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Let (X;, F;);>1 be a sequence of martingale differences. Set S, = 7| X; and [S], = >}, Xl.z. We
prove a Cramér type moderate deviation expansion for P(S,/+/[S]; > x) as n — 4-00. Our results partly
extend the earlier work of Jing, Shao and Wang (Ann. Probab. 31 (2003) 2167-2215) for independent
random variables.
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1. Introduction

Let (X;);>1 be a sequence of independent random variables with zero means and finite variances:
EX; =0and 0 < EX? < co foralli > 1. Set

n n n

2 2 2 2

Si=»_ X;. BI=) EX}. VI=> X[
i=1 i=1 i=1

It is well known that under the Lindeberg condition the central limit theorem (CLT) holds

sup|P(S,/B, <x) — ®(x)| >0 asn— oo,

xeR -

where ®(x) denotes the standard normal distribution function. Cramér’s moderate deviation ex-
pansion stated below gives an estimation of the relative error of P(S,/B, > x) to 1 — ®(x). If
(X;)i>1 are identically distributed with Ee0V 1XiT < 00 for some 7y > O (cf. Linnik [22]), then for
0<x =o(n1/6) asn — 00,

P(S,/By > x) P(S,/By < —x)

Expansion is available for 0 < x = o(n!/?) if the moment generating function exists. We refer to
Chapter VIII of Petrov [25] for further details on the subject.
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However, the limit theorems for self-normalized partial sums of independent random variables
have put a new countenance on the classical limit theorems. The study of self-normalized partial
sums S,/ V, originates from Student’s ¢-statistic. Student’s ¢-statistic 7, is defined by

T, = Van/a,

where

n

— S ~2 (X _Yn)2
X,=— and = .
" n “ ; n—1

It is known that for all x > 0,

172
n
P(T, > x) =P(Sn/Vn EX<m> >

see Chung [7]. So, if we get an asymptotic bound on the tail probabilities for self-normalized
partial sums, then we have an asymptotic bound on the tail probabilities for 7;,. Giné, G6tze and
Mason [14] gave a necessary and sufficient condition for the asymptotic normality. Slavova [30]
and Bentkus, Bloznelis and Gotze [1] (see also Bentkus and Gotze [2]) obtained the Berry—
Esseen bounds for self-normalized partial sums. See also Novak [24] and Shao and Wang
[28] for Berry—Esseen type inequalities with explicit constants. Shao [26] established a self-
normalized Cramér-Chernoff large deviation without any moment assumptions and Shao [27]
proved a self-normalized Cramér moderate deviation theorem under (2 + p)th moments: if
(Xi)i>1 are independent and identically distributed with E|X/ |2+” < 00, p € (0,1], then for
0 <x =o0mP/@t20)) as n — o0,

T =1+o(1). (1.2)

The expansion (1.2) was further extended to independent but not necessarily identically dis-
tributed random variables by Jing, Shao and Wang [21] under finite (2 + p)th moments,
p € (0, 1], showing that

P(Su/Vn = x)

_ 2+p,p
o0 =exp{O()(1 +x)"""2} (1.3)

uniformly for 0 <x = o(min{t,jl, Sy ), where O(1) is bounded by an absolute constant and

n
=Y E|X;[***/B}*" and ¢} = max EX}/B;. (1.4)

. 1<i<n
i=1

For further self-normalized Cramér type moderate deviation results for independent random vari-
ables we refer, for example, to Hu, Shao and Wang [18], Liu, Shao and Wang [23], and Shao and
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Zhou [29]. We also refer to de la Pefia, Lai and Shao [10] and Shao and Wang [28] for recent
developments in this area.

The theory for self-normalized sums of independent random variables has been studied in
depth. However, we are not aware of any such results for martingales. For some closely related
topic, that is, exponential inequalities for self-normalized martingales, we refer to de la Pefia
[9], Bercu and Touati [4], Chen, Wang, Xu and Miao [6] and Bercu, Delyon and Rio [3]. The
main purpose of this paper is to establish self-normalized Cramér type moderate deviation results
for martingales. Let (8,),>1, (€2)n>1 and (k,),>1 be three sequences of nonnegative numbers,
such that 6, — 0, &, — 0 and k, — 0 as n — oo. Let (X;, F;);>1 be a sequence of martingale
differences satisfying

n—n?

n
> E[X}|Fi] - B} <5.B;
i=1

n
Y E[IXiPIF ] <6 By

i=1
and

max E[Xi2|]-",-,1] < K,fB,%,

1<i<n
where p € (0, %]. Here and hereafter, the inequalities between random variables are understood
in the P-almost sure sense. From Corollary 2.1 we have

P(Sy/Vu=x)=(1—®x))(1+0(D) (1.5)
uniformly for 0 < x = o(min{s,,_p/(3+p),8;1,/(;1}) as n — o0o. A more general Cramér
type expansion is obtained in a larger range in our Theorem 2.1, from which we derive a
moderate deviation principle for self-normalized martingales. Moreover, when the condition
> ENX; |>tP | Fiii 1 <el B,zﬂ) is replaced by a slightly stronger condition

E[IX;*"°|Fi_1] < (ea Bn) E[ X} Fi_1],

equality (1.5) holds for a larger range of 0 < x = o(min{e;p/(4+2p), (Sn_l}) for p € (0, 1], see
Corollary 2.4. Clearly, our results recover (1.2) for i.i.d. random variables.

The rest of the paper is organized as follows. Our main results are stated and discussed in
Section 2. Section 3 provides the preliminary lemmas that are used in the proofs of the main
results. In Section 4, we prove the main results.

Throughout the paper the symbols ¢ and ¢y, probably supplied with some indices, denote
respectively a generic positive absolute constant and a generic positive constant depending only
on «. Moreover, 6 stands for values satisfying [0| < 1.
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2. Main results

Let (X;, Fi)i=o0,...n be a sequence of martingale differences defined on a probability space
(2, F,P), where Xog =0 and {&, Q} = Fp S --- C F, C F are increasing o-fields. Set

k
So =0, Sk=ZXi, k=1,...,n. 2.1)
i=1

Then S = (Sk, Fi)k=o0.....n 1s a martingale. Denote an = Z?:l EX,.Z. Let [S] and (S) be, respec-
tively, the square bracket and the conditional variance of the martingale S, that is

k
[So=0.  [Sk=)_X;, k=1....n,
i=1

and
k
(S)o =0, (S)=> E[X}|Fi]. k=1,....n. (2.2)

i=1
In the sequel, we use the following conditions:

(A1) There exists §, € [0, %] such that

n-n>

n
ZE[X,?UT,-_I] — B2| <52B2;
i=1
(A2) There exist p > 0 and g, € (0, %] such that
n
> E[|Xi1*\Fioy] < el BIT:
i=1
(A3) There exists «, € (0, %] such that
E[X}|Fisi] <«3B, 1<i<n
(A4) There exist p € (0, 1] and y,, € (0, %] such that
E[IX;*"*|Fic1] < i Bo)PE[X}|1Fizi], 1<i<n.
When p € (0, 1] and y, < (16/17)}/ /4, conditions (A1) and (A4) imply condition (A2) with

&n = (17/16)1/" ¥n. Thus, we may assume that ¢, = O (y;,) as n — o0. It is also easy to see that
condition (A4) implies condition (A3) with «,, = y;,, see Lemma 3.5.
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In practice, we usually have max{$,, &,, ¥n, kn} = 0 as n — oo. In the case of sums of i.i.d.
random variables, conditions (A1), (A2), (A3), and (A4) are satisfied with §, =0, &,, yu, kn =

O(ﬁ).

Our first main result is the following Cramér type moderate deviation for the self-normalized
martingale
Wu = Sn/\/ (ST,
under conditions (A1), (A2), and (A3).

Theorem 2.1. Assume that conditions (A1), (A2), and (A3) are satisfied. Set

o1 =min{p, 1}.
Then for 0 < x = o(min{e, ', ik, '}),
P(W, >
1(_nq)_(xx)) — exp{OCp (x2+/318r/:1 +X2§£ +(1 +x)(8;fl)/(3+,0) + 8,1))} 2.3)

Under condition (A2) the best Berry—Esseen bound for standardized martingales is provided
by Haeusler [16]: assuming (S), = B,% a.s., Haeusler proved that

n 1/G+p)
sup|P(S, /B, < x) — ®(x)| < ¢, (ZE|Xi/Bn|2+f’) :
X

i=1

Moreover, it was showed that this bound cannot be improved for martingales with finite (24 p)th
moments. In fact, there exist a positive constant cg , and a sequence of martingale differences
satisfying P(S, < 0) — ®(0) > co,,(>_"_, E|X;/B,|***)!/G*+P) for all large enough n. In par-
ticular, under conditions (A2) and (S), = B,% a.s., Haeusler’s result implies that

sup|P(S, /By < x) — D(x)| < c el . 2.4)
X

Notice that Theorem 2.1 implies that, for each absolute constant ¢ > 0 there is a positive constant
¢, depending on p such that for n large enough,

sup [P(W, < x) — ®(x)| < ¢, (/™ +5,). 2.5)

lx|<c

Under conditions (A2) and (S), = B,% a.s., the bound in (2.5) for self-normalized martingales is
of the same order as the bound in (2.4) for standardized martingales.
From Theorem 2.1, we obtain the following result about the equivalence to the normal tail.

Corollary 2.1. Assume that conditions (A1), (A2), and (A3) are satisfied with p € (0, %]. Then

P(W, >x)

p/(B+p)

uniformly for 0 < x = o(min{e,, K,;l, 8;1}) as n — oo.



2798 Fan, Grama, Liu and Shao

Theorem 2.1 also implies the following moderate deviation principles (MDP) for self-
normalized martingales.

Corollary 2.2. Assume conditions (A1), (A2), and (A3) with max{5,, &,, kn} = 0 as n - oo.
Let a,, be any sequence of real numbers satisfying a, — oo and a,e, — 0 as n — oco. Then for
each Borel set B,

2
1 W,
—inf < 1iminf—21np<—" e B)
xeB° n—00 a; ay
(2.6)
. 1 Wy o x?
ghmsup—zlnP — €eB ) <—inf —,

n—>oo ay an X€B
where B° and B denote the interior and the closure of B, respectively.

The last corollary shows that the convergence speed of MDP depends only on ¢, and it has
nothing to do with the convergence speeds of «;, and §,,.

For i.i.d. random variables, the self-normalized MDP was established by Shao [26]. See also
Jing, Liang and Zhou [20] for non-identically distributed random variables.

The other main results concern some improvements of Theorem 2.1 when condition (A3) is
replaced by the stronger condition (A4). Theorems 2.2 and 2.3 below give respectively lower and
upper bounds, while Theorem 2.4 gives a Cramér type moderate deviation expansion sharper than
that in Theorem 2.1.

Theorem 2.2. Assume that conditions (A1), (A2), and (A4) are satisfied.
[il If p € (0, 1), then for 0 <x = o(yn_l),

% > exp{—c, (e + 200 + A+ 0 (Fyf +yl +8))) @)

[iil Ifp=1,thenfor0<x=o(y, "),

P(W, >
1(+1>—(xx)) > exp{—c(xen + 1787 + (1 +2) (x¥n + val Inyul +84)) ). (2.8)

The term y,|Iny,| in (2.8) cannot be replaced by y,, under the stated conditions. Indeed,
Bolthausen [5] (see Example 2 therein) showed that there exists a sequence of martingale differ-
ences satisfying |X;| <2 and (S), = n a.s., such that for all n large enough,

clogn
Jn

where ¢ does not depend on n. Inequality (2.9) shows that the term y,|1n ;| in (2.8) cannot be
replaced by y,, even for bounded martingale differences.

P(S, = 0) - 2(0)] = 2.9
| |
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For any sequence of positive numbers (o, ),>1 denote

p(2—p)/4

n

gz e (2.10)

a\n(xs p) =

Accordingly, we shall use below the notations g, (x, p) and 7,(x, o), which mean sequences
defined by (2.10) with «,, replaced by ¢, and y;,.

Theorem 2.3. Assume that conditions (A1), (A2), and (A4) are satisfied.
[il If p € (0, 1), then for 0 < x = o(y, "),

P(W, > x)

1—®(x) = exp{Cp(x2+PS£ +x23,2l + (1 —|—x)(xp)/,f + VVILO + 8, +En(x, P)))}

[iil] If p =1, then for 0 <x =o(y,f]),

P(W,>x ~
1(_"7;()6)) < exp{c(x3sn +x262 + (1 +x)(xy,, + Vullny,| + 6, +€,(x, l)))}.

Combining Theorems 2.2 and 2.3, we obtain the following Cramér type moderate deviation ex-

pansion for self-normalized martingales under conditions (A1), (A2), and (A4), which is stronger

than the expansion in Theorem 2.1 since the term &; /GF0) therein is improved to a smaller one.

Theorem 2.4. Assume that conditions (A1), (A2), and (A4) are satisfied.
[il If p € (0, 1), then for 0 < x = o(y, "),

P(W, > x)

I~ oG :exp{QCp(x2+pg£+x25’%+(]+x)(xpyrf+y’;0+5n +§n(x,p)))}

[ii] Ifp=1,thenfor0<x=o(y, "),

P(W, = x)

—ow = exp{@c(x38n +x28,2l +(1 +x)(xyn + yullny,| + 8, +€,(x, 1)))}.

Notice that condition (A4) implies condition (A2) with &, = y,. Therefore, it follows from
Theorem 2.4 the following corollary.
Corollary 2.3. Assume that conditions (A1) and (A4) are satisfied.
[il If p € (0, 1), then for 0 < x = o()/n’l),

P(W, > x)

o0 = exp{@cp(x2+/>y,{’ +x282 +(1 +X)(5n + P lx, ,0)))}_
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[iil Ifp =1, thenfor0 <x = o(yn’l),

1—d(x)

P(W, ~
PWn 220 _ oxp(8e(xyn + 5262 + (1 4+ 1) (50 + yal Inyal + 73 (x. D))

From Theorem 2.4, we also obtain the following result about the equivalence to the normal
tail.

Corollary 2.4. Assume conditions (A1), (A2), and (A4) with p € (0, 1]. Then

P(W, >x)

Tt =1+l @.11)

p/(2+p)’ yn—p/(l+p)75;1}) as 11— 00.

uniformly for 0 < x = o(min{e,,

In the case of i.i.d. random variables, conditions (A1), (A2), and (A4) are satisfied with
ens Yu = O(1//n) and 8, = 0. Thus, the range 0 < x = o(min{e, ”/*™, 8L, v PIOTPY) re
duces to 0 < x = o(n—P/4+20)) ' — 00, which is the best possible result such that (2.11) holds
(see Shao [27]). Moreover, from Theorem 2.4, we can get the estimation of the rate of conver-

gence in (2.11); for example, when p = 1 we have:

Corollary 2.5. Assume conditions (A1), (A2), and (A4) with p =1, &n, Vu, 8 = O(1//n). Then

with co > 0 for con¥2 <x=o0m'?) asn — oo,
P(W, > x) x3
In particular, with cq, c1 > 0 for c0n3/22 <x< cln1/6,
P(W, > x) x3

Notice that the rate of convergence in (2.12) coincides with that in (1.3) for i.i.d. random
variables.

Remark 2.1. Notice that if (S, Fr)k=o,...» satisfies conditions (A1), (A2), (A3), and (A4), then
(—Sk, Fi)k=0....n also satisfies the same conditions. Thus the assertions in Theorems 2.1-2.4

and Corollaries 2.1-2.5 remain valid when PI(XV&;%S) is replaced by %

3. Preliminary lemmas

The proofs of Theorems 2.1-2.4 are based on a conjugate multiplicative martingale technique for
changing the probability measure which is similar to that of the transformation of Esscher [12].
Our approach is inspired by the earlier work of Grama and Haeusler [15] on Cramér moderate



Self-normalized Cramér type moderate deviations 2801

deviations for standardized martingales, and by that of Shao [27], Jing, Shao and Wang [21], who
developed techniques for moderate deviations of self-normalized sums of independent random
variables. We extend these work by introducing a new choice of the density for the change of
measure and refining the approaches in Shao [27] and Jing, Shao and Wang [21] to handle self-
normalized martingales. A key point of the proof is a new Berry—Esseen bound for martingales
under the changed measure, see Proposition 3.1 below.

Let
Xi
& =B—n, i=1,...,n.
Then (§;, Fi)i=o,...n is also a sequence of martingale differences. Moreover, for simplicity of

notations, set

k

My
Mk = and (M) =Y E[g}|Fi1]. k=1....n

k
D&,
i=1

k

2
§
i=1

Thus,

W, = = . 3.1
VISlh  VIM]y G-

For any real number A, consider the exponential multiplicative martingale Z(A) = (Zy (1),
Fi)k=0,....n, Where

Gi(d)
Zow =1,  Z0 =[] s

——, k=1,...,n
L Rs @17 ]

with
Gi(W) = A& — 22872

Thus, for each real number A and each k =1, ..., n, the random variable Z;()) is nonnegative
and EZ; (1) = 1. The last observation allows us to introduce the conjugate probability measure
P, :=P;, , on (2, F) defined by

dP, =Z7Z,(1)dP. (3.2)

Although (Mg, Fi)k=o,...n 1S a martingale under the measure P, it is no longer a martingale
under the conjugate probability measure P,. To obtain a martingale under P) we have to center
the random variables ¢; (1). Denote by E, the expectation with respect to P,. Because Z(}) is a
uniformly integrable martingale under P, we have

E.l¢1=E[¢Z,(V)] (3.3)



2802 Fan, Grama, Liu and Shao

and
E[ze5 M7 1]
Eg|Ficil=——Fm= 1 3.4
for any F;-measurable random variable ¢ that is integrable with respect to J;. Set
bi) =E (G Fi]. i=1.....n,
ni(A)=¢@A) —bi(x), i=1...,n,
and
k
Y0y =) mi(). k=1.....n. (3.5)

i=1
Then Y (A) = (Yk(A), Fk)k=o0....n is the conjugate martingale. The following semimartingale de-
composition is well-known:

k
3600 = BeG) + (), k=1,....n, (3.6)
i=1

where B(A) = (Bx(X), Fr)k=o.....n 18 the drift process defined as

.....

k
Bk(x)=2b,»(x), k=1,...,n.

i=1
By the relation between E and E, on F;, we have

E[¢;(M)eti V| Fiq]
E[eti M| F;_1]

bi(A) = . i=1,...,n. (3.7)

It is easy to compute the conditional variance of the conjugate martingale Y (1) under the measure
P,,fork=0,...,n,

k
(Y) =Y Ea[m*1Fii]

i=1
k

=Y E (&) — b)) 1 Fi-1] (3.8)
i=1

— Xk:(E[CiZ(A)gG(AH}‘i_]] _ E[gi(k)eci(x)u_-i_]F)
= - E[eCi()n)L]I'i_l] E[e{i(k)l‘/—'}_]]z .

In the sequel, we give the upper and lower bounds for B, (}). To this end, we need the fol-
lowing three useful lemmas. Their proofs are not given here but they are similar to those of the
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corresponding assertions in Shao [27] and Jing, Shao and Wang [21] established for independent
random variables. Set

Eiy= le[Eizl{\xs,-|>1}|fi—1] + )»3E[|§i|31{|A$,-|§l}|~7'—i—l]a A>0.
If E[|& 2] < oo for p € [0, 1], then it is obvious that
Eip < ATPE[IE1PTIFia], a=0.

Lemma 3.1. Forall A >0andt € [%, 2], we have

<&y

‘E[em‘”szzm_l] —1- (% = r)AZE[é‘?IE—d

Lemma 3.2. For all X > 0, we have

|E[e{"()”)|.7:i—1] — 1} <&

1 ~
'E[fi()»)egi(k)u:il] - EAZE[EiZIJ’:i—l] <&y,

[E[¢7 (W)ef DI Fi_y] = 2E[671Fim1]| < c&in,
E[|¢ (MPegimlfi—l] < CEiy,
(E[c:(0)ef P Fi1])* < i

Lemma 3.3. Let H; = &> — E[£2|F;_1]. Then for all % > 0,
1 1

I
‘E[Hiegi()\)u:ifl“ < € 78in

Using Lemma 3.2, we obtain the following upper and lower bounds for B, ().

Lemma 3.4. Assume conditions (A2) and (A3) with p € (0, 1]. Then for 0 < A = o(max{e,; 1
-1
Kn })’

1
By(A) — §x2<M>n <caPtrel, (3.9)

Proof. According to the definition of b; (1), we have

El[gi (2)efi P Fii]

bi(A) =
A TP

By Lemma 3.2, it follows that

E[5i (M M| Fini] - %AzE[s,?m_l] <cEin
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and
|E[e§i(x)|.ﬁ_1] — 1| < Cg,")“

Therefore, conditions (A2) and (A3) imply that for 0 < A = o(max{e,, L Kn_l}),

1
’b,- () — 5sz[§,~2|&1] < Eia

and

1
Bn(A) — EAZ(M),, <cAPtPeb

as desired.

The following lemma shows that condition (A4) implies condition (A3) with «, = y;.

Lemma 3.5. Assume condition (A4). Then E[£3|F;_1] < y2.
Proof. By Jensen’s inequality and condition (A4), it holds that
E[&21 7] <E[l6 71 Fio1] < vl E[EA1Fi ],
from which we get E[El.2|]-',-_1] < ynz.
Lemma 3.6. Assume condition (A4). Then for any t € [0, p),
E[1& 77| Fio1] < vy E[1Fi1].

Proof. Let !/, p, g be defined by the following equations

(3.10)

@3.11)

Ip=2, Q+t—Dg=2+p, pl+qg =1, [>0, and p,q>1.

Solving the last equations, we get

2(p—1) P P
l: . p:—’ q:—
Y p—t t

By Holder’s inequality and condition (A4), it is easy to see that

E[1& 1" | Fio1] = E[1&11&17 1 F ]

< (E[1&71F1]) "7 (B[1&1%H D1 7, ])

(B[&?171 )" (B[ 7151 ])
< (B[ ]) 7 (LN F )

IA
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< v/ TE[g| Fioi]
= v E[£}1Fi_1].

This completes the proof of the lemma. (]

Lemma 3.7. Assume conditions (A1) and (A2). Then for any t € [0, p),

n
D E[IEPTF] < 26 (3.12)
i=1

Proof. Recall the notations in the proof of Lemma 3.6. It is easy to see that

n

anEUsn”’m_l] <D (B[E1F )T (L& 1F ]

i=1 i=1

Using Holder’s inequality and conditions (A1) and (A2), we have

n n 1/p n 1/q

> E[lE1PFi] < (Z E[s,?m]]) (Z E[|& |2+p|f,-1])

i=1 i=1 i=1

which gives the desired inequality. (I
We will also need the following two lemmas.

Lemma 3.8. Assume condition (Al). Then for all x > 0,
2 o3 3,
P(M,, >x/[M]y, [M], > 16) < gx expy =X

Proof. By inequality (11) of Delyon [8], we have for all A € R,

E {,\M—’\—2<1[M]+g<M>)}<1
expiAMy — —( S[Mlu+ (M) ) < 1.

Applying the last inequality to the exponential inequality of de la Pefia and Pang [11] with p =
q = 2, we deduce that for all x > 0,

2/3
P( |Mn| Zx> S (%) X_2/3 exp{—%xz}_ (313)
J3GIML, + 3y, + EM) :
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By condition (A1) and the fact that E(M),, = EM,% = 1, it is easy to see that

9 9<3 1+1 +9<4
472 16 4 '

3
E(M)n + ZEM,% 5

Therefore, for all x > 0,

3 3
SP Mn > X _[M]n"f‘ _<M>n+—EM,%, [M]n = 16)

as desired. ]
Lemma 3.9. Assume conditions (A1) and (A2). Then for all p > 0,

P([[M1, — (M)a] > 1) <, (a5 +&f).
Proof. Notice that [M], — (M), = Z?=1(§,'2 — E[§i2|}',~_1]) is a martingale. For p, we distin-

guish two cases as follows.
When p € (0, 2], by the inequality of von Bahr and Esseen [32], it follows that

E[|M1, — (M),|*"7] < SE[|62 - E[g21Fi-1]| 4]
i=1

<c1y E[&1*7]

i=1

<cel,
where the last line follows by conditions (A1) and (A2). Hence, by Markov’s inequality,

P(|[M1, — (M),| > 1) < E[|[M], — (M),|*""/?]

< 0285.
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When p > 2, by Rosenthal’s inequality (cf., Theorem 2.12 of Hall and Heyde [17]),
Lemma 3.7, and condition (A2), it follows that

E[[[M], — (M),| %]

n 2+p)/4 n
<cpi (E(ZE[(&? —E[s?m]])zm]]) + Y Eg? —E[s,-2|ﬂ1]|‘2“’”2>
i=1

i=1

(3.14)
n 2+p)/4 n
Scpg(E(ZE[s;‘m_l]) +ZE|si|2+ﬂ>
i=1 i=1
)
This completes the proof of the lemma. (]

Consider the predictable process W(A) = (Wr (L), Fi)k=0
gale M as follows:

1, which is related to the martin-

.....

k
W (A) = ZlnE[efme_]]. (3.15)

i=1

By equality (3.10), we easily obtain the following elementary bound for the process W (1).

Lemma 3.10. Assume conditions (A2) and (A3) with p € (0, 1]. Then for 0 < A = o(min{en’],
-1
Kn })>

| W, (W)| < cA?TPel.
In the proofs of Theorems 2.2 and 2.3, we make use of the following assertion, which gives us
arate of convergence in the CLT for the conjugate martingale Y (1) under the probability measure

P;.

Proposition 3.1. Assume conditions (A1) and (A4). With the convention that Y,,(0)/0 = M,,, we
have:

[il If p € (0, 1), thenfor 0 <A = o(yn’l),

sup|Py (Y, (W) /A < x) = @)| < o (A + v, +8n).-
X

[iil Ifp =1, thenfor0<i=o(y, "),

sup|P;. (Y, (W /A < x) — @(x)| < c(Ayn + val Iyl + 8,).
X

Similarly, we have the following Berry—Esseen bound.
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Proposition 3.2. Assume conditions (Al), (A2) and (A3). Then for 0 < A = o(max{e,, 1 K, M,
B /2. P/2 p/(B3+p)
sup|Py(Yu (W) /4 < x) = @(0)| <o (A" +en + ),
X
with the convention that Y, (0)/0 = M,,.

The proofs of Propositions 3.1 and 3.2 are much more complicated and we give details in the
supplemental article Fan, Grama, Liu and Shao [13].

4. Proof of the main results

We start with the proofs of Theorems 2.2 and 2.3, and conclude with the proof of Theorem 2.1.
Theorem 2.4 is an easy consequence of Theorems 2.2 and 2.3

4.1. Proof of Theorem 2.2
Recall that

1
G(A) = A& — Exzé?.

By (3.1), it is easy to see that
MM
[S0 > xSl )} = {M, > x{/IM ]n}z{ n_$} {va—}

ForO0<A= o(yn’l), according to (3.2), (3.6) and (3.15), we have the following representation:

P(W >_x) Zn()\) I{S >)C«/[S]n}:|

_Ex[exp{ ZCZ()»)'F‘P ()‘)}I{M >x /M ]n}:|

> Exfexpl=Ya () = By + Sn WP g 02 ]

E; [exp{—Y,(}) — B,(\) + ¥, (M) }1 (Yo ()= Bn(k)}]

Using Lemmas 3.5, 3.4 and 3.10, we get
1 2 24-p .p
P(W, > x) > Ex|expy =Y, (A) — 5/\ (M), +c1A7"Pel]

X l{yn()\)>L*( )\2<M>n L])\2+/)6p)}i|
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Condition (A1) implies that

|(M), — 1| <

= Yn>

and thus

1
P(W, >x)>E; [exp{ —Y,(A) — <§/\2 + clk2+p£,’f) (1+ 5,2,)}

I{Yn(x>>ﬁ—(%“(l—éﬁ)—clwﬁaﬁ)}]‘
Let A = A(x) be the largest solution of the following equation

1 2

221 = 82) — ca2thel = %

The definition of A implies that for 0 < x = o(yn_l),

— X
X <A<

= ’—1—5,21

and
*=x +c36p(x" TPl +x82),

where 0 < 6y < 1. From (4.1), we obtain

1 ) —Y, (x
P(W, Zac)zem{—(zA ten )(1+52)}E [ D1y 520

Setting Fy, (y) = P5(Y,, (L) <y), we get

-2 00

)
P(W, >x)>exp{—04(k 52+A2+p P)—j}/ eV dF,(y).
0

By integration by parts, we have the following bound:
o0 o _ _
[ e anmz [ e aenm - 2smlm0) - e0/0)
0 0 y

We distinguish two cases according to the values of p.

2809

A.1)

“4.2)

4.3)

(4.4)

(4.5)

(4.6)

Case I: p € (0, 1). Combining (4.5) and (4.6), by Proposition 3.1, we have for 0 < x = o(yn_l),

2

A
P(W, > x) > exp{—q(k 82 + 3P P — 7}

o —
X (/ e dd(y) — 1, (MYl + v, +5,,)).
0

4.7
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Because
—A22 © -\
e/ f eMNdo(y)=1— D) (4.8)
0
and
ﬁe—“ﬂg\/znu—@(x)), >0, (4.9)

we obtain the following lower bound

P(W, - = (T
PWn 20 o cxples (262 + 727 e0) (1 = cap (L + D92 + v +52))
1—o0) 4.10)
> exp{—C3,p(X28,2, +x2+p8,’f +1 +X)(Xp)’np + 0 +8))}

T . —p/(1+ _
forngfﬁmm{yn P/ p),Snl}.

Next, we consider the case of ﬁ min{yn_p/(l+p), 8,1_1} <A= o(yn_l). Let K > 1 be an ab-
solute constant, whose exact value is chosen later. It is easy to see that

Y, (% _ [,V (x -
Ej[e™ " )l{Yn(A)zo}] = Epfe" )l{OfYn(A)kar}]
_ “4.11)
> e TP (0 < ¥, (X)) <AKT),
where T = A"y, +68,,. By Proposition 3.1, we have

P;(0<Y,(0) <AK7) >P(0<N(0,1) <K7) —c4 T

> —Kr1 —K?t?/ —C4,pT
2
1
> §K —C4,p T
Letting K > 12c¢4,,, it follows that
_1+P P —
- 1 1 A A
P(0=Y,() <7K7) = 7Kt = ZK%.

Choosing

4
K= max{1204,p, ﬁ(Zcz,p)Hp}

—p/(1+p) 8*1} <X

and taking into account that ﬁ min{y, = o(yn’1 ), we conclude that

P (0<Y,(A) <AKT) >

Q|-
>
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Because the inequality ﬁe’)‘z/ 2>1-— ® () is valid for all A > 1, it follows that for

1

p/(1+p) o1 -
31, 0TS

min{y, =o(y, 1,

— _ =2
Pr(0<Y,(M) <K7)>(1—-d(M)e* /% (4.12)
Combining (4.4), (4.11), and (4.12), we obtain

P(W, > _ —
PWn 20 - xpl—cs,p (7262 + 72

s P +0G P + vl +6,))). 4.13
—om > en +(A+DR" vl +r0 +84))} (4.13)

which is valid for ﬁ min{y, =o(y, ).

From (4.10) and (4.13), we get for 0 < A= o(yn_l),

p/(1+p) 5—1} <%

P(W, > x)

el = expl—ce p (R 02+ 1 el + L+ D vl + 1,0 +64))). (4.14)

Next, we substitute x for A in the tail of the normal law 1 — ® (). By (4.2), (4.3), and (4.9), we
get

- [ exp{—t?/2} dt - i exp{—t?/2}dt
T [Zexp{—t2/2}dt ~ [2% exp{—12/2}dt
< 1+cix(x —Dyexp{ (x> = 7°)/2} (4.15)
< exp{ea(x?82 + x*el))
and hence
1—d®) = (1 - ®())exp{Bic(x*ef +x282)). (4.16)
Implementing (4.16) in (4.14) and using (4.2), we obtain for 0 <x = o(yn’l),

—I’I(V_anj(x);) > exp{—clp(xz“s,’,’ +x282 4+ (1 + Pyl + vl +8)) )

which gives the desired lower bound (2.7).
Case 2: p = 1. Using Proposition 3.1 with p = 1, we have for 0 <x = o(yn_l),

-2
2o - Py
P(W, = x) = exp{_cl()»25,2, +Re) — ?}

0 _
X (/ eAydd)(Y)_CZ()\Vn"i‘VanVM+8n)>,
0

that is, the term y,” in inequality (4.7) has been replaced by y,,|Iny,|. By an argument similar to
that of Case 1, we obtain the desired lower bound (2.8).



2812 Fan, Grama, Liu and Shao
4.2. Proof of Theorem 2.3

We first prove Theorem 2.3 for 1 < x = 0()/,1’1 ). Observe that

P(W, > x) =P(W, > x,

(M1, — (M), | <8, 4+ 1/(2x))

4.17)
[M1y — (M)y| > 8, +1/(2x)).

+P(W, > x,

For the the first term on the right-hand side of (4.17), by (3.2) and (3.5) with A = x, we have the
following representation:

P(W, > x, |[M]y — (M)n] <81 +1/(2x))

= B[ Z0 0™ g o T M1 18041 /2201 )

= B [em M OTEOTROIL o TR M =5,/ )
By the inequality

ViHyzl+y/2-y%/2, yz -1,
condition (A1) and Lemma 3.4, we have for 1 < x = o(yn_l),
P(W, > x, |[M], — (M),| <8, +1/(2x))
<E;[exp{—Y,(x) — B,(x) + ¥, (x)}
x 1

{an—%xz[M]ﬁ%x%[M]n—l)zz%x2,|[M1n—<M>n\ssn+1/(2x>}]
<E.[exp{—Y,(x) — By (x) + ¥, (x)}

x l{anf%xz[M1n+x2<[M1n7<M>,,)2+x2<17<M>,,>23%xz,|[M1n7<M>n\ssn+1/(2x)}]
<E;[exp{—Y,(x) — B,(x) + ¥, (x)}

x l{mx)z—xu[M]n—<M>n)2—x25,‘1+%xz_B,l(xxuM]n—(Mn\ssn+l/(2x>}]'
Thus, for I <x =o(y, 1),

P(W, = x, |[[M1, — (M)u| <8, +1/(2x))
<E.[exp{—Y,(x) = By(x) + ¥, ()}

X I{Y,,(x)foz‘*'/’&,"l)7x25ﬁ+%xszn(x),HM],,f(M)n\S(xsn)/’/z}]
+ Ex[exp{ =Y, (x) — By (x) + W, (x)}
x 1

(4.18)

{0>Y, (X)Z—xz([M]n—<M)n)2—x25ﬁ+%xz—Bn(X),(xan)p/2<|[M]n—(M>n\5571+1/(2X)}]'

=Ii(x) + L(x),
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where

I (x) = Ex[exp{ =Y, (x) — B,(x) + ¥, (x)}l{yn(x)z,cl(xz+pg;;+x255)}]

and
hL(x)= Ex[eXP{—Yn(X) — Bu(x) + “I’n(x)}
X 1{0>Yn(X)2—1—62(X2+98£+X25%),(X8n)p/2<|[M]n—(M}n\58"4—1/(2){)}]'

For I1(x), by an argument similar to the proof of Theorem 2.2, we get for 1 <x = o(yn’l),

11 (x) - {exp{cp(xz“Lps,’l’ +x283 +Q +x)(xpy,f +yl+ 6,1))} if p€(0,1), 419)

1=®@) ~ [exple(xen + 2767 + L +2) (xyn + vallnyul +8,))}  ifp=1.

Next, consider the item I>(x). By condition (A1), Lemmas 3.4 and 3.10, it is obvious that for
1<x= o(yn’l),

1
h(x) < exp{ — Exz + o1 (x*TPel + x%52) }
_Yn
< By [e (X)1{0>Yn(X)E—1—62(X2+p55+xz53),(xan)p/2<\[M]n—(M)n|}]
1
< exp{ - Ex2 + o1 (x* el +x287) } (4.20)

2 4 272
x By [T ST o =]

1
= eXP{l = 5x7 + e (¥ 8] +x7)) }Ex[1{<xsn>ﬂ/2<[M]n—<M>n|}]~

Denote by (M (x)), = Z?:l E, [§,2|.7-'i_1]. Notice that ¢, = O(yy). From (3.4), using (3.10),
Lemmas 3.3, 3.5 and condition (A2), we obtain for 1 <x = o(yn_l),

(M), = (M)

n E 2 xéi—xzé,-zﬂ _E_ n E ; Xfi*xzéiz/z ]:i— 2
E [Sl eé,f 2&2/2 | 1] _E[$l2|ﬁ_l] +Z( [E 85’7 252 2 | 1] >
i1 Ele™ /7 Fiq] T\ E[e™i 52| F
n
<y (E[x*1& 171 R ] + (E[x§i2|]:i—l])2) (@.21)
i=1

< ca (B[P 18P 1F ] + CE[l6 P F ) (B[ F ) )
i=1

<csxPeb.
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Thus, for 1 <x =o(y, 1),
1 2 2 22
hx) < eXp{l — 3% o378 + %8 LE L (02 <piaas, — )]

4e 1, 2 242 +p)/2
= e o e"p{‘ax Fes( e +x78,) (B [[1M] — (M), [T
It is obvious that

n

[M], — (M(x)), = (& — E«[§1Fi-1]).

i=1

Thus, ((M]; — (M (x));, Fi)i=0.....n 1s @ martingale with respect to the probability measure P,.
By the inequality of von Bahr and Esseen [32], it follows that for 1 <x = o(yn_l),

Ex[|[M]n _ <M(x)>n|(2+p)/2] < ZEXHE? —E, [€i2|]_—l_71“(2+p)/2]
i=1

<7y El&1]

i=1

. (4.22)
o) E[|&*TPef ™| F ]
RSO F ]
< cgel.
Hence, for 1 <x = o(yn_l),
SP(Z—K’)/4 1 ) ) 20
L __ +o .0
L(x) < fo’(2+%’)/4 exp{ 2x +C3(x el +x 5;1)} (4.23)

Next, we give an estimation for P(W,, > x, |[M],, — (M),| > 6, +1/(2x)). Since |1 — (M),| <
82 < 8,/2, it is obvious that

P(W, > x, [[M], — (M),| > 8, + 1/(2x))
<P(W, = x, |[[M], — 1|+ |1 = (M),| > 8, + 1/(2x))
<P(W, =x, |[[M], —1| > 8,/2+1/(2x)).

To estimate the tail probability in the last line, we follow the argument of Shao and Zhou [29].
We have the following decomposition:

P(W, >x, |[M], — 1| > 8,/2+ 1/(2x))

<P(M,/y[Ml,=x,1+48,/2+1/2x) < [M], < 16)
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+P(M /v IM], = x, [M], < 1= 8,/2 — 1/(2x)) (4.24)

+P(M, /M1, = x,[M], > 16)
3
= P((My, /M) € &),
v=1

where £, C R x RT, 1 < v < 3, are given by

E ={w,v)eRxR  1u/v>x,/1+68,/2+1/2x) <v =<4},

={@,v) eRx R 1u/v>x,v<1-5,/2—1/(2x)},
53={(u,v)eRxR+:u/v2x,v>4}.

To estimate the probNability P((M,, J/[M],) € &), we introduce the following new conjugate
probability measure P, defined by

dP, = Z,(x)dP,

where

e{l (x)

k
Ty rg 282
]:[ RN and Z(x) =x& — x2€2/8.

Denote by Ex the expectation with respect to ﬁx and (]l7[ )y = ZLI lNEX [$i2|]-'i_1]. By an
argument similar to (4.21), it follows that for 1 <x = o(yn_l),

](M(x))n —(M)n| < cxPel.
By Markov’s inequality, we deduce that
P((M,,VIM1n) € &)

< (3n/2 + 1/(2x))_2€_inf(u,v)€£1 (xu—(UX)2/8)E[([M]n _ 1)26an—[M]nx2/8]

< 16X26_inf(u,v)e$1 (Xu—(UX)Z/S)E[([M]n _ <M(x)>n)zean—[M]nx2/8]
+ 16 st (O OR(Fi ), — (et ]
+ 168;2e_inf(u,v)esl (xu—(vx)z/S)E[(<M)n _ 1)2ean—[M]nX2/8] .

< 16x2e~ Muvee (xu—(vx)z/S)E[([M]n _ <A7I(x)>n)2€xMrlMlnx2/8]
+ ex 2420 20 p=infu s, (xu—(UX)2/8)E[ean7[M]nx2/8]

n

+ 1652~ ey (xt#(ux)z/s)E[exM,,f[M]nxz/s],
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where it is easy to verify that

1 7 1
inf ——(wx)?) = —cx?82. 4.26
(u,le)legl (xu 8(v)c) ) 8x + 4x cx“$;, ( )

By Lemma 3.1, conditions (A1) and (A2), it follows that
n ~
]_[E[eé“imm- < 1‘[(1 + Sx?E[67|Fim1] + ex*TPE[|¢; |2+”|]-‘,-_1])
i=1

<1'[exp{ E[&7|Fi ]+cx2+pE[|§i|2+”IFi_1]}

= exp{ §x2<M>n +ex?t ZEU&P*%_I]}

i=1

3
< exp{ gxz +o(x* el +x287) }

Therefore, for 1 <x = O(Vn_l)7

E[(IM1, — (M), ) e 1Hh/8]
= E[(]‘[ E[eff(”m]]) (1M1, — (B (x)),)* Z (x)}
e
E[(IM1, — (M () )*Z, ()] exp{ ng +o(xZPel + xzaﬁ)}
—E.[((M1, — (M ()),)] exp{ %xz +e(x2Pel + x252) }
= SR - Bl o] 37 el +.083) |
i

where the last line follovg‘s because ([M]; — (1\7 (x))i, Fi)i=o0,...n is a martingale with respect to
the probability measure P,.. Therefore, by Lemma 3.1, conditions (A1) and (A2) again, we have
forl <x= o(yn’l),

E[([M1, — (M (x)) )7 Mn—IMhe/38]

<ZE &1 Fi- ]]exp{%xz—i-c(x”ps,’,’ +x283)}
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n ~ ~
= Z]EN}X [E[Sfeg"(x)|.7-','_1]/E[e§"(x)|]:,'_1]] exp{ %xz + c(x2+p8,f +x255)}
i=1

n n
~ 1 3
<c Y E, |:x2_f’ > E[l& |2+p|]-'1-_1]:| exp{ gx2 +c(x?tPel +x255)}
i=1 i=1
P 3 2 24p .p 2¢2
S ciepexpyox +c(x*FPel +x78;,) 1.

Lemma 3.1 implies that for 1 <x = o(yn_l),
1 3 -
E|expyxM, — —x*[M], — Zx*(M), — cx*™* Y "E[|&*7| Fi 1]
8 8 =

1 3 n—1
< E[exp{an_l = g My — S M)y — ex?H ZEU&P*%_I]”

i=1

<l

By conditions (A1), (A2) and the last inequality, we obtain for 1 < x = o(y, ),
3
E[ean—[M]nxz/S] < exp{ gxz =+ C(x2+p‘9y/l) + xz(srzl)}‘

Thus, from (4.25), we deduce that for 1 < x = o(yn_l),

P((an [M]n) € gl)

1 1
<co(ef +x*T2Pell +87) exp{—ix2 -t c(x*tPef + xzé,%)} 4.27)

1
<c3(ef +62) exp{ —Exz +c(x* el +x282) }
Similarly, we have

P((My,VIM1y) € &)

< (Sn/z + 1/(2x))_26—i“f(u,v)egz(XM—Z(UX)Z)E[([M]n _ l)zean—z[M]nxz] (4.28)

<ca(ef +62) exp{ — %x2 +c(x* el +x287) }
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For the last term P((M,,, +/[M],) € &), we obtain the following estimation

P((My, VIM1y) € &) =P(My, = x/[M],, [M], > 16)

2 3 (4.29)
5—x‘2/3exp —Zx? ,
3 4

where the last line follows by Lemma 3.8. Moreover, by Lemma 3.9, it holds that for p € (0, 1],

P((M,, V[M],) € &) <P(|[M], — (M),| = 1)

<ce?b.

By the last inequality and (4.29), we get for | <x =o(y, 1),

P((M”, [M]n) € 53) < min{cef, §x2/3e3x2/4}

8/0(2—,0)/4 1
e L— exp ——x?
— xpr2tp)/4 2 ’

(4.30)

Thus, combining the inequalities (4.24), (4.27), (4.28) and (4.30) together, we deduce that for
1<x= o(yn_l),

P(W, = x, [[M]y — (M)| > 8, +1/(2x))

80(27/))/4
n
=\ -
- (xp(2+/0)/4

. “31)
+ 83) exp{—§x2 +c(x*tPef +x287) }

Combining (4.18), (4.19), (4.23), and (4.31), we obtain for | <x = o(yn_l),

(2—p)/4
P(W, > x) £n 2
m < (1 + (1 +x)(xp(2T)/4 + 4,

" exp{er o (X2l + 3282 + (1 +x) (x ¥ + v +84))) if pe(0,1),
exp{02(x38,, +x283 +(1+ x)(xyn + vulIny,| + 8,,))} ifp=1
8;:0—0)/4
exp{cp <x2+’08ﬁ +x28,% + (1+x) <X'O)/np + Vnp + 6, + W))}
if p € (0, 1),

85(271))/4
exp{c(x3£n +x%82 4 (1 —i—x)(xyn + Vullnyn| + 8n + 7» }

IA

xp(2+[7)/4

if p=1,

which gives the desired inequalities.
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For the case 0 < x < 1, the assertion of Theorem 2.3 follows by a similar argument, but with
1/(2x) replaced by 1/2 in (4.17) and (xen)P/? replaced by e,f/z in (4.18), and accordingly in the
subsequent statements. This completes the proof of Theorem 2.3.

4.3. Proof of Theorem 2.1

Using Proposition 3.2, by an argument similar to the proofs of Theorems 2.2 and 2.3, we obtain
the following result. If p € (0, 1), then for 0 < x = o(min{en_l, Kn_l}),

P(W, > x)
1—d(x)

p(2—p)/4
_ 24p p 242 0/2.P/2 | p/(B+p) n
_exp{ec,,(x ey +x 5,1+(1+x)(x &' "+ en +8n+—1+xl’(2+/’)/4>>}'

Notice that the following three inequalities hold:
x1+p/28r/l>/2 < x2+p8’;17’ x> 8;/7/(2+p)’

—p/(2+p)

2 3
xPPRePI2 < gD g <x <&, :

8’,;7(2_10)/4 < 85/(3+P)’ pe (07 1]

Therefore, for p € (0,1) and 0 < x = o(min{en_l,icn_]}),

P(W, >
—( nzX) = exp{@cp (x2+p£,’,’ + x283 + 1+ x)(s,/,)/(3+p) + 5n))},
1 —d(x)
which gives the desired equality for p € (0, 1).
Assume that condition (A2) holds for p > 1. When p € [1, 2], by Markov’s inequality and
(4.22), we have for x > 1,

1 @+0)/2
B llyaep2<itvsy -] < o araya Erl /M = (M @), ]

<L Goop
- x(2+p)/4 n

< £Br-DI4

(4.32)

When p > 2, Lemma 3.7 implies that condition (A2) also holds for p = 2, with the term ¢, in
condition (A2) replaced by 2¢;,. Then (4.32) with p = 2 shows that

Ex (e, 1211, — 1y, 1] = 28
Thus, for p > 1, it holds that

3p—=2)/4 3
B (1,2, — o] < max{er? ™27, 26, ) <2604,
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Notice that Lemma 3.7 also implies that condition (A2) holds for p = 1. Therefore, by (4.20),
(4.23) can be improved to

1
12()() < exp{l — Exz +c3 (x2+p85 +x28}%)}EX[1{(X8n)1/2<|[M]n—(M)n|}]

1
< cgl/CTP) exp{ —Exz +c3 (x3£n + x265) }
Notice also that for p > 1,

2
P((My,[M],) € &) < min{clsf;, gx_2/3e_3x2/4}
1
< 028;(;/(3+’0) exp{—zxz}.

By an argument similar to the proof for case p € (0, 1) but with the term (x&,)P"? in (4.18)
replaced by (x&,)1/2, we have for 0 < x = o(min{an_l, Kn_l}),

P(W, > x)

Y = exp{9c3(x38n +x26,2, +Q +x)(xp/28£/2 + 85/(3+p) +5n))}

= exp{Bea(xen + 2282+ (1 + ) (/O 1-8,),

which gives the desired equality for p > 1.

4.4. Proof of Corollary 2.2

To prove Corollary 2.2, we need the following two sides bound on the tail probabilities of the
standard normal random variable:

1 2 1 2
—x%/2 —x“/2
—¢ <l—-d(x) < —e , x>0. (4.33)
2w (14 x) VT (1 +x)
See page 17 in It6 and McKean [19] or Talagrand [31]. First, we prove that
1 W, 2
lim sup —2lnP<—n c B) <—inf . (4.34)
n—oo Ay an x€B

For any given Borel set B C R, let xo = infycp |x|. Then, it is obvious that xo > inf, 7 |x|.
Therefore, by Theorem 2.1 and Remark 2.1,

P<% € B> < P(|Wa| = anxo)

dn

<2(1 — ®(anx0))

X CXP{Cp ((anx0)2+p5,/1) + (anx0)28,% + (anxo) (85/(3+p) + 511))}-
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Using (4.33), we deduce that

. 1 W, xé . x2
11msup—21nP —€eB )< -y < —inf —,

n—oo ay an

which gives (4.34).
Next, we prove that

..o 1 W, o x2
hmlnf—2 InP| —e€B)>— inf —. 4.35)
n—oo a; ay xeBe 2

We may assume that B? # &. For any €] > 0, there exists an xg € B?, such that

x2 x2
0<705 inf S e (4.36)

xeB°

For xg € B?, there exists small &, € (0, xq), such that (xo — &2, xo + €3] C B. Then it is obvious
that xo > inf, 5 x. Without loss of generality, we may assume that xo > 0. By Theorem 2.1, we
deduce that

P(% € B) > P(W, € (an(x0 — £2). an(x0 + £2)])

an

> P(W,, > an(xo — €2)) — P(Wy, > an(x0 + £2)).

Using Theorem 2.1 and (4.33), it follows that

1 W, 1
liminf — 1nP<—” € B) > —E(xo — )2,

n— 00 ar21 ay

Letting e, — 0, we get

1 W, x2 2
1iminf—21nP<—" € B) >_ 20> _inf L gy

n—00 a2 an veBo 2

Because ¢ can be arbitrarily small, we obtain (4.35). This completes the proof of Corollary 2.2.
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Supplementary Material

Supplement to “Self-normalized Cramér type moderate deviations for martingales” (DOI:
10.3150/18-BEJ1071SUPP; .pdf). The supplement gives the detailed proofs of Propositions 3.1
and 3.2.
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