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We investigate the asymptotic behavior of the nodal lines for random spherical harmonics restricted to
shrinking domains, in the 2-dimensional case: for example, the length of the zero set Zy ,, := Z Bry (Ty) =

len({x € $2n By, : Tg(x) = 0}), where By, is the spherical cap of radius r,. We show that the variance
of the nodal length is logarithmic in the high energy limit; moreover, it is asymptotically fully equivalent,
in the L2-sense, to the “local sample trispectrum”, namely, the integral on the ball of the fourth-order
Hermite polynomial. This result extends and generalizes some recent findings for the full spherical case. As
a consequence a Central Limit Theorem is established.
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1. Introduction and background

Let us consider the spherical Laplacian A g2, defined as usual by
I o[, P a n 1 0
= ———{sinf— —_—
$*~ sin0 30 30 | " sin?0 82

and {T;(x),x € §?}, satisfying A Tp(x) + £(£ + 1)T¢(x) = 0, the centred isotropic Gaussian
random spherical harmonics with covariance function given by

E[T(x)Te(y)] = Pe(cosd(x, y)),

being P, the Legendre polynomial and d(x, y) the spherical geodesic distance between x and y,
d(x,y) =arccos({x, y)). As usual, the nodal set of Ty is given by T[I(O) ={xe S2:Ty(x) = 0}
and we denote its volume by

Z(Ty) =len({x € §7: Ty(x) = 0}); (1.1)

the analysis of these domains has been considered by many authors, see, for example, [8,9,13,14,
33,34]. As a consequence of the general Yau’s conjecture ([33,34]) for eigenfunctions on compact
manifolds (proved in [14] for real analytic metrics and by [16,17] and [18] for the smooth case)
we know that, in the high energy limit, the length of the nodal set is bounded by

ci/e@+1) <len(7,71(0)) < 2/ + 1),
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where ¢, ca > 0. In the case of Gaussian random eigenfunctions, some sharper probabilistic
bounds can be given. The asymptotic behavior of the expected value was given in [4]; for any
dimension m, m > 2, they obtained

E[2(T)"] = cn/eE+m — 1),

212 (see also [22] and [31]). As far as the variance is concerned, [22] gave an

Jmh (%)

upper bound which was later improved in [31] and [32], where it was computed to be

where ¢, =

1
Var(Z(Ty)) = 35 logt+0() (1.2)

as £ — oo. As a consequence, the variance of the nodal length Z(7}) has smaller order O (log?),
in the high energy limit, with respect to the variance of boundary length at thresholds different
from zero, which has been shown to be O (£) (see, for instance, [25]). This phenomenon is known
as “Berry’s cancellation” ([5]); it is known to occur on the torus ([15]) and on other geometric
functionals of random eigenfunctions, see, for example, [10-12]. More precisely, as far as the
torus is concerned, [28] and [15] studied the volume of the nodal line (denoted with L;) of
random eigenfunctions (“arithmetic random waves”) 72 = R%/Z?. The expected length was
evaluated with the Kac-Rice formula in [28] (Proposition 4.1),

E[L]= %\/ 472,

and the asymptotic behavior of the variance was established in [15]; it holds that

Var(£y) i <1 n 0(—1 ))
= Cy * N

where N is the number of lattice points lying on the radius-+/¢ circle ([15]) and ¢y is the leading
coefficient, depending on the distribution of the lattice points on the circle. Hence, as mentioned
before, the “Berry’s cancellation” phenomenon ([5]) takes place also for the toral nodal length.
The distribution of £, was investigated in [19], where the authors established a noncentral limit
theorem. See also [27] for nodal intersections, [9] for the number of nodal domains. Berry’s
random planar wave model was also considered (see [24]), both in the real and complex case.

A general interpretation of these results can be given quickly as follows (see [19,20,26] for
more discussions and details). The nodal length £; of random eigenfunctions can be expanded, in
the L2-sense, in terms of its g-th order chaotic components, to obtain the orthogonal expansion:

o0
Lo —E[L] =) ProjL,|C,],
g=1

Proj[L¢|C,] denoting the projection on the g-component (see the Supplementary Material [30],
Section A.1). It can be shown that, in the case of functionals evaluated on the full sphere or
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torus, the projection on the first component vanishes identically; in the nodal case, Proj[L,|C3]
vanishes as well, and the whole series is dominated simply by the term Proj[L,|C4], for example,
the so-called fourth-order chaos, which has indeed logarithmic variance. More explicitly, the
variance of this single term is asymptotically equivalent to the variance of the full series, and
its asymptotic distribution (Gaussian in the spherical case, non-Gaussian for the torus, see [28])
gives also the limiting behavior of the nodal fluctuations. It should also be noted that, in the case
of the sphere, Proj[L|C4] takes a very simple form, because it is proportional to the so-called
sample trispectrum of Ty, |, 2 Ha(Ty(x))dx (being H; the jth Hermite polynomial): this is to
some extent unexpected, because the fourth-order chaotic term should in general be given by a
complicated linear combination of polynomials involving also the gradient of the eigenfunctions
(see the Supplementary Material [30], Section A.1.1), as it happens for arithmetic random waves
on the torus, see [19]).

A natural question at this stage is to investigate what happens on subdomains of the sphere or
other manifolds (see, for example, [3] for arithmetic random waves). The nodal volume inside a
“nice” domain F C S? of the sphere, is defined as

ZF(Ty) :=len({T; =0} N F). (1.3)

In [32], to address this issue the so-called linear statistics of the nodal set are introduced; more
precisely, let ¢ : $2 — R be a smooth function, and define the random variable Z9(Ty) as

Z(p(T() = /T—I(O) @(x)dlenT[l(O)()C). (1.4)

14

Apparently this definition is well-posed only for continuous test function ¢ € C(S2); neverthe-
less, it was shown in [32] that bounded variation functions BV(S?) can be considered: indeed,
it is possible to prove that, for ¢ € BV(5%) N L>(5?) a not identically vanishing function, as
£ — 00, the variance satisfies

2
”w”LZ(SZ) )
1287

These results allow to cover indicator functions, indeed (1.3) is equal to (1.4) for ¢(x) = 1r(x),
e.g. Z%(Ty) =len({x € S2NF:Tix) = 0}). As a consequence of (1.5), for F C $2 a subman-
ifold of the sphere with C 2 boundary, and |F| denotes its area, it was proved in [32] that, as
£ — o0, the variance of (1.3) is given by:

Var(29(Ty)) = log £+ 0,(1). (1.5)

| F|
Var(ZF(Ty)) = —— - log? 1
ar(2(T0)) = 15o - +logt+ Ok (1),

e.g., logarithmic behavior occurs also in subdomains.

As far as the torus is concerned, the nodal length of arithmetic random waves restricted to
shrinking balls (denoted with L; ,,, where r, is the radius of the ball) was investigated in [3]
under the condition r, > £7!/2. The mean was easily obtained by means of Kac—Rice formula
([1,2)

(nrez) -VA4ar2e,

1
E[L¢;]=——=
[Z,@] Zﬁ
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whereas the variance was shown to be proportional to the variance of the toral nodal length, see,

for example,
) 4% 1
Var(Le,r,) = c¢ - (1) '—<1+0(T))'
N7 N/

More surprisingly, it was shown that asymptotically the local and global nodal lengths are fully
correlated. This result entails also that, up to a scaling factor, the same limiting non-Gaussian
distribution holds in both cases.

2. Main results

In this paper, we investigate the behavior of the nodal length for random spherical harmonics
evaluated in a shrinking ball on the sphere. Without loss of generality, we consider spherical caps
centered in the North Pole N. We prove that the nodal length is still dominated by a single term,
corresponding to the fourth chaotic projection; moreover, this term can be written as a local form
of the sample trispectrum, and its asymptotic variance is logarithmic (see, e.g., O(rf log(r¢f))).
Contrary to the case of the torus, however, full correlation does not hold between nodal and
global statistics. “Berry’s cancellation” phenomenon takes place in this framework as well, and
indeed the first and second order chaotic components are still of lower order with respect to the
leading term, although not identically equal to zero as in the full spherical case.

Here and in the rest of the paper we will always denote with B,, C S§? a shrinking spherical
cap of radius r¢, with rp, — 0, as £ — 0o, centered in N such that

rel — 00 (2.1

as £ — oo (meaning that the support is not shrinking too rapidly). Indeed, the average length on
the disc of radius r; is rﬂ < r¢l; hence, if condition (2.1) is not satisfied, we cannot expect any
asymptotic result to observe. We denote the nodal length in these domains by

20y, =28 (Ty) =len({x € S* N B, : Ty(x) =0}). (2.2)

From the Kac—Rice formula ([1,2]), it is easy to see that

L€ +1) By,
E[Zir]=/ 3 2’@.

Note that, since the area of a spherical cap B,, of radius ry is given by |B,,| =2m (1 — cosry),
we have that

LE+1)

E[Z¢,]= >

(1 —cosry).

Now let ¢y : $2 — R, V¢, be the indicator function pe(x) =1 By, (x); our first non-trivial result
concerns the asymptotic variance is the following.
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Theorem 2.1. Let Z; ,, be the nodal length defined in (2.2), then its variance, as £ — 00, is
given by

Var(Zy.,,) = -r}log(rel) + O(r?). (2.3)

1
256
The next result is the following central limit theorem.

Theorem 2.2. Let Z; ,, defined in (2.2), then, as £ — 00, we have that

ZZ,rg - E[Zf,rg]
bt

vV Va-r(ZZ,r()

where — 4 denote the convergence in distribution and Z ~ N (0, 1).

dZ,

Theorem 2.2 follows by exploiting Theorem 5.2.6 in [23] to the fourth chaotic component,
after lengthy computations of the fourth cumulant (which is, for Y a centred random variable,
cumq(Y) = EY* — 3(EY?)?) of this chaotic projection.

2.1. Comparison with the 2-dimensional torus

Although the differences and the similarities of the results obtained for the torus and for the
sphere have already been discussed, we make them clearer in this subsection.

e In contrast to the torus, where a full correlation between the nodal length in shrinking do-
mains and the one in the total manifold has been proved (see [3]), in the sphere the following
proposition holds.

Proposition 2.3. Let Z; ,, be defined in (2.2) and Z(Ty) in (1.1), the correlation between
Z,r, and Z(Ty), as £ — o0, is given by

log?¢
Corr(Zg”; Z(Tg)) = 0<r5 10grg£> =o(1).

Proposition 2.3 entails on the contrary that the correlation between the “local” and
“global” nodal length is zero, in the high frequency limit. The discrepancy between these
two results can be heuristically explained as follows: in the case of the torus, local integrals
for products of four eigenfunctions have the same form, whatever the centre of the disc on
which they are computed (see [3]). This is not the case when integral of the products of four
spherical harmonics is computed on a disc; this integral has different values depending on
the centre of the disc and because of this full correlation cannot be expected.

e In the case of the torus, the full correlation result allows to establish immediately the non-
central limit theorem for the nodal length in the shrinking set; indeed, the “local” limiting
distribution is the same as the “global” one, up to a different scaling constant. On the con-
trary, to establish a central limit theorem for the spherical cap, a different proof is required;
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indeed we need to apply Theorem 5.2.6 in [23] and hence to compute the fourth cumulant
of the leading chaos projection of the nodal length. In passing, we stress that the limiting
in distribution is Gaussian in the present framework, while it is a linear combinations of
Chi-square random variables in the torus.

e In both the manifolds and their subregions, the fourth chaotic component is the leading
term of the chaos expansion of the nodal length and the “Berry’s cancellation” phenomenon
occurs. However, only in the sphere and in its subdomains, the dominant component is
asymptotic to the sample trispectrum, see, for example, it has a much simpler form as the
integral of the fourth Hermite polynomial, computed only on the eigenfunctions themselves.

2.2. Plan of the paper

In Section 3, we explain the basic ideas for proving the main results of the paper; while the main
tools to succeed in our computations are introduced in Section 4, where an auxiliary function
and its properties and the construction of a smooth approximation of the indicator function are
discussed. Chapter 5 is split in two subsections; 5.1 contains the proof of the asymptotic behavior
of the variance and 5.2 proves the Central Limit Theorem. In Section 6, the correlation between
“local” and “global” nodal length is computed and finally Section 7 collects some technical tools
exploited in the computations.

2.3. Some conventions

Given a set F C §2, we denote its area by | F| and for a smooth curve C C §2, len(C) its length.
We will use A < B and A = O(B) in the same way. O, means that the constants involved
depend on the function ¢ and they stay bounded when ¢ stays bounded.

3. On the proof of the main results

In this section, we give the guideline of the proof of the main results. In the full sphere, it is
possible to write the second moment as

Fl(z)]= |

Ke(x,y)dxdy 3.1
S2x §2

(see [6] Theorem 2.2, [7] Theorem 4.3, [31] Proposition 3.3), where 12( (x,y)= I?g(d(x, y)) is
the two-point correlation function (see Section 7), and the symmetry of the domain implies that,
changing coordinates, (3.1) yields

E[(Z(1))*] = 87r2/0 Ke(p)sinpdp

which allows to handle the computations and to establish the asymptotic behavior of the variance.
Focussing instead on a subdomain, the lack of this symmetry prevents this change of coordinates.
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However, using (1.4) and the same argument as in [32] (Proof of Theorem 1.4), it can be shown
that for any function ¢ : §> — R in C'(5?), we have that

Elz @)= |

8§ %

PWeMKe(x, y)dxdy.
s
Now, introducing an auxiliary function W¢ : [0, w] — R (see also [32]), defined as

W (p) := e(X)e(y)dxdy, x,yeS? (3.2)

2
87 Jacx,y)=p

and employing Fubini, we get that
2 T
E[(2°(T0) ] =8n° /0 Ke(0)W¥(p)dp

with I%g (p) = IZ@ (x,y),x,y€ s2 being any pair of points with d(x, y) = p. The crucial obser-
vation is that the case of a spherical cap can be cast in this framework, simply taking ¢ =13, ,
which is a function in BV(S%) N L>®(§?), V.

More precisely, the key role in the proof of Theorem 2.1 will be played by a sequence of
auxiliary functions, W¥¢ : [0, 2r;] — R, defined as

1
W (p) := —2/ @e()pe(y)dxdy, x,yeS% (3.3)
87% Ja(x.y)=p

and using a density argument and approximating 15, with C ! functions (pé, the second moment
could be written as

i re i
E[(24/(T))*] = 87 /0 Ke(0)W¥ (p) dp.

Note that (3.3) is not zero if and only if the variables x, y are inside the spherical cap B,,, hence
the maximum distance allowed between two points to make (3.3) different from zero is p = 2ry.
For ¢, = 113”Z and for x, y € B, (3.3) can be written also as

W9 (p) = len{y € By, :d(x,y) =p}dx.

)

8w By,
Then, if we fix x “far” from the boundary, the integrand will be given by len{y € B,, :
d(x,y) = p} = 2m sin p; note that, however, W¥¢ depends on the position of x. Moreover, for
decreasing sequence r¢ a tangent plane approximation can be shown to hold, whence, we can
also define the function Wy, : [0, 2r¢] — R as

Wa(p)i=g— Gt ()@ (y)dxdy, x,yeR’, (34)
T Jd(x,y)=p
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where ¢y is given by the composition ¢, o exp and exp is the exponential map. Note that W@ is
nonzero if x,y € E,e, which is the disc contained in R? of radius r¢ and centered in the origin of
the axes. In order to scale the support of ¢y from B,, in By, we define also

- 1 1 . -
Wi (p—) = / Ge(rex)@e(rey)dxdy, x,y € R (3.5)
ry 8 d(x,y)=%

Denoting W, (p) := wlen (p) (e.g. ¢ =1 Brz)’ it is easy to check the validity of the asymptotic
relation below:

~ 1
Wy, (0) = r} Wi (%)U +0(p%), (3.6)

as r¢ — 0 uniformly in p (see Lemma B.3 in the Supplementary Material [30]).

Hence, as we said before, in order to prove Theorem 2.1 we want to apply a standard approxi-
mation argument; approximating the characteristic function 1, with a sequence of C ! function
for which we can apply the following Proposition 3.1.

Proposition 3.1. Let ‘/’2 be a sequence of C functions satisfying (4.1) and let define (/32 (x):=
(ﬁé (rex) = (pé o exp(rex). Then, as £ — oo, the variance Var(Z‘p;Z(T[)) is given by
~i 12
16412, 5,
2561

denoting V (@) the total variation of a test function ¢.

Var(29(Ty)) = g 1og(rel) + Oyt v (7). 3.7)

The computations of the variance in Proposition 3.1 will follow from the analysis of the inte-

gral of the two-point correlation function and W9 the main contribution will actually be given
from points far from the diagonal x = y.

To take the limit in (3.7) and obtain the result in Theorem 2.1, we need to check that if
goé approximates 1 B,,» as [ — 00, the corresponding statement holds for the random variables

Z‘/’i, Zy r, and their variance. It is easy to see that, if (pi — @ in L! (Sz), then for every fixed ¢,
we also have

E[2¢ (Tp)] - E[2°(T0)]; (3.8)

indeed, it follows from the expected value of a linear statistic,

d
E[2°(T))] = fs“;(#w/w D (3.9)

([32], Proposition 1.4, starting from (121)). We will see that the analogous result holds for the
variance in view of Proposition 3.2.

Proposition 3.2. We have that, as £ — oo,

E[thfg(n)z] = O(Krz1 ||¢/é “Ll(él) H‘ﬁé ”oo)
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Another question is that, when applying Proposition 3.1 for goé, one needs to control the error
term in (3.7) (which may a priori depend on (pé). Since we manage to control it in terms of its
L norm and total variation, we can solve this issue requiring goé to be essentially uniformly
bounded and having uniformly bounded total variation.

The next step will be the derivation of the central limit theorem, stated in Theorem 2.2. To
this aim, we will start following a similar argument as in [20]; more precisely we define first the
sequence of centered random variables (“local sample trispectrum’)

L +1) L+1)1
M= =33 / (1) dx =3 S Dhers G10)

where for{=1,2,...,

Bprpid :=/ Hy(Ty(x)) dx. @3.11)

B 4
The key idea is to prove the asymptotic full correlation between the “local” nodal length and the
“local sample trispectrum”.

Proposition 3.3. The correlation between Z; ,, and My ,,, in the high energy limit £ — 00, is
given by

Corr(zm;Ml,,Z)zlJro( )=1+0(1). (3.12)

logret
This result requires the evaluation of the variance of My ,,.

Proposition 3.4. The variance of My, is, as £ — 00, given by

Var[Mg ] = ——rZlogrel + O(rl)

256

The strategy of the proof is the same as for the variance of Zy ,,; hence, for goé a sequence of
C! functions satisfying (4.1), we define the sequence of centered random variables

e+
\/ ( + /‘P@()’)H4(TK(Y)) (3.13)

and we prove the following propositions.

Proposition 3.5. The variance of /\/l‘/’é ,as £ — oo, is given by

g 113,
L Ldy 2logrgﬁ + 0

3.14
2561 ( )

Var[M#] = 171V (72)-
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Proposition 3.6. We have that, as £ — o0,
E[MA(T)*] = 0(r21ogre0) |3 | 22 1 5,))-

In view of the orthogonality of the projections, the result in (3.12) implies that the fourth
chaotic component is the leading term of the chaos expansion of Z; ,, and hence it is sufficient
to study its asymptotic behavior. In particular, exploiting the Stein-Malliavin approach (see [23]),
itis enough to focus on the behavior of their fourth order cumulant ([23], Theorem 5.2.7). Here, it
is important to note that our argument is quite different from the proof given by [20]; in particular,
in the full sphere the behavior of the fourth-order cuamulant was already established by means of
Clebsch—Gordan coefficients: the latter cannot be used here due to the lack of analogous explicit
results on subdomains. Hence, we derive efficient bounds by a careful exploitation of Hilb’s
asymptotics for powers of Legendre polynomials.

From now on, we will denote with B, C S 2 the ball of radius 7, 0 < r < 7 centered in N and
with B, the disc of radius r in R>.

4. Auxiliary functions

In this section, we introduce the auxiliary functions, announced in Section 3, involved into the
proofs of our main results.

The indicator function 1 By, belongs to the space BV (S 2y N L°(52); to make some computa-
tions easier, it is more convenient to deal with continuously differentiable functions. In order to
control the error term of the variance for the approximating functions (and thus pass to the limit),
it is sufficient that (pé is uniformly bounded and with uniformly bounded variation (see [32]) and
to prove that the same conditions still hold for @, obtained through the exponential map. In [32]
the existence of such a sequence was established. Denoting with V (¢) the total variation of a test
function ¢, let consider {(pé}i a sequence of C* functions such that, as £ — 400,

¢, —> 1p, inL'(S?),
V(g}) — V(lg,) and 4.1)
leb] o < 118, lloo-
Our goal is to check whether analogous conditions still hold for g?)é = (pé o exp, defined on R2.
To simplify the notation we set (ﬁé (x) = (,7)2 (rex), x € R%. Note that, since (pé has support on S2,

which is compact, it follows that (,Z)é has compact support in B;. Hence, it is easy to prove the
validity of the lemma below.
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Lemma 4.1. Let ¢é(x) := @ (rex), x € R, where g?)é = (pé o exp and {(pé}i a sequence which
satisfies (4.1). Then, (ﬁé : R* — R are continuously differentiable functions such that, as i — 00,

g, — 1z, inL'(R?),
V(@) = V), (4.2)
18000 < 115, lloo.

Now, let ¢y : S 2 _, R be the indicator function 1 By,» V{. We denote W, (-) the function defined
in (3.3) with this choice of ¢; and Vl71 (+) the one in (3.5).

Lemma 4.2. Let us consider the sequence (pé satisfying (4.1), W‘/’z(~) and W‘Z’Z(J defined as
(3.3) and (3.5), respectively; then

i 0 i i
W (p) = Erzz |2 Hiz(él) + Onmw,v@;)(ﬂzr@) +0(0’r7| ¢ ”i%él)) (4.3)
and
Wi (p) = 0 (pr? || @i 2)- (4.4)

Proof. As already stated in Section 3, it is quite simple, and it can be found in the Supplementary
Material [30], Lemma B.3, to establish the asymptotic geometric relation between W,, and Wy,

given in (3.6). If we consider the sequence q)é satisfying (4.1), W‘pé (-) and W% (+) defined as (3.3)
and (3.5), respectively, it is easy to see that (3.6) holds for W¥ and W‘Z’z; namely, as £ — o0,

W (p) = r Wt (;;i) (1+ 0(p?)), 4.5)

uniformly for p € [0, 2r¢] (for the proof see the Supplementary Material [30], Section B.3, Corol-
lary B.4).

We can also get further information on W, for example, using polar coordinates with centre
x, for each x € R?, (e.g. y = (y1, y2) — (¢, ¢) with £ = p and ¢ = arctan f:ﬁ) we write

g 1 » > 0 » 27 » .
W¥ (p) = —2/ G ()@ (v)dxdy = —Zf 902()5)/ @ x(pcose, psing)dgdx
8 d(x,y)=p 8 R2 0
for a suitable defined function @; , : R* — {0, 1}. Defining

;i ) 27
Wl (p) = /R G /0 7 (pcos, psing)dg dx. (4.6)

we have that

W% (p) = 8;42%“’2 (o). @7
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Note that Wg) (p) is bounded by

W' @) < 2|81 |82 11 ) <277 1 L (4.8)

and in zero, it is equal to

~ & ~in2
Wo' () =27 | @ | 12 5,)- 4.9)
Moreover, it can be seen that the derivative of W(;p (p) is uniformly bounded by
~ (Z,i ) »
[Wo' (0| =276, | .V (@0); (4.10)

indeed, exchanging the order of the derivative and the integral, we obtain

=
R2

<2x [ [gi||voieo] ar =27 ]3],V (@)

2

. 3 _; .

wz(X)/ ” @y(pcose, psing)de|dx
0o Op

9 -4
\%wg’«m

Then, in view of (4.9) and the continuous differentiability of Wg) “(p), the Mean Value theorem
implies that, as p — 0,

W (p) = 2m |62z, + 01164100, v 5 (P)- (4.11)
Now, putting (4.7) in (4.5) we can state that, as £ — oo,
W9 (p) = Lzrgw(fé (ﬁ)(l +0(p?)). (4.12)
8w ry
with p € [0, r¢].

Finally, replacing (4.11) in (4.12), we obtain (4.3) and then thanks also to (4.8), (4.4) fol-
lows. O

From now on, {goé},- will denote a sequence satisfying (4.1) and {g?)é}i the one satisfying (4.2).

5. Proof of the main results

5.1. Proof of Theorem 2.1 (asymptotics for the variance)

As we have already mentioned, we apply an approximation argument; hence assuming the valid-
ity of Proposition 3.1 and Proposition 3.2 we prove Theorem 2.1.
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Proof of Theorem 2.1 assuming Proposition 3.1 and Proposition 3.2. Let (pé €C® bea

sequence of smooth functions satisfying (4.1) and let ¢, defined as in Lemma 4.1 satisfying
(4.2). Proposition 3.1 states that

164122 5,

Var(Z9(Ty)) = e

-r2log(re€) + owlmv@)(rg); (5.1)

since gZ)é and 1 B, are uniformly bounded, Ll(Rz)—convergence implies L2(R2)—convergence,
IIgZ)z lz2r2) — |l 11?1 lz2r2) = A/7 and it remains to prove that

Var[ 2% (Ty)] — Var[ 20, 1.

To take the limit, we need to show that the distribution of 29 depends continuously on (pé,.
Indeed, by linearity of Z¥ on ¢, we have that

E[(2°4(T) - Z¢,,)"] = E[(27 "))

and applying Proposition 3.2 to the difference <pé —1 B,,» We get that

E[(277 1) = 0(er |8 = 15, | 1oy |19 = 13, ]0) = O
as i — 00, hence,
|Var[ 2¢6(Ty)] = Varl 20,1, 1| = | E[(29(T0)’ = (Ze.,)]| + |(E[29(T])” = (E[Z0.1,1))-
The second summand goes to zero for (3.9), whereas for the first summand we have that
E[(24(@0* = Zen)?))|

= |E[(2%(T) — Z0.,)°] - 2E[2},,] +2E[29(T) 20,1,

<|E[(2(Ty) — Z0,)*]| + 2| E[2% (1) 0, — (Z00)?]|

<|E[(29(T0) - Z0.,)"]| + 2| E[(E% (TD) — (Ze.)) Zerl ]|

<|E[(29(Ty) - Z0.,)]| +2E[(29(T) - 20.,)°] PE[22,)] (5.2)

which goes to zero for Proposition 3.2. Hence, taking the limit, as i — 00, in (5.1) we obtain the
thesis of Theorem 2.1. O

Before proving Proposition 3.1 and Proposition 3.2, we introduce the 2-point correlation func-
tion Ky (x, y) = K¢(d(x, y)), defined as

Ke(x,y) = E[|VTe@)| - |V [ 1Te(x) = Te(y) = 0]

1
Q2m)V1 = Pe(x, y)?

(see [32]). The following result is proved in [32], Proposition 3.5.
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Proposition 5.1. For any choice of C > 0, as £ — o0, we have

Ko@) = l +l sin(2y) n L 1 n 2 cos(2y)
W)= 4  2nl Sin(l///L) 256 w2¢sin(y/L)y 32wy sin(y/L)
s1n(21p) 256 cos(4yr) (L L)
e O\v T G
uniformly for C < < %, where I%@(%) = @K@(lﬂ).
It is also known that, for 0 < ¥ < C, we may bound ([32], equation (98))
1
|Ke(y)| = 0(@)' (5.4)

Proof of Proposition 3.1. In [32] (Proof of Theorem 1.4), it is shown that for functions in
Cl(8?),itis possible to write

E[(24(T0)’] = fs WG 0IR ) dxdy. (5.5)

Employing Fubini, we get
i 2 re ;
E[(2%(T)’] = 8> / Ke(p)W¥ (p) dp; (5.6)
0

with K¢ (p) = K¢(x, y), x, y € % being any pair of points with d(x, y) = p. Indeed, we change
coordinates in (5.5), centering x and parameterizing y in terms of (/,6), where [ =d(x,y) €
[0, 27¢] is the distance between x and y and 0 € [0, 27r]. The norm of the Jacobian of this change
of coordinates is 1, since every transformation in the sphere can be seen as a rotation; then,
applying Fubini and doing the same change of coordinates in the definition of W¥ (this time [ is

fixed inside the integral to be p) it is seen the validity of equation (5.6). Now, denoting L = £ + %,

changing the coordinates p = %, and writing 872 as 27 |5?|, we have that

2 2r¢L
sl )= [ & () wer () avs

setting Ifg(%) = @Kg (¥), we obtain that

2 2r¢L
E[(2%(T0)’] = ”'S 'w + 1)/ KAWWW(’Z) dy.

Moreover, from (3.9) it follows that

2 _ Z(Z—i— 1)

(E[29(T))]) o PG dxdy




Nodal lengths in shrinking domains

and applying Fubini and changing coordinates as above we obtain

o2 L+ Z/ZWL wi(£>
E[2(T)] = —7 27| S| Wi dy,

from which we conclude that

2 2r¢L .
Var[ZW(T )] W/ ¢ (Ke(lﬁ) B %)W%(%) dy.

Splitting the interval of the integral in [0, 1] and [1, 2r; L], we have that

S21ee +1
Var[(Z‘p‘(T))] M/ (K Y) — >W(pe<1£>dw

7|82 +1) (el 1 (W
PISEED g (1) ay

and in view of (5.4) and (4.4) the first integral in (5.8) is equal to

m|S2eE + 1)
015410 <7L2 g/ “"d‘”) Oy51 (77)-

The second integral in the right-hand side of (5.8) is, exploiting (4.3), given by

TSP NGy, 5, L8+ 1) ponet 1
(B1) 2
b [ (k) - g Jwav

(@)

L+ et 1
+0|¢2|w,V(¢;’><Trl | (Ke(llf)—z)llfzdllf>

()

Ll + 1 2r¢L 1
+ Ol (%rf/l (Ke(lﬁ) - Z)w%w) .

©)

Thanks to Corollary 7.5, equation (7.5), integral (a) is given by

Ig51%,
L°(BY) .2
(a):Tn] logrzﬂ—}-O(re).

In view of Lemma 7.1, the error term in (b) is

—0. . (T “D)=0, . (2

3095

(5.7)

(5.8)

(5.9)

(5.10)
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Regarding (c), similar computations lead to (c) = ( (2re0)? = 1)) = (rz,‘) and then,

016 s
we can conclude that the variance of Z¥% (Ty) is

g 112,

L“(B
L, ¢ log(red) + Oygiy . vgiy (rd)- 0

Var[ 2% (Ty) ] = e

Proof of Proposition 3.2. As we did in the proof of Proposition 3.1, we write

E[(2%(10))*] = /S o Kew e dxdy

2 2r¢L i
ZW/ e Kg(w)W¢2<£>dW~ (511
L 0 L

Splitting the integral, in [1, 2ry£], thanks to Lemma 7.1, K, () is bounded by a constant so that
|K¢()| = Oc(1); whereas in [0, 1], we exploit (5.4). Hence, using (4.3), we get

72 [l 2 L? 4.2 2
7/; 1//K((¢)||(P[‘|L2(gl)dl/f‘<< 7”( H‘pean(fh)/ pdp

<Lrg 6] o2l 1 iy (5.12)
and
2
7/0 vKe(y)| @ ||Lz(31) ‘<< / @ ||L2<31> (5.13)
which is dominated by (5.12) and the thesis follows. O

5.2. Proof of Theorem 2.2 (central limit theorem)

We split this section in more subsections to make our argument clearer. Firstly, in 5.2.1 we
show that the nodal length and the integral of H4(Ty(x)) in the shrinking spherical cap are fully
correlated; secondly, in 5.2.2 we compute the fourth cumulant of the “local” sample trispectrum
in order to apply the fourth moment theorem ([23], Theorem 5.2.6) and to conclude the proof of
the central limit theorem in 5.2.3.

5.2.1. Correlation between Z; ,, and My ;, (proof of Proposition 3.3)

Here we show the asymptotic equivalence (in the L?(2)-sense) of the nodal length Zy,r, and
the trispectrum f . Ha(Ty(x))dx. In [20], the case of the full sphere was considered and it was
e

established that, as £ — +o00,

1
Corr(Z(Tg) Mz) =1+ 0(1 gﬁ)
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where M, is the integral of Hs(T;(x)) on $2. In decreasing domains the full correlation still
holds. Let us define the sequence of centered random variables My ,, as in (3.10). To prove
Proposition 3.3, we shall need Proposition 3.4 and the lemma below.

Lemma 5.2. The covariance between Z ,, and My, ,,, as £ — o0, is given by

1
Cov(Zp,ry; Mo, = ﬁrg logrel + O(r}). (5.14)

Putting together Lemma 5.2, Proposition 3.4 and Theorem 2.1, Proposition 3.3 is easily
proved:

Cov(Zy.,,; M.
Corr(Z¢ s Mer) = Y Ftires Meiry) —1+0<

SVar(Ze,) Var(My) logret >

Hence, we need to prove Lemma 5.2 and Proposition 3.4. In order to do that we define the
2-point cross correlation function J; (¥, 4). We shall write x = (0, 0) for the North Pole and
y(0) = (0, ) for the points on the meridian where ¢ = 0. Then,

1 [ee+1)1 872 _
Juw;4>:[—z\/ (2 )m}X%E[‘I’z(x,él)Hzx(Te(y(%)))} (5.15)

(see the Supplementary Material [30], Section A.1, for the definition of W;(x, 4) and see also
[20]). The following result is proved in [20], Proposition 3.1.

Proposition 5.3. For any constant C > 0, uniformly over £ we have, for 0 < < C,

Jo=0(0), (5.16)
and, for C <y < L%,
1 1 5 cosdy 3 sin(2y) 1
T = e ysin/D T 6 ysin(w/L) 16 ysin(yi) O <w2 sin(WL))
1
0<wsin<w/L>>' CA7)

Proof of Lemma 5.2. In the Supplementary Material [30], Lemma B.2, we show that

2rel ; Iﬂ
Cov(Z¢,ry, Mg,r,) = lim To(fr, H) Wt (_) dv,
1=00.J0 L

where [J;(¢; 4) is the two point cross-correlation function defined in (5.15). Then, to compute
this integral, we split it in:

.(l/ 2r¢L

1 .
I ;=/ jg(w,4)W“’f*<—>d1// and I := v
0

ﬂ(w,@w%(—) dy;

L L
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exploiting (4.4) it follows that

v

1 _ 2 1 ‘
I =/0 Jz<1/f,4>w<"2(z) dy <<r7f/O |Tew, ) |v |62, dv (5.18)

and thanks to (5.16), we have,

P2l o
n< L [ el av = 0,5, (7).

as £ — oo. Regarding I», equation (4.3) implies

- réz 2r¢L 2r¢L wz
~1
b= 10y [ T+ olﬁ;,,w,v@)( Cawands dw)

2r¢L

3
+0|¢;‘|w( 1 J@W,‘*)reg%dw): (5.19)

thanks to Lemma 7.2, it is easy to see that the second and the third terms of (5.19) are, respec-
tively, given by

re

2r¢l
. . _ . . 2
0|¢;||oo,v<¢;)(f/1 P2(‘/f)d1”) = O e viy (72)

and

r2 2rel PQ(Iﬂ‘) r2
016410 <[K2/] E: ‘ﬁ3d‘/f> = Ogi s (%(zme - 1)2) = 0501, (),

where P> (1) is defined in (7.4). Finally, (7.6) applied to the first term of (5.19) leads to

”(ﬁé ”iz(él) 2 2
L= —sen log(2r¢L) 4+ O(ry)
and hence the conclusion of the lemma follows. O

Proposition 3.4 is easily seen as a corollary of Proposition 3.5 and Proposition 3.6 as follows.

Proof of Proposition 3.4 assuming Proposition 3.5 and Proposition 3.6 . Let M¥ defined as
in (3.13); since M? is linear in ¢, we have that

E[(M¥ = My,,)"] = E[(M750 )]

and applying Proposition 3.6 to the function (pé -1 By, and doing similar computations we did in
(5.2), we get

[Var(M#) = Var(Me,.)| = [E[(MY 50 2]+ 2] E[(M# = Mo, )] P E[ME,, ]

Lire

3

| (EIMY])” = (ELMe )
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which goes to zero, as i — 0o, by the L' convergence of <pé and Proposition 3.6. Then, taking
the limit in Proposition 3.5, the thesis follows. O

Let us now prove Proposition 3.5 and Proposition 3.6. We recall that P, is the covariance

function of Ty and the following expansion for Py(cos %)4 is given in [32], Lemma 3.9: for £ > 1
and any constant C >0, C < ¢ <mwL/2,

Py(cos(y/L))* =

—2sin(2y) — 4 cos(@y) 0( 1 ) (5.20)

w242 sm(WL)2 ¥3

Recall also that, for 0 < ¢ < %, as £ — oo,

P id =0 : 5.21
(o g)|=o(55) o

Proof of Proposition 3.5. The idea of the proof is quite similar to the one in Proposition 3.1;

(see (7.8), see also [32]).

actually, we write the variance of MY as

Var(M#) = [——\IE(ZJFI) : / (04(X)H4(Te(x))dx]

e+ |
16 2 a2
1+ 1
16 2 42
1ee+1) 1
16 2 42

E|:/s2 b (x) Ha(Ty(x)) dx /52 ob (0 Ha(Te(»)) dy]

/S - E[Hy(To(x)) Ha (T (0)) @b ()} (v) dx dy

— 4! f Po(tx, ) b ()@l () dx dy, (5.22)
S2x 82

where in the last passage we exploited property (A.1) of the Supplementary Material [30]. Em-
ploying Fubini, (5.22) is equal to

1e+1)1

ng .
— — 872 / Py(cos p)* W (p)dp. (5.23)
16 2 4 0

Changing variable p = and splitting the integral, (5.23) is equal to

872 et +1) 1 ! W W
FTZ!/O Pf(‘”%) W”( )"‘”

2 2r¢L 4 i
+8L£(£+1)l/ ¢ Pg(cos%) Wwé(f) d. (5.24)
1

16 2L 4! L
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In view of (4.4), the first integral in (5.24) is

1
Olgilloo </0 Py (COS £> v dw) (5.25)

we bound | P;(x)| with 1 and then we obtain that (5.25) is 0H P HOO(rg). To compute the second
integral in (5.24), we exploit (4.3) to get

1 E(Z—i—l) 1 2 rg 2r¢L
1_6 2 Zgn L4rw J; Pe COS H ”LZ(Bl)
@
Le+1)1_ ,rp 2k "
FOueven s w2 ), Pl w dy
(i)
1 2¢+1)1 2rz2 2reL v ¢3
O\~ 2 a7 L Pe|cos— ) —=d 5.26
+ |§0[”oo<16 2 4! T L | ¢| COS L w ( )
(iii)
Now, the leading term is
o1 z(e+1) 1 72 [l "
D=1 2 | ZHLZ(Bl)ﬁ/; Pe| cos - wdw (5.27)
and thanks to Lemma 7.7 and Lemma 7.4, (i) is
@il ,25,) , 5
= —Fe Ti log(ref). .

2567

With similar calculations, it is easy to verify that (ii) is 0|| FilloorV (@) (rg) and (iii) is O|| Filloo (rg)
and hence the conclusion of the proposition follows. 4

We prove now Proposition 3.6.

Proof of Proposition 3.6. In a similar way to the proof of Proposition 3.2, we can write

. 2r¢L 4 .
E[M“’Z(Tg)2]=0<£(£+l) l Pg(COS f) W%(f)dw). (5.29)
L Jo L L

Splitting [0, 2r£] = [0, 1] U [1, re£], for ¢ € [0, 1], we can bound | Py(x)| < 1,Vx € [—1, 1] and
exploiting (4.4), we get that

0(5/0 P; (cosw>W‘p€<w)d1ﬁ> <rg||¢;3||io/0 wdw) =0(r7|i]..)-  (5:30)
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Moreover, (5.21), Lemma 7.4 and (4.3) imply that

2r¢L ; 29 p2rL 4
o (o2 Jor) =0( [ (o) i)
20 ~i 2 2rgL 1
=0(2otliemy [ grvas
= 0(H il Mg lored) 53D

Since (5.30) is dominated by (5.31), the conclusion of the proposition follows. [l

5.2.2. Fourth cumulant of the fourth chaotic component

In light of the orthogonality of the chaotic components, the full correlation between Z; ,, and
M., implies that

COIT(MZ,”; Proj(Zg” |C4)) =1+0 (log rez)'

Now to establish the validity of the CLT for the sequence Z ,,, we prove first that it holds for
My, r,. In order to do that we appeal to the Fourth Moment Theorem ([23], Theorem 5.2.6),
which states that, for random variables belonging to a Wiener chaos it is sufficient to show that
the fourth cumulant divided by the square of the variance tends to zero to conclude that the CLT
holds. Hence, we investigate in the lemma below the fourth cumulant of 4, ,, 4 (defined in 3.11).

Lemma 5.4. Let hy ,, 4 defined as (3.11), as £ — oo,

4
cumy{h .4} = o(e—f1 logrﬂ). (5.32)

Proof. Following [21], in order to find a bound for the fourth cumulant of 4 ,, 4, we need to
control the following two quantities A; and A, (see the Supplementary Material [30], Section
A.2 and [21] for details):

A= Pl Pl Peltas, ) Pt ) o (e,
By,

O ) e e (e s A e
e

where 1t (dx;) denotes Lebesgue measure on the sphere. Let us focus on Aj; its absolute value is
bounded by

[, Ireosatn )] deosatan, x| o(eosaton. )
e

x | Po(cosd(xa, x4))* [i(dx1)u(dxa) i (doxs) e (dixs). (5.33)



3102 A.P. Todino

Arguing as in [24], we use the inequality: x¢y? < x@+b 4 ya+b

that (5.33) can be bounded by

, where x, y are positive, to obtain

/(B . | Pe(cosd(x2, x4)) |3 | Py(cosd(x3, x4))|
Ty

x | Py(cosd(xr, x2))|*u(doxr) a(dxa) e (dxs) e (dxs)

+ /(B )4|Pe(cosd(x2,x4))|3|Pg(cosd(x3,x4))|
re

4
x | Py(cosd(xr, x3)) [* p(dxn) i(doxa) u(doxs) e (dxs). (5.34)
Let us focus on the first term of (5.34). It is simple to check that, for any x, € B,,
4 4
/ | Py(cosd(x1,x2))| " p(dxy) < / | Py(cosd(N, x1)| n(dx1),
Br( BZVZ

where N denotes the North Pole (note the doubling of the radius in By, ). Since | P¢(x)| < 1, for
x € [0, 1], we have that % fol Py(cos %)q % dyr = O(eiz), Vg > 1; then by Hilb’s asymptotics (see
Lemma 7.6)

4

logrel 1
< Const x 2 + 0 7

4 1 20rg 1 1
/ | P¢(cosd(N, x1))|"m(dx1) < Const x —2/ —dy + 0(—2>
Ba, = Jc 14

and similarly

| Pdeosdtasxa)ldxn < [ |Pu(eosdV.xm) utan)

4 2ry

1 20ry 1
< Const x Z_Z/ \/EdijO(E—z)

3/2 !
< Const x % + 0(g2>

| IPideosdtorx)utann < [ |Pe(eosd.nm) i)

Br@ BZré

20ry 1 1
< Const X — dtp—i—O( )
eJe Vv

rl/2 1
<Const><— (0]
N <42)
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while obviously

/B u(dxg) = O(rgz).

re
It follows that

/(B )4|Pg(cosd(x1,xz))||Pg(Cosd(x1,X3))3||Pg(cosd(X3,X4))|
e

1 12
x | Py(cosd (xa. xa))’ | 1e(dxy) (o) u(docs) (ddxs) = 0(r?°i%>,

as needed. Equivalent computations give the same bound for the second term in (5.34).
As far as the term A, is concerned, we need to bound

/(B y ’Pg (COSd(xl , xz))z‘ ’Pg (COSd(xl , x3))2‘ ’Pg (COSd(xg, x4))2‘
e

x | Py(cosd(xa, x4))?|pu(dx)) e (dxa) e (dxs) e (dxs). (5.35)

The same strategy we have applied to A leads (5.35) to be bounded by
4 2
f 4|Pg(COSd()C],)62))| |Pg(COSd(X3,X4)) |
(Bry)

x | Py(cosd(x2. x4)) > p(dx1)a(dxa) u (doxs) e (dxs)

~|—/ 4|Pg(COSd(x1,x3))i4|Pg(COSd(X3,X4))2|

re
x | Py(cosd(x2. x4)) > p(dx1)u(dxa)pu (doxs) e (dxs)

and since

| Peleosdtus,xo) i) < [ [Pleosd.x0) Putazs

re Bor,

1 2r¢L 1
< Const X — d ol =
< Const x Ezfc v+ <£2>

<Constx "+ of 2
onst X — —,
= f 2

4
. o rerelogrel r;logrel
A2—0<r£Xzz Ez >_O<T

and the conclusion of the lemma follows. O

we obtain that
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5.2.3. Proof of Theorem 2.2

From Lemma 5.4, we conclude that
cumy (M) = O(rf log(re0)) (5.36)

and, in view of Proposition 3.4, the fourth moment theorem ([23], Theorem 5.2.6) implies that

[cumy (Mo r,) < 1 >
d ) <C — =0 ,
WM, 2) = Var(My,,,)? JIogrel

where Z ~ N (0, 1) and C is an explicit constant. Defining

it follows that, as £ — oo,

~ ~ = ~ 1
dw(Zes,, Z) <dw My, Z) + \/E[Zf,rg - My 1P=0 <W)

6. Further result: Correlation between Z; ,, and Z(Ty) (proof
of Proposition 2.3)

As we have already said in the introduction, contrary to the 2-dimensional torus, the nodal length
on the total sphere and the one on its subregions are not correlated; indeed we prove here Propo-
sition 2.3. Before doing that, we compute the covariance between Zy ,, and Z(7Ty) in the lemma
here below.

Lemma 6.1. The covariance between Z ,, and Z(Ty) is given by

B,
Cov(Z¢,r,, 2(Ty)) = llS;|| Var(Z(Ty)).

Proof. The proof of this lemma follows from the field’s rotation invariance. Indeed, let consider
B, the ball of radius r, for any » > 0; we shall write the covariance as

E[Ze,- 2(T0)] = E[ fs NV (Teco)[[8(Te(x) ax fB ||VT£()’)H5(T£()’))dY]
= [ EIVTl V0 s(ri)s (1) dsdy

=f Re(x.y)dxdy = |Br|/ Re(N. y)dy. 6.1)
52><B, S2
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Then, taking r =r¢ and r =n, B, = B, and B, = s2, respectively, we get

E[Z0r, - 2(Tp)] =By, /S KeN, y)dy 62)

and
Var[ Z(Ty)] = | $?| /52 K¢(N, y)dy (6.3)
and the conclusion of the lemma follows. [

Proof of Proposition 2.3. By definition, the correlation is

Cov(Zy,r,; Z(Tv))
Zor 2(Ty) = '
Corr( res Z( 6)) \/Var(Ze,r[)\/Vﬂ(Z(TZ)) 4

and Lemma 6.1 implies that

_|B,| VVarE(T) _ 21(1 — cosry) /Var(Z(T1)
S N2, An VVar(Ze )
(1 - cosry) YVarZ(Ty)
T2 NaGy

in view of Theorem 2.1 and (1.2), it results that

1 —cosry Llogﬁ—i-O(l) 1 —cosry log?
Conzz:210) = =5 | = e O
i logtre + O () ¢ glre
I —cosry |, log# oy log?¢
= o 8=0 2 . 6.6
2r} \/re logrel +O(r)V8 " logret (6.6)

Now, to prove that this quantity goes to zero, we note that, either ry > Le’ then

Corr(Zg,,e; Z(Tg))

(6.5)

5 logt 5 logt

" log 7t

172

_n,2
=2r;

e logrel

which goes to zero because ry — 0; or if rp < £~
from below for ¢ large and get

, since r¢gf — 400, we can bound logrg¢

, logt

1
=0(r}logt) = 0 -logt ) = o(1).
"iogree| = Ol logd) (6 og) o(1) -
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7. Technical tools

In this section, we collect some results exploited in the previous computations.
For the purpose of the present paper, let us note the following result.

Lemma 7.1. For 1 < <rel,as £ — o0,

L sin@y) P (1
mw oy o)

where P1(Y) is the trigonometric polynomial given by

¢ —

: + — o cos(21p)+ 27 s1n(2w)

P = 55602 T 30

7
75672 cos(4yr). (7.1)

Proof. Let us consider the expansion in (5.3) holding uniformly for C < ¢ < % In the regime
[1,ref], re€ = o(L) and the terms sin(y/L) appearing in all the denominators can be replaced

by
sin f + 0 W3 (7.2)
L L3 '
Hence, we have
Kop) — L = [sn2¥ 1 9cos2y  Zrsin2y — 72 cos(4y) 1
¢ 4 | 2me  256m20y 0 32myk mw2ey sin(y/L) Yy owd/L3)
+0 ! + !
AN
_ sin 2y 1 9cos 2y 64 sm2w 256 cos(41/r)
L 2ny 25672y 32my w2y 2sin(y/L)
1
+0 (‘ﬁ3 ) (7.3)
Denoting P; (1) the trigonometric polynomial given in (7.1) the conclusion of the lemma fol-
lows. ]

Lemma 7.2. For 1 < <rel,as £ — o0,

P 1
=12+ 0<$>,

where the trigonometric polynomial P> () is

P{y)=— + 65—4cos4w 3 s1n(2w). (7.4)
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Proof. Similarly to the proof of Lemma 7.1, we substitute sin(y/L) with its Taylor expansion
(7.2) in equation (5.17), holding for C < ¥ < L7, and defining P,(¢) as in (7.4) the thesis
follows. (]

Other useful results for our computations are given by the following lemmas.

Lemma 7.3. As x — o0,
I
—dy = 0(1).
Y2

Lemma 7.4. Let P(Y) =ag + ajcosyr + - - - + ay, cos(myy) + by sin(y) + - - - + by, sin(myr) a
general trigonometric polynomial. Then, as x — +00,

% dyr =agplog(x) + 0(1).
1

Proof. We have that

/P(I/f)dw /‘ao+alcos1/f+ -+ ay, cos(my) + by sin(y) + - - - + by, sin(m )
I ¥

Let us focus, for example, on

dy.

T cos(v¥)
dyr.
/1 aip " ¥

Integrating by parts, it becomes

; I:sin(w)_ ¥ sinyr ¢j|
T Loy

and thanks to the Lemma 7.3 and to the fact that the function sin is bounded, it is O(1), as
£ — oo. In the same way, it is possible to see that, as £ — oo,

fx ap cos2y + -+ + ay cos(myr) + by sin(y) + -+« - + by, sin(myr) dy = 0(1)
1 14
and hence the leading term of f lx %‘”) dr is given by
X ao
— dyr = aplog(x).
I :

As a consequence of Lemma 7.4, we get the following corollary.

Corollary 7.5. As £ — oo,

rel 1
fl (Ke(lﬂ) - Z)‘ﬁdlﬂ = 35672 log(r¢f) + O(1) (7.5)
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and
1 r(ej 1 ] ]

Lemma 7.6 (Hilb’s Asymptotics (formula (8.21.17) on page 197 in [29])).

12
Py(cos¢) = (ﬁ) Jo((€+1/2)¢) + 5(9), 1.7)

uniformly for 0 < ¢ <m/2, where Jy is the Bessel function of order 0, defined as Jo(x) =

Yo (22’1215'()2 , and the error term is

207, cel<¢<n)2,
$*0(1), O<¢p<Cl,

8(P) € i
where C > 0 is any constant and the constants involved in the “O ”-notation depend on C only.
In particular, for 6 € [0, /2],

Py(cosf) € (7.8)

1
NITH

Actually, changing variable ¥ = L6, with L = ¢ + % we have that

Py <C°S<£ +w1/2>> ~ Jo(¥)

2 cos(p —m/4) 1
o= |7 = o)
(see also [21]).

Lemma 7.6 implies (5.21) and the following result can be easily seen.

and

Lemma 7.7. For 1 <y <rel, as £ — oo,

Py(cos(y/L))* = i/fw) + 0<w3)
where

3 1
P3() = ) sm(Zw) c05(4w)
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Supplementary Material

Supplement to “Nodal lengths in shrinking domains for random eigenfunctions on $°”
(DOI: 10.3150/20-BEJ1216SUPP; .pdf). The supplemental article [30] contains some back-
ground material, technical details omitted in the proofs and further remarks.
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