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In this article, we consider the hyperbolic and parabolic Anderson models in arbitrary space dimension
d, with constant initial condition, driven by a Gaussian noise which is white in time. We consider two
spatial covariance structures: (i) the Fourier transform of the spectral measure of the noise is a non-negative
locally-integrable function; (ii) d = 1 and the noise is a fractional Brownian motion in space with index
1/4 < H < 1/2. In both cases, we show that there is striking similarity between the Laplace transforms
of the second moment of the solutions to these two models. Building on this connection and the recent
powerful results of [Ann. Inst. Henri Poincaré Probab. Stat. 53 (2017) 1305-1340] for the parabolic model,
we compute the second order (upper) Lyapunov exponent for the hyperbolic model. In case (i), when the
spatial covariance of the noise is given by the Riesz kernel, we present a unified method for calculating the
second order Lyapunov exponents for the two models.

Keywords: hyperbolic Anderson model; Lyapunov exponent; parabolic Anderson model; spatially
homogeneous Gaussian noise

1. Introduction

The goal of this article is to study the second order Lyapunov exponent of the solution to the
hyperbolic Anderson model:

92 )

8—£(z,x)=Au(r,x)+u(r,x)W(z,x), t>0,xecR?,

u(0,x)=1, x e RY, (1)
u d

—(0,x) =0, x € R%,

ot

driven by a zero-mean Gaussian noise W which is white in time and is spatially homogeneous
with spatial covariance given by a tempered measure 1 on R?. We consider also the parabolic
Anderson model:

ad 1 .
8—1:(t,x)=EAu(t,x)—i—u(t,x)W(t,x), t>0,x€]Rd,

2)
u(,x) =1, xeR?,
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with the same noise W as above. We denote by u* and u” the solutions to equation (1), respec-
tively (2). To simplify the writing, we use the convention that whenever a result holds for both
equations (1) and (2), we omit writing the indices w and A.

The noise is given by a zero-mean Gaussian process W = {W(¢); ¢ € ‘H} with covariance

E[W@W@W)] = (¢, ¥)n.

where H is the completion of the space Cj° (R x R?) of infinitely differentiable functions with
compact support on R, x R¥, with respect to the inner product:

<¢,wm:/0 /Rd}'w(t, VEFY (@, )(E)pdé)dr, 3)

and Fo(t, -) denotes the Fourier transform of the function ¢(t, -). We define the Fourier trans-
form of a function ¢ € L'(RY) by Fo(§) = fRd e_ig"‘go(x) dx for & € R?. Here & - x is the inner
product in R? and | - | is the Euclidean norm in R<.

We are interested in two cases:

(i) the Fourier transform of w (in the space S’ (R?) of tempered distributions on RY) is a
non-negative locally integrable function f, i.e.

/ f)px)dx = f FoE)udg)  forany ¢ € S(RY), )
]Rd ]Rd

and the measure u satisfies Dalang’s condition:

1
/Rd @) <o 5)

(i) d =1 and u(d&) = cylé|' 2" de with 1/4 < H <1/2 and cy =T (2H + 1)sin(w H)/
(27). In this case, the Fourier transform of 1 in S8’(R) is the distribution I defined by
regularization: T'(p) = H(2H — 1) [p(o(x) — p(0)|x|?=2dx (see, e.g., p. 23-24 of
[15]). We have:

L) = /R Fo®)uds)  forany ¢ € SER). ©)

Existence (and uniqueness) of the solution to equation (1) has been proved recently in [3] (for
case (i), with a noise more general than here) and in [2] (for case (ii)). In both cases (i) and (ii),
it is also known that equation (2) has a unique solution (see [16]).

Note that in case (i), the inner product in H can be written as:

<<p,wm=f //w(t»x)w(t,y)f(x—y)dxdydt-
0 JRrdJRA
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An example for this case is the Riesz kernel f(x) = |x|™* with 0 < « < d. For this example,
relation (4) holds for p(d&) = Cy.4|&|~“~ d& with

r(4%)

C — —d/22—0l
do =T r)

(N

(see, e.g., Lemma 1, p. 117 of [21]) and condition (5) holds if and only if o < 2.

Whereas the moments of the solution to equation (2) have been studied intensively in the recent
years (see, e.g., [5,7,11,13,16]), our results seem to be the first which give an exact calculation
for the (upper) Lyapunov exponent of the solution to equation (1) in arbitrary space dimension d.
The pth order upper and lower Lyapunov exponents for the solution to equation (1) in dimension
d = 3 were studied in [10], for case (i). The existence of the solution to the stochastic wave
equation in arbitrary dimension d was established in [8], again in case (i). We recall that the pth
order Lyapunov exponent of the solution u(¢, x) is defined by:

.1 p
)\pztli)r&;logE’u(t,xﬂ .

These exponents play an important role in the study of intermittency properties of the solution
(see, e.g., Chapter 7 in [17]).

By definition, a mild solution of equation (1), respectively (2), is a square-integrable process
u, which is adapted to the filtration induced by the noise W and satisfies the integral equation:

t
u(t,x):l—}-// Gt —s,x—y)u(s,y)W(ds,dy), ®)
0 JRI

for any + > 0 and x € R4, where G = GY is the fundamental solution of the wave equation,
respectively G = G is the fundamental solution of the heat equation. As in [3], the stochastic
integral in (8) is interpreted in the Skorohod sense, but it can be shown to coincide with the
[t6-type integral considered in [9].

We note in passing that G”(z, -) is a rapidly decreasing function in R, whereas G¥(z, -) is
an integrable function for d = 1 and d = 2, a measure on the sphere of radius ¢ for d = 3, and
a distribution with compact support for d > 4 (see, e.g., Theorem 5.28 of [12]). The definitions
of G¥ and G" are not important for the present article. What is important is the form of their
Fourier transforms: for any t > 0 and £ € R4,

sin(z|§])
1€

Due to the constant initial condition, the law of the solution u(¢, x) does not depend on x. In
particular, the second moment % (t) = E|u(t, x)|? is independent of x, a fact which can also be
observed from relation (22) below. A natural question is to find out what is the Laplace transform
of the function 4. This calculation lies at the origin of our investigations, and was inspired by
the beautiful proof of Theorem 1.8 of [13]. A key observation made along this calculation is the
fact that the Laplace transforms of FG¥ (t, -)(§) and F G"(t,-)(&) (as functions of 1) have very

2
FG™ (1, ) (&) = and FG"(t,) (&) =exp(—%). 9)
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similar forms. We exploited this fact in two different ways, which lead to the two main theorems

below.
In case (i), we consider the functional

1
E(f)= sup{ f0)g>(x)dx — —/ |Vg(x)‘2dx},
R4 2 R4

geFu
where
Fi= {g € Hl(Rd);/ g>(x)dx = 1}.
R4
H'(R?) is the Sobolev space of order 1 on R?, Vg(x) = (33—;, R ;Ti), and ;’Tg/ is the weak

partial derivative of g with respect to x; for j =1,...,d. In Appendix B, we show that

& =E(F(V2)), (10)

where & (f) is the functional considered in [16]:

1
&(f)= sup {/ f fxr = x2)g?(x1, x2) dx dxz——/ / |Vg(x1,xz)|2dx1dxz}.
R4 JRA 2 R4 JRA

g€F2a

In case (ii), we consider the functionals:

1
£) = sup {f(h*h)(é)u(dé)—zf |§|2|h(s>|2ds},
he A R R

1
E(T) = sup {f(h*h)(s,—sm(ds)—if /(|sl|2+|sz|2)|h(sl,sz)\2dsl dsz},
R RJR

he Ay

where
Ag= {h :RY — C; /Rd|h<s>|2ds =1, /Rd IE12|1(6)|* d& < 00, h(E) = h(—£) V& € Rd}.
Here is our first main result.
Theorem 1.1. In case (i), suppose that there exists o > 0 such that
flex)=c7 % f(x) forany ¢ >0, x e R, (11

The upper second order Lyapunov exponent of the solution to equation (1) is:

2-3a

2;:—5 (52(.)0))62—__2’2 — Qo2 (5(.)‘))62—__271 in case (i),

23HFT (E,(IN)) T =221 (E(I)) 2FFTin case (ii).

1
limsup — log E [u™(t, x) ]2 =
t—>o0 [
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Remark 1.2. Using relation (4) between f and u, we see that (11) is equivalent to the following
scaling property of u: for any ¢ > 0 and for any Borel set A C R?,

p(cA) =c®u(A).

We show in Appendix A that a tempered measure p with this scaling property satisfies Dalang’s
condition (5) if and only if & < 2. Interestingly, the Lévy measure v of an «-stable distribution in
R¢ satisfies the scaling property v(cA) = ¢~*v(A) for any ¢ > 0 and for any Borel set A C RY
(see, e.g., Theorem 14.3 of of [19]).

For our second result, we assume that f is the Riesz kernel of order o. We define

3—« for equation (1),
a= . (12)

1—a/2 for equation (2),
_ log(2'~%p) for equation (1), (13)

N logp for equation (2),
where p is the constant introduced in [4]:
(é) (n) —(d—
p=sup {f o BTyl —nlm ™ dg dnt, (14)
lel=1 LRd JRe /T + €12 1+ In]

with Cy4 o given by (7). Note that p < 0o since o < 2 (see [4]).
Our second main result is the following.

Theorem 1.3. If f(x) = |x|™% with 0 < o < d A2, then the second order Lyapunov exponent
for the solution to equation (1) and for the solution to equation (2) is given by:

s)

}2 — ey/a — ( / ) /( ) ij equallml (1),
02/(2 Ol) f . (2)’

with constants a, y and p defined by (12), (13) and (14), respectively.

Remark 1.4 (Comparison of the two results). When f(x) = |x|™% =: Ry (x), Theorems 1.1
and 1.3 give the same value for X,. To see this, on one hand, we express £(Ry) in Theorem 1.1
using Lemma B.3 (Appendix B) as follows:

E(Ry) = E(Ry, 1/2) =275 2E(Ry, 1), (16)
where £(f, A) is given by (39). On the other hand, by Theorem 1.5 of [4], we know that:
p=Ry P =ERy DI, an

(Note that there is a small error in Theorem 1.5 of [4] which states that p = Q2r) Aé_a/ 2.

This error is due to the fact that in the first line of equation (7.22) of [4] one should have Qm)~ar
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instead of (27) 4P+ since F(fP) = (27)~¢@=D(F £)*P.) A direct calculation based on (16)
and (17) shows that:

(212 ) /O 98 (£(Ry)) .

Remark 1.5 (Equations with fractional power of Laplacian). Theorems 1.1 and 1.3 can be
extended (with the same proof) to equations (1) and (2) in which the Laplacian A is replaced by
—(=A)P/2 for B € (0, 2], provided the measure y satisfies

1
/Rd 1T e ISIﬂM(dS) <00,

which is equivalent to « < 8. In this case, formula (9) remains valid with |&| replaced by |& |B/2
(see, e.g., Section 3.2 of [14] for the wave equation), and existence of the mild solution can be
proved similarly to [3]. In case (i), the statement of Theorem 1.1 becomes:

1 1 o) a8 p-a
limsup?logE|uw(t,x)|2:23/872&[/3(1 O+ ](g(f))Sﬁ—Zoz.
t—0o0

A similar relation holds for case (ii) with « replaced by 2 — 2H and £(f) replaced by £(T").
Relation (15) holds with y given by (13), a replaced by:

_)3—2a/B for equation (1), (18)
I =Y for equation (2),
and p replaced by
(é) (n) -
p=sup {f 86 __8W_c, 15—y “>dsdn}. (19)
lgl=1 Urd Jra /T + €18 /T+ |

We refer the reader to [20] for a study of a general parabolic Anderson models with space—time
colored noise, and to [6] for the precise calculation of the Lyapunov exponents of order p > 2 of
the solution to a fractional parabolic Anderson model.

Remark 1.6 (Equations with space-time white noise). With minor modifications, the proof of
Theorem 1.3 can also be used for the case of equations (1) and (2) with space—time white noise
in spatial dimension d = 1. In this case, H = L>(R; x R),

0. )3 = / / o(t, )W (1, x) dx dt,
0 R

and relation (3) holds with u(d€) = (2)~' d&, by Plancherel theorem. Intuitively, this corre-
sponds to the case of Riesz kernel with critical exponent o = 1. The results in Section 4 below
hold (with the same arguments) with constants:

and y =p=1log(1/2).

2 for equation (1),
a =
1/2 for equation (2),
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The proof of Lemma 4.1 below shows that in this case, E[J" ()] = E[J,f’ (t)] =T, where

I I I | |
T, = dEy - dE, — —.
n Q)" /l\{” 1+ |%‘1|2 1+ & +§2|2 1418+ +Sn|2 & &n on

We obtain the well-known results:

ho = el = (1/2)1/7 = {1/\/5 forequat%on (1),
1/4 for equation (2).

This article is organized as follows. In Section 2, we compute the Laplace transforms of the
second moment of the solutions to equations (1) and (2). In Section 3, we derive the connection
between the Laplace transforms in the hyperbolic and parabolic case, leading to the proof of
Theorem 1.1. In Section 4, we give the proof of Theorem 1.3. For this, we use the special form
(when f is the Riesz kernel) of the Laplace transform of the nth term J,(¢) appearing in the
series representation of the second moment of the solution, and a key result borrowed from [4].
Finally, we present some auxiliary results in Appendix A, while in Appendix B, we derive some
scaling properties of the functionals £ and & which are needed in the sequel.

2. Laplace transforms

In this section, we gather some useful facts about the Laplace transforms of various deterministic
functions which are used in this article. We also recall some basic facts about the existence of the
solution and the calculation of its second moment. The scaling property (11) is not needed for
the results presented in this section.

Using the same method as in [3] (for case (i)) and in [2] (for case (ii)), it can be proved that
the solution u to either one of equations (1) or (2) has the Wiener chaos expansion:

ut, ) =1+ 3 Lo(ful1,2), (20)

n>1
where [, is the multiple integral of order n with respect to W, and
f}’l(tlaxl’ oty X, 6, X)) =Gt —ty, x —x,) - G(t2 — 11, X2 — x1)1{0<11<~~<t,,<t}

with G = G" for equation (1) with d < 2, respectively G = G" for equation (2). Relation (20)

holds also for the solution to equation (1) with d > 3, but in this case f,(t1,-, ..., %, ,t,x)isa
distribution in S’ (R”d). (The omitted variables are x1, ..., x,.) In all cases, the Fourier transform
of fu(tt, ..., ty, 1, X) i

‘an(tlv Ty ey tl’lﬂ “ t,.x)(gl, e 75}1)
= O NG (1 — 11, ) (&)
xFGtz—t, )& +&) - FG@E —ty, ) &1+ + &) o<t <oo<ty<r). (21)
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By the orthogonality of the Wiener chaos spaces,

Elut. ) =14 Y E[L(fut.t.0) =1+ ), (22)

n>1 n>1

where J,,(t) = n!||f,,(-, t, x)||%_t®n and f,;(~, t, x) is the symmetrization of f;, (-, ¢, x). In the case
of the heat equation, or the wave equation with d <2, f, (-, t, x) is defined by:

~ 1
Sa(t, X1, ooty X, 8, X) = P Z Jn@p)s Xp1)s -+ Lon)s Xp(n))s
" peSy

vlhere S, is the set of all permutations of {1, ..., n}. In the case of the wave equation with d > 3,
fn(, t, x) is defined similarly (see relation (4.2) of [3]). We let Jo(7) = 1.

Lemma 2.1. Foranyt>0,x € R andn > 1,
2 2
no = | [ 176 -t @176 - noe + e
O<ty<--<ty <t JR

X |FG( = tn, V& + -+ + &) (&) - - w(dEy) dty - iy, (23)

where G = G for equation (1), respectively G = G" for equation (2). We denote by JP(t) and
J,f’ (¢) the integral given by (23) with G = G, respectively G = G".

Proof. The norm in the space H®" is computed using Fourier transforms, as in (3). Note
that ]-'f,,(tl, yeeasty, o t,x)(1, ..., &) is the sum over all permutations p on {1,...,n} of
n! terms which have a similar expression to (21) in which (¢1,...,t,) and (&1, ..., &,) are re-
placed by (51, - - to(m)), respectively (§,(1), ..., &pn))- Due to the presence of the indicator
of {0 <tp1) <--+ <tpm <t} in all such terms, in the computation of the squared modulus
of Ffuti, ..., tn, - t,x)(&1,...,&,), the mixed terms corresponding to different permutations
p and o vanish, and we are left only with the n! terms corresponding to permutations p = o.
The conclusion follows recalling that the definition of the symmetrization ﬁ, (-, t, x) contains the
factor 1/n! O

For any £ € R and 8 > 0, we consider the Laplace transforms:
* 2 o 2
o= [ ePiFee @ a wd e = [ M6t a @ .
0 0
Lemma 2.2. For any B > 0 and for any & € R?, we have:

w 1
7Y (€)=

— ———— and ThE)=
2 B ep ’

L
B+IEP
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Proof. The result for 7" () is clear. For 7% (B), we use the identity:

2

— = u>0,
u(? +4)

o0
f e " sin®x dx =
0

which can be deduced from fooo e "ceosxdx = Lﬂuﬁ’ since 2sin®x = 1 — cos(2x). Let £ € R
be arbitrary. Using the change of variable x =¢|&|, we have:

L[ g2 U (% pxjiel 2
Iy (&) = —/ e Plsin”(z]&]) dt = —/ e P¥5lgin® x dx
P 1E12 Jo (vl e Jo

1 2 1 1

2
P B ey BEHAER) 28 B e 0

We now compute the Laplace transform of the second moment of the solution:
o 2
L(B) = / e P'Elut,x)|"dt,  p>0.
0
Lemma 2.3. Forany 8 > 0 and n > 1, we have:
o 1

/O e P (0 dt = B fR LLpE0IpE +82) - Tp(§r oo+ E)p(dEr) - puldEy). (24)

Therefore, for any > 0,

1
L(B)= E(l + Z/Rnd Ig(E1)Ip51 +82) - Lp(E1 + - + E)u(dEr) - 'M(dén))~
n>1

Proof. For the first equality, we use (23) and then write e 8" = ¢~ Plie=Pl2=11) ... o=BU=tn)
Using the change of variable u =, u; =t —1t1,...,u, =1t — t,, and Fubini’s theorem, we see
that

/ e_ﬂ’Jn(t)dt=/ (/ e—ﬂ”du)(/ e—ﬂ”1|fc(u1,-)(sl)\2du1>~~
0 Rnd 0 0
x(/ooe_ﬁ””
0

The second equality follows by (22) and Fubini’s theorem:

oo ) o0 o0
/ e P E|u(t, x)| dt:/ e—ﬁfd;+2f e P, dt.
0 0 0

n>1

FGun, &1+ + %‘n)|2dun>u(d$1) - p(dén).
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3. Proof of Theorem 1.1

In this section, we prove Theorem 1.1. More precisely, we will derive the second order upper
Lyapunov exponent of u" (¢, x), using the global asymptotic behaviour of the second moment of
solutions {u"# }8>0 to a class of parabolic Anderson models perturbed by a family { wh) p>0 of
Gaussian noise processes, whose precise definition is given below.

The key observation is the fact that the Laplace transforms of the functions 7 — E|u™(z, x)|?
and 1 — E|u” (¢, x)|* have exactly the same form, relying on the respective quantities Ig’ (&) and

IZ (£) (see Lemma 2.3). We denote these Laplace transforms by L™, respectively L".
Note that by Lemma 2.2, for any 8 > 0 and for any £ € R?, we have

1 h
T, &), (25)

5)(5)=% v

where y () := B2/4. We denote 115(d&) = (28) ' u(dé).

The Fourier transform in S’(R?) of the measure g is the function fg = (2B)~! f in case (i),
respectively the distribution I'g = (2,8)_1 I' in case (ii).

Let W8 = (W8 (¢); ¢ € 1P} be a zero-mean Gaussian process with covariance

E[WP(@WP )] = (0. V)2,
where H g is the completion of C§°(R4 x R?) with respect to the inner product (-, -)3 » defined
by (3) with u replaced by ig.

Let u"# be the solution to equation (2) with W replaced by W#. We denote by L"# the
Laplace transform of the second moment of the solution u”#:

oo
Lh’ﬂ(k):/ e MEMP @, x)Pdi, a0
0

Lemma 3.1. For any B > 0 and for any x € R, we have:
o o
/ e P Elu"(t, x)|2dt = g / e_tﬁ2/4E|uh’ﬂ(t, x)|2dt. (26)
0 0

Proof. By Lemma 2.3 and relation (25), the Laplace transform L (8) is equal to:

y(B) 1
N RTOLG > » T 5y EVT) €1 +E2) - Ty (E1 4+ + EDpp(dEr) - - pnp(dEn)
n>1
B
=1L (v ).
Note that the last equality is due also to Lemma 2.3 applied to the solution u/*#. |

The following result shows how to derive the asymptotic behaviour of E|u™ (r, x)|?, assuming
that we can control the behaviour of E|u"#(t, x)|? for all 8 > 0.
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Theorem 3.2. Assume that for any B > 0,
. . 1 h,B 2
A(B) .=hmsup;logE|u P, x)|" < oo 27
t—0o0

Suppose that X : (0,00) — [0,00) is continuous and strictly decreasing and satisfies
limg_, 0+ A(B) € (0, 0o] and limg_, oo L(B) = c € [0, 00). Then

) 1 2
limsup —log E [u" (¢, x)|” = Bo. (28)
t—o0 I

where By is the unique solution of the equation 4\ (B) = ﬂz in (0, 00).

Proof. We consider the non-decreasing function hg(t) = E luB(t, x)|>. By Lemma A.2 (Ap-
pendix A),

© 2/4 h 2 . ﬁz
/ e h/ Elu 'ﬁ(t,x)| dt < oo 1f7>)»(,3)
0

and
00 2
/ e_’ﬁ2/4E|uh’ﬁ(t,x)|2dt =00 if % < A(B).
0

Define g(B) = 4x(B) — B> for any B > 0. Then g is a continuous strictly decreasing function
on (0, o), which satisfies limg_, o+ g(8) = 4limg_, 0+ A(B) € (0, o0] and limg_, o g(B) = 4c —
oo = —o0. Hence, the equation g(8) = 0 has a unique solution Sy in (0, co). Moreover, g(8) > 0

2

for all B < By and g(B) < O for all B > By. This means that b~ A(B) for all B < Bo and

1
%2 > A(B) for all B > By. We obtain that:

o 2
/ e_ﬂ’E|uw(t,x)| dt < oo if 8> Bo
0
and
* 2
/ e P E[u”@t,x)| dt =00 if B < po.
0

We now apply again Lemma A.2 (Appendix A) to the non-decreasing function h(t) =
E|u¥(t, x)|%. Relation (28) follows. O

We are now ready to give the proof of Theorem 1.1.

Proof of Theorem 1.1. We first treat case (i). By Theorem 1.2 of [16], we know that

o1
A(B) = lim —log E|u"# (1, 0)|" = E2(/p).
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Using the definition of fg and Lemma B.2 (Appendix B), we see that

_2 _24a 2
MB) = (2B) TAE(f) =27 Tu pTTAE(S).

The function A is continuous and strictly decreasing and satisfies limg_, o4 A(B) = oo and

limg_, oo A(B) = 0. The unique solution of the equation 41(B) = B2 in (0, 00) is
1—a 2-a 2-3a 2-a
Bo =23 (E2() 7 =20 (£()) .

The conclusion follows by Theorem 3.2.

Next we consider case (ii). By Theorem 1.2 of [16] and Lemma B.4 (Appendix B),

2-H
H

A(p) = lim %10gE|Mh’ﬁ(l,X)|2=5Z(Fﬂ)= @p) ey =277 g,

The conclusion follows as in case (i). O

4. Proof of Theorem 1.3

In this section, we give the proof of Theorem 1.3. The key observation is that, when f is the
Riesz kernel of order «, the integral appearing on the right-hand side of (24) is related to the
Riesz potential ¢(r) = fot |Bs| ™ ds of a d-dimensional Brownian motion B = (B;);>0. More
precisely, if 77 is an exponential random variable with mean 1, independent of B, by Lemma 2.2
of [4], E[¢(1)"] =n!T,, where

1 1 1 ‘
T,=C" / &9 dg) - - - dE,,
B Y Y K TSR ME "

and the constant Cy 4 is given by (7). The exact asymptotic behaviour of E[{(71)"]/n! =T, is
given by Theorem 2.2 of [4]:

1
lim —logT7, =logp, 29)
n—oon

where p is the constant given by (14). This leads to the following result.

Lemma 4.1. Let T be an exponential random variable with mean 1. Then

o1
lim —log E[Jn (‘L’)] =y,
n—-oon

where y is the constant given by (13).

Proof. Using (24) and Lemma 2.2 with 8 = 1, we obtain:

E[J,;”(r)]:/ e 'Y (t)dt
0
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- Cs’a /l%ml I{H(él)ziﬂ(él +§2) o I;U(él 4 "l‘gn) 1_[ |éi|a_d d%_l o d%-n

i=1

. 2 2
=Cn, S S
T Jrna 144181 L +4[51 + &
2 n
x 19 dgy - d
e | LR
==, .
A similar calculation shows that E [J,ﬁ’ ()] = T,,. The conclusion follows by (29). ([l

The next result shows that the terms J, (¢) have a scaling property in ¢.

Lemma 4.2. Let a be the constant given by (12). For any t > 0 and n > 0, we have:

Jo (1) =t T, (1). (30)
Proof. This follows by a change of variables. For the time variables, we let s; = t; /¢t for i =
1, ..., n for both equations. For the space variables, we let n; = t§; fori =1, ..., n for equation
(1), and n; = /t& fori =1, ..., n for equation (2). O

From Lemma 4.1 and the scaling property of J,(t), we deduce the asymptotic behaviour of
Jn(D).

Lemma 4.3. Let a and y be the constants given by (12), respectively (13). Then

lim llog(F(an + I)Jn(l)) =y. (€2))

n—oon

Proof. Let t be an exponential random variable with mean 1. By Lemma 4.2, J,, () = t*" J,(1).
Then

E[J,(0)] = E[t""]J,(1) =T (an + D J,(1).
The conclusion follows by Lemma 4.1. (]
Proof of Theorem 1.3. Let ¢ > 0 be arbitrary. By (30) and (31), there exists an integer N =
Ng > 1 such that for any » > N and ¢ > 0,
oy —e) gan oMy +e) jan
mf-’n@)fm- (32)

Step 1. (Upper bound) Let c; = ¢ T8/ By the upper bound in (32), for any ¢ > 0,

(c1)" (i)™
ZJ”([)SZF(anH)S,;r(anH)_'A’ |

n>N n>N
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By Lemma A.3 (Appendix A), for any § > 0, there exists some #5.1 > 1 such that
A;l) < fatd) forallt > 15;.

We denote C; =), _y Ju(1). We can find a value t(g’] > t5.1 large enough, such that
Do)=Y 1)+ Y Ju(t) < CrtN 4 FD <2010
n>0 n<N n>N

for all t > t(g.l. Hence,

1 1
—logz Jo@) < —-log2+4+c1+6<c1+26
t 0 t

forall > |, for a value #§ | > t5 | large enough. This implies that

1
lim sup " log Z Ju(t) <cy. (33)

t—00
n>0

Step 2. (Lower bound) Let ¢, = e ~#)/¢ By the lower bound in (32), for any 7 > 1,

an an
Z 1) > Z (c2t) _ AEZ) B Z (c2t) - AEZ) _ N,
- [(an+1) Fan+1) —
n>N n>N n<N

where

) (c2t)™" 5"
A7 = E ————— and Cr= E _— .
I'lan+1) I'an+1)
n>0 n<N

By Lemma A.3 (Appendix A), for any § > O there exists some 75 » > 1 such that
AP > o@D for all £ > t5.5.

Therefore, we can find a value té 5 > 15,2 such that for any ¢ > t(g 25

I
D02 Y dn(0) 2 T — Oy > St

n>0 n>N

It follows that
l1 E Ju(t) > 10g2+ 5> 26
—1lo ——— 4 — ) —
p gn>0 n = p 2 = C2

for any 7 > t{ ), for a value t§, > 15 , large enough. This implies that

L1
lim ggf; log Z Ju(t) > ca. (34)

n>0
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Step 3. (Conclusion) From (33) and (34), we obtain that for any ¢ > 0,

e(v—6)/a z (y+e)/a
< htglnf log ZO Ju(t) < hm sup log ZO J.(t) <e .
n> n>

The conclusion follows taking ¢ |, 0. O

Appendix A: Some auxiliary results

Lemma A.l. Let u be a tempered measure on R? such that u(cA) = c*w(A) for all ¢ > 0 and
for any Borel set A C R?. Then yu satisfies (5) if and only if o < 2.

Proof. Since p is locally integrable, (5) is equivalent to [ := f‘ £l=1 |E]72(dE) < oo. Denote
By :={¢ eR?:|&| <k} and Ay = By41\By fork=1,2,.... Then

1
Z(k+ )2u<Ak)_1<Z zu(Ak)

k>1 k>1

By the scaling property of w, u(Bg) = k*w(By) and w(Ag) = [(k 4+ 1)* — k*]u(B1). Then

(k+ 1)® — ke (k+ 1) — k
1); k+n? ==K (Bl)k;ki

Note that ax®~ ! < (x + D% — x* < C(x*~! 4+ 1) for all x > 0, where C > 0 is a constant

depending on «. Hence I < oo if and only if Zkzl k=3 < oo, that is, o < 2. (I
Lemma A.2. Let h : [0, 00) — [0, 00) be a function such that foo “Mh(t)dt < oo for some
n > 0.
(a) Then
o
A=inf{n>0;/ e_”th(t)dt<oo} (35)
0
if and only if
o0
/ e "h(t)dt < oo foralln > A (36)
0
and
o0
/ e "h(t)dt = o0 forall0 <n < A. 37
0

(b) Assume that h is non-decreasing. Let A be defined by (35). Then

lim sup - logh(t) =

—0o0



3084 R.M. Balan and J. Song

Proof. Part (a) is obvious. For part (b), note that by Lemma A.1 of [1],

- 1
A :=lim sup " logh(t) < A.

—>00

For the other inequality, let 7 < A be arbitrary. We prove that A > 5. (The same argument was
used for showing that (5.62) implies (5.64) in [13].) Suppose this is not true. Say A < n — § for
some 8 € (0, ). Then h(r) < e for all ¢ > t, for some fo. It follows that

0 o0 0
/ e " h(t)dt §Ct0—|—/ e—'”h(r)dtgf e M= gt < 00,
0 to 1o

which is a contradiction. ]

Lemma A.3. Let a € (0,4) and c > 0 be arbitrary. For any t > 0, define
(Ct)an
A= E _
['(an+1)
n>0

Then

1
lim —logA; =c.
t—>o0 t

Proof. Note that A, = E,((ct)%), where E,(x) = ano x"/T(an + 1) is the Mittag-Leffler
function. If a € (0, 2), we use Theorem 1.3 (p. 32) of [18], and if a € [2, 4), we use Theorem 1.7
(p-35) of [18]. In both cases, we have:

—1

1
Eq(x) = —exp(x'/") - ﬁ + R(x),

where R(x) < Cx~2forall x > X, for some xg > 0 and C > 0. Hence

1 1 1 . a(et)™!
—logA; =—-1 -1 o 7 R(ct
p ogA; p oga—i—t og(e I‘(l—a)+a (ct)
1 1 a 1 aR(ct)
=——1 -1 l- 4+ —).
t oga—i—c—i—t og( cI'l—a) te et )
The conclusion follows. O

Appendix B: The functionals € and &,

Lemma B.1. Relation (10) holds for any non-negative locally integrable function f on R?,
which is the Fourier transform (in S’ (R?)) of a tempered measure jn on R which satisfies (5).
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Proof. Note first that

E(f)= sup { / / F(V2x1)g*(x1, x2) dxy dxa
R4 JRRd

g€F2a

1
——/ / \Vg(xl,xz)yzdxldxz}zzfx. (38)
2 R4 JRA

This follows considering the one-to-one transformation g — g from JF,4 onto itself, where

~ Yi+y2 y2—n
g, m =g .

V22

We prove that A = B, where B = E(f(\/i-)). First, we show that B > A. For this, let g € Fo4
be arbitrary, and define g(x1) = (fR,, gz(xl, x2) dxp)V? for all x; € RY. Then g € Fy and for any
i=1,....d

og ) -1z dg
(x1) = (/ g (xl,xz)a’x2> / g(x1, x2) —=(x1, x2) dx>.
R4 Rd ax!

i
dx) X

Using the Cauchy—Schwarz inequality and then taking the dx| integral, we infer that:

2
R4 R4 JRA

Taking the sum overi =1,..., d, we obtain [pq |[VZ(x1)|?dx1 < [pa [Jpa IVE(x1, x2)|* dxy doxs.
Hence,

o7 2
& dxydxy.

i
dx;

(x1)

ag
— (x1,x2)
8x1

1
B> / FW2DF () dxy — / Vg 0| da
Rd 2 ]Rd

1 2
> / / F(V2x1) g (1, x2) dxi dxa — / f IVe(x1, x2)|* dxy dxa.
Rd Rd 2 Rd Rd

The fact that B > A follows by taking the supremum over all g € Foy.

We now prove that A > B. Let g € F4 be arbitrary. Define G(x1, x2) = g(x1) p;(x2) where
pi(x) = 2rt)~42 exp(—|x|?/(2t)) and ¢ > 0. Then G € Fay. Denote x; = (x!,...,x{) and
xzz(le,...,xg).Foranyiz 1,...,d,

G

dg G 1 ,
- (x1,x00) = —(xD)pi(x2) and  —(x1,x2) = ——g(x1) pi (x2)/*x5.
xj ax} x5 2t

From this, we obtain:

2 2 1
f f |VG(x1,x2)| dxidx; =/ ’Vg(x1)| dx; + —c,
R4 JRA R4 4l
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where ¢ = E|Z|* and Z is a N4(0, I)-random vector. Hence
1
Az/ / f(ﬁxl)Gz(xl,xz)dxldxz——/ f |VG(x1,x2)|2dx1dx2
R4 JRd 2 R4 JRA

1 1
=/ f(ﬁxl)g%xl)dxl——f |Ve(xn)|* dxi — —c.
R4 2 Jpa 8t

We let t — oo. Then we take the supremum over all g € Fy. O
The next result gives a scaling property of the functionals £(f) and & (f).

Lemma B.2. Let f be a non-negative locally integrable function on R which satisfies (11) for
some o > 0. Then for any 6 > 0,

EOf)=073E(f) and EOf) =077 E(f).
Moreover, 52(f)=27ﬁ5(f).

Proof. Due to (10), we only need to prove the scaling property of £(f). This can be verified us-
~ . ~ __d_ L
ing the one-to-one transformation g — g from F; onto itself, where g(y) =60~ %2« g(f~ 2=« y).
d+2 1
Indeed, noting that [VZ(y)|? = 8~ 4 |Vg(0~ =4 )|, we have

9/ f<x>g2(x>dx=eﬁ/ FOMBO)dy, /\ng\zdx:eﬁ/ IVZ)|*dy,
]R‘l ]Rd R‘/ Rd
and

1
EOf) = sup {9/ f(x)gz(x)dx——/ |Vg(x)|2dx}
R4 2 R4

geFu

2 N 2 1 ~ 2
= sup {e—z—a/ f(y>g2<y>dy—92—a—/ \Vg<y>\2dy}=ez—a8<f).
geFy R 2 Jrd

For the last equality, note that by (10), (11) and the scaling property of £, we have:
E(NH =E(f(V2)) =€/ f) =27FE(f). O
To prove the statement of Remark 1.4, we need the following result.
Lemma B.3. If f satisfies (11), then for any A > 0,
E(f,A) = AT2E(S 1),
where

E(f, A) = sup {/ f(x)gz(x)dx—A/ |Vg(x)|2dx}. (39)
R4 R4

geFu
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Proof. As in the proof of Lemma B.2, we consider the one-to-one transformation of F; onto
d 1
itself, where g(y) = A~ %2« g(A~ 2=« y). Then

/ f(y>§2<y>dy=Asz/ f(x)g*(x)dx, A/ |V§(y)|2dy=A;+2/ V()| dx,
R4 R4 R4 R4

and

Aa2E(f, 1) = sup{Aﬁ/ f(x)gz(x)dx—Aa“Tzf Wg(x)yzdx}
R4 R4

geFu

= Sup{/ f(y)§2(y)dy—A/ IVE(y)Izdy}=5(f, A).
R4 R4 (]

geFu

When d = 1, the function f(x) = |x|*’~2 with 1/2 < H < 1 satisfies the scaling property
(11) with @ =2 — 2H, and hence, E@f) = 0/HE(f) by Lemma B.2. The following result
shows that this property continues to hold in the case H < 1/2.

Lemma B.4. IfT is the distribution given by (6), then for any 6 > 0,
EOT)=0YHET) and &@OT)=0"H& ).
Moreover, £;(T') = Z_FTHE(F).

Proof. We use the same arguments as in the proof of Lemma B.2 (withd =1 and @« =2 —2H),
but we express all the quantities in the Fourier mode. To show the scaling property of &(I"),
it sufﬁces to consider the one-to-one transformation / > & from A onto itself, where h(n)

077 h (077 ;). Then

9[(h*h)<sm<d5)=e%f(ﬁ*ﬁ)(mmdn), f|s|2!h(é>|2ds=9%f 2P dn.
R R R R

The scaling property of & (I") will follow from the last relation.
To prove the last relation, we note that

1
&(T) = sup {/R(h*h)(“/zf»o)ﬂv(df)—E/R/R(EIF'F|€2|2)|h(51ag2)|2d$1 dsz}

he A,

1
= sup {/(h*h)(ﬁsm(ds)— 5/ |§|2|h<s>!2ds}
R R

heA;
=£(2H-'T) =2"T £(I).

The first equality above is the analogue of (38) in Fourier mode, and can be proved using the
one-to-one transformation / > % from A, onto itself, where 7 (1, n2) = h(LH2 12201y The

V2 V2
second equality is the analogue of the equality A = B in the proof of Lemma B.1, and can be
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proved by similar methods. The third equality follows by a change of variables, and the last

equality is due to the scaling property of £(I). ]
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