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We study the problem of estimation of Ny () = Z;jzl |6;1” for y > 0 and of the £, -norm of 6 for y > 1
based on the observations y; = 6; + ¢&;, i =1,...,d, where 8 = (61, ...,60;) are unknown parameters,
& > 0isknown, and §; are i.i.d. standard normal random variables. We find the non-asymptotic minimax rate
for estimation of these functionals on the class of s-sparse vectors 8 and we propose estimators achieving
this rate.
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1. Introduction

In recent years, there has been a growing interest in statistical estimation of non-smooth func-
tionals (cf. Cai and Low [1], Jiao et al. [9], Wu and Yang [15,16], Han et al. [7,8], Carpentier
and Verzelen [2], Fukuchi and Sakuma [6]). Some of these papers deal with the normal means
model (cf. Cai and Low [1], Carpentier and Verzelen [2]) addressing the problems of estimation
of the ¢1-norm and of the sparsity index, respectively. In the present paper, we analyze a fam-
ily of nonsmooth functionals including, in particular, the £{-norm. We establish non-asymptotic
minimax optimal rates of estimation on the classes of sparse vectors and we construct estimators
achieving these rates.
Assume that we observe

yi=6i+e&, i=1,....d, ey

where 0 = (61, ..., 63) is an unknown vector of parameters, ¢ > 0 is a known noise level, and &;
are i.i.d. standard normal random variables. We consider the problem of estimating the function-
als

d d 1/y
N, @) =>161", y=>0, and ||9||y=<2|9i|y> L ov =1
i=1

i=1

assuming that the vector 6 is s-sparse, that is, 6 belongs to the class
Bo(s) =1{0 eR?: 0]lo < 5}.

Here, ||60]|o denotes the number of nonzero components of 6 and s € {1, ...,d}.
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Setny, (6) =N, (0) for0 <y <1 and ny,(6) =|6]|, for y > 1. We measure the accuracy of
an estimator 7 of N, (8) by the maximal quadratic risk over By(s):

sup Eo[(T —n,©)°].
0eBoy(s)

Here and in the sequel, we denote by Eg the expectation with respect to the joint distribution Py
of (y1, ..., yq) satisfying (1).

In this paper, we propose rate-optimal estimators in a non-asymptotic minimax sense, that is,
estimators YA“;‘ such that

sup Eg[(f";‘ - ny(G))z] = inf sup Eg[(f" — n,,(@))z] =Rs.a(e, y),
HeBy(s) T 6€By(s)

where inf; denotes the infimum over all estimators and, for two quantities a and b possibly de-
pending on s, d, ¢, y, we write a < b if there exist positive constants ¢/, ¢” that may depend only
on y such that ¢’ <a/b < ¢”. We establish the following explicit non-asymptotic characteriza-
tion of the minimax risk:

e7s?log” (14+d/s*), ifs<+vdand0<y <1,

2
e slog™" (1 +5%/d), ifs>+dand0<y <1, @

Rs,d(s’ V) = {

and

Rea(ey) < 25V log(1 +d/s%), ifs<+~dandy > 1, &
s.d\&¥)= e2d'v, ifs>+/dandy € E,

where E is the set of all even integers. We also prove that, in the remaining case s > +/d and
y > 1 such that y ¢ E, we have

ce?s*Vlog! 2 (1 +5%/d) < Ry ale, y) <ce*s*Vlog™' (1 +57/d) 4)

for some positive constants c, c.
The case s = d, y = ¢ = 1 was studied in Cai and Low [1], where it was proved that

2
. . 2

R 1,1) =inf Eg| (T — N1 (6 = —.

d.d(l,1) HT}GSEU@ o[ ( 1))7] logd

It was also claimed in Cai and Low [1] that R 4(1, 1) < s%/(logd) for s > d? with 8 > 1/2,
which agrees with the corresponding special case of (2).

We see from (2) and (3) that, for the general sparsity classes By(s) there exist two different
regimes with an elbow at s < v/d. We call them the sparse zone and the dense zone. The estima-
tion methods for these two regimes are quite different. In the sparse zone, where s is smaller than
V/d, we show that one can use suitably adjusted thresholding to achieve optimality. In this zone,
rate optimal estimators can be obtained based on the techniques developed in Collier et al. [3]
to construct minimax optimal estimators of linear and quadratic functionals. In the dense zone,
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where s is greater than +/d, we use another approach. We follow the general scheme of estima-
tion of non-smooth functionals from Lepski et al. [10] and our construction is especially close in
the spirit to Cai and Low [1]. Specifically, we consider the best polynomial approximation of the
function |x|¥ in a neighborhood of the origin and plug in unbiased estimators for each power in
the expression of this polynomial. Outside of this neighborhood, for i such that |y;| is, roughly
speaking, greater than the “noise level” of the order of &./logd, we use |y;|” as an estimator
of |6;]7. The main difference from the estimator suggested in Cai and Low [1] for y =1 lies in
the fact that, for the polynomial approximation part, we need to introduce a block structure with
exponentially increasing blocks and carefully chosen thresholds depending on s. This is needed
to achieve optimal bounds for all s in the dense zone and not only for s = d or s comfortably
greater than +/d as in Cai and Low [1].

In the present work, the variance &2 of the noise and the sparsity parameter s need to be
known exactly. We conjecture that adaptation to £> can be done without loss of efficiency in the
sparse zone s < +/d. In the dense zone, the optimal rate can deteriorate dramatically when &2 is
unknown as shown in Comminges et al. [5] for the case y = 2. This contrasts with the results for
linear functionals. Indeed, in Collier et al. [4] it is proved that, for linear functionals, adaptation
to &2 can be done without loss of efficiency, and adaptation to s only brings a logarithmically
small deterioration of the rate.

This paper is organized as follows. In Section 2, we introduce the estimators and state the upper
bounds for their risks. Section 3 provides the matching lower bounds. The rest of the paper is
devoted to the proofs. In particular, some useful results from approximation theory are collected
in Section 6.

2. Definition of estimators and upper bounds for their risks

In this section, we propose two different estimators, for the dense and sparse regimes defined
by the inequalities s2>4d and s% < 4d, respectively. Recall that, in the Introduction, we used
the inequalities s > +/d and s < v/d, respectively, to define the two regimes. The factor 4 that
we introduce in the definition here is a matter of convenience for the proofs. We note that such
a change does not influence the final result since the optimal rate (cf. (3)) is the same, up to a
constant, for all s such that s =< +/d.

2.1. Dense zone: s2 > 4d

We first study the problem of estimation of 7, () in the dense zone. Two estimators will be
proposed — the first one that achieves optimality when y is not an even integer, and the second
one for even integer y. They are derived from two estimators of N, (9) that we are going to
define now.

We first present the estimator of N, (f) that will be used when y is not an even integer. For
any positive integer K, we denote by P, g () the best approximation of |x|” by polynomials of
degree at most 2K on the interval [—1, 1], that is

’

max ||x|V — Py‘K(x)| = min max ||x|y - G(®x)
x€[—1,1] GePrg xe[—1,1]
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where Pk is the class of all real polynomials of degree at most 2K . Since |x|” is an even
function, it suffices to consider approximation by polynomials of even degree. The quality of the
best polynomial approximation of |x|” is described by Lemma 7 in Section 6.

We denote by a, o the coefficients of the canonical representation of Py, k:

K
2%
Py x(x)= Zay,ka , xeR,
k=0

and by H(-) the kth Hermite polynomial

k_x2/2 d* —x2/2
Hi(x)=(—1"e ——e , keNxeR.
dx
To construct our first estimator in the dense zone, we use the sample duplication device, that
is, we transform y; into randomized observations y; ;, y2,; as follows. Let z1, ..., z4 be i.i.d.
random variables such that z; ~ N (0, 82) and z1, ..., zg are independent of yi, ..., yg. Set
i =Yi + i, yi=yi—z, i=1,...,d.

Then, y1; ~ N(®;,02), y2.;: ~N(6;,0%) for i =1,...,d, where 6> = 2¢? and the random
variables (y1,1,...,Y1.d4> Y2.1, - - ., ¥2.4) are mutually independent.
Define the estimator of N, as follows:

d
Ny => & Oniry24) (5)
i=1
where
L
éy (u,v) = Z Py,K;,Ml (u)ﬂatl,1<|v\§m/ + |u|y]l\v|>crtu
1=0
and

K
Py k()= ZGZkay,ZkMV_Zksz(u/U),
k=1
K; = 4lclog(s2/d),

M =2H'1cr,/210g(s2/d), ©)
n=2"/2log(s2/d), 11 =0,

L is the smallest integer such that 2° > 3\/log(d)/ log(s2/d).

Here and in what follows 1., denotes the indicator function, and ¢ > 0 is a constant that will be
chosen small enough (see the proof of Theorem 1 below).

The next theorem provides an upper bound on the risk of NV as estimator of N, (@) in the
dense zone.
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Theorem 1. Let the integers d and s € {1, ...,d} be such that s2 > 4d and let y > 0. Then for
any 0 € By(s) the estimator defined in (5) satisfies

g2 52 g2s2/v 2y_2
2 + 2 ”9”)/)/ ]]-)/>1
log” (s?/d) = log(s*/d)

o 2
B[ (%, ~ %, )] = ¢
where C > 0 is a constant depending only on y .

Inspection of the proof in Section 4.1 shows that the block structure of the estimator is needed
to retrieve the sharp logarithmic factor log? (s2/d) in the rate for all s > 2+/d. If s is substantially
greater than /d, for example, d* < s < d for some a > 1/2, then this logarithmic factor is
equivalent to log” (d), and it is enough to use the estimator with only two blocks in order to
obtain the result.

Although Theorem 1 is valid for all y > 0 it will be useful for us only when y is not an even
integer since there exist estimators achieving better rates in the dense zone for even integers y .
We now provide a construction of such an estimator.

Indeed, assume more generally that y is an integer, not necessarily even. We now use the sam-
ple duplication device as above but instead of creating two independent randomized samples, we
create y independent randomized samples (yim, 1,...,d), m =1, ..., y, with variance multi-
plied by y:

Yim =6 + 8«/7§i,m7
where §; ,,, are i.i.d. standard normal random variables (see Nemirovski [11] for details).
We can now estimate the value Zflzl Ol.y by

d vy
Ny =Y T]vim (7)
i=1 m=1

d 6}’.

Since E(]_[fn: | Yiim) = Qiy we find immediately that ]\7,, is an unbiased estimator of ) i, 6, :

E(Xd: ﬁ y,»,m> = i‘eiy.

i=1 m=1
If y is an even integer, Zle 0] = N, (9). The risk of N, admits the following bound.

Theorem 2. Let y be an integer. Then, for any 6 € R¢ we have

d 2
o 2y -2
Ee[(% -> 9,~y> } <C(¥d +£201372))
i=1

where C > 0 is a constant depending only on y. In particular, if y is an even integer we have
here 0,07 =N, (6).
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Note that this theorem is valid for any sparsity s but we will use it only in the dense zone since
in the sparse zone there exist better estimators achieving the optimal rate, cf. Section 2.2 below.

As a consequence of Theorems 1 and 2, we obtain the following result for estimation of the
norm [|0], .

Theorem 3. (i) Let thAe integers d and s € {1, ..., d} be such that s* > 4d and let y > 1. Set
iy = |NV|1/V, where N, is defined in (5). Then

Eo[(iy — 101,)2] < ¢ 8)
sup Egf(n, — <C————, (
beBois) ! log(s?/d)
where C > 0 is a constant depending only on y . B
(ii) Let y be an even integer. Set i, = |Ny|1/7”, where N, is defined in (7). Then
sup Eq[ (i, — 1011,)*] < Ce2a"/7 )

HeRd

where C > 0 is a constant depending only on y.

We will prove below that the second bound of Theorem 3 cannot be improved in a minimax
sense, and that the first is optimal up to a possible logarithmic factor. Note that, in the dense
zone s2 > 4d considered in Theorem 3(i), the right-hand side of (9) is of smaller order than the
right-hand side of (8). This privileged position of even powers y can be explained by the fact that
the even power functionals N, (f) admit unbiased estimators converging with much faster rates
than the estimators for other values of y, for which the functionals N,, (@) are not smooth.

2.2. Sparse zone: s < 4d

If s belongs to the sparse zone s2 < 4d, we use the estimator

d
Ny = Z{m'y - 8yay}]lyl.2>252 log(1+d/s2)° (10)

i=1
where

o E(I&1 1225108 (144/52))
VTP(E2 > 2log(1 +d/s?))

The next theorem establishes an upper bound on the risk of this estimator.

for & ~N(0, 1).

Theorem 4. Let the integers d and s € {1, ..., d} be such that s> < 4d and y > 0. Then for any
0 € By(s) the estimator defined in (10) satisfies

Eo[ (% — N, ©))%] < C (752 1og? (1 +d/52) + 227 10112 ~21,-),

where C > 0 is a constant depending only on y .



Nonsmooth functional estimation 1995

Note that the estimator 1\7;,* can be viewed as an example of applying the following routine

developed in Collier et al. [3]. We start from the direct estimator Zle |yi|¥ and we threshold
every term in this sum. This estimator being biased, we center every term by its mean under the
assumption that there is no signal. Finally, we choose the value of the threshold that makes the
best compromise between the first and second type errors in the support estimation problem. As
opposed to the dense zone, we do not invoke the polynomial approximation. In fact, one can
notice that the polynomial approximation is only useful in a neighborhood of 0 but in the sparse
zone we renounce estimating small instances of 6;.
Finally, we derive a consequence of Theorem 4 for estimation of the functional 6], .

Theorem 5. Let the integers d and s € {1, ...,d} be such that s> < 4d and y > 1. Set ﬁJ*, =
|N;|l/y, where ]\7;,“ is defined in (10). Then

sup Eo[ (7% — 101l,)7] < Ce2s*/7 log(1 +d /s?)
9€By(s)

where C > 0 is a constant depending only on y.

3. Lower bounds

We denote by L the set of all monotone non-decreasing functions £ : [0, 00) — [0, 0o) such that
£(0) =0and ¢ #0.

Theorem 6. Assume that y > 0. Let s, d be integers such that s € {1, ...,d} and let £(-) be any
loss function in the class L. There exist positive constants c| and ¢y depending only on y and
£(+) such that, for ¢ = Vs log% (14d/s?),

inf sup Egl(c1o7!|T — N, (0)|) = c2,

T 6eBy()N{lI61ly <97}

where inf} denotes the infimum over all estimators.

The proof is omitted since it follows the lines of the proof of the lower bound in Collier et al.
[3], Theorem 1, with the only difference that L(6) = Zf: 1 0 should be replaced by Z?:l Oiy.
The fact that the result is valid not only over By(s) but also over the intersection of By(s) with
B, ={lIol, < ¢'/7} is granted since the support of the prior measure used in the proof of the
lower bound in Collier et al. [3], Theorem 1, is included in B, for any y > 0.

As a corollary of Theorem 6, we obtain the following lower bound.

Theorem 7. Assume that y > 1. Let s, d be integers such that s € {1, ...,d} and let £(-) be any
loss function in the class L. There exist positive constants c| and ¢ depending only on y and
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£(-) such that

inf sup E@é(cl (ssl/y logl/z(l +d/s2))_l|f" — ||9||y|) > o,
7 0eBy(s)

where inf;. denotes the infimum over all estimators.

Although Theorems 6 and 7 are valid with no restriction on s € {1, ..., d}, they yield subopti-
mal bounds in the dense zone. We now turn to the minimax lower bounds with better rates in the
dense zone. We state them in the next three theorems of this section.

Theorem 8. Assume that 0 <y < 1. Let s, d be integers such that s € {1,...,d} and let

L(-) be any loss function in the class E._ There exist positive constants c1, ¢3 and c3 depend-

ing only on y and €(-) and a constant C > 4 depending only on y such that, if s* > Cd and
X, 2

¢ =c3e¥slog™ 2 (s”/d), then

inf sup Egl(ci¢p™'|T — Ny (0)|) = 2,
T 6€By(s)

where inf;. denotes the infimum over all estimators.

We are now in a position to derive the result on the minimax rate for 0 < y < 1 announced
in (2). It is not hard to see that it follows from Theorems 1, 4, 6 and 8 with £(u) = u>.

Next, the minimaxity of the rate in the first line of (3) is granted by Theorems 5 and 7 while
the second line of (3) follows from Theorem 3(ii) and the next lower bound.

Theorem 9. Assume that y is an even integer. Let s, d be integers such that s € {1, ...,d} and

s > ~/d. Let £(-) be any loss function in the class L. Then there exist positive constants ci and ¢
depending only on y and £(-) such that

inf sup Egl(ci(ed™) " |F — 101,]) = c2 (11)
7 6eBy(s)

where inf}. denotes the infimum over all estimators.
In conclusion, we have the following corollary.

Corollary 1. The minimax risk on Bo(s) with loss function £(u) = u? satisfies (2) and (3).
Finally, we deduce (4) from Theorem 3(i) and the following lower bound.

Theorem 10. Assume that y > 1 is not an even integer. Let s, d be integers such that s €

{L,...,d} and let £(-) be any loss function in th_e class L. There exist positive constants ¢ anc{cz
depending only on y and £(-) and a constant C > 4 depending only on y such that, if s* > Cd,
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then

gsl/y -1 ~
inf sup E9£<c1<—) \T—||0||V\)zcz (12)

T 0eBo(s) log” ~1/2(s2/d)

where inf; denotes the infimum over all estimators.

4. Proofs of the upper bounds

Throughout the proofs, we denote by C positive constants that can depend only on y and may
take different values on different appearances.

4.1. Proof of Theorem 1

Denote by S the support of 6. We start with a bias-variance decomposition

2
(N, =N, )" = 4<ZE0§y(y1,i» EOEDY |9i|y>

ieS ieS

2
+ 4(2 & (i y2i) — Y Eaf (i, yz,i)>

ie§ ieS
2
+4(ZE9§y(yl,is y2,i)>
i¢S
2
+ 4(2 & i v2) — Y Eofy (1., yz,i))
i¢S i¢S

leading to the bound

Eo[(N, — N, 0)°] < 4(2 Bl->2 +43 v,

ieS ieS

+4d2maxBi2+4dmax Vi, (13)
igS igS

where B; =Eg&, (y1,;, y2,i) — |6;]” is the bias of &, (y1,;, y2,;) as an estimator of |6;|” and V; =
Varg (&, (y1,i, ¥2,i)) is its variance. We now bound separately the four terms in (13). We will
show that the first two terms are smaller than

2

2 d
2y 29—y (2 o —1 2 2y—2
C<a Vs7log™7 (s /d)+710g(s2/d)<;es 16; 1" ) 1ys1+0 E 16; 177 ]ly>1> (14)

i=1
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while the last two terms are smaller than Co?” s> log ™" (s2/d). This proves the theorem since,
by Holder inequality, for any 6 € By(s) and y > 1 we have

2
(Z |9,-|V—1> <s*7 0132, (15)

ieS

and
y—1

d d 2
D oler < sy (an”) <s'7ye) 2. (16)

i=1 i=1

1°. Bias fori ¢ S. For i ¢ S using Lemma 2, we obtain
|Bi| =0 EI§["P(1§] > 1) < Co”e i/, £~ N (. 1).

The last exponential is smaller than 1/d by the definition of 77, so that

2y 2
dzmaxBingazdeCis. (17
i¢S log” (s%/d)

2°. Variance fori ¢ S. If i ¢ S, then
L
Vi <) EP] g, 1 (0EP(IEl > 11-1) + oV EIEP(1E| > 1), £~N(0.1). (18)
=0

The last term in (18) is bounded from above as in item 1°. Next, in view of Lemma 3,

2Ko

~o ) 6 ) 5 2\ 2clog6
EPy ko (08) = Co™ iy < Colog (s /d>(z)

2
< Co* log” (sz/d)\/%

if ¢ is chosen such that 2clog6 < 1/2. Here, we use the assumption s2>4d.Forl > 1, we use
Lemma 3 to obtain

62K e—tl{l /2 52 ) (2clog6—1/4)4!

p2 2 2 ! 2
EP}/,K[,MI (O'%')P(|$| > tl_l) <Co VW <Co Y4y logy (S /d)(g

§2 —41/8
< Co? 4" log” (s*/d) (g)
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if we chose ¢ such that 2clog6 < 1/8. In conclusion, under this choice of ¢, using the fact that
s2>4d, we get

52 Co?V 52
dmax V; < Co?dlog? (s*/d),| = < ——5—. 19
maxVi = Codlog" (s/d)\[ 7 = o5 o (19
3°. Bias fori € S. If i € S, the bias has the form

L

Bi =) EP, k., (X)P(oti1 < |X| <o) +EIX["P(IX| > o11) — |6:],
=0

where X ~ N'(0;,0%). We will analyze this expression separately in three different ranges of
values of |6;].
3.1°. Case 0 < |6;| < 20t. In this case, we use the bound
1Bl < max|EPy k. ay (X) = 16:17 |+ [EIX]” = 16:]” [P(1X] > o11),

where X ~ N(6;, 02). Since |6;| < M for all [, we can use Lemma 4 to obtain

A M\ Co?
EP ) -l <c(—) =—55—. 20
| V,KI’MI( ) |6; | | —= <K1) - log}’/z(SZ/d) (20)

In addition, using Lemma 1 and the inequalities 77 > 3ty > 316;|/(20), 3\/2log(d) <11 <
6,/2log(d) we get

[EIX)” — 16,17 [P(1X| > o11) < C (07 + 021601 *Lpg 10 )P(1E] > 11 — |6:]/0)

Y
< Co? (14 (log”2d) 1, 2)P(&] > 11./3) < —

log?/?(s?/d)
where & ~ N (0, 1). It follows that
C 2y 2
s max BP<—0 1)
i:0<|0;1 <2010 log” (s2/d)
3.2° Case 20ty < |0;| <201tp. Letlp € {1, ..., L — 1} be the integer such that o7, < 6;] <
o'tjy+1. We have

lh—1
1Bil < > [EPy k.1, (X) — |6:)7 | - P(oti_1 < |X| <o)
[=0

+max|EPy k, u (X) — 1617 | + [BIX] — |6i]7 . (22)
Zt0
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where X ~ N(6;, o%). Analogously to (20), we find

max|EP, x, u,(X) — 16;]" | <L.
R A ~ log"/?(s2/d)

Next, Lemma 1 and the fact that |0;| > 20ty = 20/2log(s2/d) imply

oV oo~ )

1,<1+ 1,51
log"2(s2/d) 7T Jlog(s2/d) |

Finally, we consider the first sum on the right-hand side of (22). Notice that

[EIX|” —16:]"| < Co?16;)" 2 < c(

02
1

P(atl_1<|X|§ot1)§e_So_2, 1=0,...,0p—1,
since |0;| > ot), > 201; for [ < ly. Using these inequalities and Lemma 5 we get
lp—1 lp—1 5 5
S IER, ko (X)| - P(on—y < X[ <on) < Co? Y 6KIKTV/2plem D05/ B
=0 =0

lp—1
. . 2
< Co? Z tl2+}/e(c log 6+c—1); /2.

=0

Choose ¢ > 0 such that clog6 + ¢ < 1/4. As 1; = 2'\/210g(s2/d), this yields
lp—1 R
> EPy, k. (X)] - P(oti_y < |X| S o1y) < Co¥ e /DIeE/D
=0
Ca?
<—.
log"?(s2/d)
Furthermore,

lp—1 02

DIl P(on1 < IX| Son) <loltr] e w2

=0
02 o7
<Clog| =55 )l6i["e s?
2021og(s2/d)

62
— 1
<CoVe 1602,

(23)

(24)

where we have used that |6;| > o1, = 0210\/210g(s2/d). Since [y > 1, this also implies that (24)

does not exceed
Co?
log"/?(s2/d)
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Combining the above arguments yields

2 o2V 2 o2 2
. y—1
( 2, Bl) SC(logW/al)+log<s2/al> (;'9" >ﬂy>‘)‘ @

i€S201ty<|0;| <20t

3.3°. Case |0;| > 20ty Recall that the bias B; has the form

L
B; =Y EPy k. (X)P(ocn_1 <|X| <o) +E[X|P(1X| > o1,) — |6;],
=0

where X ~ N (6;, 02). Using Lemma 5 we get

L

= ] T
< Cove6ke Kz+y/2609i2/(802) o 07/80)

< Co.y(logd)1+y/269c]0gde9(071)]0gd

and the last upper bound is smaller than Co? log™?/?(s%/d) if ¢ > 0 is small enough. On the
other hand, using (23) we find that

|EIXI"P(1X| >otr) — 16;1”| < [EIX)” —16;1" | + 16; " P(IX| < o1L)

<C< oV ey + ol ! 1 >_|_2|9 ¥ _:iz
= S e— 1 — 1 i|”e 389
log"(s2/d) 7= Jlog(s2/d) | :

<C< or v, )
= 1]
log?/?(s2/d) ~ \/log(s2/d) e

Finally, we get

2 2y (2 2 2
o s o
Z Bl> SC( Y(¢2 + 2 (§ |0’_|J/1> ]ly>1)- (26)
<i€S:9i>20tL log”(s=/d) ~ log(s=/d) \ =]

4°. Variance for i € S. We consider the same three cases as in item 3° above. For the first two
cases, it suffices to use a coarse bound granting that, for all i € S,

Vi <Eo[€) (1.0 y2.0)]

L
= ZE}S)%KI)MZ (X)P(oti—1 <|X| <ot) +EIX|?P(|X| > o1) (27)
=0

where X ~ N(6;, 02).
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4.1°. Case 0 < |6;| < 20ty. In this case, we deduce from (27) that

Vi < l_r(r)laXLElA’;Kl’M] (X) +E[X|?,

where X ~ N(6;,02). Lemma 4 and the fact that E|X|% < C(6® + 02|6;|% =% + |6;|%) (cf.
Lemma 1) imply

Vi < C(MZVZML + 0% +16:1%)
< C(o% log? (d)d"*'°8% + 6" log” (s*/d)).

Hence, choosing ¢ > 0 small enough and using the assumption s > 2+/d, we conclude that

Co?rs?
s max Vi<—-——. (28)
i:0<|0; <2010 log” (s2/d)
4.2°. Case 20ty < |0;] <20tr. As in item 3.2° above, we denote by Iy € {1,..., L — 1} the

integer such that o#;, < |0;| < o't;,+1. We deduce from (27) that

where X ~ N(6;,02). The second and third terms on the right-hand side are controlled as in
item 4.1°, with the only difference that now we have E|X|% <C(c% +16;|*) < Co? log” (d).
For the first term, we find using Lemma 5 that, for X ~ A/ (6;, 02),

maﬁ)_lEﬁthM, XOP(|X| < oty—1)

< CGZ)/[(O_/MO)4—2;/ + (U/Mlo_l)4—2y]621<lo,1ec1og(1+4/c)9i2/(402)6—9}/(80%

< CoY log” (d)e(clog6+4c10g(1+4/c)71/2)t[%_1. (29)
Choosing ¢ > 0 small enough allows us to obtain the desired bound

Co?rs?
Vi< ——. 30
si:ZGtoLI}gi)I(SZUtL ' log” (s2/d) (30)
4.3°. Case |6;| > 20t;. We first note that, for X ~ N (6;, 0'2):
2
Var(|y1,i|)’]l|y21i‘>mL) = P(|X| > otL)[Var(lXP’) + (E|X|V) P(|X| < atL)]
< C[a216: 2+ 10177 P(IX| < o11)]s

where we have used the inequalities Var(]X|”) < Co?|6;|?”~2 and (E|X|")? < E|X|? <
C(0216;1*Y =2 4+ 16;|*) < C|6;|*" that are valid due to Lemma 1 and to the fact that |6;| > o.
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Thus, we obtain

L

V; < 2Var<2 Py kim, (yl,i)ilm,1<|yz,,-san> +2Var(lyil” Ly, 1501, )
=0

L
<2 EP] 4, (XOP(ot-1 < |X| < ot) + C[o?10:17 2 + 167 P(1X| < 011)]
=0

= C<l_fgaXLEf’y2,K,,M, OP(IX| <otr) + 0% + 021617 *1ya1 + 16; 7 P(1X| < atL)>

since for 0 < y < 1 we have |6;|%¥ =2 < 02 =2 due to the fact that |6;| > o. In the last display,
the term max;—o, ... 1. EP)%’ KM, (X)P(|X| < otp) is controlled via an argument analogous to (29)
while

92

16,77 P(IX] < o11) < 16 P(IE] = 16:]/(20)) < 216;[7 e 57 < Co?, &~N(O,1),
due to the fact that t;, < |6;]/(20). This allows us to conclude that
2y 2 d
: oS 2 2y =2
v EC(logy(sz/d) +0% )10 ﬂy>1)~ 3D
i€S:16;|>201y, i=1

The result of the theorem follows now from (13), (17), (19), (21), (25), (26), (28), (30), and (31).

4.2. Proof of Theorem 2

Set oy = &,/ . Since y; ;» are mutually independent with E@[H;: | Yim] = Giy we have

2
% %
2 2

Ee[(nyi*”’_eiy) :|=E9|:1—[ yiz,m:| _Giy=(01'2+03)y_9iy

m=1 m=1
- Y\ 2(v—)) _2j 2(y—1) 2
=Z<j>9i "ot <ol + ).
=1

J

The theorem follows from this inequality and the fact that

i=1 Um=
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4.3. Proof of Theorem 3

Proof of part (i). Set ¢ = syslog_y/z(sz/d). First, assume that [|6]], > ¢'/7 . Then, using the
inequality |a — b| |b|? ™! < |a¥ — b?|, Ya, b > 0, and Theorem 1 we get

Eo(N¥ — N, (0))*

2y -2
1611y

Eo (7% — 161,)° <

2.2y

e°S _ —_2\—1
<C 2 0 2y-2 0 2y-2
< (¢> * fogez/a 11y )(n 1777)

2.2y

e°s

<Clop¥r+ 22 )< 2/7’,
B (¢ +10g(S2/d)>_ ¢

which is the desired bound. Next, assume that |61, < »/7. Using the inequality |a — b| <
la¥ —bY|Y¥ Va, b > 0, Jensen’s inequality, and Theorem 1 we get

R 2 - 2
Eq[ (i — 1011,)"] < Eo[ [N — N, @)
e2s2/7 1/y
(¢> +10g(s2/d) 011 )
252y
log(s2/d)

IA

1/y
< c(¢2 + ¢H/V> <C¢*r.

Proof of part (ii). We follow the same lines as the proof of part (i) but now we set ¢ = e¥d!/?.
If 0], > ¢'/7 we use the inequality |a — b| |b|?~! <|a” —b"|, Va, b > 0, Theorem 2 and the
fact that |02, —2 < [|0]|,, for y > 2 to obtain

Eq (N} — Ny (0))

2y -2
1011

< C(¢2 + 21015, ) (10127 72) ™" < C (@7 +62) < Co?/7,

Eo (75 — 1611,)° <

which is the desired bound. On the other hand, if [|0]], < /7 the inequality |a — b| < |a¥ —
bY|YY ¥a,b > 0, Jensen’s inequality, Theorem 2 and the fact that 10112y —2 < [10]l, for y > 2
yield
Eo[ (7% — 101,)°] <Eo[|NZ = N, )"
9[(")/_” ”}')]— 9“ y y( )| ]

2y—2y1
<C(@*+%013, 73" <ce?lr.
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4.4. Proof of Theorem 4

Denoting by S the support of 6 we have

Ny =Ny @)=Y {lyil” —e’a, —16:17} = > {Inil” - a2 0 10g(144/)
ieS ieS

+ Z{ lyil” — Sya)’ }]lyi2>25210g(1+d/s2)’
i¢S

so that
. 2
Eo[ (N — N, 6))*] < 4Eq [(Z{m 7 —16; |V}) ] +2V 262 s log? (1 +d /s?)
ieS
+ 4827/5'20[}2, + 4d82}’E[(|%—|V — ay)21152>210g(1+d/s2)]
where & ~ A (0, 1). Using Lemma 1, we get
2
E{(Z{mv —W}) }
ieS

= Eo[(yil” —16:17)° ]+ D (Balyil” —16:17) (Boly;1” — 16;17)

ieS i,jeS,i#]j

2
< C<827’s +&* Z |9i|27’_4> + C(a?z”s2 +84< Z |9i|y_2> >

10;1>¢ 6; 1>

d d 2

< c(e%z +e2 ) 167 Py + e (Z |9i|y‘1) ﬂm)
i=1 i=1

< C(e¥ s>+ 271017 1y 21)

where we have used (15) and (16). Next, we use the fact that, for & ~ A/(0, 1) and any x > 0,
a>0,

E(|'§|a]1|&‘|>x) < Cxaflefxz/Z,

P(E] > x) > C(1+x) ™72,

where C depends only on a. Choosing x = \/210g(1 +d/s?) > \/210g(5) (as d > 4s?), we
obtain

y—1,-x%/2
ay < re < Clogy/z(l +d/s2)

x—le—x2/2
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The same property implies that

E[(I6] — @) Te2o 1001 4a/s2) ] < 2E(I617 Leron10g(11a/52)) + 202 P(62 > 2log(1 +d/s?))

2
< C%log”(l +d/s?).

Combining the above inequalities proves the theorem.

4.5. Proof of Theorem 5

We act as in the proof of Theorem 3 with suitable modifications. Namely, set ¢ = &5 x
10gV/2(s2/d). e, > @'V then using Theorem 4 we get
E(’(N;_Ny(e))z 2, 22 2y-2 2y—2y~1
o <C(o*+*101 ) (10137 72)
Y

<C(@¥7 +e25Y7) < 7.

Eo (i — 61,)° <

On the other hand, if ||0]], < @'V then using Theorem 4 we get

Es[ (i} — 1011,)°] < Eo[ [N = N, @) ] = C (¢ + 25> 10117 2)

< C(¢2 + €2S2/y¢2—2/y)1/)’ < C¢2/y_

5. Lemmas for the proof of Theorem 1

Lemma 1. If X ~N(9,02) and y > 0, then
[E(IX)") = 1917 < C(07 Liy|<0 + 2101 L9150,
Var(|X|V) < C(Uzy]l‘mgg +0'2|19|2y_2]l|19‘>a).
Proof. Set for brevity
g(x) = |x[”, b, =E(IX|") - [9/".
First, note that if [}| < o we have |b, | < Co”. Now, consider the case |#| > o. Then,

2

H/I | |m/2(g(x +9) _8(19))6_2'2_2 dx

|

1

[by| <
v 2no

2

+ U ((x + ) — g(@))e 27 dx
xl<I91/2
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We now bound separately the two terms on the right-hand side of this inequality. Using the
second order Taylor expansion of g around ¢ and the symmetry of the Gaussian distribution, we
get

‘/lll o g(x—}—z?)—g(z?))e 202 dx| < |g (19—|—u)|x e 252 dx
x|<

2 /|x|<19|/2 \M|<|15‘|/2
2

SC|0|V*2f x2¢ 7307 dx < Ca® 9|72,
xl<I91/2

On the other hand, the first integral in the bound for |b, | is smaller than
2
C/ {IxI” + 191" }e 27 dx
[x|>/2

2
§Coy+1/ |z|Ve—%dt+Co|19|V/ e~ Tdt
11>191/20) It1>191/20)

| y—1 02 2

14
<Co J/+1| o le 802 —I—CO' |79|y l
o

<Co?|p|" e 32

Combining the above inequalities yields the desired bound for the bias. The bound on the vari-
ance follows immediately since

Var(IX[7) =E(IX|?) — (BIX]") = by, + 1017 = [by + 19"]* <bsy. 0
Lemma 2. Let ¢ € R and X ~ N (9, 1). For any k € N, the k-th Hermite polynomial satisfies
EH(X) = v,
EH2(X) < k(1 4+ 92/k)".
The proof of this lemma can be found in Cai and Low [1].

Lemma 3. Let FA’,,,K,M be defined in (6) with parameters K = K; and M = M for some | €
{0, ..., L} and small enough ¢ > 0. If X ~ N (0, 02), then

2K

D2 2y~
EP2 ¢ y(X) < Co ey

where C > 0 is a constant depending only on y .
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Proof. Recall that, for the Hermite polynomials, E(Hx(§)H;(§)) =0if k # j and § ~ N(0, 1).
Using this fact and then Lemmas 8 and 2, we obtain

K
EP) ¢ y(X) =M a5 (o/M)*EH;, (X /o)
k=1

K
< 6™ mM* Y "> (o/M)*.
k=1

Moreover, since o2/M? = ¢/(8K) we have

K 4
4o 2k
Yo/ <ot 3 (/M (2logM/o))
k=1 2<k<log(M /o)
Co*
D DR O s (32)
log(M/o)<k<K
if ¢ is small enough. The result follows. |

Lemma 4. Let ﬁ,,,K,M be defined in (6) with parameters K = K; and M = M for some | €
{0, ..., L} and small enough ¢ > 0. If X ~ N (9, 02) with |0 < M, then

A M\Y
[EP, k. m(X)— 97| < C(f) ;
EP} ¢ (X)) < CM? 28K,
where C > 0 is a constant depending only on y .

Proof. To prove the first inequality of the lemma, it is enough to note that, due to Lemma 2,

K
EP, k m(X) =) ayuM’ *p* (33)
k=1

and to apply Lemma 7. For the second inequality, we use the bound

K 2
Eﬁ)%KM(X) <M¥ <Z<72k|ay,2k|M_2k EH22k(X/J)> ) (34)

k=1

Thus Lemmas 8 and 2 together with the relations [9| < M and K = (¢/8)M? /a2 imply that, for
small enough ¢ > 0,

K 2
EP} ¢ y(X) < CM¥ 6> (Z Mk (2M2)k> <Ccm* 28K,
k=1
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Lemma 5. Let ﬁy,K,M be defined in (6) with parameters K = K; and M = M for some | €
{0, ..., L} and small enough ¢ > 0. If X ~ N (9, 02) with |9| > 2017, then

|E13V,K,M(X)] < CUV6KK1+V/266192/(802)’
Eﬁ}%,K,M(X) <Co% (O‘/M)472}’62Keclog(]+4/c)192/(402)7
where C > 0 is a constant depending only on y.

Proof. To prove the first inequality of the lemma, we use (33) and Lemma 8 to obtain

R 92\ ¥
[EPy x,m(X)| < CMVK6K<W> :

Recall that M? = 802K /c and || > M by assumption of the lemma. Thus,

2

K

and the result follows since K log(92/M?) = cM? /80 log(¥?/M?) < c¥? /802,
We now prove the second inequality of the lemma. Using (34) and then Lemmas 8 and 2 we
get

2

D K ﬁ2 k
EP ¢ y(X) <CM>6>X (Z(G/M)Zk(Zk)k<l + —) ) .

2
P 204k

As M2 = 8U2K/C and || > M, we have

»2 M?
_— =
202k ~ 202K

4
—->2
P

for ¢ > 0 small enough. Using this remark and the fact that the function x — x~!log(1 + x) is
decreasing for x > 2 we obtain

92 ) _ clogl +4/c)9?

klog( 1
°g< 2% ) = 802

Therefore,

K 2
EP2 ¢ 1 (X) < O 62K peloe+4/00 (o) (Z(a/M)zk (2k)"> .
k=1

Finally, the result follows by noticing that, by an argument analogous to (32), we have

K 2
S o/ enk < S
k=1 M U
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6. Some facts from approximation theory

We start with a proposition relating moment matching to best polynomial approximation. It is
similar to several results used in the theory of estimation of non-smooth functionals starting
from Lepski et al. [10]. There exist different techniques to prove such results for specific exam-
ples. Thus, the proof in Lepski et al. [10] is based on Riesz representation of linear operators,
while Wu and Yang [15] provide an explicit construction using Lagrange interpolation. Here,
for completeness we give a short proof for a relatively general setting based on optimization
arguments.

Let f:[—1, 1] — R be a continuous even function. Consider the accuracy of best polynomial
approximation of f:

Sk(f) = inf max [f()—G@)

where Pk is the class of all real polynomials of degree at most K.

Proposition 1. Let f:[—1, 1] — R be a continuous even function. For any even integer K > 1,
there exist two probability measures 1o and j11 on [—1, 1] such that

(1) fio and u1 are symmetric about 0;
(i) [t po(dt) = [t (dt) forl=0,1,...,K;
(i) [ f@)ii1dr) — [ f@Opo(dr) =28k (f).

Proof. Denote by Pgym the set of all probability measures on [—1, 1] that are symmetric about 0,
and by P, be the set of all signed measures on [—1, 1] with total variation not greater than 2. For
K =2m, we have

1 1
sup (/ S (x)dvo(x) —/ fx)dvy (x)>
(v0,v1) € PeymX Peym: [ 1! dvo(t)=[t! dv (1),1=0,....K \Y—1 -1

,,,,,

1

- sup / F@)du(x)
wePo: [ t2du(t)=0,1=0,....m Y —1

1 m

= sup inf / <f(x) — Za1x21> du(x)

-1 1=0

wePs acRm+1

1 m
= inf sup /1<f(x) — Zoqle> du(x)
- =0

aeRm+l wePs

=2 min max =28k (f), 35)

acRmtlxe[-1,1]

fO) = ax?
=0

where the third equality follows from Sion’s minimax theorem, and the second equality uses the
fact that f is an even function, so that the maximum over u € P, in the second line of (35)
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is equal to the maximum over symmetric p € P, satisfying the same moment constraints. Let
(v, i) be the pair of probability measures attaining the maximum in the first line of (35). The
proposition follows by setting ji; = v}, i =0, 1. (I

As an immediate corollary of Proposition 1 for f(x) = |x|¥, we obtain the following result.

Lemma 6. For any even integer K > 1 and any M > 0, y > 0, there exist two probability mea-
sures [Lo and 11 on [—M, M| such that

(i) fto and 11 are symmetric about 0;
(i) [t fio(dt) = [t'i1(dt) forl=0,1,...,K;
(i) [ 117 @1 (dn) = [ |t fio(de) = 2M7 5.

For the function f(x) = |x|”, the asymptotically exact behavior of the best polynomial approx-
imation §g ,, as K — oo is well known, see, for example, Timan [13], Theorem 7.2.2, implying
the following lemma.

Lemma 7. Ify > 0 is not an even integer, then there exist positive constants ¢, and C* depend-
ing only on y such that

K7V <8k, <C*'K™V, VKeNlN.

Finally, the next lemma provides a useful bound for the coefficients a, ¢ in the canonical
representation of the best approximation polynomial:

K
Py x(x) =) ayux*, xeR. (36)
k=0

Lemma 8. Let P,  (-) be the best approximation polynomial of degree 2K for |x|¥ on [—1, 1].
Then the coefficients ay i in (36) satisfy

lay k] < C6X, k=0,....K,
where C > 0 is a constant depending only on y.

This lemma is an immediate corollary of the following more general fact, which is a con-
sequence of Szegd’s theorem on the minimal eigenvalue of a lacunary version of the Hilbert
matrix.

Proposition 2. Let P(x) = Z/ivzo aix* be a polynomial such that |P(x)| < 1 forall x € [—1, 1].
Then there exists an absolute constant C > 0 such that

lagl < C(vV2+ DV

forallk€{0,...,N}.
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Proof. We have

1 N
a;a;
/1<§ akx> dx =2 § l+l -/i-l i+j even- (37
0 \k=0 i,j=0

It is easy to see that the quadratic form in (37) is positive definite for all N. Furthermore, as
shown by Szego [12], the minimal eigenvalue Amin (N) of this quadratic form satisfies

Amin(N) =243 2NV2(/2 = )N 3 (1 4 0(1))  as N — oo.

Therefore, there exists an absolute constant Co > 0 such that Amin(N) > Co(v/2— 1)V forall N.
This inequality and (37) imply that

N
Co(\/z— N Za,% <

k=0

and hence max;—q__ n |ax| < Co/z(\/_ )N U

,,,,,

7. Construction of the priors for the proof of Theorem 8

The proof of Theorem 8 will be based on Theorem 2.15 in Tsybakov [14]. It proceeds by bound-
ing the minimax risk from below by the Bayes risk with the prior measures on 6 that we are
going to define in this section.

In what follows we set

§2
10g<3>, M =c¢cA, (38)

and we denote by K the smallest even integer such that

3 2\ 3
K> 5610};(%) = Sen’. (39)
We will also write for brevity
B = By(s).

In what follows, unless stated otherwise, jip and fi| are the probability measures satisfying
Lemma 6 where M is defined in (38) and K is the smallest even integer for which (39)
holds.

For i =0, 1, the probability measure u; is defined as the distribution of random vector 6 € R4
with components 6; having the form 0; =€;n;, j =1,...,d, where ¢; is a Bernoulli random
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variable with P(¢; = 1) =5/(2d), n; is distributed according to f;, and (€q, ..., €4, N1, ..., Nq)

are mutually independent.
Let Py and P; be the mixture probability measures defined by the relation

Pi(A) = / Po(A)ui(d6), i=0,1,
Rd

for any measurable set A. The densities of Py and P; with respect to the Lebesgue measure on
R? have the form

d d
oy =[]rx) and fi)=[]e@), x=(x1,....x2) eRY,

i=1 i=1

respectively, where for x € R we set

s s
h(x) = g‘ﬁo(x) + <1 - —></)(X)

2d
and
@) = o 0+ (1= = )p(x)
80 = 5oo1(x 57 |9
with

<Pi(x)=/R<p(x—t)/1i(dt), i=0,1, (40)

where we denote by ¢(-) the density of the A/(0, €2) distribution.
Note that the measures (1o and w1 are not supported in B. We associate to them two probability
measures (o, and 1, p supported in B and the corresponding mixture measures defined by

/(ANB .
pip(ay="AOB) )= f Py (A)uis(dd), i=0,1,
wi(B) R4

for any measurable set A.

8. Proof of Theorem 8

Since we have £(t) > £(a)1;~, for any a > 0, it is enough to prove the theorem for the indicator
loss £(t) = 1;~,. Introduce the following notation:

mi=/ Ny (0) i (d6), vl?:f (N, (0) — mi) i (do), i=0,1.
R4 R4
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Note that Lemmas 6 and 7 imply:

- —mo=d</ |91|Vm<d9)—/ |91|mo<d0)>
R4 R4
s M M
= §</M|tlyﬂ1(dl)—/Mlllyﬂo(dt)>
Vs
:SMVBK’V >cyes(M/K) > Clﬁy 41

where C; > 0 is a constant depending only on y.
Let V (P, Q) denote the total variation distance between two probability measures P and Q.
For any # > 0 and any ¢ € R we have, using Theorem 2.15 in Tsybakov [14],

. A 1-V’
inf sup P9(|T - N, (9)| > u) > , (42)
T 6eBy(s) 2
where
V' =V (Po,g,P1,8) + ro,8(Ny ©) = ¢) + u1,8(Ny () < ¢ +2u).
We now apply (42) with the parameters
¢ = mo + 3vo, u=r_-mo
4
By Chebyshev—Cantelli inequality,
2 1
Ny @) 2c) s ——0 = — (43)
ROV 1) = T+ (c—mg? 10
Next, since the measures fig and fig are supported in [—M, M],
max(vg, v%) <dM?* =de* A% . (44)

Thus, we may write

d eVs
max(vg, v1) < (—\/—AZJ’)—,
s AY

where, for C large enough, @ A% = */TE log” (%) < C1/12 (recall that s> > Cd by assumption).
Therefore,

CpeVs

vp) < AT (45)

max(vg,
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It follows from (41), (45) and Chebyshev—Cantelli inequality that

11 (Ny 0) < ¢ +2u) :/u(NV(Q) _my < Mtmo +3v0)

2
mi; —m
sw(%(@)—ws—%wvo)
Ci¢ers 1
N, (@ <——_)=<—. 46
( ©) —my < 4Ay)_]0 (46)

By Lemma 9, we have ;(B) > 7/8,i =0, 1. Combining these inequalities with (43) and (46)
we immediately conclude that

10.8(Ny (6) = ¢) + 15 (Ny (6) < c +2u) <8/35. @7)

Next, we consider the total variation distance V (Po g, IP1, p). Using Lemma 9 we get that, for C
large enough,

V(Po,5,P1,8) < V(Po,5,Po) + VP, P1) + VP, Py 5)
< V(Po.P1) + po(BC) + w1 (B°)
<V(Py,P1)+1/4

<V x*P®1,Po)/2+1/4

<(V2+1)/4, (48)

where the last two inequalities are due to Plnsker s inequality and Lemma 11, respectively. Com-
bining (42), (47) and (48) we get that, if 2> Cd for C >0 large enough, there exists a constant
C > 0 depending only on y such that

. A eVs 1
inf sup Py(|T —N,(@®)|=C— |>—
7 0eBy(s) AY 16°

This completes the proof.

9. Lemmas for the proof of Theorem 8
Lemma9. Fori =0, 1, we have

V(P;,P; g) < i (B°). (49)
Furthermore, there exists an absolute constant C > 0 such that, for any s2>Cd,

wi(B)<1/8, i=0,1. (50)
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Proof. We can use, for example, Lemma 4 in Commmges et al. [5]. Repeating its argument
we get that V(P;, P; ) < ui(B€) = P(B(d, 2q) > 8) e 16 where B(d, 57) is the binomial
random variable with parameters d and 5. (]

Lemma 10. Let 1o and (i1 be two probability measures on [—M, M] satisfying the moment
matching property (ii) of Lemma 6 with some K > 1. Let o and @1 be defined in (40) where ¢ is
the density of N (0, €?) distribution. Then

2 00 2k
(po(x) — @1(x)) dx < Z A_'
¢ (x) k=K+1 k!

where A = M /¢.

Proof. By rescaling, it suffices to consider the case ¢ = 1, M = A. Introducing the notation
E; (k) = f tk 1;(dt), i =0, 1, it is straightforward to check that

2
/ (Po(x) (x?(x)) / " i1 (dD)jir (d9)

+ [ e po@niio(ar)

-2 / e i1 (d)jio(d?’)

21
-3 E((El(k)) + (Eo(0))? — 2B ()Eg(k))
k=0
21
- ZE(El(k) Eo(k))’.
k=0

It remains to notice that E (k) = Eqg(k) for k =0, ..., K, by property (ii) of Lemma 6, and
IE; (k) — Eo(k)| < A% for all k. 0

Lemma 11. If s > 4d, then

x2(P1, o) < 1/4.

Proof. Since Py and P; are product measures we have

_ 2\ 9
x%l@l,ﬂ%):(uf%) Y
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cf., for example, Tsybakov [14], page 86. It follows from the definition of g and /4 and from
Lemma 10 that

_1\2 2 PR 2 2k
/(g m_ 15<i)/(‘0‘ ¢0) 52(1) ZA_
h 1- 2 \2d ¢ 2d k!

k=K+1

Using the inequalities k! > (k/e)* and 1 + x < e* we get
2 X 2\ k
5 s eA
Py, Py) < — —_— —1.
x= (P 0)_6XP<2d Z(k))
k=K+1
Recall that K > 3¢A?/2 and K — 2 < 3eA?/2. Thus,

2 [eAr\ 2 & X 52 K
2 Z (T) Eﬁ Z (2/3) 25(2/3)

4s (3elog(2/3)L2/2) 457
< —€X elo = =\ —
9q “P\IECI08 o\d

where a = 1 + 3elog(2/3)/2 < —0.6. Since s> > 4d we get x>(Py, Po) < exp(d’4/9) — 1 <
1/4. a

10. Proof of Theorems 7 and 9

Theorems 7 and 9 are obtained as corollaries of Theorem 6 thanks to the following lemma.

Lemma 12. Let y > 1. Then, for any ¢ > 0, any 6 € R? such that e, < 'Y, and any esti-
mator T >0,

Po(|T =101, = ¢"7) = Po(|TY — 10117] = Co).
Proof. Since [|0]l, < ¢!/” we have
|7 =160y | =T = 1611y [ 17291y + |T = 1611y [17 59110,
> ¢ g sy T =101 17 g1,

177 — 1161}
y max(To=D/v 0177"

>¢'/1

(F=2p1r) T (F<2¢1/7)

T — 611
Uy . AT =18yl -
Z¢ 1{T>2¢1/V}+2)/—1y¢(y—1)/y {T<2¢V7}
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where we have used the inequality |x¥ — y¥| <y max(x? ', y¥~1)|x — y|, Vx, y > 0. This yields
the result of the lemma with C =271y . O

It suffices to prove Theorems 7 and 9 for the indicator loss £(t) = 1;>4, a > 0, and to consider
the infimum only over non-negative estimators 7 > 0 since the estimated functional is non-
negative. It follows from Lemma 12 that

inf sup Py (|7 — 61ly| = ¢"/7) = inf supPy(|T' — 161} | = Co),
T>00€B T'>00eB

where B = Bo(s) N {||0]l, < ¢'/7}. The result of Theorem 7 follows immediately from this
inequality with ¢ = c&? s 1og?”/?(1 +d /s*) and Theorem 6. Here, ¢ is a sufficiently small positive
number. To prove Theorem 9, it suffices to apply Theorem 6 with s being the minimal integer
greater than or equal to +/d and to use the fact that the classes By(s) are nested.

11. Proof of Theorem 10

The proof is analogous to that of Theorem 8 subject to a modification that we detail here. Let ¢
and u be as in the proof of Theorem 8:

mi — my
¢ =mg + 3vo, U=———
4
Define
W= (c+2u)'r —clr
5 .
Analogously to (42), we obtain from Theorem 2.15 in Tsybakov [14] that

d=cllv,

R 144
inf sup P9(|f—||9||y|zu’)z1 v

, (51)
7 6eBy(s) 2

where
V' =V ®o,5,P15)+ nos(0ll, =)+ a0, < +2u').

Note that this value is equal to V' defined in the proof of Theorem 8. Hence, V' is bounded from
above exactly as in the proof of Theorem 8 and to complete the proof of Theorem 10 we only
need to check that u’ > Ces!'/V10g!/277 (s2/d), which is the desired rate. Using the inequality
|xV —y?| <ymax(x?~!, y¥ hx — y|, Vx, y > 0, we get

, 2u
u>—————-m-—-:

~ y(c+2u)r=bly
Next, due to (41), (44) and the assumption that s > 24/d, we have

c+2u= @ +3vg < sMY +3/dM? <3sM? =3se” AY.
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Moreover, (41) implies that u > (C1/4)se¥ A=Y, Thus, u’ > Ces/Y A1=27 and we conclude by
recalling the definition of A.
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