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This work deals with systems of interacting reinforced stochastic processes, where each process X J=
(Xy, j)n is located at a vertex j of a finite weighted direct graph, and it can be interpreted as the sequence
of “actions” adopted by an agent j of the network. The interaction among the evolving dynamics of these
processes depends on the weighted adjacency matrix W associated to the underlying graph: indeed, the
probability that an agent j chooses a certain action depends on its personal “inclination” Z, ; and on the
inclinations Z, j,, with i # j, of the other agents according to the elements of W.

Asymptotic results for the stochastic processes of the personal inclinations zZl = (Zy, j)n have been
subject of studies in recent papers (e.g., Aletti, Crimaldi and Ghiglietti [Ann. Appl. Probab. 27 (2017) 3787—
3844], Crimaldi et al. [Synchronization and functional central limit theorems for interacting reinforced
random walks (2019)]); while the asymptotic behavior of quantities based on the stochastic processes X/
of the actions has never been studied yet. In this paper, we fill this gap by characterizing the asymptotic
behavior of the empirical means Ny, ; = ZZ:I Xk, j/n, proving their almost sure synchronization and some
central limit theorems in the sense of stable convergence. Moreover, we discuss some statistical applications
of these convergence results concerning confidence intervals for the random limit toward which all the
processes of the system almost surely converge and tools to make inference on the matrix W.

Keywords: asymptotic normality; complex networks; interacting systems; reinforced stochastic processes;
synchronization; urn models

1. Framework, model and main ideas

Real-world systems often consist of interacting agents that may develop a collective behavior
(e.g. Albert and Barabadsi [1], Barabdsi and Albert [8], Newman [32], van der Hofstad [36]): in
neuroscience the brain is an active network where billions of neurons interact in various ways
in the cellular circuits; many studies in biology focus on the interactions between different sub-
systems; social sciences and economics deal with individuals that take decisions under the influ-
ence of other individuals, and also in engineering and computer science “consensus problems”,
understood as the red achievement by interacting dynamic agents of a common asymptotic stable
state, play a crucial role. In all these frameworks, an usual phenomenon is the synchronization,
that could be roughly defined as the tendency of different interacting agents to adopt a common
behavior. Taking into account various features of these systems, several research works employed
agent-based models in order to analyze how macro-level collective behaviors arise as products of
the micro-level processes of interaction among the agents of the system (we refer to Arenas et al.
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[7] for a detailed and well-structured survey on this topic, rich of examples and references). The
main goals of this research direction are twofold: (i) to understand whether and when a (complete
or partial) synchronization in a dynamical system of interacting agents can emerge and (ii) to an-
alyze the interplay between the network topology of the interactions among the agents and the
dynamics followed by the agents. In particular, there exists a growing interest in systems of inter-
acting urn models (e.g., Aletti and Ghiglietti [4], Benaim et al. [9], Chen and Lucas [12], Cirillo,
Gallegati and Hiisler [14], Crimaldi, Dai Pra and Minelli [19], Dai Pra, Louis and Minelli [23],
Fortini, Petrone and Sporysheva [24], Lima [30], Paganoni and Secchi [33]) and their variants
and generalizations (e.g., Aletti, Crimaldi and Ghiglietti [3], Crimaldi et al. [20]) and our work is
placed in the stream of this scientific literature. Specifically, our work deals with the class of the
so-called interacting reinforced stochastic processes considered in Aletti, Crimaldi and Ghiglietti
[3] with a general network-based interaction and in Crimaldi et al. [20] with a mean-field inter-
action. Generally speaking, by reinforcement in a stochastic dynamics we mean any mechanism
for which the probability that a given event occurs has an increasing dependence on the num-
ber of times that events of the same type occurred in the past. This “self-reinforcing property”,
also known as “preferential attachment rule”, is a key feature governing the dynamics of many
biological, economic and social systems (see, e.g. Pemantle [35]). The best known example of
reinforced stochastic process is the standard Polya’s urn, which has been widely studied and gen-
eralized (some recent variants can be found in Aletti, Ghiglietti and Vidyashankar [5], Berti et al.
[11], Chen and Kuba [13], Collevecchio, Cotar and LiCalzi [15], Crimaldi [17], Ghiglietti and
Paganoni [25], Ghiglietti, Vidyashankar and Rosenberger [26], Laruelle and Pages [29]).

We consider a system of N interacting reinforced stochastic processes {X/ = (X njn=1:1=
J < N} positioned at the vertices of a weighted directed graph G = (V, E, W), where V :=
{1,..., N} denotes the set of vertices, ECV x V the set of edges and W = [wy, j]n, jevxv the
weighted adjacency matrix with wy, ; > 0 for each pair of vertices. The presence of the edge
(h, j) € E indicates a “direct influence” that the vertex 4 has on the vertex j and it corresponds
to a strictly positive element wy, ; of W that represents a weight quantifying this influence. We
assume the weights to be normalized so that Z}]zvzl wy,j =1 for each j € V. For any n > 1,
we assume the random variables {X, ; : j € V} to take values in {0, 1} and hence they can
be interpreted as “two-modality actions” that the agents of the network can adopt at time n.
Formally, the interaction between the processes {X/ : j € V} is modeled as follows: for any
n > 0, the random variables {X,41,; : j € V} are conditionally independent given F;,, with

N
P(Xuy1j=1F) =Y wn;Zun, (1.1)
h=1
and, foreachh e V,
Zn,h =( _Viz—l)Zn—l,h"f‘rn—an,h, (1.2)

where Z j are random variables with valuesin [0, 1], 7, :=0(Zop :h € V) Vo (Xi j: 1 <k <
n,jeV)and 0 <r, <1 are real numbers such that

limn’r,=c>0 with1/2 <y <1. (1.3)
n
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For example, if at each vertex j € V we have a standard Pdlya’s urn, with initial composition
given by the pair (a, b), then we have r, = (@ + b +n + 1)~ and so y = ¢ = 1. Each random
variable Z, ;, takes values in [0, 1] and it can be interpreted as the “personal inclination” of the
agent h of adopting “action 1”, so that the probability that the agent j adopts “action 1" at time
(n + 1) depends on its personal inclination Z, ; and on the inclinations Z, ;, with h # j, of
the other agents at time n according to the “influence-weights” wy, ;. (We refer to Crimaldi et
al. [20] for the case 0 < y < 1/2, where it is shown that, with a mean-field interaction and mild
assumptions on the initial random variables, the stochastic processes Z/ = (Z,, j)n converge
almost surely to the same random variable Z, € {0, 1} a.s. This type of asymptotic behavior is
out of the scope of this research, because we want to focus on the case when the common random
limit Z, takes values also in (0, 1).)

The previous quoted papers Aletti, Crimaldi and Ghiglietti [3], Crimaldi et al. [20], Crimaldi,
Dai Pra and Minelli [19], Dai Pra, Louis and Minelli [23] are all focused on the asymptotic
behavior of the stochastic processes of the “personal inclinations” {Zj = (Zp,j)n:j€V}ofthe
agents. On the contrary, in this work we focus on the average of times in which the agents adopt
“action 17, that is, we study the stochastic processes of the empirical means {NJ = (Np,jdn:J€

V'} defined, for each j € V, as N/ :=0 and, for anyn > 1,
1 n
N .:=_§ X, . 1.4
n,j nk—l k,j ( )

Since (1/n) ZZ;} Xk, j=(1—1/n)N,_1,;, the dynamics of each process N/ can be written as
follows:

1 1
Nnaj:(1_;>Nn—l,j+;Xn,j' (15)

Furthermore, the above dynamics (1.1), (1.2) and (1.5) can be expressed in a compact form,
using the random vectors X,, := (Xn,l,...,X,,Jv)—r forn > 1, N, := (Np 1, . ..,N,u\/)—r and
Z,:=Zp1,..., Z,,Jv)T for n > 0, as:

E[Xps1|Fal = W'Z,, (1.6)
where WT1=1 by the normalization of the weights, and

Zy=0—-rp_1)Zyp_1+r,1X,,
1 1 (1.7)
N,=(1—- Nn_1+;Xn.

n

In the framework described above, under suitable assumptions, we prove that all the stochastic
processes N/ = (N,,. n, With j € V, converge almost surely to the same limit random variable
(in other words, we prove their almost sure synchronization), which is also the common limit
random variable of the stochastic processes Z/ = (Zu,j)n» say Zoo (see Theorem 3.1). From
an applicative point of view, the almost sure synchronization of the stochastic processes N/
means that, with probability 1, the percentages of times that the agents of the system adopt
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the “action 1” tend to the same random value Z.,. Moreover, we provide some Central Limit
Theorems (CLTs) in the sense of stable convergence, in which the asymptotic covariances depend
on the random variable Z,, on the eigen-structure of the weighted adjacency matrix W and on
the parameters y, ¢ governing the asymptotic behavior of the sequence (r,), (see Theorem 3.2,
Theorem 3.3, Theorem 3.4 and Theorem 3.5). These convergence results are also discussed from
the point of view of the statistical applications. In particular, they lead to the construction of
asymptotic confidence intervals for the common limit random variable Z., based on the random
variables X, ; through the empirical means (1.4), that specifically require neither the knowledge
of the initial random variables {Zy ; : j € V} nor of the exact expression of the sequence (7).
For the case y = 1, that for instance includes the case of interacting standard Pélya’s urns, we
also provide a statistical test, based on the random variables X, ; through the empirical means
(1.4), to make inference on the weighted adjacency matrix W of the network. The fact that the
confidence intervals and the inferential procedures presented in this work are based on X, ;,
instead of Z, ; as done in Aletti, Crimaldi and Ghiglietti [3], represents a great improvement in
any area of application, since the “actions” X, ; adopted by the agents of the network are much
more likely to be observed than their “personal inclinations” Z,, ; of adopting these actions.

The proofs of the given CLTs are a substantial part of this work and we believe that it is worth
spending some words on the main tools employed and technical issues faced. The essential idea
is to decompose the stochastic process (N, ), into the sum of two terms, where the first one
converges, at the rate n” /2 for each 1/2 < y < 1, stably in the strong sense with respect to
the filtration (F},), toward a certain Gaussian kernel, and the second term is an (F,)-adapted
stochastic process that converges stably to a suitable Gaussian kernel, with a rate that depends
on the value of y. The proof of the convergence of this second term also requires different argu-
ments according to the value of y. Indeed, when 1/2 < y < 1, the second term converges stably
at the same rate as above, that is, n¥~1/2, and in the proof we have a certain remainder term that
tends to zero in probability (see Theorem 4.2). On the contrary, when y = 1 and N > 2 (the case
y =1, N =1 is similar to the previous case 1/2 < y < 1), we do not have the convergence to
zero of that remainder term (see Remark 4.3) and so we develop a coupling technique based on
the pair of random vectors (Z,, N,). So doing, we determine two different rates for the conver-
gence of the second term, depending on the second highest real part Re(1*) of the eigenvalues
of W (see Theorem 4.3 where the rate is 4/n and Theorem 4.4 where the rate is /n/In(n)).
The contributions of the two terms are in particular reflected in the analytic expressions of the
asymptotic covariance matrix of N, (see Theorem 3.2, Theorem 3.4 and Theorem 3.5), where
there is a component fy due to the first term (which is zero when the rate for the second term
is 4/n/In(n), because the contribution of the first term vanishes) and another component due to
the second term which is different in the various cases: fy when 1/2 <y <1, and iNN or ilth’
according to the value of Re(1*), when y = 1.

Summing up, the main focus here concerns the asymptotic behavior of the empirical means
(Ny)n, that has not been subject of study yet. Furthermore, although we recover some results
on (Z,), proved in Aletti, Crimaldi and Ghiglietti [3], we point out that the existence of joint
central limit theorems for the pair (Z,, N,) is not obvious because the “discount factors” in the
dynamics of the increments (Z,, — Z,_1), and (N,, — N,_1), are generally different. Indeed, as
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shown in (1.7), these two stochastic processes follow the dynamics

Z,—7Z, 1=rn 1 Xy —Zy_1),

1 (1.8)
Nn - Nn—l = ;(Xn - Nn—l)a
and so, when we assume 1/2 < y < 1, it could be surprising that there exists a common conver-
gence rate for the pair (Z,, N,). In addition, we will show that, when 1/2 < y < 1, the stochastic
processes N/ = (N, j)n located at different vertices of the graph synchronize among each other
faster than how they converge to the common random limit Z,, that is, for any pair of vertices
(j, h) with j # h, the velocity at which (N, j — Ny 5), converges almost surely to zero is higher
than the one at which N/ = (Np,j)n and N h = (Nn.n)n converge almost surely to Zs,. At the
contrary, when y = 1 the stochastic processes N J= (Ny, j)n synchronize and converge almost
surely to Z, at the same velocity. The same asymptotic behaviors characterize the stochastic
processes Z} = (Zy,j)n, as proved also in Aletti, Crimaldi and Ghiglietti [3], Crimaldi et al.
[20]. However, while it is somehow guessable from (1.8) that the velocities of synchronization
and convergence for the processes Z/ = (Z,. j)n depend on the parameter y, it could be some-
how unexpected that, although the discount factor of the increments (N,, — N,,_1) is always n—1,
the corresponding velocities for the processes N J= (Np,j)n also depend on y and, in general,
also these processes do not synchronize and converge to Z, at the same velocity. As we will
see, this fact is essentially due to their dependence on the process (Z,),, which is induced by
the process (X,,),. It is worthwhile to note that dynamics similar to (1.8) have already been con-
sidered in the Stochastic Approximation literature. Specifically, in Mokkadem and Pelletier [31]
the authors established a CLT for a pair of recursive procedures having two different step-sizes.
However, this result does not apply to our situation. Indeed, the covariance matrices X, and Xg
in their main result (Theorem 1) are deterministic, while the asymptotic covariance matrices in
our CLTs are random (as said before, they depend on the random variable Z,). This is why we
do not use the simple convergence in distribution, but we employ the notion of stable conver-
gence, which is, among other things, essential for the considered statistical applications. Finally,
in Mokkadem and Pelletier [31], the authors find two different convergence rates, depending on
the two different step-sizes, while, as already said, we find a common convergence rate.

The rest of the paper is organized as follows. In Section 2, we describe the notation and the as-
sumptions used along the paper. In Section 3, we illustrate our main results and we discuss some
possible statistical applications. An interesting example of interacting system is also provided
in order to clarify the statement of the theorems and the related comments. Section 4 contains
the proofs or the main steps of the proofs of our main results, while the technical details have
been gathered in Aletti, Crimaldi and Ghiglietti [2]. For the reader’s convenience, the Appendix
supplies a brief review on the notion of stable convergence and its variants (e.g., see Crimaldi
[16], Crimaldi [18], Crimaldi, Letta and Pratelli [21], Hall and Heyde [27], Zhang [37]) and the
statements of some technical results often employed in our proofs.

2. Notation and assumptions

Throughout all the paper, we will adopt the same notation used in Aletti, Crimaldi and Ghigli-
etti [3]. In particular, we denote by Re(z), Zm(z), z and |z]| the real part, the imaginary part,
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the conjugate and the modulus of a complex number z. Then, for a matrix A with complex
elements, we let A and AT be its conjugate and its transpose, while we indicate by |A| the
sum of the modulus of its elements. The identity matrix is denoted by I, independently of its
dimension that will be clear from the context. The spectrum of A, that is, the set of all the eigen-
values of A repeated with their multiplicity, is denoted by Sp(A), while its sub-set containing
the eigenvalues with maximum real part is denoted by Amax(A), i.e. A* € Apax(A) whenever
Re(A*) = max{Re()) : 1 € Sp(A)}. Finally, we consider any vector v as a matrix with only one
column (so that all the above notations apply to v) and we indicate by ||v| its norm, that is,
||V||2 =¥'v. The vectors whose elements are all ones or zeros are denoted by 1 and 0, respec-
tively, independently of their dimension that will be clear from the context.

Throughout all the paper, we assume that the following conditions hold.

Assumption 2.1. There exist real constants ¢ > 0 and 1/2 < y < 1 such that condition (1.3) is
satisfied, which can be rewritten as

n’r, =c+o(l). 2.1)

In some results for y = 1, we will require a slightly stricter condition than (2.1), that is,
nry =c+0(n7]). 2.2)
We will explicitly mention this assumption in the statement of the theorems when it is required.

Assumption 2.2. The weighted adjacency matrix W is irreducible and diagonalizable.

The irreducibility of W reflects a situation in which all the vertices are connected among each
others and hence there are no sub-systems with independent dynamics (see Aletti, Crimaldi and
Ghiglietti [3], Aletti and Ghiglietti [4] for further details). The diagonalizability of W allows
us to find a non-singular matrix U such that U TW(U T)~!is diagonal with complex elements
Aj € Sp(W). Notice that each column u; of U is a left eigenvector of W associated to some
eigenvalue Aj. Without loss of generality, we set ||u;|| = 1. Moreover, when the multiplicity of
some A; is blgger than one, we set the corresponding eigenvectors to be orthogonal. Then, if we
define V = (U T) !, we have that each column v; j of Visa right eigenvector of W associated to
Aj such that

ujv;=1 and wu;v;=0  Vhs#]. (2.3)

These constraints combined with the above assumptions on W (precisely, wy, ; > 0, wil1=1
and the irreducibility) imply, by the Frobenius—Perron theorem, that A1 := 1 is an eigenvalue of
W with multiplicity one, Amax (W) = {1} and

u =N"1/71, N721Tyi =1 and v j:=[vi];>0 VI<j<N. (2.4)

We use U and V to indicate the sub-matrices of U and \7, respectively, whose columns are
the left and the right eigenvectors of W associated to Sp(W) \ {1}, that is {uy,...,uy} and
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{va2, ..., vy}, respectively, and, finally, we denote by A* an eigenvalue belonging to Sp(W) \ {1}
such that

Re(1*) =max{Re(r;): 1;j € Sp(W) \ {1}}.

In other words, if we denote by D the diagonal matrix whose elements are A ; € Sp(W) \ {1}, we
have A* € Amax (D). The values of Re(A*) and of the constant ¢ introduced in Assumption 2.1
will compose a crucial condition that determines the second-order asymptotic behavior of the
pair (Z,, N,) (see Theorems 3.4 and 3.5).

3. Main results and discussion

In this section, we present and discuss our main results concerning the asymptotic behavior
of the joint process (Z,, N,),. We recall the assumptions stated in Section 2 and we refer to
Appendix A for a brief review on the notion of stable convergence and its variants.

We start by providing a first-order asymptotic result concerning the almost sure convergence
of the sequence of pairs (Z,,N,),.

Theorem 3.1. For N > 1, we have
N, =5 Zoo1,

where Z is the random variable with values in [0, 1] defined as the common almost sure limit
of the stochastic processes Z/ = (Z, j)n.

This result particularly states that, when N > 2, all the stochastic processes N J= (N, j)n,
located at the different vertices j € V of the graph, synchronize almost surely, that is, all of them
converge almost surely to the same random variable Z,. This random variable is also the same
limit toward which all the stochastic processes Z/ synchronize almost surely (see Theorem 3.1
in Aletti, Crimaldi and Ghiglietti [3]). Regarding the distribution of Z,, we recall that Theorems
3.5 and 3.6 in Aletti, Crimaldi and Ghiglietti [3] state the following two properties:

(1) P(Zoo=7)=0forany z € (0, 1).
(ii) If we have P(N_,{Zo,; =0} + P(N_{Zo,j =1}) < 1, then P(0 < Zoo < 1) > 0.

In particular, these facts entail that the asymptotic covariances in the following CLTs are “truly”
random. Indeed, their random part Z (1 — Z) is different from zero with probability greater
than zero and almost surely different from a constant in (0, 1). In addition, it is interesting to note
that the synchronization holds true without any assumptions on the initial configuration Z¢y and
for any choice of the weighted adjacency matrix W with the required assumptions. Finally, note
that the synchronization is induced along time independently of the fixed size N of the network,
and so it does not require a large-scale limit (i.e., the limit for N — 4-00), which is usual in
statistical mechanics for the study of interacting particle systems.

We now focus on the second-order asymptotic results. Specifically, we present joint central
limit theorems for the sequence of pairs (Z,, N,,), in the sense of stable convergence, that estab-
lish the rate of convergence to the limit Z,1 given in Theorem 3.1 and the relative asymptotic
random covariance matrices. First, we consider the case 1/2 <y < 1.
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Theorem 3.2. For N > 1 and 1/2 <y < 1, we have that

vyt (ZLn — Z1 _ gy _ N),A
nY "2 N, — Zo1 — N0, Zo(1 — Zs) $, §, 4T, stably, 3.1)
where
2 2
$,:=5211" and &2 = vy 3.2)
YT NQy — 1)
and
2 2
f,, _0211T and G2 :=M>O. (3.3)
YT NG-2y)

Remark 3.1. Some considerations can be drawn by looking at the analytic expressions of 5’3 and

33 in (3.2) and (3.3), respectively. First, they are both decreasing in N, so that the asymptotic
variances are small when the number of vertices in the graph is large. Second, they are both
increasing in ¢ and decreasing in y, which, recalling that lim, n” r, = ¢, means that the faster
is the convergence to zero of the sequence (r,,),, the lower are the values of the asymptotic
variances E)% and 6\5. Third, when y is close to 1/2, 8’3 becomes very large, while 6\5 remains
bounded, and hence the processes (Z, — Zx1) and (N, — Z,,1) become highly correlated.
Finally, since we have

I<t+lvi—w>=viI> <N,
we can obtain the following lower and upper bounds for 8)3 and 3)3 (not depending on W):

2 2 2 2
c ~2 c c ey c

_ < < — d —< <.
Ny - -7"=@y—1 " NG-2p) =" = G-2p)

Notice that the lower bound is achieved when vi = u; = N~1/21, i.e. when W is doubly stochas-
tic, which means W1=Ww7T1=1.

Remark 3.2. Note that from (3.1) of Theorem 3.2, we get in particular that, for any pair of

vertices (j, h) with j # h, n?=1 (Np,j — Nyun) converges to zero in probability. Indeed, denoting
by e; the vector such that e; ; =1 and e], =0 for all i # j, we have 17 (e; — €;) =0 and
hence (e; — e’ b y(ej —ep) =(e; — e’ T y(e; — ey) = 0. Therefore, Theorem 3.2 implies
that the velocity at Wthh the stochastic processes N J= = (Np,j)n, located at different vertices
Jj € V, synchronize among each other is higher than the one at which each of them converges
almost surely to the common random limit Z.,. The same asymptotic behavior is shown also by
the stochastic processes Z) = (Zy, j)n as shown in Aletti, Crimaldi and Ghiglietti [3], Crimaldi
et al. [20].

For y =1, we need to distinguish the case N = 1 and the case N > 2. Indeed, in the second
case we can have different convergence rates according to the value of Re(1*). More precisely,
we have the following results.
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Theorem 3.3. For N =1 and y = 1, we have that

Zy—Zxo 2 2
Jn (Nn B Zoo) —N (0, Zoo(l — Zoo) <c2 2ie—1)? stably.
Theorem 3.4. For N >2,y =1and Re(A*) <1 — (2c)’1, under condition (2.2), we have that

2, — Zx1 _ Si+%zz Zi+IaN
Jn (Nn B Zoo1> N (0, Zoo(l — Zoo) (El e ENN>> stably,  (3.4)

where f]] is defined as in (3.2) with y = 1, and

Szz:=USzzU",  with (3.5)
—~ c2 T
S = i), 2<h,j<N,; 3.6
[Szzln, C(Z—)\.h—)\.j)—l(VhV]) <h,j (3.6)
/E\NN = ﬁS\NNﬁT with 3.7

[Snli1 = (c — D2[vi]|?,

3.8)

~ —~ 1—c .
[Snn]i,j = [Snn]j 1= <ﬁ>(V1TVj), 2<j<=N,
A

- T+ - DA =) "+ 0 =2))7!
[Saln.j = (c c)([z(—kh}l—)k-)—(l /) ](v;v.,'), 2<h,j<N; (39
J

SN :=USznUT with (3.10)
~ 1—c T
[SzNln,1 = (vy V1), 2<h=<N, (3.11)
1—A,
~ c+(—DA =yt .
[SzNn,j = (vavj),  2<h,j<N. (3.12)

c@2—Ap—2j)—1

The condition Re(A*) < 1 — (2¢)~! in the above Theorem 3.4 is the analogous of the one
typically required for the CLTs in the Stochastic Approximation framework (e.g., Konda and
Tsitsiklis [28], Mokkadem and Pelletier [31], Pelletier [34]). However, we deal with a random
limit Z,, and random asymptotic covariances and our proofs are not based on that results, but we
employ different arguments. Moreover, in the next theorem, we analyze also the case Re(A*) =
1—(2c) 1.

Theorem 3.5. For N >2,y =1 and Re(A*) = 1 — (2¢)~!, under condition (2.2), we have that

n (7, — Zool . DI S
o (Nn B Zool> —N <0, Zoo(1 — Zoo) (i;—l\z ilth stably, (3.13)
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where
4, =USs,UT  with (3.14)
[S72)s; =NV Lee-r—ap=1ys  2=h j<N; (3.15)
Sin=USINUT with (3.16)
_~ Aphi
SNl = (V) vy —a=1),  2<h,j<N; 3.17
[ NN]h,j (1 =) (1 —2) (Vh Vl) {c2=Arp—2;)=1} =n,] = ( )
TIN=US;UT  with (3.18)
-~ cAj T .
ENNES 1—jxh (VaVi)Lie@-rp—rp=1»  2=<h,j<N. (3.19)

Remark 3.3. The central limit theorem only for the stochastic process (Z,), can be established
in the case Re(A*) < 1 —(2¢) ! replacing condition (2.2) with the more general assumption (2.1)
(see Theorem 3.2 in Aletti, Crimaldi and Ghiglietti [3]). However, condition (2.2) is essential in
our proof of the central limit theorem for the joint stochastic process (Z,,N,), as stated in
Theorem 3.4.

Remark 3.4. From Theorem 3.4 and Theorem 3.5 we get that, when N > 2 and y = 1, for any
pair of vertices (j, h) with j # h, the difference (N, ; — Ny ) converges almost surely to zero
with the same velocity at which each process N/ = (N, j) converges almost surely to Z. (The
same asymptotic behavior is shown also by the stochastic processes zZ) =(zZ, J)n as provided
in Aletti, Crimaldi and Ghiglietti [3], Crimaldi et al. [20].) Indeed, although Xi(e; —e;) =0
and u?—(gj —ep,) =0, we have UT(ej —e;,) # 0 and hence, setting u; ; := UT(ej —ep,) and
U :=U"(ej —e;)=(0,u;;)", for Re(A*) < 1 — (2¢)~! by (3.4) we have

T3 T Qo
. u Szzu; u; , SZNU;
i (Z'W Z”’h) —N (0, Zoo(l = Zoo) <~ =S o ”h>> stably:

L T ) ~T ~
Nn,j n.h u; ,SzNUjn U, SNNU;

while for Re(A*) = 1 — (2¢)~! by (3.13) we have

T ok T Qo
7 . u;,S,,u; u;,Synu;
<Zn,1 Zn,h) N0, Zoo(1 — Zoo) {_‘h,\f_lz_ Joh !l_’h,\fN ik stably.
In(n) \Nn,j = Nun u; SN h W SyNU Lk

Notice that the only elements [§NN];,,.,' that count in the above limit relations are those with
2 <h, j < N.Then, from (3.7) we can see that these elements remain bounded for any value of
¢, while from (3.5) we can see that the elements of §ZZ are increasing in c. (The same consider-
ations can be made for the elements of the matrices §§N and §;Z, but in this case the value of ¢
is uniquely determined by Re(1*).) As a consequence, for large values of ¢, the asymptotic vari-
ance of (N, j — Ny, ;) becomes negligible with respect to the one of (Z, ; — Z, ;). Therefore,
when N > 2 and y = 1, the synchronization between the empirical means N J= (Nn,j)n, located



Empirical means of interacting RSPs 3349

at different vertices j € V, is more accurate than the synchronization between the stochastic pro-
cesses Z/ = (Zy,, j)n-

An interesting example of interacting system is provided by the “mean-field interaction”,
already considered in Aletti, Crimaldi and Ghiglietti [3], Crimaldi et al. [20], Crimaldi, Dai Pra
and Minelli [19], Dai Pra, Louis and Minelli [23]. Naturally, all the weighted adjacency matrices
introduced and analyzed in Aletti, Crimaldi and Ghiglietti [3] can be considered as well.

Example 3.1. The mean-field interaction can be expressed in terms of a particular weighted
adjacency matrix W as follows: forany 1 <k, j < N (here we consider only the true “interacting
case”, thatis N > 2)

wh,j:%wh,j(l —o)  witha €[0,1], (3.20)

where &, ; is equal to 1 when 4 = j and to O otherwise. Note that W in (3.20) is irreducible
for o > 0 and so we are going to consider this case. Since W is doubly stochastic, we have
vVi=u = N~1/21, Thus, for 1/2 <y < 1, we have

~2 C2 ~ 62

62=—— and 62=— .
YNQy —1) ¥ NGB-2y)

Furthermore, we have A; =1 — o for all A; € Sp(W) \ {1} and, consequently, the conditions
Re(A*) <1 — (2¢)~! or Re(x*) =1 — (2¢)! required in the previous results when y =1
correspond to the conditions 2ca > 1 or 2ca = 1. Finally, since W is also symmetric, we have
U=VandsoUTU=VT'V=7andUU" =VVT = — N"1117). Therefore, for the case
y =1 and 2ca > 1, we obtain:
o~ 2
(i) Szz = 262—_11 5
(i) [SanTi1 = (c — 1)? and [Sunlj,; = 2D for 2 < j < N, while [Snnli,j =0 for
any h#j,1<h,j<N;

(ifi) [Sznlj,j = e for 2 < j < N, while [Szls,j =0 forany h # j,2 <h < N and
l<j=<N.

Finally, when y =1 and 2ca = 1, we get:
() S5, =21
(i) Sgn = 201
(i) Spy =21

3.1. Some comments on statistical applications

The first statistical tool that can be derived from the previous convergence results is the construc-
tion of asymptotic confidence intervals for the limit random variable Z,. This issue has been
already considered in Aletti, Crimaldi and Ghiglietti [3], where from the central limit theorem
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for Zl =NV ZVTZn (recalled here in the following Theorem 4.1), a confidence interval with
approximate level (1 — 6) is obtained forany 1/2 <y <1 as:

= 0 [z =~
Clio(Zoo) = Zn % =5 Zn(l = Z0)oy, (3.21)

where 53 is defined as in (3.2) (also for y = 1) and z¢ is the quantile of the standard normal
distribution of order 1 — 6/2. We note that the construction of the above interval requires to
know the following quantities:

(i) N:the number of vertices in the network;

(i1) vy: the right eigenvector of W associated to A1 = 1 (note that it is not required to know
the whole weighted adjacency matrix W, e.g. we have vi =u; = N ~!/21 for any doubly
stochastic matrix);

(iii) y and c: the parameters that describe the first-order asymptotic approximation of the
sequence (r,,), (see Assumption 2.1).

In addition, the asymptotic confidence interval in (3.21) requires the observation of Zy, and s0
of Z, ; for any j € V. However, this requirement may not be feasible in practical applications
since the initial random variables Z¢ ; and the exact expression of the sequence (r,), are typi-
cally unknown. For instance, if at each vertex j € V we have a standard Polya’s urn with initial
composition given by the pair (a, b), then we have Zy j =a/(a+b) andr, =(a+b+n+ Nt
and hence, when the initial composition is unknown, we have neither Zy ; nor the exact value
of r,, but we can get y = ¢ = 1. To face this problem, here we propose asymptotic confidence
intervals for Zy, that do not require the observation of Z,,_;, but are based on the empirical means
Ny, j = p_ Xk, j/n, where the random variables Xy ; are typically observable. To this aim, we
consider the convergence results presented in Section 3 on the asymptotic behavior of N,,.

We first focus on the case 1/2 < y < 1 and we construct an asymptotic confidence interval
for Zo based on the empirical means N, ;, with j € V, and the quantities in (1)—(ii)—(iii). In-
deed, setting N, := N’I/ZVTN,I and using the relation VTul = N’l/zvrl =1 (see (2.4)), from
Theorem 3.2 we obtain that

0TV (Ny = Zoo)—>N (0, Zoo(1 = Zoo) (32 +52))  stably,

where (73 and ’0\3 are defined in (3.2) and (3.3), respectively. Then, for 1/2 < y < 1, we have the
following confidence interval with approximate level (1 — 6):

~ 0 ~ ~ |~ ~
Ch_o(Zoo) = Ny £ W\/Nn(l — N (32 +52).

Analogously, for y =1 and N =1, from Theorem 3.3 we get

Z
Ch_o(Zso) = Ny £ %\/Nn(l — Na)(e2 + (e — 1)?).

When y =1 and N > 2, we have to distinguish two cases according to the value of Re(1*).
Thus, in this case, the construction of suitable asymptotic confidence intervals for Z, requires
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also the knowledge of Re(1*). Specifically, when Re(A*) < 1 — (2¢)~!, from Theorem 3.4,
using the relations VlTul =1 and VlTU =0 (see (2.3)), we obtain that

ANy = Zoo) =N (0, Zoo (1 — Zoo) (57 + N ™' [Snnli,1))  stably,

where 512 =c2||v{||?/N and [§NN]1,1 = (¢ — 1)?|lv1]|%. Hence, in this case we find:

Cli—9(Zoo) = Ny % 7 Nyp(1 = Nyp)

((62 + (¢ = D3)lIvi ||2>
¥ .

Note that analogous asymptotic confidence intervals for Z, can be constructed replacing Ny by
another real stochastic processes (a' N,,),,, whereac RY anda'1=1.

Finally, when Re(A*) =1— L2c)’1 , We cannot use ]\an since, by Theorem 3.5 and the fact that
VlTU =0, we have /n/In(n)(N, — Zso) — 0 in probability. Therefore, in this case we need to
replace the vector v; by another vector a € RY witha'l=1anda'U #0.

Example 3.2. In the case of a system with N > 2 and mean-field interaction (see Example 3.1),
we get the following asymptotic confidence intervals for Z, with approximate level (1 — 6):

(1) when 1/2 <y < 1, setting ]Vn = N"11TN,, we have

Cli_9(Zoo) = Ny + —2_ [N.(1 = N,) 2 ;
1-0\£o0) = {Vn nV—1/2 n n N(2y—1)(3—2y)’

(i) when y =1 and 2co > 1, setting ﬁn = N’llTNn, we have

cz—l—(c—l)z‘

~ Zg ~ ~
CIIQ(ZOO)ZNniﬁ\/Nn(I_Nn) N s

(iii) when y =1 and 2ca = 1, setting ﬁg :=a'N, witha'1=1anda# N~'1, we have

~ 1 = ~ (-
Cli_9(Zoo) =N £ 29 n(”),/Ng(l —Ng)( 2 la—N""1
n o

where the last term follows by recalling that UU " = I — N~'11T and noticing that

)

a UUTa=a (I-N"'"11Na=a>~N "' =]a—N""1]?
(where for the last two equalities we used thata'1=1).

Another possible statistical application of the convergence results of Section 3 concerns the
inference on the weighted adjacency matrix W based on the empirical means N, ;, with j € V,
instead of the random variables Z, ; as done in Aletti, Crimaldi and Ghiglietti [3]. Let us assume
N > 2 (the proper “interacting” case). We propose to construct testing procedures based on the
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multi-dimensional real stochastic process (UV TN,),. Indeed, we note that it converges to 0

almost surely because N, 2% Zooland V71 =0 (since (2.3) and (2.4)). Moreover, when y =1
and Re(A*) < 1 — (2¢)~!, from Theorem 3.4 we get that

VrUVTN,— N (0, Zoo(1 — Zoo)U[Sawl-nU ") stably,

where [§NN](_1) denotes the square sub-matrix obtained from §NN removing its first row and its
first column.
Analogously, when y = 1 and Re(A*) =1 — (2¢)~!, from Theorem 3.5 we get that

/1 o )UVTN n——N(0, Zoo(l — Zoo)SHy)  stably.

Remember that the case y = 1 includes, for instance, systems of interacting PSlya’s urns.

Example 3.3. In the case of N > 2 and mean-field interaction (see Example 3.1), recalling that

U=V, 00T =(I - N"'117), [Swln) = H2ED 1 and S5y = 220U, we obtain
that:

(i) when y =1 and 2co > 1,
V(I = NT'11T)N,

142(c — Da™?

—>N(0, Zoo(l — Zoo)
2ca — 1

(1-nN"! llT)> stably;

(i) when y =1 and 2cax =1,

(1 —a)?

(1- N—111T)N,,—>N<0, Zoo(1 — Zo) (1- N—111T)> stably.

n
In(n)

In this framework, it may be of interest to test whether the unknown parameter o can be assumed
to be equal to a specific value ag € (0, 1], that is, we may be interested in a statistical test of the

type:
Hy:W=Wy vs. H:W=W, for some « € (0, 1]\ {«g}.
To this purpose, assuming 2ca > 1 and setting Ny = N~'1TN,,, we note that:

(i) for y =1 and 2cap > 1, under Hy we have that

2co

—NT I—=NT11IN, L2
142(c — Doy ( INn ™ iy

n[ﬁn(] - ﬁn)]

@ii) for y =1 and 2cap = 1, under Hy we have that

2
N =N 2 NT(r =N 1T)N, L2

ln( ) (1 —ap)?
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Concerning the distribution of the above quantities for o # «, since the eigenvectors of W do not
depend on «, we have that, for any fixed @ € (0, 1]\ {«p}, under the hypothesis {W = W, } C Hy,
we have that:

(i) for y =1, 2cap > 1 and for any « # &g such that 2ca > 1,

n 2cog — 1
ﬁn(l - ﬁn) 1 +2(C - 1)0(0_1

d <2ca0— 1)(1 +2(c— 1)a—1> )
~ AN=15
2ca =1 J\1+2(c— oy )™V
while, if 2ca = 1, the above quantity converges in probability to infinity;

@ii) for y =1, 2cap = 1 and for any « such that 2ca > 1 (which obviously implies o # «),
we have

N, (I - N"'117)N,

2
[Na(1 = Np] ™" (laio)zN,I(l ~N"TN, >0,
"

n

In(n)

The case 1/2 < y < 1 requires further future investigation. Indeed, since V '1 =0 (by (2.3)
and (2.4)), from Theorem 3.2 we obtain that n”_% UVTN, = 0 in probability. Then, a central
limit theorem for UV TN,, with the exact convergence rate (if exists) is needed. In this paper,
as we will see more ahead in Remark 4.2, by the computations done in the proofs of Section 4
we can only affirm that nUV TN,, — 0 in probability for all ¢ < y/2 and, when e = y /2, the
random vector n¢UV TN, is the sum of a term converging to zero in probability and a term
bounded in L'. Therefore, further analysis on the asymptotic behavior of n?/>U V TN,, promises
to be an interesting direction of research.

4. Proofs

This section contains all the proofs of the results presented in the previous Section 3.

4.1. Preliminary relations and results

We start by recalling that, given the eigen-structure of W described in Section 2, the matrix u 1V1T
has real elements and the following relations hold:

Vi =U"vi=0, V'U=U"V=I and I=uyv +UVT, (4.1)

which implies that the matrix UV T has real elements. Moreover, using the matrix D defined in
Section 2, we can decompose the matrix W T as follows:

Wl =wv/ +UDV'. 4.2)
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Now, in order to understand the asymptotic behavior of the stochastic processes (Z,), and
(Ny)n, let us express the dynamics (1.7) as follows:
Zony1 — 2, = —r,,(l — WT)Z, + ry AMp1,

1
Nn+1 —Np,=- nt1 (Nn WTZn) + mAMn-Ha

(4.3)

where AM,, ;1 = (X,41 — WTZ,) is a martingale increment with respect to the filtration F :=
(F3)n . Furthermore, we decompose the stochastic process (Z,), as

—7Z1+Z,=NZu; +Z,,
Zn = N_l/zvlTZ,,,

where { 2" L 4.4
Z, ::Z,,—lZn:(I—ulvlT)Zn:UVTZ,,; @4

while we decompose the stochastic process (N,), as
N,=Z,1+N,=vNZu +N,  whereN, =N, — Z,1. (4.5)

Then, the asymptotic behavior of the joint stochastic process (Z,, Ny), is obtained by establish-
ing the asymptotic behavior of (Z ) and of (Zn, Nn) n-

Remark 4.1. In the particular case when W is doubly stochastic, that is when W1 =W T1=1,
we have vi=u; = N"1/21. Asa consequence, we have

N
Zy=N"1"2,=N"">"2,;.
j=1

which represents the average of the stochastic processes Z,, j, with j € V, in the network, and
Z,=(I-N""117)Z, and N,=N,-N"'11"Z,.

Notice that the assumed normalization W1 = 1 implies that symmetric matrices W are also
doubly stochastic. Therefore, the above equalities hold for any undirected graph for which W is
symmetric by definition.

Concerning the real-valued stochastic process (Z,)n, from (4.3), we easily get the dynamics

~

Znit — Zn=N"12r,(v] AM,,11). (4.6)

Hence, the process (21)” is an F-martingale and, since it is a convex combination of the ele-
ments of Z,, and so it takes values in [0, 1], it converges almost surely to a random variable Z,
with values in [0, 1]. Moreover, in Aletti, Crimaldi and Ghiglietti [3] the following central limit
theorem for (Zn),, is established.
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Theorem 4.1 (Aletti, Crimaldi and Ghiglietti [3], Theorem 4.2). For N >1and 1/2 <y <1,
we have

"2 (Zy — Zoo)—>N(0,52Zo(1 = Zo))  stably,
where 3}% is defined as in (3.2) (also for ¥ = 1). The above convergence is also in the sense of

the almost sure conditional convergence w.r.t. F.

Concerning the multi-dimensional real stochastic process (Zn)n, we firstly recall the relation
W'Z,=UDV'Z,, 4.7

which is due to (4.2) and the equality VITU =0 (see (4.1)), and, moreover, we recall that from
Aletti, Crimaldi and Ghiglietti [3], Section 4.2, we have the dynamics

o~ o~

wil — Zy = —1r,U(I — DYV Zy + 1, UV T AM,1 44 (4.8)

N

and Zn 2500, R

Finally, concerning the multi-dimensional real stochastic process (N,),, using (4.3), (4.4),
(4.5) and the assumption WT1 =1 (which implies W'Z,=7,1+ WTZ,), we obtain the dy-
namics:

-~ 1~ ~ 1 ~ ~
Nn+l —-N, = _}’l 1 (Nn - WTZn) + mAMn+l - (Zn+1 — Zy)l. (49)

4.2. Proof of Theorem 3.1 (almost sure synchronization of the empirical
means)

We recall that in Aletti, Crimaldi and Ghiglietti [3], Theorem 3.1, by decomposition (4.4), that
is, Z, = Z,l + 2,,, and combining Zq ¥ Z~ and in A5 0, it is proved that Z, e Zol.
As a consequence, using W1 =1 and (1.6), we obtain E[X,|F,_1] 2% Zool and, applying
Lemma B.1 (with ¢y =k, v, x =k/n and n = 1), we get that N, 25 Zool.

Note that, by the synchronization result for (Z,), we can state that

E[(AM)(AMy 1) T Fn] =5 Zoo (1 = Zoo) 1. (4.10)
Indeed, since {X,, 1 : j =1,..., N} are conditionally independent given JF,,, we have
E[AMy414AM,11 ;I F1=0  forh# j; @.11)

while, for each j, using the normalization W "1 = 1, we have

N

N
E[(AMy11,))° 1 Fa] = (Z wh, jzn,h) (1 = jzn,h) = Zoo(l = Zoo).  (412)
h=1

h=1
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4.3. Proof of Theorem 3.2 (CLT for (Z,,N,), inthe case1/2 <y <1)

In order to prove Theorem 3.2, we need to provide the asymptotic behavior of the stochastic
processes (Zy), and (N,),. First of all, we recall that Z,, = 0 for each n when N = 1 and, for
N >2and 1/2 <y < 1, we have from Aletti, Crimaldi and Ghiglietti [3], Theorem 4.3, that

Yo

n2Zy —> N(0, Zos(1 = Zoo)E,)  stably, (4.13)

where

o~

$,:=US,UT and [S,]);:= (vivj))  with2<h,j<N.

2= G+ 1))

Moreover, looking at the proof of (4.13) in Aletti, Crimaldi and Ghiglietti [3], it is easy to realize
that for N > 2 and 1/2 <y < 1 we have lim,, n” E[||Z, 2] = C, where C is a suitable constant
in (0, +00), and so, recalling that 2,, =0 for each n when N = 1, we can affirm that, for every
N >1and 1/2 <y < 1, we have that

E[1Z,)*]=0(n77). (4.14)
Regarding the stochastic process (N,,) n, We are going to prove the following convergence result.

Theorem 4.2. For N > 1 and 1/2 <y < 1, we have that

01N, -5 N(0, Zoo(1 — Zog)T,)  stably, (4.15)
where Fy is the matrix defined in (3.3).

Proof. We observe that by means of (4.9) we can write
n(Ny = Nyo1) = =Ny + W Zy oy + AMy, + 1(Zy 1 — Za)1.
Then, using the relation
n(N, =Noo1) + Ny =nN, — (2 = DN, 1,

we obtain that

n

nN, =) [kNg = (k = DNi—1] sz 1+Z AM + k(Zg-1 = Zo1].
k=1 k=1 k=1

Now, we set e :=y — 1/2 > 0 for each 1/2 < y <1 and hence from the above expression we
get neN,, =tny oy T+ WTQ,,wheret, :=1/n179, Q, :=1t, e le 1 and

Ty := AM + k(Zk—1 — Zi)1 = AMg — N~ 2kri (v] AM)1.
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The idea of the proof is to study separately the two terms 1, » ,_; Tx and Q,. More precisely,
we are going to prove that the first term converges stably to the desired Gaussian kernel, while
the second term converges in probability to zero.

First step: convergence result for t, > ;_; Tk.

We note that (Tx)1<k<n is a martingale difference array with respect to F. Therefore, we want
to apply Theorem A.1 (with k, = n, T, xy = Tk and G, x = Fi). To this purpose, we observe that
condition (c1) is obviously satisfied and so we have to prove only conditions (c2) and (c3).

Regarding condition (c2), we note that

ZTka = ZAMk(AMk)T—i—N 12k2rk (v aME)* 117
k=1 k=1 k=1

—I/ZZkrk TAM) AM1T — WZkrk TaM ) 1AMy T

The convergence rate of each of the four terms will be determined in the following.
By (4.10) and Lemma B.1 (with ¢x =k, v, x = k/n and n = 1), for the first term, we obtain
that

n
n~' Y AM(AM) T 2% 7o = Zoo)I.
k=1

Moreover, regarding the second term, we have that

1 c?
2(1—e) 2.2 _ 2(1—e) —
hmn kE lk ry =c 11mn E kl—2(l—e) R

and, since by (4.11) and (4.12) we have that
N
a.s.
E[(vf AMY)* 1 Fict] = Y 02 S E[(AMe )21 Fict ] =5 V112 Zoo (1 = Zoo).
Jj=1
by Lemma B.1 again (with ¢y =k, v, = k3r,f/n2(1’€) and n = 2(1"—;)), we obtain that

2

p—20- 1 2 T as ¢ 2 T
(1—e) = Zk re(vi AMg) 11 emnvlu Zoo(1 = Zoo)117.

Furthermore, concerning the third term we have that

n n
1 1 1_,
liénni(]+778) kg lkrk =Cli,£nn7(l+778) kE lkiic = Ti_e
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On the other hand, by means of (4.11) and (4.12), we have that

N
E[(v] AMy)AM1T | Fioy ] = E[(Z vl,jAMk,j>AMk1T|]:k1:| 2 Vi1 Zoo(1 = Zso),
j=1

1+%—e

and so, by Lemma B.1 again (with ¢y =k, v, x = kri/n and n = m), it follows

Cc

n
nF2mONTI2 N k(v AME) AM LT 25 Zoo(l = Zoo)vi1T.

P (14+1/2—e)v/N

Finally, for the convergence of the fourth term, we can argue as we have just done for the third
one. Indeed, observing that, by (4.11) and (4.12), we have that

E[(v] AM)1(AMy) " | Fi—1]

N
— E|:1 (Z ul,,AMk,j)(AMk)ﬂfk_l] 25 V] Zoo(1 = Zoo),
j=1

we get

Zoo(1 = Zoo)1v] .

n
—(1+1—e) =172 T T as, ¢
n 2 N krk v AMk l(AMk) —>
,; (v ) (1+1/2—e)/N

Summing up, since for 1/2 <y <1 wehave 2(1 —e) > 1 and 2(1 —e) > 1+ 1/2 — e, we obtain
that

2

n n
1 c
r,fZTkaTZWZTkaT2>0+ NI|V1II2 Zoo(l = Zo)11T =0 -0
k=1 k=1

1
2(1—e)
= Zoo(1 = Zoo)T. (4.16)

Regarding condition (c3), we note that

ty sup |Tx|= sup O(kl_”):O(l/ny_e):0(1/ﬁ)—>0.

I<k<n n! I<k<n

Therefore also this condition is satisfied and we can conclude that #, Y ;_,; Tx converges stably
to the Gaussian kernel with mean zero and random covariance matrix given by (4.16).

Second step: convergence result for Q.

We aim at proving that Q, converges in probability to zero, that is each component Q, ;
converges in probability to zero. To this purpose, we note that

E[10njl])<ta Y E{1Zk-1jl} <tn Y VE[Zicr DY) <ta Y E[1Zi—112].
k=1 k=1 k=1
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Therefore, recalling that, for 1/2 < y < 1, we have E[||2n||2] = 0((n77) (see (4.14)), we can
conclude that

n - o n 1
E[|Qn’j|]=0(z‘nk2;k V/2>=O<n (a e);kl—(l—y/%)

1
_ —l4e+1-y/2\ _
i )=0(sm ) =0

thatis Q, ; converges in L' (and so in probability) to zero. U

Now, the proof of Theorem 3.2 follows from the previous result, together with Theorem 4.1
and Theorem A.2.

Proof of Theorem 3.2. By Theorem 4.1, we have that
n?=3 (Zy — Zoo)l —> N0, Zoo (1 — Zoo)i,,) stably in the strong sense.
Thus, from Theorem 4.2, applying Theorem A.2, we obtain that
02 (Ny = Zu 1, (Zn— Zoo)1) —> N(0, Zoo(1 = Zo) Ty ) QN (0, Zoo(1— Zo)Sy))  stably.

In order to conclude, it is enough to observe that

W73 (Zy — Zool, Ny — Zool) = (0" "2 (N, — Zy1), 07 "2 (Zy — Zoo)1) + (n5Z,,0),

n(l_y)/Z

where @ (x, y) = (v, x 4+ y) and the last term converges in probability to zero (since Zn =0 for
each n when N =1 and by (4.13) when N > 2). Il

Remark 4.2. With reference to the statistical applications discussed in Section 3.1, we recall
that, since V"1 =0 (by (4.1)), we have UV 'N,, = UV TN,, and VTFV V is the null matrix, and

so from (4.15) we can get that nV_%UVTNn £ 0 for 1/2 < y < 1. More precisely, following
the arguments in the proof of Theorem 4.2, it is possible to show that, when 1/2 <y < 1, we

have n°UV "N, £ 0 for each e < y /2. Indeed, from (4.9), together with (4.7) and again the
relation V11 =0, we obtain

n(UV'N, —=UV'N,_)=~UV N, + W' Z,; + UV AM,

and hence, setting f,, := l/nl"’, Ty :=UV T AM; and Q,:=1, ZZ:I Zk_l, we get

n n
e 1 1
nLUVTNn:tn E Tk+WTQn:1—_ E Tk+WTQns
k=1 name VS
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where ﬁ Y k-1 Tk converges stably to the Gaussian kernel N'(0, Zoo (1 — Zoo)U vTVvUT) and

E[1Q,|]= O(tnnl’%) = O(n’(%’e)). From these relations, we can also conclude that for 1/2 <
y < 1and e = y/2, we have that n°U V TN, is the sum of a term converging to zero in probability
and a term bounded in L'. Therefore the asymptotic behavior of n?/2UV TN, needs further
investigation.

4.4. Proof of Theorem 3.3 (CLT for (Z,,N,), inthecase N=1and y =1)

The proof in the case N =1 and y =1 is similar to the one for 1/2 <y < 1. Indeed, using the
same arguments as in the proof of Theorem 4.2, together with the facts that Z,, = Z,,, Z,, = 0 for
eachn,vi=v;1=1and2(1 —e)=141/2 — e =1, we obtain that

V(Ny = Zy) = ANy —> N(0, Zoo(1 = Zog) (e — 1)?)  stably.
On the other hand, by Theorem 4.1, we have that
V(Zy — Zoo) = N11(Zn — Zoo) —> N(0, Zoo(1 — Zoo)cz) stably in the strong sense.
Thus, applying Theorem A.2, we obtain
Ny = Zny Zn = Zoo) —> N (0, Zoo(1 = Zoo) (e = 1)?) N (0, Zoo(1 — Zog)c?)  stably.
In order to conclude, it is enough to observe that
V(Zy = Zoo, Ny = Zoo) = ®(Vn(Nu = Zy), V1(Zy — Z0)),
where ®(x,y) = (y,x + y).

Remark 4.3. Looking at the arguments of the proof of Theorem 4.2 with N > 2 and y =1,
we find E[|Q,|] = O(W) = O(1) and so, from this relation, we cannot conclude that Q,,
converges to zero in probability. Therefore part of the proof of Theorem 4.2 does not work
when N > 2 and y = 1. Moreover, since Q,, = ZZ:I Z;_1/+/n and, from Aletti, Crimaldi and
ghiglietti [3], Theorem 4.3, we know that, when N > 2 and y = 1, the rate of convergence of
Z, is «/n or /n/In(n) according to the value of Re(1*), we may conjecture that, for N > 2 and
y =1, Q, generally does not converge in probability to zero. This fact leads us to a complete
different approach to the proofs of Theorem 3.4 and Theorem 3.5 concerning the case N > 2 and

y = 1, that will be developed in the next sections.

4.5. Proof of Theorem 3.4 (CLT for (Z,,N,,), in the case N > 2, y =1 and
Re(A*) <1—(20)7 )

As explained in Remark 4.3, we will adopt a different method for the proofs in the case N > 2
and y = 1. In particular, in order to prove Theorem 3.4, we need the following convergence result

on (zn9 Nn)n .
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Theorem 4.3. Let N > 2, y = 1 and Re(A*) < 1 — (2¢)~!. Then, under condition (2.2), we

have that
N (;”) —N (0, Zoo(1 — Zoo) <EZZ EZN)) stably,
n

EZN LNN
where fzz, fNN and fZN are the matrices defined in (3.5), (3.7) and (3.10), respectively.
Proof. Since this proof is quite long and with many technical computations, we split it into
various steps.
First step: dynamics of the joint process 0, := (Zn, N T

First we use (4.7) in (4.9) and we replace the term (Z - Z,, 1) in (4.9) as shown in (4.6), so
that we obtain

~ ~ 1, -~ ~
Ny —Nyi = =(-Nuo1 + UDV T Zy—y + AM,) — 1y N7V AM, 1.
n

Then, if we define the remainder term as

1 1 = T
R, = — = )(-Nu=1 + UDV 'Z,_1 + AM,)), (4.17)

nfp—1 €
we can rewrite the above dynamics of N,, as follows:

No=(1=ruc1c YNy + 11 WDV Zyoy + 1y [¢ 7' = N7V21v] |AM, + 1,2 R,

(4.18)
Then, setting @,, := (Z,, N7, AMp , == (AM,,, AM,)T and Ry, := (0, Rn)T, which are vec-
tors of dimension 2N, and combining (4.8) and (4.18), we can write

O 1=U~—-1,0)0, +7r,(RAMg 11 + Ry n11),

where

0= Ui -bpywv’ o0
“\-clupv" 1)

and (recalling that u; = N~/?1 and I = ulvir +UVT by (2.4) and (4.1))

uv’ 0
R:= : 4.19
( 0 (! —1)u1v1T+c1UVT> @19

Hence the goal is to prove that ,/n8,, converges stably to the desired Gaussian kernel. To this end,
in the next step #,, will be decomposed in a sum of stochastic processes with different asymptotic
behaviors.

Second step: decomposition of the joint process 0.

First, let us define the (2N) x (2N — 1) matrices

U 0\ _(U 0 0 V. 0\ _(V 0 0
Ue"(o ﬁ)‘(o u; U) and VH'_<O \7>—<o vi v)’
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and observe that from (4.1) we have Vg—r Uyg =1 and

uvl o
UOVGT:( 0 1)'

Then, defining the (2N) x (2N — 1) matrices

I-D) 0 0 I 0 0
Sg = 0o cloof and Sg:=|0" ¢ '-1 o |, (4.20)
—'D 0 Ic! 0 0 o

we have that Q = UpSp VQT and R = Uy Sg VQT. From the above relations on Uy and Vy, we get
that Uy VQTO,, = 0,, and hence we can write

0n+1 =Up[l — rnSQ]VgTon +rnRAM9,n+l +rnR0,n+1-

Let us now set aj :=1—A; € C with A; € Sp(W) \ {1} = Sp(D), that is for j > 2, and recall
that Re(arj) > 0 for each «; since Re(A;) < 1 for j > 2. Then, if we take an integer mo > 2
large enough such that Re (o <1 for all j > 2 and n > m(, we can write

n n
0,11 =CingnOm, + Z Ciy1,nrk RAMg 11 + Z Cr+1,n7kRo k41 forn > mg, (4.21)

k=mg k=my
where

Crr1n = UpAks1,0Vy formg—1 <k <n,

n A, O 0
1_[ [l —rpSol= 0’ a,%_ZH’n 0o’
Ak, 1= { m=k+1 A, 0 AR, (4.22)
formo—1<k<n-—1
1 for k =n.
Notice that the blocks Aiﬂrl,n, Azil’n and Azil’n are all diagonal (N — 1) x (N — 1) matrices.

In particular, setting for any x € C, ppy—1(x) :=1 and pp(x) := ]_[]fn:mo(l — rmx) for k > mg

and Fy11,,(x) 1= pp(x)/pr(x) for mg — 1 <k <n — 1, from Aletti, Crimaldi and Ghiglietti [2],
Lemma A.5, we get

11
[Ak—&-l,n]jj = Fir1n(aj),

[Alzi-l,n]jj = a/%-zl-l,n = Fk"‘l»” (C_l)’
(4.23)

1 — .
. (Ca_ fjl>(Fk+l,n(C1) — Fiy1.a(a))) for carj # 1,
[Ak+1,n]jj = ! n

(1—C_I)Fk+1,n(0_1)1n(k>+0(n_1) for caj = 1.
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Finally, we rewrite (4.21) as
Tk = riCrr1n RAMg k41,

n
Py = Z "k Crky1,nRo k41

k=my

n
01 = CugnOmy + Z Tk + 0, where

k=m

(4.24)

and, in the sequel of the proof, we will establish the asymptotic behavior of 8,, by studying sep-
arately the terms Cyp,10 1, Zzzmo T, « and p,,. In particular, we will prove that «/E|Cm0,n0m0|
and /n|p,| converge almost surely to zero, while \/n ) ;_, T, ; converges stably to the de-
sired Gaussian kernel.

Third step: proof of \/n|Cumg n0my| 2 0and \/nlp,| = 0.

Let us use the symbol * for the quantities ay; := Re(a;) and p,(«;) corresponding to o* =
oj =1—A; with A; =A% € Anax (D). Now, we note that, as a consequence of (4.22), (4.23) and
(B.3), we have

t-of ) ro() so(20(2) ol

(where the last two terms are present when there exists j such that ca; = 1)

(i) o) =o((3)") 0 (mn)
=0 — | +O0({=-In(n) | =0~ + O —In(n)
|Pk| n n n

formg—1<k<n-—1. (4.25)

Therefore, we get that \/n|Cp,»0m,| — 0 almost surely because ca™ > 1/2 by assumption.
Concerning the term p,,, notice that by (2.2) and (4.17) we have that |Ry| = Ok~ and, by
(4.25), we have that

*

K\ k
|Ck+1,n|=0((;) )—I—O(;ln(n)) formg<k<n-—1.

. n n—1 .
Therefore, since p,, = Yy, Tk Cht1,n1Ro k1 = D42y 7 Chr 10RO k1 + 10 Cpg1 nRo n1, it
follows that

n—1
Vnlp,l=0 <n1/2—“‘* > k—<2—“‘*>> +0(n P Inm?*) +0(n*) —0  as,

k=m

because ca* > 1/2.

Fourth step: application of Theorem A.1 to ﬁzz:m() Ty k.

We now focus on the asymptotic behavior of the second term in (4.24). Specifically, we aim
at proving that \/n ZZ:W) T, « converges stably to the Gaussian kernel given in the statement of
the theorem. For this purpose, we set G, x = Fi+1, and consider Theorem A.1 (recall that T), x
are real random vectors). Given the fact that condition (c1) of Theorem A.1 is obviously satisfied,
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in the following parts of the proof we will check conditions (c2) and (c3). We will start with the
proof of condition (c3), which is shorter and then we will prove condition (c2).
Proof of condition (c3). First, observe that, using the inequalities

Tkl = 7| Cs1,0 RAMp 1] < 1l U1 Ags1,al [V T|IRIIAMa 1| < Kricl Aginl,
with a suitable constant K, we find for any u > 1

-1
2u n
2 2
((sup IWATuAl) " =0 D0 Tkl 0T
k=my

mo<k<n
n

—1 2u 2u
g In(n) " 5
> ) o) ot
0

where, for the last equality, we have used (4.25). Now, since 2ca™ > 1, by (B.7) in Lemma B.2
(withx=y=a*=1—1*, e=0and u > 1), we have

:nuo(|p:;|2"

el 2 O(n’zu““*) for 2uca®™ <2u —1,

2 —Qu—
|| Z |pi|2u =10(n @ Vinm)  for2uca* =2u—1,
ke=mq 'k O(n~®~D) for 2uca®™ > 2u — 1,

1
which, in particular, implies (sup,,  <x<, | )? L5 0 for any u > 1. As a consequence of
the above convergence to zero, condition (c3) of Theorem A.1 holds true.

Proof of condition (c2). We divide this proof into two parts: (i) and (ii). In part (i) we show that
the study of the convergence of Zzzm 0 (VT 1) (/T o is equivalent to the one of Uy 3, UeT s
where B, is a suitable random matrix. Then, in part (ii) we prove that Uy B, UaT converges almost
surely to the desired random covariance matrix.

Proof of condition (c2) — part (i). Since the relation Vg—r Ugp = I implies VQTR = SrV,", we
have that

Y WAT )T, )"

k=mq

n
=n Z V/?CH],nR(AMe,k+1)(AMe,kH)TRCkTH,,,

k=my

n
= Uy (n > r,?Ak+1,nVJR<AM9,k+1>(AM9,k+1)TRveA,Ll,n)UJ

k=mq

n
=Usp (n Z r/?Ak+1,nSRVgT(AMe,kH)(AMo,kH)TVGSRA;LL,,)UgT-

k=mg
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Therefore, it is enough to study the convergence of

n
n Y i Aci1aSrVy (AMg k1) (AMg k1) T VaSRAL -

k=mq

Moreover, since O(nr,%) = O(n~") — 0 the last term in the above sum is negligible as n increase
to infinity, and hence it is enough to study the convergence of

n—1

n Y Ak 1aSrVy (AMp 1) (AMp ii1) ! VoSRAL - (4.26)
k=m

To this purpose, setting Bp 41 = VGT(AMQ,](+1)(AM@’](+1)TVg, Biy1 = VI x
(AMgD)(AMi D) TV, byt = VI (AMgs1)(AMg1) v and by = v (AMgy1) X
(AMk+1)Tv1, we observe that

Bit1 bry1r By
Bois1= bl b1 bl |- 4.27)
Bit1 bry1r By

Since in By i+ the first and the third row and column of blocks are the same, in (4.26) the
(2N — 1) x 2N — 1) matrix (Ak+1 2SR) can be rewritten as a diagonal matrix with the fol-

3 31 1433 2 —
lowing diagonal blocks: Ak+1 I Ak+1 e Ak+1 n (Ak+1 n Ak+1 ,) and Ay =
(c71= l)ak e . Hence, the expression in (4.26) can be rewritten as

Al Biy1Al 2 Al b Ab. ., Bii Al
n—1 , k+1,n Pk+1 3% 410 Qg 1n k+21,n k+1 k-Hn k+1 k+1,n
._ 2 T 41 2
By:=n Z Tl @i A, (@) Dt APl A, |- 428)

- 3 | 5 3 5
k=mo N\ Api1 nBkr1Akpin g1 nAks1aPhrl ArpinBer14ig

Proof of condition (c2) — part (ii). The elements of A} k1 ak o and A3 in the above

matrix can be rewritten in terms of Fy41 ,(-), by (4.23), in the following way:

k+1,n

[Ak+l n] = Fk+1 n(a])

ak+l,n = (C_ - I)Fk+1,n(c_1)7

1 - -
co, —1L =D Frna(€) = (A = e Firate))] 4.29)

for caj # 1,
[(1 - c_l)ln(%) +C—I]Fk+1,n(c—l) Lo

for caj =1.

[Az+1,n]jj =
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Hence, the almost sure convergences of all the elements in (4.28) can be obtained by combining
the results of the following limits:

n—1 ?
) a.s. c
F F Gty -1
nk_z Tic Bt Fit 1,0 (%) Fre1,n (y) —> ﬁc(x +y) -1
=my
Z (™) Bt ) P n () 25 p—— +0
ny 7 x ety =D |
k=m i Pr+1 k1, (X) Fiet 1,0 (Y (ctx+y)—1? -
0
_ , 2¢2
) ) a.s.
n r In“{ — ) ] X)Fi ety - DY
k:Xm:O i Bkt (k> et Pt O) == B )3

for certain complex numbers x,y € {aj,2 < j < N} (remember that, by the assumption
Re(A*) < 1 — (2¢)~!, we have c(a, + ay) > 1 with a, :=Re(x) and ay :=Re(y)), a suitable
sequence of random variables B € {[Bxln, j, [bk]j, bx; 2 < h, j < N} and some random variable
B. Indeed, using (B.3), we have

(1) n 342,17 |ﬂk+1|0<n—2)—0<n—l>zk L 0 = 0;
) nln(n)zk o T2 1B [0 (D) | Fiegy (™ ‘)|—0<n*‘1n(n))zk g O™ = 0;
(3) 1372 R 1Br+110( ™D Frst s (] = O (%) 342, O(k=@7¢0)) — 0.

In order to prove the convergences in (4.30), we will apply Lemma B.1 to each of the three

limits. Indeed, each quantity in (4.30) can be written as Y ;_ L@

k=mo nkYk/ck,Where

Yi = Bi+1, cx=— and

(e) n e
Uy = (%) In <%>Fk+l,n(x)Fk+l,n()’) fore € {0, 1, 2},
satisfy the assumptions of Lemma B.1. More precisely, setting H,, = F;,,-1 we have
EYa[Hu-11= E[Bus1|Fal = B,
because, by (4.10), we get that
E[Bus11Fa] = VT E[(AMu)(AM, 1) T|F, ]V =5 (VTV) Zoo(1 = Zox),
E[by 411 Fn] =V E[(AM 1) (AM) T F v =5 (V1) Zoo (1 = Zoo),
Elbyy1|Fa] = V] E[(AM, ) (AM,y 1) T 15 ]V = V112 Zoo (1 = Zov).

Moreover, we have

ZE[IYkI] Z Y] ngo(k2)220(1/k2)<+oo.

k k k
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In addition, since [v')|/cx = nr? In(/ k)| Fis-1.0 (%) Fi1.0 ()], from (B.7) in Lemma B.2 (with

u=1)it follows that szrlno lvg;("l = O(1). Analogously, using again Lemma B.2, we can prove

that Y42, [0 — v\ _,| = O(1) since by Aletti, Crimaldi and Ghiglietti [2], Remark A.1, we
have

€, -, :O(nr]glpn(x)llpn(y)l) fore =0,
’ ka(X)Ilpk(y)I Ol
(e _ (e 2 Pn(X)[|Pnly _
ok = Y _0<”’k(ln("/k)+l) |Pk(x)||Pk(y)|> fore=1,

0 v 1|—0(nr£(1n2<n/k>+1n<n/k>)M> fore—2,

[ Pic ()1 P (V)]

Hence, condition (B.2) in Lemma B.1 is satisfied and so, in order to apply this lemma it only

remains to prove condition (B.1). To this end, we get the values of lim,, > ¢ k=mg V / cx by (B.5)

in Lemma B.2, and we observe that lim,, v,(fz, =g € {0, 1} and, for a fixed &, lim,, |v(e) | = 0 since

by (B.3) we have | pu(x) pu(y)] = O (= F4)) = o((n1n® (n)) ).

Now that we have proved the convergences in (4.30), we can use the relations in (4.29) to
compute the almost sure limits of all the elements in (4.28). The results are listed below, while
the technical computations are reported in Aletti, Crimaldi and Ghiglietti [2], Section A.3.1.

1 As 2 T .

o n ZZ =mo Tk [Ak+l an+1Ak+l n]h J c(ah—faj)—l (Vh V/)ZOO(I — Zoo);

1 as. =D +o7h) VT .

o N i kAL, n3k+1Ak+1 i = —c@rran=r— O Vi) Zoo(l = Zoo);

o ny - mork(akﬂ e 1)2||V1|| Zoo(1 = Zoo);

1 a.s. (c—1)+
« n3ic =m0 Ak, anHAkH L e (V¥ Zool1 = Zoo)

° nZk =my rkak+1 n[bk—H k+1, n]J C(Vl Vi)Zoo(l = Zoo);
a.s.
o n) morkak+1n[bk+1 2+1n] — L(Vl Vi)Zoo(l = Zo).

Hence, recalling the definitions of the matrices SZZ, SNN and SZN given in (3.6), (3.8), (3.9),
(3.11) and (3.12), we obtain

n—1
Zoo(l = Zoo)Szz = a.s. — lim n r2Al B Al ,
oo )87z Jim kZ K Akt 1,0 Brr1 A1,
=my

3
T e ”k+1nAk+1 WPkl Al B 14,

n—l 2 2 2 T 43
Zoo(l — Zoo)SnN = a.s. — lim n Z r2 ( (dk+1 n) br11 ak+1,nbk+1Ak3+l,n>’ (4.31)

n—1

Zoo(l = Zo)Sgn =as.— lim n Y rf (a,ﬁank+1 bt A}(H,anHA,%H’n).

n—oo
k—mo
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Therefore, using (4.28), we can finally state that

s, Szz San\, T USzzU' USzNUT
UpBoU, 25 Zoo(1 — Zoo)Up (222 2NV UT = Zoo(1 — Zoo) | 222 ZOINT )
obonUyg —> ool o) Up S%—N SNN 9 ool 00) US;NUT USNNUT

where the last matrix coincides with the one in the statement of the theorem because of (3.5),
(3.7) and (3.10). This concludes the proof of condition (c2). O

Now, we are ready to prove Theorem 3.4.
Proof of Theorem 3.4. By Theorem 4.1, we have that
V(Zy — Zoo)1l —> N(0, Zoo (1 — Zoo)iy) stably in the strong sense.

Thus, from Theorem 4.3, applying Theorem A.2, we obtain that

Z,— 7,1\ ~
\/E <<Nn _ an) ) (Zn - Zoo)1>

— N (0, Zoo(1 = Zo) (EZZ EZN>> BN(0, Zoo(1 — Zoo) Ey)

ST
YzN  ZNN
stably. In order to conclude, it is enough to observe that

7, — Zx1 = 7 7
«/E <Nn — ZZ(O)I) - CD(Zn - ana Nn - an’ (Z" - ZOO)I)’
n

where ®(x,y,2)=x+z,y+2) . U

4.6. Proof of Theorem 3.5 (CLT for (Z,,N,,), in the case N > 2, y =1 and
Re(A*)=1—-(2¢)7 )

As above, in order to prove Theorem 3.5, we need the following convergence result on (Z,, ﬁn)n:

Theorem 4.4. Let N > 2, y = 1 and Re(A*) = 1 — (2¢)~!. Then, under condition (2.2), we
have that

o~

n Z, f;z E;N
T — N[0, Zo(1 - Z = = tably,
J ™ (Nn> ( oo 00) <2;—|1\—1 St stably

where i;z §1th and /Z\;N are the matrices defined in (3.14), (3.16) and (3.18), respectively.

Proof. The proof of Theorem 4.4 follows analogous arguments to those used in Theorem 4.3.
Therefore, also here we will consider various steps. R
First and second steps: dynamics and decomposition of the joint process 0, := (Z,,, N,) .



Empirical means of interacting RSPs 3369
Consider the joint dynamics of 6,, := (in, ﬁn)—r defined in (4.24) as follows:
Tn,k — rkck+1,n RAMQ,k+1 s

n
P, = Z 7eCr+1,nRo kt1,

k=m0

n
0nr1=Cugnbm, + Z Ty +p, where

k=mg

where Cjy1,, is defined in (4.22), R is defined in (4.19), AMy , = (AM,, AMn)—r and Ry, =
(0,R,)" with R, defined in (4.17). Then, we are going to prove that «/n/In(n) Zzzmo Ty .k
converges stably to the desired Gaussian kernel, while /n/In(n)|Cyn 20m,| and «/n/In(n)|p,,|
converge almost surely to zero.

Third step: proof of /n] ()| Cog nOm| > 0 and /n/n(n)|p,| %3 0.
First, note that by (4.25), we have that

(i) +o(imn) =o((2) ) volmen)
|Ak+1,0l = O — |+ 0| -In(n) )=0(| - + O —In(n)
|py] n n n

K\ 172 k
=0<<_) >+0<—ln(n)> formo—1<k<n-—1, (4.32)
n n

where, as before, the symbol * refers to the quantities aq; := Re(e;) and p,(c;) corresponding
too* =aj=1—A; withA; =1* € Apax (D), and hence the last passage follows since ca™ =1/2
by assumption. As a consequence, we obtain

In(n

and so v/n/In(n)|Cpy,n0m,| — 0 almost surely.
Concerning the term p,,, notice that by (2.2) and (4.17) we have that |Ry| = O (k™) and, by
(4.32), we have that

K\'? k
|Ck+l,n|=0(<;) )—l—O(;ln(n)) formo<k<n-—1.

. 1 .
Therefore, since p,, = Zzzmo rkCr41.2Ro k41 = ZZ:mo "kCr+1.nRok+1 + 1 Cnt1 nRo n+1, it
follows that

n—1
Vn/In(n)|p,| = 0(1/\/1n(n) Z k—3/2> +0(n ™ Inm)*?) + 0 (n/* In(n)~"/?)

k=my
—0 a.s.
Fourth step: application of Theorem A.1 to v/n/In(n) ZZ:mo T k-

We now focus on the proof of the fact that «/n/In(n) Y ;_,, o Tnk converges stably to the
desired Gaussian kernel. For this purpose, we set G, x = F+1, and consider Theorem A.1. Given
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the fact that condition (c1) of Theorem A.1 is obviously satisfied, in the following steps of the
proof we will check conditions (c2) and (c3). We will start with the proof of condition (c3),
which is shorter and then we will proof condition (c2).

Proof of condition (c3). First, observe that, using the inequalities

Tkl = rklChg1,0 RAMy k1] < rlU | Aksal|V T IRIIAMp 41| < K ri| A1,

with a suitable constant K, we find for any u > 1

(el
su _—
mOSIan In(n) mk

u n—1
2u n 2u
(ln(n)) Z|Tnk| ( T >|Tn,n|

B (m’(qn)) ( X_: IR |zu> <12§’i)1u)+ <1n’(1n)>u0(’3")’

=m(

where, for the last equality, we have used (4.32). Now, since 2ca™ = 1, by (B.6) in Lemma B.2
(withx =y=a*=1— A% and u > 1), we have

n—1

2u Vlg“
|pn| k:mo |p;§|2u (n )

1
which, in particular, implies (Squogkgn |«/(n/ln(n))T,,,k|)2” L> 0 for any u > 1. As a conse-
quence of the above convergence to zero, condition (c3) of Theorem A.1 holds true.
Proof of condition (c2). We divide this proof into two parts: (i) and (ii). In part (i) we show
that the study of the convergence of > ;_,, o ﬁTn, 0 %Tn, ©) " is equivalent to the one

of UyB, UaT , where B, is a suitable random matrix. Then, in part (ii) we prove that Ug BB, UeT
converges almost surely to the desired random covariance matrix.

Proof of condition (c2) — part (i). From the computations seen in the proof of Theorem 4.3 and
using the fact that O(nr,%/ In(n)) = O(n~'/In(n)) — 0, we have

o 2 () ()

=Uy| a.s. —lim
n ln(n)

Z T Aks1.0Sk Vg (AMp x4 1) (AMg i11) T Vo SrAL n)ug
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Then, setting Bp x+1 as in (4.27), the limit of the above expression can be obtain by studying the
convergence of the matrix B, defined as

| 1 2 i 1 3
no=l A1 Bt 1A g n ak+1,nAk+21,nbk+l Arpin Bt 1411,
. > T 41 P 2 T 43
"= Inn) Z Tk 01§+1,nbk+1Akl+l,n (ak+1,§z) bi+1 al§+1,nbk+1Ak3+l,n , (4.33)
k=mo N\ Aip1 nBkt1Akpin st nAkst Pkl Arprn Brr14igr
| 2 3 :
where Ak+1,n’ Qi Ak+1,n are defined in (4.29).

Proof of condition (c2) — part (ii).
The almost sure convergences of all the elements in (4.33) can be obtained by combining the
results of the following limits:

n—1
n 2 n a.s.
) ka: i Br+1 lne(z>Fk+1,n(x)Fk+l,n()’) — 0,
=mo

with c(ay +ay) >1ande=0,1,2,

n_1 (4.34)
Z 12 Bt Fiet 1.0 () Fig 1,0 ()
k:m()

_n
In(n)

as, B ifclay +ay)=1and by +by =0,
0 if c(ay +ay) =1and by + b, #0,

for certain complex numbers x,y € {«;,2 < j < N} with ay := Re(x), by :=1Im(x), ay :=
Re(y) and by := Zm(y) (remember that, by the assumption on Re(1*), we can have both
cases c(ay + ay) > 1 and c(ay + ay) = 1), a suitable sequence of random variables B €
{[Bkln,j, [brlj, b; 2 < h, j < N} and some random variable B.

In order to prove the convergence in (4.34) for the case c(ay +ay) > 1, we can use the conver-
gences in (4.30) established in the proof of Theorem 4.3; while for the case c(ax +ay) =1 we

can apply Lemma B.1 since each quantity in (4.34) can be written as Zz;nlm Un.k Yk /ck, where

n

(k) Fri1n() Fryrn(y)

1
Yie = Brt, ck=—5 and v,k

kr? ~ In(n)

satisfy the assumptions of Lemma B.1. Indeed, similarly as in the proof of Theorem 4.3, we have
E[|Y] 5.
Y ——— <400, E[[Bitiln j1Fa] = (Vi V)),
K Gk
E[brs11j1F,] = (vJvi) and  Elbgy1|Fal = [lvi .

In addition, since |v, k|/ck = (n/ln(n))rlgleH,n(x)FkH,n(y)|, from (B.6) in Lemma B.2 (with

u = 1) it follows that ZZ;}% lvg};"l = O(1). Moreover, we have that ZZ;}MO [k — Vnk—1] =
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O (1) since by Aletti, Crimaldi and Ghiglietti [2], Remark A.1, we have

O(k™'/In(n))  if by +by #0,
[Vnk — Vnk—1] = ) .
0(k72/In(n))  if by + by, =0.

Hence, condition (B.2) of Lemma B.1 is satisfied and so, in order to apply this lemma, it only
remains to prove condition (B.1). To this end, we get the value of lim,, ZZ;L o Unk /ci from (B.4)
in Lemma B.2, and we observe that lim,, v, , = 0 and, for a fixed k, lim, |v, x| = O since by (B.3)
we have | p, (x) pa(y)| = O(n™").

Now that we have proved the convergences in (4.34), we can use the relations in (4.29) to
compute the almost sure limits of all the elements in (4.33). The results are listed below, while
the technical computations are reported in Aletti, Crimaldi and Ghiglietti [2], Section A.3.2.

L4 ]n(n) Zk mo k+l an+1Ak+l n]h J —> (Vh ])Zoo(l - ZOO)C ]]'{bah +bu._0}

(op— 1)(01'—1) .
* ln(n) Zk mo k k+1an+1Ak+1 alh.j = (Vh Vi) Zoo(l = Zo) a,,ajj — {bah+baj=0}’
b ln(n) Zk mo rkbk+1 (ak—H n) = 0;

1—
b ln(n) Zk m() T [Ak—H an+1Ak+1 n]h J S (Vh Vi)Zeo(l — Zoo)C( al)

Lipy, +ba; =0}

° ln(n) ke rkak+1n[bk+1 k+1 W1 =0
n—1 a.s.
b ln(n) >k =mq rkak+1 n[bk+l k+1.0li — 0.

Hence, recalling the definitions of S;Z, :S:;IN and :S:;N given in (3.15), (3.17) and (3.19), we obtain

n—1
_ T 241 1
=mo
n—1
I 243 3
Zoo(l = Zoo) iy = 5. = lim —o kXW; rEAL 1 Brt AL (4.35)
=mo

Zoo(1 = Zoo) S = as. — lim

o ln(n) Z kAk+1an+1Ak+1n

—m

Therefore, using (4.33), we can finally state that
S;z 0 Sin
UsBaUj == Zoo(l = Zoo)Us [ 0 0 0" | U/
;N 0 S
US;, U USiUT
-7 . (1-Z 077 O7ZN
ool °°)<US§§UT USiNUT

where the last matrix coincides with the one in the statement of the theorem because of (3.14),
(3.16) and (3.18). This concludes the proof of condition (c2). O
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Now, we are ready to prove Theorem 3.5.
Proof of Theorem 3.5. By Theorem 4.1, we have that
(Zy = Zoo) —> N(0, Zoo(1 — Zo)37)  stably.

Moreover, from Theorem 4.4, we have that

n Zn — 2,,1 B EZZ EZN
In(n) (N,, - Zn1> —N (0, Zoo(l — Zo) (E; ENN stably.

In order to conclude, it is enough to observe that

[ (Ta=Zed\_ [ (2= 21 1
M (Nn - Zool) ~ V In(n) <Nn V4 1) \/—(Z — Zo) (1) J

where the last term converges in probability to zero. (]

Appendix A: Stable convergence and its variants

This brief appendix contains some basic definitions and results concerning stable convergence
and its variants. For more details, we refer the reader to Crimaldi [16,18], Crimaldi, Letta and
Pratelli [21], Hall and Heyde [27] and the references therein.

Let (2, A, P) be a probability space, and let S be a Polish space, endowed with its Borel o -
field. A kernel on S, or a random probability measure on S, is a collection K = {K (w) : w € 2}
of probability measures on the Borel o -field of S such that, for each bounded Borel real function
f on S, the map

0> Kf(@) = / FEOK (@)(dx)

is A-measurable. Given a sub-o-field H of A, a kernel K is said H-measurable if all the above
random variables K f are H-measurable.

On (2, A, P), let (Y,), be a sequence of S-valued random variables, let H be a sub-o-field
of A, and let K be a H-measurable kernel on S. Then we say that Y,, converges H-stably to K,
and we write Y, — K H-stably, if

akl
P(Y,e-H) =" E[K()|H]  forall H € H with P(H) >0,

where K (-) denotes the random variable defined, for each Borel set B of S, as w — K Ip(w) =
K (w)(B). In the case when H = A, we simply say that Y,, converges stably to K and we write
Y, — K stably. Clearly, if ¥,, — K H-stably, then Y, converges in distribution to the prob-
ability distribution E[K (-)]. Moreover, the H-stable convergence of Y, to K can be stated in
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terms of the following convergence of conditional expectations:

o(L'.2%)
E[f(Y)IH] — " Kf (A.1)

for each bounded continuous real function f on S, thatis lim, E[ZE[f(Y,)|H]] = E[ZK f] for
each bounded random variable Z and each bounded continuous real function f on S.

In Crimaldi, Letta and Pratelli [21] the notion of H-stable convergence is firstly generalized
in a natural way replacing in (A.1) the single sub-o-field H by a collection G = (G,), (called
conditioning system) of sub-o-fields of A and then it is strengthened by substituting the conver-
gence in o (L', L™) by the one in probability (i.e. in L!, since f is bounded). Hence, according
to Crimaldi, Letta and Pratelli [21], we say that ¥, converges to K stably in the strong sense,
with respect to G = (Gy,),, if

E[f(Y)IG.] 2> Kf (A2)

for each bounded continuous real function f on S.

Finally, a strengthening of the stable convergence in the strong sense can be naturally obtained
if in (A.2) we replace the convergence in probability by the almost sure convergence: given a
conditioning system G = (G,),, we say that ¥,, converges to K in the sense of the almost sure
conditional convergence, with respect to G, if

E[fIG.] 2> Kf

for each bounded continuous real function f on S. The almost sure conditional convergence

has been introduced in Crimaldi [16] and, subsequently, employed by others in the urn model

literature (e.g. Aletti, Ghiglietti and Vidyashankar [5], Aletti, May and Secchi [6], Zhang [37]).
We now conclude this section recalling two convergence results that we need in our proofs.
From Crimaldi and Pratelli [22], Proposition 3.1, we can get the following result.

Theorem A.1. Let (T, k),>1,1<k<k, be a triangular array of d-dimensional real random vectors,
such that, for each fixed n, the finite sequence (T, x)1<k<k, is a martingale difference array with
respect to a given filtration (G, x)k>0. Moreover, let (t,), be a sequence of real numbers and
assume that the following conditions hold:

(cl) GuxCGn+1k foreachn and 1 <k < ky;

P . .. .
(c2) Z],E”zl(t,,Tn,k)(t,,T,,,k)T = t,% Zi"zl Tn,kT;k —> X, where X is a random positive semi-
definite matrix;

L!
(c3) SUP1 <<k, |tnTn,k| — 0.

Then ¢, Zi”: 1 Tk converges stably to the Gaussian kernel N0, ).

The following result combines together stable convergence and stable convergence in the
strong sense.
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Theorem A.2. Berti et al. [10], Lemma 1, Suppose that C,, and D,, are S-valued random vari-
ables, that M and N are kernels on S, and that G = (G,),, is a filtration satisfying for all n

O-(Cn)ggn and O'(Dn)£0-<Ugn>

If C,, stably converges to M and D,, converges to N stably in the strong sense, with respect to
g, then

(CuyDy) — M QN stably.
(Here, M ® N is the kernel on S x S such that (M ® N)(w) = M (w) ® N (w) for all w.)

Appendix B: Statements of some technical lemmas

For the reader’s convenience, we collect here the statements of the technical lemmas mostly
employed in our proofs. For the proofs of these results, we refer to the supplementary material
Aletti, Crimaldi and Ghiglietti [2].

Regarding the almost sure convergence of sums of random variables, we have the following
result:

Lemma B.1. Let H = (H,,)n be a filtration and (Yy,), a H-adapted sequence of complex random
variables such that E[Y,|H,,—1] — Y almost surely. Moreover, let (c,), be a sequence of strictly
positive real numbers such that )", E[|Y, |2]/c% < 400 and let {v, k, 1 <k <n} be a triangular
array of complex numbers such that v, x # 0 and

n

limveg =0,  limuvy,  existsfinite,  limY K —yecC, (B.1)
n n n Ck

k=1
[ i -
Y= =0M), D ek — k-1l =0(D). (B.2)
=1 ©k k=1

Then Y ) _; vn i Yr/ck i nY.

Now, fix y = 1 and ¢ > 0, and consider a sequence (7;,),, of real numbers such that0 <r, < 1
for each n and nr, — ¢ = O(n~"). Obviously, we have r, > 0 for n large enough and so in
the sequel, without loss of generality, we will assume O < r,, < 1 for all n. Moreover, let x =
ay +ib, € Cand y =a, +ib, € C with a,,a, > 0 and c(a, + a,) > 1. Denote by mg > 2 an
integer such that max{ay, ay}r, <1 for all m > mg and set:

n
DPmg—1(x) :=1, pn(x) = H (1 —xrpy) forn >mg and
m=my
Pn(X)

formog—1<k<n-1.
P (x)

Fk+l,n(x) =
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By Aletti, Crimaldi and Ghiglietti [3], Lemma A.4, we have
}pn(x)| = O(n_ca") and |pn_1(x)| = O(nc“*').
Furthermore, we have the following technical result.

Lemma B.2. (i) When c(ax +ay) =1, we have

n—1 2 .
: ¢ ifbx +by =0,
lim r2F x) F = ) 7
m s k;jo i Fiertn () P 1 () {O o+ by £ 0
while when c(ayx + ay) > 1, we have
n—1 C2
. 2 _
hgmkimj i Pt Frntn() = o
=mo

2

n—1
n c
li ZIn( = |F F =,
imn > n(k) k1.0 (X) Frey 1,0 () G Ty =12

k=mq
2¢2

n—1
li 212 (2 E F =
mn > riln (k) k1.0 (X) Frey 1,0 () Gty —17

k=mq

(i) Moreover, for any u > 1, we have:
when c(ay +ay) =1

T el O _ [Olin/m) - foru=1,
S Il | o) foru > 1;

while when c(ax +ay) > 1 and e € {0, 1, 2}

n—1

Z 2u eu(")|Pn(x)|"|Pn(y)|"
rit I — ) ——————
ko k) i) pe (01"

O(nf"c(“””y) In®* (n)) foruc(ax +ay) <2u—1,
= O(n_(zu_l) lne“'H(n)) foruc(ay +ay) =2u—1,
O(n_(z"_l)) foruc(ay +ay) >2u —1

(note that for u = 1 only the third case is possible).

Ghiglietti

(B.3)

B4

(B.5)

(B.6)

(B.7)
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