Bernoulli 9(3), 2003, 497-515

Compound Poisson limit theorems for high-
level exceedances of some non-stationary
processes

LISE BELLANGER' and GONZALO PERERA?

YWniversité de Nantes, Laboratoire de Mathématiques-UMR 6629, 2, rue de la Houssiniére BP
92208, 44322 Nantes Cedex 03, France. E-mail: lise.bellanger@math.univ-nantes.fr
2Laboratorio de Probabilidad y Estadistica IMERL, Facultad de Ingenieria, Julio Herrera y
Reissig 565, 11200 Montevideo, Uruguay. E-mail: gperera@fing.edu.uy

We show the convergence to compound Poisson process of the high-level exceedances point process
N,.(B = Zj/negl{)(j>un}, where X, = ¢(&,, Y,) ¢ is a (regular) regression function, u, grows to
infinity with » in some suitable way, & and Y are mutually independent, & is stationary and weakly
dependent, and Y is non-stationary, satisfying some ergodic conditions. The basic technique is the
study of high-level exceedances of stationary processes over suitable collections of random sets.
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1. Introduction

In many meteorological or hydrological problems, relevant features are related to
exceedances of high levels by some time series. In particular, current standards for ozone
regulation involve exceedances of high levels. It is clear that the time series of ozone level
depends on non-stationary, meteorological variables such as temperature and wind speed.
Therefore, a reasonable model for the ozone level at time ¢ (say, X;) should be of the form

X, =@, Y1), (1)

where &, is ‘pure noise’ corresponding to local fluctuations of measurements systems, Y, is a
vector that contains the values of all the ‘explanatory’ variables at time ¢ (e.g., temperatures
for the previous ¢ days) and ¢ is some suitable regression function. We may also think of ¢ as
a d-dimensional parameter corresponding to space and time; all the models and results in this
paper are valid in this context, but, for the sake of simplicity, we will only present the case
d = 1. One important point to make is that we may assume that £ is stationary and weakly
dependent (say, mixing), but ¥ may not be stationary: for instance, in the case of temperature,
besides seasonal effects that affect the time scale, spatial variations due to differences
between urban and rural areas do not make it reasonable to assume stationarity. Furthermore,
even if ¥ may satisfy some ergodic properties (some law of large numbers) it is not
reasonable to expect mixing, association or any particular weak-dependence structure.
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We will deal with discrete-time observations, so we will observe whether Xy, ..., X,
exceed a level u, which grows to infinity with » in a suitable way. When X = (X,: 1 € N)
consists of independent and identically distributed (i.i.d.) random variables and u, satisfies
lim, nP({Xo > u,}) = A for some 1 >0, then a very simple computation shows that the
point process

NuB)= > lix>u). BeB )

t/neB

(where B stands for the Borel o-algebra of [0,1]), converges to a Poisson process of intensity
A.

If X is stationary and weakly dependent, clustering of exceedances may occur and one
obtains a compound Poisson process. In this paper, if X is a random process such that (for
some sequence u,) the point process in (2) converges to a compound Poisson process, we
shall say that X satisfies a compound Poisson limit theorem (CPLT). CPLTs are known for
stationary processes satisfying some mixing conditions (Cohen 1989; Dziubdziela 1988;
Ferreira 1993; Hsing et al. 1988; Leadbetter 1991; 1995; Leadbetter and Hsing 1990;
Leadbetter and Nandagopalan 1989) as well as for Markov chains (Hsiau 1997). Some
results are also available for weakly dependent but non-stationary X (Alpuim et al. 1995;
Dziubdziela 1995; Hudson et al. 1989; Hiisler 1993). For a nice summary of many related
results, see Falk ef al. (1994). The authoritative text by Leadbetter et al. (1983) is a basic
reference for exceedances, extremes and related topics, as are Leadbetter and Rootzén
(1988) and Embrechts et al. (1997). For continuous-time results, see Volkonskii and
Rozanov (1959; 1961), and Wschebor (1985) and the very nice monograph by Berman
(1992). In some cases, rates of convergence can also be obtained by means of the Stein—
Chein method: an extensive account is given in Barbour er al. (1992); see also Brown and
Xia (1995). For the application of point-process exceedances to practical modelling of
ozone data, see Smith and Shively (1995).

However, models like (1) can fail to satisfy the weak-dependence hypotheses required for
those results. The aim of this paper is to prove that for model (1) the point process defined
in (2) still has a compound Poisson limit. Our result generalizes the preceeding ones; firstly,
our assumptions do not imply that X has a particular weak-dependence structure (such as
mixing, association, Markov, etc.). Secondly, without additional effort we also obtain the
limit distribution of N, when Y (hence X) exhibits long-range dependence: in this case the
limit distribution is no longer compound Poisson but a mixture of several compound
Poisson distributions. Finally, we consider our approach interesting in itself, because the
technique is based on the study of the high-level exceedances that belong to an ‘irregular’
set, and it is found that the geometry of this set plays a key role.

Roughly speaking, what we show here is that the addition of a component ¥ whose mean
occupation measure has a limit in a weakly dependent model just averages the limits that
are obtained for the weakly dependent case over irregular sets; if Y is ergodic, averaging
will be non-random and a CPLT will hold; if Y is non-ergodic, a mixture of compound
Poisson processes will be obtained. If we only look at the ergodic case, it is clear that we
require that the regression model really depends on the weakly dependent component which
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makes a CPLT possible. If this weakly dependent component is negligible, our results fail
to hold because the asymptotic behaviour is driven just by Y. This is, of course, a limitation
of our approach, but we must also emphasize that we are only requiring that ‘noise’ (&) is
not negligible, which seems reasonable in many situations.

The results presented here concerning the asymptotic distribution of the high-level
exceedances over a collection of sets of irregular shape are, to the best of our knowledge,
new; we know of no previous results determining the role played by the geometry of the
collection. We extend the results of Perera (1997a; 1997b) for central limit theorems to the
context of CPLTs.

This paper is organized as follows. Section 2 presents some basic notation and definitions
and the statement of the main result (Theorem 1). The proof of Theorem 1 is based on the
CPLT for weakly dependent stationary processes over irregular sets that is given in Section
3. The proof of the main result is given at the end of Section 3.

2. Definitions and statement of the main result

In this paper we will consider R? equipped with the supremum norm, and C will denote a
generic constant that may change from line to line. We shall also denote by Cf the
combinatorial coefficients Cf =d!/(d — s)!s!, 0 < s < d. An important role will be played
by the coefficients

s—1
O(s; d) = (1) Z Ci(-1y, 1<s<d.
j=0

Recall that a point process N is a compound Poisson process with intensity measure v
(denoted by CP(v)), where v is a positive finite measure on N, if the following conditions
hold:

e For any he N, if By, ..., B, are disjoint Borel sets, then N(Bj, ..., N(B)) are
independent.

e For any Borel set B, the Laplace transform of N(B) is L(B;s)=
exp(m(B)Z;ilvj(eXp(—sj)— 1)), where m denotes Lebesgue measure, and
v; =v({j}} for all j €N,

For ACN and neN, we set 4, =AN[l,n]. If BCN, #eN’, d=1, and
A= (4", ..., A% is any (ordered) finite collection of subsets of N, then let, for any n € N,

d d
Tu7 By =(\Bu—r).  GuF A)=[)A}— r).
i=1 =1

Definition 1. Let A be a subset of N. A is an asymptotically ponderable set (APC) if for any
d =1, 7e N the following limit exists:
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T.(7 A
i SA(TW(7 4)) (7 A).
n n
If (A', ..., A" is a collection of subsets of N, we will say that A, ..., A") is an
asymptotically ponderable collection (APC) if, for any d =1,7€ N? {ij, ..., is} C

{1, ..., h}¥ and any subcollection A = (A", ..., A'), the following limit exists:
d(G (7, S,
i 2T (Gu(7 A)) — (7 A,
n n

Remark 1. (a) A is an APS if and only if A = (A4) is an APC. Asymptotic ponderability is
hereditary: if a collection is an APC, so is any subcollection. A set 4 is an asymptotically
measurable set (AMS) in the sense of Perera (1997a) if the convergence of Definition 1 holds
for d = 1, 2. Therefore, the non-AMSs of Perera (1997a) are non-APSs. The following is an
example of an AMS that is not an APS. Consider U = (U,)en 1.1.d. with common Bernoulli
(%) law. It is easy to see that we can construct a 3-dependent stationary process V = (V) sen,
independent of U, whose two-dimensional laws are identical to those of U but such that
(Uy, Uy, U3) and (V, V,, V3) have different laws. For any n €N, define I(n)=
(100", 100*") and set B = U 1(2r); finally, define

A(w) ={n € B: Uy(w) = 1} J{n € B Vyu = 1}.

Straightforward computations show that A is, with probability one, an AMS, with 7(r; 4) =1

4
for all » = 1. On the other hand, for 7 = (0, 1, 2) € NJ, it is easy to show that

d{T.(7 4)} _ 13 , d{Tu(r; 4
card{7(7; A)} _ nf Malmos‘c surely.
n

limsuyp ——mmm==—= ! = limi
n n 96 8 n

Therefore 4 is a non-APS with probability one.

(b) Consider {Y, : t € N} is a stationary and ergodic random process, such that Y takes
values in {1, ..., k} and let 4/(w) = {t € N : Y, (w) = j}. Then, by the ergodic theorem,
A= (4", ..., 4% is, almost surely, an APC and y(7; A) = E(T_{"ly, —;), 7 € N”,
m € N.

Definition 2. We will say that a real-valued process Y is ponderable if for every d € N,
7 € N9, there exists a (random) probability measure u’(-)(w)) defined on the Borel sets of R?
such that if By, ..., By are Borel vreal sets then the (random) collection
A((By, ..., By))w) = (A (), ..., A%(w)) defined by

A (w)={teN: Y (») € B;}

is an APC almost surely with y(¥, A(Bi, ..., Ba))(w)) = u"(By X By X -+ X By)(w). If, in
addition, the measures u" are non-random, we will say that Y is regular.

Remark 2. Let Y be a real-valued process and fix £ € N and # € N¥, i € N; it is clear from
its definition that y(7, A((Bj, ..., Bi))(w)) does not depend on Y, : ||¢|| < h) (a finite set of
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coordinates does not affect limits of averages), and hence we deduce that u” is measurable
with respect to the o-algebra

o0

ol = ﬂO(Y, 2] = h).
h=1

Therefore, if OOYO is trivial, then Y is regular.

Remark 3. Y ponderable means that for any B, ..., B; Borel real sets their (mean)
asymptotic occupation measure is defined almost surely as

In this way, a process is regular when a deterministic mean occupation measure exists.

Example 1. By the ergodic theorem (see Guyon 1995, p. 108), if Y is stationary, then Y is
ponderable. We have already seen that if, in addition, o is trivial, then Y is regular. In
particular, this is the case if Y satisfies a Marcinkiewicz—Zygmund inequality. More precisely,
we say that a centred random process ¥ = {7, : t € N} satisfies a Marcinkiewicz—Zygmund
inequality of order ¢ > 2 if for any d = 1, ¥ € N, there exists a constant C(#, ¢) such that,
for any function f : RY — R bounded by 1, the inequality

N q
E <Z[f<n<f°>) - E{f(Yz(F))}]> < C(%, )N/
=1

holds, where Y(#) = (Yixr,» Yitrs -+ Yirr,). We refer to Doukhan (1995) for an overview
of different contexts where these inequalities apply; see also Bryc & Smolenski (1993).
Further, if Y is non-stationary, but it satisfies a Marcinkiewicz—Zygmund inequality of order
g > 2 and there exists a probability measure u” such that for any Borel sets By, ..., By we
have

lim ;Z E <H l{ym,.,,eg/}> =W (BL X By X -+ X By),
m=1 i=1
then a simple Borel—Cantelli argument proves that
Y(7 A((B, ..., By) = 1’ (By X By X - X By)  VFeN", ¥m,

and Y is regular.
Now we turn our attention to the component & of model (1).

Definition 3. Let & be a real-valued random process and ¢ : R* — R a measurable function.
We will say that & is ¢-noise if for every finite h € N, any vector (y1, ..., yy) € R" and any
APC A = (4", ..., A", the random process
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h
Xo=> o, ¥ 3)
j=1
satisfies the CPLT.

Introduce the notation @(&(7), ¥) = (0(&,)s Y1), ---» ©(&r,, ya)) for ¥ e Ni, y € RY; if
JCR and d=1, write J‘L’:{(jl, cenja) i i €d, ji<jigi=1,...,d—1}. If
7€ N’ J CN, for any random process ¥ and u > 0, let

d
e >uy =V >ul. V) >u}={Vi>u}.

teJ

Definition 4. Let X be a real-valued random process. We will say that X admits an
I-decomposable regression if there exists a ponderable process Y, a measurable function ¢
and a ¢-noise & independent of Y such that X, = (&, Y,) for all t € N, and the following
conditions are fulfilled:

(a) For all K >0,
lim sup (lim sup < sup  nP({{ @&, x) > u,} V{p&, z) > U,,}))) =0,
0—0 n [x—z|<9d,|x[<=K
where AV B = (AN B)U (4N B), and
lim sup (lim sup (sup nP{ (&, x) > u,,}))) < 0.
K n [x|>K
(b) For all x € R, the following limit exists:
lim nP({p(&o, X) > un}) = Ax).
(c) For all d €N, y € RY, 7€ N4, the limit
lim P({@(&(7), ¥) > un} {90, yo} > un}) = a(7; y)

exists, and a(¥, -) is continuous for all 7.
(d) For any s € N,

o0 o0

SO DY sup a(F, §) <oco,  lim Y [O(s; )| Y sup a(F, §) = 0.

d=s Fend vER? d=s FeNd vER?

Remark 4. A straightforward computation shows that condition (a) implies that the function A
defined in (b) is uniformly continuous and bounded.

Remark 5. The reader may ask where the ‘I’ in ‘I-decomposable’ comes from. It comes from
‘Independent’: keep in mind that X is a process that we can decompose into two independent
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random components, one mainly ‘local’ and ‘weakly dependent’ (§) and another which we
can control ‘in the mean’ (Y).

Example 2. Consider U = (U,)en 1.1.d. with common absolutely continuous law u«. Let V' be

a random variable assuming a finite number of values (¥ € {1, ..., S}) and independent
of U, and let (a;).en be a sequence of real numbers satisfying lim, ap.; = a(h),
h=0,1,..., k—1. Define Y, = U, + a,V. Then a straightforward computation shows that

Y is ponderable, and Y is regular if and only if a(kh) =0 for any A. Now consider
¢@(&, y) = Eg(y) with g a real bounded and positive function and & a moving average of i.i.d.
Cauchy variables. It is easy to check that X, = ¢(&;, Y,) satisfies Definition 1.

The main result of this paper is the following:

Theorem 1. Suppose that X admits an I-decomposable regression.

(a) If Y is regular, X satisfies the CPLT. More precisely, if X = (&, Y), and

Nn(B) = Z 1{X,>un}a B e Ba
t/neB

then N, converges in law to N, a compound Poisson with Laplace transform

L(B; x) = exp <m(8)i V_]-(e’xj — 1)) ,
J=1

vi= D—l)‘””’cfjw > aF DAy, Vi EeN,

— -l
d=j FeNY

(b) If Y is not regular, then N,|Y satisfies the CPLT and N, converges weakly to a
mixture of compound Poisson processes.

3. Compound Poisson limit theorems over asymptotically
ponderable collections, and proof of the main result

Consider first a stationary process & = {&, : n € N}, an APS 4, and let

X, = EtlA(t)- “4)
Remember that the sequence u, satisfies
lim nP({& > u,}) =1 > 0. Q)
n

If B is any set and k£ € N, then Cy(B) will denote the collection of all the subsets of B
with & elements, i.e., Cx(B) = {D C B : card(D) = k}.

Lemma 1. Let B be a subset of N, let X be as in (4), u > 0, and define
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NYB) = lix=u- (6)

IEB,,
Then

card(B,NA)

PAN B =shH= > O@sd) > PHEF) > u}) card(T,(7 BN A)),
d=s

re[l ,card(B,;ﬂA)]léil
(7

where

O(s; d) = i(fl)k’lﬁ(k, s; d), O(k, s; d) = card(Cy)Cs({1, ..., d}))). ®)
k=1

Remark 6. In fact the sum in (8) is finite: if O(k, s; d) > 0, then there exists a decomposition
{1,....d} = U}‘lej, with card(I;) = s, I; # I, if j # h; this implies that sk = d, k < C“.
Therefore, O(k, s; d) =0if k > d/s or k > Cf. In particular, if s > d, then O(s; d) = 0. On
the other hand, if d = s = 1, the corresponding term on the sum (7) nust be interpreted as
P({&y > u})card(B, N A).

Proof of Lemma 1. First, observe that with our notation the elementary inclusion—exclusion
formula is

card(I")
P(Us) -3 5 r(na)
yel k=1 CeCuT)  \yeC

for any finite I'. Therefore, we have

P({Ni‘(B)>s})=P< U {5(1)>u}>

1eCy(B,NA)

card(Cs(B,NA))
ooty P(ﬂ{é(1)>u}>

k=1 CeCK(Cy(B,NA)) IeC
card(Cs(B,NA))
= > =ty PIRgYr) >
k=1 CeCy(B,NA)) IeC
card(Cs(B,NA)) 00
= DY > PHEH) > ud)
k=1 d=1 HeCy(B,NA)

X card({C € Cr(Cs(B, N A)) : U 1= H})

leC
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But if H € C4(B, N A), then
card<{c €CiCu(B,NAY: (1= H}) = 0(k, s; d)
IeC
and, on the other hand, by the stationary of &, we obtain
P{E(H) > u}) = P{E(H)) > un}),
where if H={hy, ..., hy} is such that h; < h;yy for all i, then
F(H) = (hy— hy, ..., hy— h, hg — hy) € [1, card(B, N A)]} .

It follows that

P({N,(B) = s})

card(Cs(B,NA))

= Y Y eksa Y PHEF) > ud
d=1

k=1 7e[1,card(B,NA)]4"
card{H € C4(B,NA): F(H)=F}),
but an elementary argument proves that
card({H € C4(B, N A); ¥(H) = 7}) = card(T,(F, BN 4))

and the lemma follows. O
Lemma 2. If s < d, then ©(s; d) = (—1)*~'3 2 CY(-1Y.

Proof. Pick an arbitrary p € (0, 1) and take B=4 =N, & iid. and u >0 such that
P({& > u}) = p. Applying Lemma 1, we obtain

P({N,(N) = s5}) = i@(s; d)y > pleard(T,(7 N)). 9)
d=s Fe[1,n]"

On the other hand, using the fact that N ;':(N) ~ Bin(n, p) and the binomial expansion for
(1 — p)*, we have that

PUN(N)=sh =D Crp"(1L=p)" " =3 Cr(=1)" (Z c;*'"(—p)f)p"’. (10)
m=s m=s j=0

Equating coefficients of both polynomial expressions, by an elementary computation, we
arrive at

d s—1
O(s; d) = (=)' > _ CH=1) = (=) > CY(-1Y. O
j=0

=
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Remark 7. Lemma 2 and a trivial computation show that, for s fixed and d tending to infinity,
O(s; d) = (—1)d*7' /(s — 1)!, and that, for any s, d, |O(s; d)| < d*~! /(s — 2)!

We now introduce a weak-dependence hypothesis; we denote by int(x) the integer part of
xeR.

(H1) There exist two non-decreasing sequences (p,)ueN> (@n)neN, such that
lim,, o0 P = lim, 0o g = 00, lim, oo pu/n = lim, oo ¢/ pn =0, and if B! =
[ = D(pn+qn), (. — D(Pu, gu) + pn) then, for any r€N and D, ..., D,
c N, (NY(Dy), ..., N*(D,)) has the same asymptotic distribution as
(Nu(DY), ..., Nu(Dy)),  where  No(Dj)=SF7i(D)),j=1,...,r,  with,
k, =int(n/p, +q,) and (Z'(Dy), ..., Z'(D,))i=i=x, independent copies of
(N*(B: N Dy), ..., N(B. N\ D,)1=i=,-

Remark 8. (2) It is very easy to check that mixing assumptions guarantee assumtion (H1).
More precisely, let s, # € N and Z,(s, 1) = o({{& > u,} : s < i =< t}); define

an; =sup{|P(ANB)— P(A)P(B)| : A€ Z,(h, s+ h), BEZ,(s+ h+ [, n),

h=0,s+1+h<n}.

We will say that N* = {N*} .y is strongly mixing if there exists a non-decreasing sequence
(gn)nen such that lim, ¢, = co and lim, @, 4, = limg, /n = 0. It is straightforward to check
that we can choose (k,),en such that lim, k, = limn/(k, + ¢q,) = oo and lim, k,a,4, = 0.
Then, taking p, = n/k,, it follows that (H1) is satisfied. See Hsing et al. (1988, Lemma 2.2)
for a detailed proof; see Bradley (1986) and Doukhan (1995) for mixing conditions, examples
and covariance inequalities.

(b) Association is a weak-dependence structure that has been widely used as an
alternative to mixing; see Newman (1980) and Roussas (1994) for the definition and basic
properties of associated processes. It is easy to check that if & is associated and

Iim io: n|COV(1{§o > un}, 1{§m > un})| =0,

m=qy
then (HI1) holds.

Similar conditions can be obtained for other weak-dependence structures. Doukhan and
Louichi (1997) give a summary of different weak-dependence conditions under which (H1)
can be proved in a similar way.

In what follows, we will make the following assumption

(H2) limsup,> 5 nleov(1{& > u,}, 1{&n > u,})| < oo

Proposition 1. Let X be as in (4), and assume that (5), (H1) and (H2) hold. For any s € N,
define



Compound Poisson limit theorems for high-level exceedances 507

p/l
0u(s)=> O(s;d) > PUEF) > un}{& > usFu(7 A),
d=s Fell,palf”!
where
Fo(7 A) = ! > card(T,(7, B\ N A4)), 7e N

{Isisk,:card(BiNA4)=d}
Assume further that, for any s € N,
1ign On(s) = O(s). (11)

Then N, converges in law (as a process) to a CP(v) process, where vy = A(Q(s) — O(s + 1))
for all s € N.

Proof. By Theorem 4.2 of Kallenberg (1983), it suffices to show that for any A-tuple of

semiclosed intervals 7y, ..., I, the random vector N,(/}), ..., N,(I})) converges in law to
N(Iy), ..., N(I})), where N is a CP(v) process. Without loss of generality, we may assume
that Iy, ..., I; are disjoint. In this case, by (H1), the coordinates of the random vector
N,y(1y), ..., No({y)) are asymptotically independent, and therefore it suffices to show that for

any semiclosed interval / we have that N,(/) converges in law to N(/). But an elementary
argument shows that it is enough to consider the case /7 = (0, a], 0 < a < 1. Finally, this can
be reduced, by a scale change, to checking that N, ((0, 1]) % N((0, 1]), where N is a random
variable with Laplace transform L(s) = exp(Z;ilvj(e‘Sf — 1)). For the rest of this proof,
N,((0, 17) will be denoted simply by N,,.

By (H1), N, is asymptotically equivalent to N, = Zf‘:"l Z!, with (Z!);<;<¢, independent
copies of (N:(B;))ls,‘gk”. We will first prove that (Np)nen is tight. For this we will show
that E(N,) and var(N,) are bounded, which implies the uniform integrability of (N nens
hence its tightness. E(N,,) is obviously bounded by the convergent sequence nP({& > u,});
therefore E(N,,) is bounded. For the variance, we have

k,, kn
var(N,) = > var(NiBI) =D > covl(lig=u,ps Lz —eou,))
i=1

i i=1 s51eBiN4

kn
= card(B}, N )P({& > u, (1 — P({E0 > u,}))
i=1

kn_ Pn
+2 Z Z cov(lg,=u,1, 1z, >u,}) card(B, N A N (B, N 4 — m)).

i=1 m=1

The first term in the last expression is bounded by nP({&y > u,}) again, so it is bounded, and
by (H2) and the fact that card(B’,) = p,, the last term is bounded. Therefore, the variance is
bounded and tightness follows.

Given any subsequence (Nnh)heN pick a sub-subsequence that is weakly convergent to
some random variable W. To simplify the notation, we will also call this second
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subsequence (]\7,,,,);,6,\;. Since the law of W must be infinitely divisible and concentrated on
N, its Laplace transform is H(s) = exp(Z;i]th(e‘”' — 1)). Thus, it suffices to show that
m; =v; for all j € N. Observe that

PANGB #0D) < > PU& > u,}) < paP({&0 > un}),

keANB:,

and therefore lim, P({N*(B’) #0}) = 0. But, form Theorem 3 of Rényi (1951) (see also
Dziubdziela 1995) we deduce that th = lim,, E P({N B,)=j}) for all j. But (11) and
Lemma 1 imply that v; = lim Zl 1P({N"‘(B’) —j}) Therefore v; =m; for all j, and the
lemma is proved. O

Corollary 1. Assume that A is an APS and that X is as in Proposition 1. Also make the
following assumptions:

(H3) For all d € N, for all 7€ N‘Zil, lim, P{&(F) > un}{&0 > un}) = a(F).
(H4) For all d € N, for all V7€ N PUEF) > u, }{Eo > un}) = an(F) + bu(F).

Here

a(F)y<c(@) VneN, FeNI!

o0 Pn
dolO ) Y o)y <oco, lim) |0 d)] Y [bu(F)=0.
d=s

FeNg! d=s Fell, palg !

Then N, converges in law (as a process) to a CP(v) process, where

v =23 Y a4,
d=s

FeN?!
Proof. We have

Pn Dn
0u() =D O(sid) > auFIFu(F A+ Ossd) Y bu(F)Fu(F, A).
d=s

Fe[l,pal¢! d=s Fe[l,pa]g!

since F, is bounded by 1, the second term on the right-side of this expression converges, by
(H4), to zero. Therefore, it suffices to show that

lim f:@(s; d) Y an(F)F.(F A) = Z@(s d) > a(F)u(# A) (12)

d=s Fell, p1¢! FeNg!
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and that

Z@(s d) Y a(Fyu(# A) - Z O+ 1 d) Y a(F)u(# A)

FeNd-! d=s+1 FeNd-!
= Z( DHCd N a(@)(E 4). (13)
FeNg !
Let us first consider (12). Assume that we have shown that
lim F, (7, A) = ©(¥, A), vre N™, Vm. (14)

Then, by (H3), (H4) and dominated convergence, (12) follows.
Turning to (14), fix d € N and #€ N“! and let n be big enough so that g, > 2||7].
Then, if i # h, (B, — r))N (B! — ry) = @, for all j, k. Thus,

kn
card(T,(7 A)) = > card(T,(7 Bl N A)) + Ay(F), (15)
i1
where A, (7) is the sum of the cardinals of all the sets of the form

i=d—1

() (Ki—r)NKy (16)
i=1

where there are two alternatives for each K;

° BL N A for some j, and if for some i, K; = B{, N A, then there is no % such that
Ky + BXN 4, with j # k.

e H/ NA for some j, where H/ is one of the ‘holes’ [(j— 1)(pu+ qn)+ Pus
J(pn + gqn) A n). Furthermore, this choice is made for at least one i.

Since the cardinality of the ‘holes’ is at most ¢, the cardinality of a set of the form (16) is
bounded by ¢, Taking into account that A,(#) is the sum of at most (k, + 1)(d — 1)
cardinals of sets of the form (16), we conclude that

max A7) < q,(k,+ 1)(d—1). (17)
17(1<qn/2
Applying (17) and Definition 1 in (15), we obtain
R L B
hrrln ;; card(T,(7; B, N A)) = 1(¥; A).

But

1 & , 1 ;
‘anrd(Tn(F; B N A)) — F(F, A)' <= > card(T,(7, B!
n =1 n

Isisk, :card(B\NA)<d

and (14) follows.

kn_>05
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Finally, we address (13). We have that

Z@(s O Y aFuE A= Y OG+1id) Y aF 4

FeNg! d=s+1 FeNd!

=0(s,5) Y a(F)u(# A)+ f: O(s: d) = O(s + 1; d)) > a(F)u(# A).

FeNs! d=s+1 FeN¢!

But, by Lemma 2,
s—1 K

Os; d) = O(s + 1; d) = > CH=1Y/T 1 =" Cl(=1y ! = (=) = cd(=1)"*
=0 j=0

and, taking into account that ZjZOCj.(—l) j = 0, we obtain

j=s—1

O(s, )= Y Cy(=1y/" ' =(=1tc=1
j=0

and deduce (13). U]
We now present some examples of this result.

Example 3. Assume that § is a stationary m-dependent process and that (5) holds. Then &
satisfies (H1) for any  (pn)ueN, (@n)nen, such  that  lim, p, =lim, ¢, = oo,
lim, p,/n =1lim, q,/p, = 0. In particular, we will choose p, =+/logn. the Cauchy—
Schwarz inequality gives (H2). Let 4 be and APS and take X as in (4). Assume that (H3)
holds. We will prove that (H4) holds, and therefore Corollary 1 applies.

Assume that #€ N¢! is such that ||#|| > m. Then ry_; > m and

P({S(F) > Un}|{§o > un}) = P({§0 > Uy, grd,l > un}|{§0 > un}) = P({SO > un})a

which goes to zero with n.
Now define

a,(7) = PHET) > un {80 > ua P17 |<m)s
bu(7) = PUE(T) > un {0 > unPDlyr|smy>  c(F) = 1{7|<m}-
Observe first that if 7€ N¢ ' and d — 1 > m, then ||#|| > m and

m+1

Z@(s d) Y c(r)-Z@(s d)card([1, m}9™") < oo.

reNd !

On the other hand, we have, by Remark 3 and (5),
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Pn

Pn
Mo d) Y bu(#)<CY deard(1, paf HP{E > ua})
d=s —5

e[l pal ]! d

Pa

C o, pit c .
< E ds 1 n = 1 O
n 4~ (d _ 1)! n pn exp(pn) n

Hence, if & is stationary and m-dependent, A and APS, and (4), (5) and (H3) hold then
the CPLT holds, and the limit is described by

m+1

ve=) (-DIC] Y0 aPIF(F A),
d=s

Fe[l,m] L4}

Example 4. Let us present a very simple case where the limit is a compound Poisson process,
but not Poisson. Let 4 be an APS such that F(1; 4) > 0. Consider an i.i.d. sequence (Gy)xen
which follows the Cauchy distribution. Set §; = &y + Cy41. It is clear that & is stationary and
1-dependent. In addition, &, has the same distribution as 2C, where C stands for a Cauchy
variable. Indeed, as we have seen at the beginning of this section, we only need to show (H3)
for ||7|| < m. Setting X as in (4) and u, as in (5), it suffices to show that

liflnp{gl > u, f{&0 > u,}) = a(l) € [0, %] (17)

Indeed, if (17) holds, then v, = A(F(0; 4) —2a(1)F(1; A)) >0, v, =Aa(1)F(1; 4) > 0,
vy =0 for all s = 3. Let us now prove (17). An elementary computation shows that

d -2
ap({fo > up) = T g(w),
P = s > )
=] s g+ [ o] s aar) = o,

where f(x) = 1/(m(1 +x?)) and gq(x) = j;o f(»)dy. Using the fact that if x = u/2, then
(4 + u?)f(u) < 4/m and dominated convergence, it follows that lim,_.., G(u)/g(u) = 1. This
implies (17) for a(l) = %

Example 5. Consider now a stationary process &, an APS 4, and assume that (4), (5) and
(H3) hold. With the notation of Remark 8(a), define
@(1) = sup{|P(4;]41-;) — P(4))|i = 0, 1;

Ay €Zy(h, s+ h), Ay €Zp(s+h+1L,n), h=0,s+1+h<n, n=1}
Assume that

(H5) Y Zio(h=o <1
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For any d > 2 and 7€ N set ry = 0 and 7;(¥) = (ro, 71, ..., 1) i=0,1,...,d —1.
Under (HS5), (H1) is obvious and (H2) follows from standard covariance inequalities for
mixing processes (see Bradley 1986; Doukhan, 1995). Condition (HS) is very strong, but it
can be checked, for instance, for some Markov Chains (Doukhan, 1995). If we also assume

(H6) li’rln P{E(m(F)) > u }{&@io1 (7)) > u,}) = ai(7) Vi, 7, d — 1,

then it can be easily shown that (H3) and (H4) hold, and hence Corollary 1 applies.

Remark 9. Consider now an R’-valued stationary process &= (E!, ..., E"), an APC
A', ..., A", and define
h .
Xo = &), (18)
=

Without major changes, Proposition 1 and Corollary 1 can be extended to this more general
context.

We now give the proof of the main result of this paper.

Proof of Theorem 1. (a) Consider first the case where Y is regular. Once again using
Theorem 4.2 of Kallenberg (1983), we have to prove that for any I, ..., [; disjoint
semiclosed intervals we have that (N,([y), ..., N,({x)) converges in law to (N(/y),
..., N({y)), where N is a CP(v) process. For the sake of simplicity, we will present here
the case £ = 1, but the general case is obtained by very similar arguments. Further, without
loss of generality, we will set /; = (0, 1] and prove that N,((0, 1]) —:> N((0, 1]), where N is a
random variable with Laplace transform L(s) = exp(z;ﬁlv (e —1)).

Assume first that Y takes values on a finite set y;, ..., ). Restrict the probability space
to a set of probability one where the almost sure convergence of Definition 2 holds.
Conditioning with respect to Y, since § and Y are independent, the law of the exceedances
point process for X (N,) is the same as the law of the point process N, corresponding
to the exceedances of a process defined by (18) for &' = p(&, ), Ai(w)=
{t € N : Yi(w) = y;}. Then, by Definition 3, the result follows.

Assume now that the result holds for ¥ bounded. Consider an unbounded Y and let YX
be the truncation of ¥ by K, Y5 = cx(V,), where cx(x) = x for |x| < K, cx(x) = K sgn(x)
for |x| > K; it is obvious that YX itself is ponderable. Now denote by NX the exceedance
point process for XX = (&, YX). Since YX is finite-valued, NX converges to NX, whose
Laplace transform will be denoted by LX.
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But E(N, — NE)) <> P&, Y) > w}V{p(E, Y > u,})
i=1

<> P[{o& Y) > u}V{oE, Y > w10 {|¥)[ > K} (19)
i=1

n

S P([{p(i, y) > u,}V{(&E:, sgn(»)K) > u,}1dP(y)
> .
y >

i=1

1 n
< n2sup sup nP({ (&, y) > un})zz P(|Y;| > K).
=1

n |y|>K
where in (19) we are conditioning with respect to Y. Then, by condition (a) of Definition 4,
lim lim sup E(|N, — N¥) =< Cli]l(ll‘lto([—[(, K1%) = 0. (20)

On the other hand, ZX(x) = exp(>_72 vf (e — 1)), with v} = 7(s)* —7(s + D* for all
s € N, where ‘

> al# Py o e (dy):;

FeNg!

(s)K = Z O(s; d)JR
d=s

after some elementary computations, it follows from Definition 4 and dominated convergence
that limg_ .., LX = L. From this and (20) we obtain the theorem for Y unbounded.

It now suffices to show the result for Y bounded. Without loss of generality, we may
assume that Y takes values on [0, 1). For H € N, define

d—1

H .
dy(x) = Z é =1y #,i) (%),
i—1
and let Y,(H) = dy(Y,). Then Y# it also ponderable and takes values on a finite set. So the
result applies to X H) = @(&,, Y,(H)). Again using Definition 4 and dominated
convergence, we show that the result applies for ¥ bounded.
(b) if Y is non-regular, we can easily see that the limit of N,|Y can be obtained in the
same way, but since this limit depends on Y, the asymptotic distribution of N, is a mixture
of compound Poisson laws. ]
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