ith component f; of f depends only on the ith row of z.

We give further consideration to the problem of uniqueness, and a result in this direction is
given.

Condition (i) is obviously satisfied when f is Lipschitz in y, with ®(x) = kx. But there
are functions which satisfy (i) and are not Lipschitz in y (see Example 2 in Section 3).

Conditions (i) and (ii) imply that f is uniformly continuous with respect to (y, z).
Therefore it can be approximated uniformly, on the whole space of (y, z), by a sequence of
Lipschitz functions ( f,),=0. Furthermore, we introduce a sequence of processes (Y", Z")
which solve the BSDE associated with ( f),, £). Working on the components of Y”, we show
that the sequence (Y"), is of Cauchy type. For this purpose we make use of condition (iii)
and Girsanov’s theorem in order to cancel some troublesome terms by putting them in the
martingale part. Assumption 2 on @ enables us to conclude. The solution of the BSDE
associated with (f, §) is constructed from the limit of (Y"), and that of (Z"),.

This paper is organized as follows. In Section 2 we formulate the problem accurately and
give some preliminary results. Section 3 is devoted to the proof of the main theorem and
investigates the conditions under which Assumption 2 is satisfied. Finally, in Section 4 we
consider the problem of uniqueness.

2. Formulation of the problem and preliminary results

Let B=(B,);<1 be an m-dimensional Brownian motion defined on a probability space
(Q, F, P), whose natural filtration is denoted (F;);<;, where F; = 0{By, s < t}. Let P be
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the o-algebra on [0, 1] X Q of F,-progressively measurable sets. For k = 1, let H>* be the
set of P-measurable processes V = (V,);=; with values in R such that E[f()l |V|? ds] < oo,
and let S>* be the set of continuous P-measurable processes V = (V;),<; with values in R*
such that E[sup,<|V;[*] < oc.

We are now given two objects: a terminal value & € L*(Q, F}, P); a coefficient f which
is a mapping (¢, w, y, z) — f(t, o, y, z) from [0, 1] X Q X RY X R?*" (where R¥*" is the
space of real matrices with d rows and m columns) to RY satisfying the following
assumption:

Assumption 1. The process (f(t, w,0,0)),<; belongs to H>? and, for any (y,z)€
RY X RP™ (f(t, w, y, 2))i=1 is P-measurable.

Let us now introduce the BSDE associated with ( f, £). A solution of such an equation is
a P-measurable process (Y, Z) = (Y,, Z,),=; valued in R X R*" such that:

(Y, Z) c S2,d X H2dXm

1 1 0]
)]t:§+Jf(Sa w, Y, Zs)ds_J ZydBy, Vi< 1.
t

t

The following theorem of Pardoux (1999) enables us to affirm the existence and uniqueness
of a solution for a BSDE.

Theorem 2.1. Let g be a mapping (t, o, y, z) — g(t, , y, z) from [0, 1] X Q X RY X R4*™
to R? satisfying the following assumptions, along with Assumption 1 above:

(i) |g(t, v, 0)| < |g(t, 0, 0)| + @(|y|), for all t, y, where ¢ is a continuous increasing
Sfunction from R, into itself.
(11) |g(t: Vs Z) - g(t’ s Z,)| < K”Z -z
(i) (v =)', glt, . 2) — g(t, y', 2)) s u
number.
(iv) y— g(t, v, z) is continuous, for all t, z.

Then the BSDE (1) associated with (g, &) has a unique solution (Y, Z).

, for all t, y, z, 2/, where ||z|| = [tr(zz*)]'/?
yv—=2'|, forall t, y, y', z, where u is a real

Now, let us give a result concerning the solutions of deterministic differential equations
which will be useful later.

Proposition 2.2. Let ® be a continuous function from R* into R* such that ®(x) < ax + b,

for all x € R, where a and b are given non-negative constants. Then the deterministic
backward differential equation (DBE)

1
u(t)y=y+ J D(u(s))ds, t<1, yeR, )
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has a solution u”. In addition, if y > 0 and a(x) >0, for all x>0, then the solution is
unique.

Proof. For n =0, let ®, : R" — R" such that @,(x) := inf,ep-{P(y) + n|x — y|}. Since
the rate of growth of @ is at most linear, @, is defined and is Lipschitz. Moreover, the
sequence (®,), is non-decreasing and converges to ®. So let u, : R — R* be the solution
of the following DBE:

1
u,(t)y=7vy+ J D, (1,,(5))ds.
t

Since @, < ®,,, then u, < u,,. Moreover, for all n =0, 0 < u,(¢) < i(t), t € [0, 1],
where # is a function from R™ into itself such that #(7) = )/—i—ftl(az}(s)—i- byds, t<1. It
follows that, for any ¢ € [0, 1], the sequence (u,(f)), converges increasingly to a function
u” (). On the other hand, since # is bounded then there exists a constant k£ such that, for any
n =0, we have u, € [0, k]. Now on [0, k], by virtue of Dini’s theorem, the sequence (®,),
converges uniformly towards @. Then, for any € > 0, there exists a rank n( such that for all
n = ny, ®(x) — € < @,(x) < O(x) + e. Therefore, for any ¢ < 1, we have

1 1
Y+ J D(uy(s))ds —e < uy(t) sy —+ J D(u,(s))ds + .

Taking the limit as n — oo yields u” as a solution of (2) since ¢ is arbitrary.

Let us now suppose that ¥ >0 and ®(x) >0, for all x > 0. For z> 0, let us set
G(z) = Ll [®(x)] 'dx and let u be a solution of (2). It is obvious that =y and
(G(u(t)))’ =1, for all r=<1. Hence G(u(l))— G(u(t)) =1—t, which implies that
u(t)y = G"Y(G(y) — 1 + 1), t < 1, whence the desired result. 0

Uniformly continuous functions can be approximated uniformly in the whole space of
(3, z) by Lipschitz functions. To be precise, we have the following lemma.

Lemma 2.3. Let g be a mapping (t, , y, z) — g(t, o, y, z) from [0, 1] X Q X R? X R4*™
to RY satisfying Assumption 1. In addition, there exists a continuous function ¢ from
RT X RT into R" such that ¢(0, 0) =0 and

|g(ta w, Y, Z) - g(ts , y,y Z’)| < QD(|y - y,|= ”Z - Z,”): Vta s yla 2, Zr: a.s. (3)
Then there exists a sequence (gy),=0 such that:
(i) For any n=0, g, is a mapping from [0, 1] X Q X R*" into R satisfying
Assumption 1 and which is Lipschitz with respect to (v, z) uniformly in (t, w).

(ii)) For all ¢>0, there is an N,=0 such that, for all »n=N,
|gn(t, 0, y, 2) — g(t, , y, 2)| < ¢ for all £, y, z, as.

Proof. Let v be a function of C*(R ™ R*) with compact support and which satisfies
wade Y(y, z)dydz = 1. For n = 0, let ¥, : (¥, 2) € R sy, (y, z) = n’y(ny, nz) and
g, = gxVy,, the convolution product of g and 1 ,. Therefore,
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vt, v, z, au(t, o, y, z) = J g(t, o, u, U)nzlp(n(y —u), n(z — v))dudo,

Rd+d><m

1Y)
:J g(t, w,y—u,z—)lp(u, v)du do.
Rd+dxm n n

It is easily seen that the sequence (g,),=¢ converges pointwise to g, and, for any n = 0, g,
satisfies Assumption 1 and is Lipschitz with respect to (v, z) uniformly in (¢, w). On the
other hand, for any n, m = 0, we have

|gn(t’ , y7 Z) - gm(ts , y, Z)|

u 1% u 1%
J g(t,(u,y——,z——)—g(t,w,y——,z——)z/)(u, v)du dv
Rd+dxm n n m m
$ J
Rd+dxrv1

= J ® (
Rd+d><m

But since the function 9 is of compact support, then, by virtue of Lebesgue’s theorem, the
last integral tends to 0 as n, m tend to +oo, whence the desired result. O

1 1
g<t, w, y—z, Z——> - g(t, w, y—ﬁ, Z——)‘W(u, v)dudv
n n m m

u u

n m

u v

—-—— D Y(u, v)dudo.

n m

>

Remark. Functions g which are uniformly continuous in (y, z) uniformly in (7, w) satisfy (3).

3. The main result

We begin with a couple of useful assumptions. Let @ : R* — R* be a continuous function
of at most linear growth such that, ®(0) = 0 and ®(x) > 0 for all x > 0. We would like ®
to satisfy the following assumption:
Assumption 2. u”(0) — 0 as y \, 0, where u” is the unique solution on [0, 1] of the DBE
1
u'(t)y=y —&—J D(d.u”(t))dt, t < 1;y > 0.
t

This assumption implies, in particular, that u”(f) — 0 as y — 0 for any t € [0, 1].

Suppose now that, besides Assumption 1, the mapping (¢, w, y, z) — f(t, , y, z)
satisfies the following:

Assumption 3.

(1) f is uniformly continuous in y uniformly with respect to (t, w, z), i.e., there exists a
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continuous non-decreasing function ® from R into itself with at most linear growth
and satisfying ®(0) =0 and D(x) > 0 for all x > 0 such that:

|f(t’ Vs Z)—f(f, y” Z)‘ = (I)(|y_y,|)1 Vt’ s y” za.s.

Moreover, ® satisfies Assumption 2.
(i1) f is uniformly continuous in z, i.e., there exists a continuous function ¥ from R*
into itself with at most linear growth and satisfying W(0) = 0, such that:

(& y,2) = [, 3, ) < W(lz=2[), Vi, 9,27 as.

(iii) For i=1, ..., d the ith component f; of f depends only on the ith row of the
matrix z.

In Assumption 3(i) the case where ®(x) =0 on some interval [0, d] is irrelevant, since
then f(¢, y, z) = f(t, 0, z).

Example 1. If f is Lipschitz in (y, z) uniformly in (¢, w), then it satisfies Assumption 3 with
D(x) = W(x) = kx.

Example 2. We now give a mapping f which satisfies Assumption 3 and which is not
Lipschitz in (y, z). Let f be the function which with (7, y, z) € [0, 1] X R¥?*" associates
f(t, v, 2) = [h(|y| + |2']), - .., A(|y| + |z?]], where 2’ is the ith row of z and

1
h(x) =x ln; djo=x=s) + (H'(0=)(x — 8) + h(0)). 11>

with & small enough. Since 4(0) = 0, and % is concave increasing, then for all x, x' € R™,
h(x + x") < h(x) + h(x"). This implies that |A(x) — A(x")| < A(|x — x'|), Vx, x' € R*. There-
fore f satisfies Assumption 3 with ® =W = d.h (see Proposition 3.2 below for the second
part of Assumption 3(i)).

We shall now prove the main result of this section which provides, under Assumptions 1
and 3, a solution (Y, Z) for the BSDE associated with (f, £). The known existence results
(Pardoux and Peng 1990a; Darling and Pardoux 1997; Pardoux 1999; Briand and Carmona
2000; Mao 1995) do not provide a solution for the BSDE associated with such a pair

(/5 9.

Theorem 3.1. Suppose that Assumptions 1 and 3 hold. Then there exists a process (Y, Z) in
§24 X H>4M such that

1 1

Yt — E +J _f(S, YS’ Zs)ds - J Zs st: vVe=<1. (4)
t

t

Proof. Let (f,,),=0 be a sequence of mappings from [0, 1] X Q X R into R such that
forall n =0, f, = f =y, (¥, is as in Lemma 2.3). This sequence converges uniformly to f
and for any n = 0, f), satisfies Assumption | and is Lipschitz with respect to (v, z) uniformly
in (¢, ). In addition, we have
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‘fn(h Y, Z) _fn(t’ y” Z)| = (I)(|y - y")’ Vt, Y, y” z, a.s.

For any n =0, let (Y", Z") be the solution of the BSDE associated with ( f,,, &) which,
according to Theorem 2.1, exists. So, for any n = 0, we have
(Yn’ Zn) c S2,d X H2,d><m,
1 1 %)
Yy = §+J (s, Y2, ZMds — J Z!"dB;, Vi<1.
t

t
The proof is based on the fact that (Y”),= and (Z"),=( are Cauchy sequences in S>? and

H>4" respectively.

Step 1. In this step we show that (Y"),=o is a Cauchy sequence in S>“. For any n = 0, let
(Y™*, Z™%),~0 be the sequence of processes of S>¢ X H>?*" defined recursively as follows:

(Yn,O, Zn,O) _ (0’ 0)’
1 1
Yk =g+ J Fals, Y1 Z0Kyds — J zrkdB,,  Vi<1,k=1.
t t

It is easily seen that (Y"k, Z™*),—, converges, as k — +oo, to (Y", Z") in §>¢ x H>@*m,
Now, for i=1,...,d, let Y™k & fI and ‘Z"™k be the ith components and row of
respectively Y7 & f, and Z™F. On the other hand, for any ¢ > 0, let N, = 0 such that if
n, m = N, then |f,(t, v, 2) — fu(t, ¥, 2)| < e

(@ Forall , m= N, k=0,i=1,...,d, t <1, |'Y"F —iymk| < C", where C}" is
a constant which may depend on n, m, k, €. Indeed, we have

IY?,/H»I o IY:n’k+1

1 1
— J {fln(s’ Yg’k, iZ;l’k+l) _ i (S, Y;n’k, iZ;n’k+l)}dS _ J (izg,k+l _ iZ;n’k+1)dBS
t

m .
1 . . . . . .
= [ i vz g vz g v 2
t
_fil(s9 Y;n,k’ iZ;’”k+1)+fi,(s, Y;”’k, iZ;n,/H»l) _fin(s’ Y;n,k’ iZ;n,k+l)}ds
1 . .
_ J (IZ;I,/H»I _ ’Zg’”k+1)dBS.

t

But since f* is a Lipschitz mapping,
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1
iY:l,k+1 o intn,kJrl _ J {ibﬁ,m(s)(yf’k o Y:n,k) + ia/nc’m(s)(izgl,kJrl o iZ;n,kJrl)
t
(s, YO TZE) = f s Y 2 s

1
_ J (iZ;’l,k+1 _ iZ;n’kJrl)st.

t
Here (‘ak ,(1))=1 and (b} ,(1))=1 are bounded and F,-adapted processes defined as:
Lol Y IZ0 ) e, Yk, iz

iaﬁ,m(t) = iZ;”k+1 _ izitn,k+1

if iz?,k+1 _ izgn,kJrl ?é 0’

0 otherwise,
and
fln(t’ Y;l,k» iZ;l’k+l) _fiz(t’ Y;n,k» iZ;l,k+1)
by (1) = vk =yt

if ypk—yrk£o,
0 otherwise.
Let Pif be the probability on (Q, F) which is equivalent to P and defined by:
dpik 1 1 1
d;m — 5<J ’a',j’m(s)dBS> ‘= exp Uolalfl’m(s)db’s — EJO ‘af () ds|.

0

From Girsanov’s theorem (Karatzas and Shreve 1991; Revuz and Yor 1991), under P’;;ﬁn the
process

t
‘Bf ()= B, — J ‘ay ,(s)ds, t<1,
0
is an (F,;, Pi* )-Brownian motion. Moreover,
t
i onk+1 _ im k1N qi pk
(JO(tZ;l + _tZ;n + )dan’m(S))

is an (F;, Pﬁ;f‘m)-martingale. Indeed,

=<1

n,m

t
J (iZl:a,kJrl _ iZ;n,k+l)din (S)

1
‘| < CElr;km \/J |12;’!,k+1 _ ’Z;”’kﬂ\z ds
' 0

Lk
E;m [SuPtsl
0

1
irzn,k+1 izmk+1)2
| Fzzet =iz as| < o,
0

and the result follows. The first inequality stems from that of Burkholder, Davis and Gundy
(Karatzas and Shreve 1991; Revuz and Yor 1991).
On the other hand, let ,,, be a real number such that
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Bum = Z |ib§,m(t)|, Vt<1,as.

i=1,d

Since n, m = N, then, after writing Y% —iy™k*1 with the Brownian motion ‘B
instead of B and taking the conditional expectation, we obtain

1
sy < B [ (Bl V- VI Q.
t

Now it is easily seen by induction on k, that for all k=0, for all i=1,...,d, and
t<1, 'Y  —1y"™k < u, () < u,n(0). Here u,,, is the deterministic function on [0, 1]
which satisfies u, () = [, {dBnmuunm(s) + €}ds, t <1 (this exists according to Proposition
2.2). Whence the desired result.
(b) We now need the fact that (Y"),~, is a Cauchy sequence in S>?. Tanaka’s formula
implies that

1
Y=Y+ 20AT0) = 'AT0) = j sgn('Y P = YOG, Y20
t
1

j =1 ipmk vk ivmkyionk  imk
— [l (s, YRRl i ))ds—Jsgn('Y;' —iymkyizmk —izmkygp,,

t
where (‘A"(0)),<; is the local time of Y™ — Y™k at 0. It follows that

1
‘iY:l,k o iygn,k| < J sgn(iY;"k o iY:,n’k){fin(S, Y;l,kfl, iZ;l’k) o fi,(S, Y;n,kfl, [Z:’k)
t
s YL TZE = G, YL IZ ) 4 s Y T2
1
— (s, YR IZ s — J sgn('YF =y Rzt — 1z dB,.

t

So since n, m = N, then

1
‘lY?,k o IY:n’k| < _ J sgn(’Y;”k o lY;n’k)(lZ:’k o tZ:t,k)dlB/:l;nl(s)
t

1
+J {e+ (Y™ — ymh=l))ds.
t

On the other hand, let ¢ be the solution on [0, 1] of the DBE

1
u(t) =e+ J D(d.u(s))ds, r<1

(cf. Proposition 2.2). Since

t
(j e (0 A At (s))
0

=<1

is an (F,, Pi* 1)-martingale, we have
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vk iymk ik
Yk iy k| () < B

1
J {O( Y™ 1 — Y™k 1)) — D(d.ut(s))}ds|F, |, r<1.
t

(6)

Now by induction on k we have, for all k=0, |'Y"F — Y™k < u“(¢) for any ¢t <1 and
i=1,...,d. Indeed, for £ = 0 the property holds. Suppose it also holds for some k& — 1, i.e.,
[lymk=t —iymb=l < yf(f), Ve<1 and i=1,...,d, then |V ymk1 < du(,
V¢t < 1. Now combining that with the fact that ® is non-decreasing and taking into account
(6) yields |'Y"F —iymk| < y(¢) forall t<1,i=1,...,d.

Taking the limit as k — oo implies that |'Y? — Y| < u’(¢), forall t<1,i=1,...,d.
Hence for all ¢ >0 there exists N, such that, for all »n, m= N, we have
sup<i|Y? — Y| < d.u(0). As u“(0) — 0 as ¢ — 0 (according to Assumption 3(i)), then
(Y,)u=0 is a Cauchy sequence in S>¢ and converges to a process which we denote by Y.

Step 2. We now show that (Z,),=o is a Cauchy sequence in H>%*",

(a) There exists a constant C such that E[jol || Z?||* ds] < C. Indeed, since the rate of
growth of the functions W and @ is at most linear, there exists a constant a such that, for
any n =0, we have |f,(t, w, y, 2)| < |f(¢t, w, 0, 0)| + a(1 + |y| + ||z||), for all 7, y, z, as.
Now using It6’s formula with the process Y” defined in (5), we obtain

1 1 1
VP [ NZ2P as = 18R + 2] vies v2 zids =2 vizias,
t t t
Then, for all r <1 and v > 0,
1 1 1
VP [ 1220 ds < [P+ | 17214176, 0,00 + (1 + |21+ | Z2Ipys 2| 7221 as,
t t t

1 1 1
< g+ [ 7R as o] 176 0.0+ a0 + 721+ 120001 ds
t t

1
—2J Y Z" dB,
t
2 1 1 n|2 : 2 n2 ni2
< IEF 4] 1YS1ds + Cv| {14 1f(s, 0, O + [ Y7 + (1 25"} ds
t t
1
—2J Y"Z" dB,
t

1 1 1 1
< & + (;-i- VC>J |77 ds + CVJ (1 +|f(s, 0, 0)[*)ds + CVJ 1z ds
t t t

1
- 2J Y"Z" dB,.
t
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Through the convergence of (Y”),=o in S>? we have sup,= E[sup,<1|Y”| ] =< C, and then,
once again using the Burkholder—Davis—Gundy inequality, we deduce that (jo Y{Z7dB,)<i
is an (F;, P)-martingale. Now choosing v = 1/4C, we obtain

+E <C

1
[, e as
0

1 1
E J ||Z;’|2ds] < 4{E[&’] + (4C+DE J(l + [£(s, 0, 0)]*)ds
0 0

whence the desired result. Here C is a constant which may change from one line to another.
(b) We show that (Z,),=¢ is a Cauchy sequence. Indeed, for any n, m = 0, we have

1
E J ||Z;’-Z§”||2ds] <2E
0

1
L(Y; YISl YT 2 — fs, YT Z;"))ds]

since the process (Jg (YI =YI')NZ! — Z1)dBy)< is an (F;, P)-martingale. It follows that

1 1

E lj ||Z:l - ZT”zdS] = 2\/E |:Sup|Y:l - Y;n|2:| E [J ‘fn(sa YI:: Z:l) - fm(ss ans Z:n)|2 dS‘| .
0 =1 0

But there exists a constant C = 0 such that, for all » = 0,

<=C

1
E[J |fn(sa Y;ls Z;’)_fm(sa Y;na Z;n)|2 dS
0

Then the sequence (Z,),=o is a Cauchy sequence in H>%*" whose limit will be denoted
by Z

Step 3. We now show that the process (Y, Z) is a solution of the BSDE associated with
(f, &). For any n =0 and ¢ < 1, we know from (5) that

1 1
=5+ J fals, Y7, Z1ds — J 7" dB,.
4 t

Now, for a fixed ¢ € [0, 1], the sequences (Y7}),=o and (L Z"dBy),=0 converge in L*(Q, dP)
towards Y, and L Z, dB,, respectively. On the other hand,

|

1 1 1
J fn(sz Y;la Z?)dS - J f(S, YS) Z.S)dS‘| = E [J |fn(s9 Y;la Z;l) _f(sa Ysa Zb)|dS
t t 0

1
+E j (s, Y0 20— f(s, Yo, Z))|ds|.
0

1
< EU fuls, Y, Z0) = f(s, Y, Z)|ds
0

The first term converges to 0 as n — +oo since (f,),=¢ converges uniformly to f (cf.
Lemma 2.3(ii)). In addition, for any = 0, we have
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1
E[J |f(S, Y_:l, Z:l) *f(s, YS: Z&)lds
0

1
<E JO{CI’(IY? = YsDyrrovy<p + W 27 — Zs||)1[||zz—zx|<m}dS]
1
T E J (s Y 20— (s, Yoo Z)| gy y,pmprds
0
1
+ E J0|f(s, Y;', Z:l) —f(S, YS, ZS)“[HZS”—ZJHBﬁ]dS .

Then, after extracting a subsequence, the first term converges to 0 as n — 4-0c0. Moreover,

1
E “ |f(s, YT, Z))— f(s, Yy, Zs)l[ygypﬁ]ds]
0

X 1/2 . 1/2
< (E U (s, Y1\ Z0) = f(s, Y, Z) dsD (E U l[xz—n;mdsD
0 0
1 1/2 | 1/2
<p (E U s, Y7, 20 = fGs. Y, Z))] dD (E U P dD
0 0

1
< Ccp! EU |Y" — Yszds].
0

The last inequality follows from the convergence of (Y,),=0 ((Z,)n=0) in S>¢ (H>?*™) and
the linear growth of f, i.e., [f(#, w, y, 2)| < |f(t, w, 0, 0)| + a(1 + |y| + ||z||) a.s. Therefore,
the second term converges to 0 as n — +oc0. In the same way, it is easily seen that the third
term also converges to 0 as n — +oo. Consequently, since Y is a continuous process, we
have

1 1
Y, = §+J f(s, Yy, Z)ds — J Z,dB, Vi<1,a.s.,
t

t

i.e. (Y, Z) is a solution for the BSDE associated with (f, §). The proof is now complete.
O



Multidimensional backward stochastic differential equations 529

We now focus on the conditions under which condition the function ® of Assumption
3(i) satisfies Assumption 2. Here is a result in this direction.

Proposition 3.2. (i) Assume the DBE u(t) = J"tl D(d.u(s))ds, t <1, has a unique solution
u=0. Then ® satisfies Assumption 2.

(i) The deterministic backward differential equation u(t) = L D(d.u(s))ds, t <1, has a
unique solution if and only if f0+[CD(x)] ldx = oo.

Proof. First let us emphasize that @ is supposed to be continuous, non-decreasing, with at
most linear growth, and satisfies ®(0) = 0 and ®P(x) > 0 for all x > 0.
(1) For any € > 0, let u“ be the solution of the DBE

1
u‘(t)y = ¢+ J D(d.u(s))ds, t<1.

If 6> ¢ then 0 < u‘<u®, and it follows that, for all =<1, u(r) \, @(f) as ¢ \, 0. In
addition, u satisfies u(t) = L ®(d.u(s))ds, t < 1. As the solution of this latter equation is
unique then u(7) =0, for all <1, and so u“(0) — 0 as ¢ \, 0.

(i) The condition is sufficient. For z > 0, let G(z) = MfZI[CID(d.x)]‘l dx. If u # 0 then there
exists some fy €]0, 1] such that u(f) =0 and u(f) >0 for any ¢ <ty and then
(G(u(t))’ =1 for all t<ty,. This implies that wu(f)= G '(G(u(t;)—t, + ) for any
t < t; < ty. Now taking the limit as #; / t, yields G(u(t;)) — +oo and G~'(4+00) = 0,
whence u(7) =0 for all # < ¢ty which is a contradiction.

The condmon is also necessary Let us suppose f0+[CD(x)] "dx < co. For ¢ >0, let
G(z) —f [e +D(d.x)] 'dx, z= and let u° be a function such that u‘(¢)=
L [e + ®(d.u(s))]ds, t < 1. u‘ is unique since G.(u“(t))’ =1 for all r=<1, and then
G (u(1)) — G(u(t)) =1 —1t, t <1, which implies u‘(f)= G (G(0)—1+1),t=<1.
Now if 0 >¢ then u®=u‘, hence u‘\,U pointwise as ¢\, 0. But U satisfies
o(t) = ftl D(d. E(s))ds and then U = 0, since the solution of this latter equation is unique.
It follows that u®\,0 as €\, 0 pointwise and uniformly by virtue of Dini’s theorem.
Henceforth, for all ¢r=<1, G/(u“(t))— fo [®(x)]'dx <oo as ¢— 0. Now since
G(u“(1)) — G(u(t)) =1 —1t, for all t=<1, taking the limit as e — 0, we obtain
0=1—1¢ for all #=<1 which is a contradiction. O

We are now ready to give the following result whose proof is a direct consequence of
Theorem 3.1 and Proposition 3.2.

Theorem 3.3. Assume the mapping (t, ®, y, z) — f(t, o, y, z) satisfies Assumptions 1, 3(ii)
and 3(iii), and |f(t, y, z) — f(t, ', 2)| < y', where @ is a
continuous non-decreasing function from R™ into itself with at most linear growth and such
that ®(0) =0, f0+[CD(x)]‘ldx =400 and ®(x) >0 for all x> 0. Then the BSDE
associated with ( f, &) has a solution.

According to this theorem, if / is as in Example 2 above then the BSDE associated with
(f, &) has a solution.
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4. Uniqueness

In this section we deal with the issue of the uniqueness of the solution for the BSDE (4)
associated with (f, &). Let us assume that the mapping (¢, w, y, z) — f(¢, w, y, z) satisfies
the following assumption.

Assumption 4.

(i) Forall t,y, ¥,z |f(t, y,2)— f(t, ¥, 2)| < ©(|y — '|), where @ is continuous and
non-decreasing, grows at most linearly and satisfies ®(0) =0, d(x) >0, for all
x>0, and [, [P(x)]'dx = occ.

(i1) The function zvw— f(t, y, z) is Lipschitz uniformly with respect to (t, w,y). In
addition, for any i=1,...,d, f(t, y, z), the ith component of f, depends only on
the ith row of z.

Then we have the following result.

Theorem 4.1. Under Assumptions 1 and 4, the solution (Y, Z) of the BSDE (4) associated
with (f, &) is unique.

Proof. The existence follows from Theorem 3.3. Let us focus on the uniqueness. Let
(Y', Z') € §>? X H>?*" be another solution of the BSDE associated with (£, £), i.e.

1

1
f(s, Ys, Zg)ds —J Z.dB,, Vt<1,a.s.
t

Y£=§+Jt

(i) The process Y — Y’ is uniformly bounded, i.e. there exists a constant C such that

|Y; — Yi < C, for all ¢+=<1. Indeed, using Itd’s formula we arrive, for all 7z <1, at

1 1
7, - ¥iP +J 12} — Z,|P ds = 2] Ty — YO(f(s, Yo, Z3) — f(s, V' Z)ds
t t
1
- 2J (Y, — Y1)(Z, — Z})dB,
t

1
< 2[ 1Y, — YI{O(Y, — Y1)+ K 2o — 22 }ds

t
1
- ZJ (Y, — YI)(Z, — Z})dB,
t

1 1 1 1
< CJ |Yy — Y§|2ds+J O(|Y, — Y§|)2ds+zj 12, — Z||*ds
t t t

1
- ZJ (Y, — YI)(Z, — Z})dB, ™

t
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since, for all @, b € R and ¢ > 0, |ab| < ca® + ¢~ 'b?. The growth of @ is at most linear, then
@(|y))* < C(1 + |y|?) for all y € R. On the other hand, since (¥, Z) and (Y’, Z') belong to
§24 X H>4*m then, using the Burkholder—Davis—Gundy inequality, we deduce that
(Jo(Ys = Y)(Zs — Z})dBy),<i is an (F,, P)-martingale. We thus have

Y, — Yi? < c{1+J

1 1
|Y, — Y;|2ds} — J (Ys— Y Zs — Z!)dB,, r<1.
t

t

Then, for any s = ¢ = 0, we have
1
E[Y.~ VPR = ¢ 1+ | BV, - ViPIFd

Now by Gronwall’s inequality we obtain E[|Y, — Y}|*|F,] < C, which yields the desired
result after taking s = .

(ii)) We show that the solution of the BSDE associated with (f, &) is unique. For any
i=1,...,d and ¢t <1, we have

1 1
iy, — iy} = J (Fi(s, Yo, 1Z5) = fiCs, Y0y ' Z0)ds — J (7, — 7)),
t t

where, once again, 'Y, 'Y’, /% iZ and 'Z’ are the ith components and rows of respectively
Y,Y', f, Z and Z'. Then, using Tanaka’s formula, we obtain

1
'Y, = Yi| + 2(A}(0) — AY0)) = J sgn('Yy = "YO(S'(s, Yy, 'Zy) = ['(s, Y5, 'Z5))ds
t

1
- J sen(Y, — Y)(Zy — Z)dB,  1=1,
t

where (A%(0)),< is the local time of 'Y — 'Y" at 0. Now let (a’),<; be the following bounded
and F,-adapted process:

fi(ta Y:» iZt) _fi(ta Y;a IZ;)
al = iZ,—1Z;

0 otherwise.

if iz, — iz, 40,

Then

1
Y, — i1y < j sen(’Ys — YO f (s, Yo, 'Z5)— (s, Vi, 'Zs))ds
t

1
- J sen('Yy — 'Y)(Z, — 'Z})dB;, t<1
t

where B, = B, — JOZ a'ds, t <1, is a Brownian motion under the probability P’ on (Q, F)
defined by dP'/dP = &(J, ' dB,). We thus have
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1 1
Y= i = | @Y - vids - [ senr -0z~ ZdB. o=t
t t

Then, for all s = ¢,

1
BTy, — VI F < J Ed(|Y, — Y)|F,ldu ®)

since, as in step 1(a) of the proof of Theorem 3.1, fot sen('Y, — Y))(Z, —'Z,)dB,, t <1, is
an (F,, P')-martingale.

Now for n =0, let ®, be a Lipschitz function from R™ into itself such that, for all
x € RT, @,(x) \, D(x) as n — oo (see the proof of Proposition 2.2 for the existence of
D).

For n =10 and € > 0, let v/ be the function such that

1
vl(t)=c+ J D, (d.v(s))ds, t<1.
t
Since (®,), is a non-increasing sequence, v"! < v” for any n = 0. This implies that the
sequence (v/"),= converges pointwise to a function v, : R — R* which satisfies

1
v(f) =+ J d(d.v(s)ds,  t=<1.

Now if € < 0 then v < v} for any n = 0, and then v, < v;. It follows that v, \, U as € \, 0
where, for any t< 1, v, = ftl D(d.v(s))ds, so that v =0 (according to Proposition 3.2).
Therefore, we have v.(0) \, 0 as ¢ \, 0.

Now for ¢, n and k =0, let v,”* be the function defined recursively as follows:
o™ = C,

€

1
vh (1) = e + J @, (d.v"*(s))ds, k=1,¢<1. )

t
Since @, is Lipschitz, U:”k — v as k — +o00. On the other hand, it is easily seen by
induction that for all k=0, |'Y, = Y| < v’ 1), t<1,i=1,...,d. Indeed, for k=0

the  formula  holds.  Suppose it also holds for some k—1, then
O(|Y, - Yi|) < ®(d.v"* (1) < @, (d.v"* (1)) for all < 1. Now, using (8) and (9), we
have |'Y, — Y}| < v™k(¢) for all t<1,i=1, ..., d. Taking the limit as first kK — oo, then
n — oo, and finally € — 0, we obtain |’Yt — iy t| =0 for all 7 < 1. Therefore the solution is
unique. U

Finally a word about the work of Mao (1995) on the same subject. He shows that if the
coefficient f satisfies |f(t, w, y, z) — f(t, w, V', 2)> < ®(|y — y'|*) + k|z — z'|?, where k
is constant and @ satisfies Assumption 4(i) and (importantly) is concave, then the BSDE
associated with (f, §) has a unique solution. He does not require the second part of
Assumption 4(ii). In his proof he uses Bihari’s inequality.
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Using our approach and under the same hypotheses as in Mao (1995), but without
requiring the concavity of @, it could be possible to obtain the same result as he does.

The issue of the existence and uniqueness of the solution for the BSDE associated with
(f, 5 when f satisfies Assumption 4(i) and the mapping z — f(¢, w, y, z) is uniformly
Lipschitz is still open.
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