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The purpose of this paper is to introduce a new Markov chain Monte Carlo method and to express its
effectiveness by simulation and high-dimensional asymptotic theory. The key fact is that our algorithm has
a reversible proposal kernel, which is designed to have a heavy-tailed invariant probability distribution.
A high-dimensional asymptotic theory is studied for a class of heavy-tailed target probability distributions.
When the number of dimensions of the state space passes to infinity, we will show that our algorithm has a
much higher convergence rate than the pre-conditioned Crank—Nicolson (pCN) algorithm and the random-
walk Metropolis algorithm.
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1. Introduction

The Markov chain Monte Carlo method (MCMC) is a commonly used technique for evaluating
complicated integrals, particularly in the high-dimensional state space. Many new methods have
been developed over the last few decades. However, it is still very difficult to choose an MCMC
that works well for a given function and a given measure, which is called the target probability
distribution. The choice of MCMC strongly depends on the tail behavior of the target probability
distribution. In particular, it is well known that many MCMC algorithms behave poorly for heavy-
tailed target probability distributions.

In our previous work, in [10], we studied some asymptotic properties of the random-walk
Metropolis (RWM) algorithm for a class of heavy-tailed target probability distributions. The
algorithm has a very slow convergence for this class. Finding a more effective strategy is an
important unresolved problem.

A candidate of this algorithm, the pre-conditioned Crank—Nicolson algorithm (pCN), appeared
for the first time in [17]. The method is a simple modulation of a classical Gaussian RWM
algorithm, and therefore their computational costs are almost identical. The effectiveness of this
simple candidate was provided in the simulation by [3] and its theoretical effect was provided
in [1,4,21] and [8]. However, our simulation shows that it works only for a specific light-tailed
distribution and does not work well otherwise, especially for the class of heavy-tailed target
probability distributions considered in this paper. In Theorem 3.1, we will prove its regarding
convergence rate.
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In this paper, we introduce a new algorithm which is a slight modification of the original pCN
algorithm although their performance is completely different. It works well for a large class of
target probability distributions. Let us describe our new algorithm, the mixed pre-conditioned
Crank—Nicolson algorithm (MpCN). Let P(dx) = p(x) dx be the target probability distribution
on RY. Fix p € (0, 1). Set initial value x = (x1, ..., x7) € RY and let [ x| = (X0, x»)"/2. The
algorithm goes as follows:

e Generate r ~ Gamma(d/2, ||x||>/2).
e Generate x* = p'/2x + (1 — p)/2r~1/2w where w follows the standard normal distribution.
e Accept x* as x with probability «(x, x*), and otherwise, discard x*, where

PO lx]I ¢ }
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Here, Gamma(v, ) is the Gamma distribution with probability density function g(x; v, o) =
x" Lo exp(—ax)/T(v).

The key fact is that the proposal kernel of the proposed algorithm has the heavy-tailed invariant
probability distribution. Thus, it is reasonable that the new method works better than the pCN
algorithm for the class of heavy-tailed target probability distributions. In addition, we show by
simulation that the new method is at least as good as that of the pCN algorithm, even for the light-
tailed target probability distribution. Our method works well for a wide class of target probability
distributions.

We study its theoretical properties via high-dimensional asymptotic theory. The high-
dimensional asymptotic theory for MCMC was first appeared in [24] and further developed
in [25]. See [3] for recent results. We use this framework together with the study of consistency
of MCMC by [11].

The main technical tools are the Malliavin calculus and Stein’s techniques. The reader is re-
ferred to [20] for the former and [2] for the latter and see [19] for the connection of the two
fields. The analysis of this connection is a very active area of research, and our paper illustrates
the usefulness of the analysis even for MCMC.

The paper is organized as follows. The numerical simulations are provided in the next section.
We also illustrate the limitation of the MpCN algorithm in Section 2.3.4. In Section 3, high-
dimensional asymptotic properties will be studied. We will show that the pCN algorithm is worse
than the classical RWM algorithm for the class of heavy-tailed target probability distributions. On
the other hand, the MpCN algorithm attains a better convergence rate than the RWM algorithm.
Proofs are relegated to Section 4. In the appendix, Section A includes a short introduction to the
Malliavin calculus and Stein’s techniques. Section B provides some properties for consistency of
MCMC.

Finally, we note that, in our current study, we only describe the usefulness of our algorithm
for the class of heavy-tailed target probability distributions. However, this heavy tail assumption
is just an example of target probability distribution that is difficult to approximate by MCMC.
Our method works well for a large class of target probability distributions. These include the
Bayesian posterior distributions for ergodic/non-ergodic settings of diffusion processes, point
processes such as Hawkes process, and other i.i.d. models. Some diffusion results can be found
in [14] and [13]. (More precisely, a version of MpCN. See Section 3.4 for the detail.) The target
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probability distribution is very complicated although it is not heavy-tailed. The performance of
the Gaussian RWM algorithm was quite poor due to the complexity. However, the new method
worked well as described in Figure 1 of [14].

1.1. Notation

For a real number x, [x] is the integer part of x > 0. The Euclidean space R? is equipped
with the norm |x| = (Zflzl)cl.z)]/2 and inner product (x,y) = Zlexiy,- for vectors x =
1,00y x2),y=1y-..,Ya) € R?. The d x d-identity matrix is denoted by I;. In this space,
the normal distribution with mean 1 € R? and variance covariance matrix ¥ is denoted by
Ng(p, ), and its density is denoted by ¢4(x; u, £). When d = 1, we use simpler notation
N (i, o) for the normal distribution with mean  and variance o with its density ¢ (x; i, o2).

For a real-valued function f : E — R, we consider the supremum norm | fl|e =
sup, g | f (x)]. For a signed measure v on (E, £), we consider the total variation norm |[|v |ty =
SUpgce [V(A)| = 27! Sup| £i<1 (/)| where v(f) =vf = fE S x)v(dx).

For a probability space (2, F, P), £(X) is the law of random variable X. For a random vari-
able X with an event A € F, we write

E[X, A] = E[X14].

The weak convergence of the random variable is denoted by X,, = X. When the sequence £(X,,)
(n=1,2,...,) is tight, we write X,, = Op(1), and write X, = op(l) if X, = 0. Write X|Y for
the conditional distribution of X given Y.

2. The MpCN algorithm and its performance
2.1. The pCN algorithm

In this section, we describe two Metropolis—Hastings algorithms. Let P(dx) be a probability
measure on (E, £) with the probability density function p(x) with respect to a o -finite measure
v(dx). The Metropolis—Hastings algorithm generates a Markov chain {X,,},, with the Markov
kernel K (x, dy) on (E, £) defined by the following: Let R(x, dy) be a Markov kernel with £ ®2_
jointly measurable probability density function r(x, y) of R(x,dy) with respect to v(dy). Set
Xoe E and form > 1,

X:;l ~ R(Xm—la d-x)a
v X, with probability o (Xu—1, X},
") Xy with probability 1 — a(Xm_l, X;Z)

where R(x, dy) is called the proposal kernel, and «(x, y) is called the acceptance ratio which is
defined by

@, ) me{l’ P, y)
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This acceptance probability is designed to satisfy
P(dx)R(x,dy)a(x, y) = P(dy)R(y, dx)a(y, x). 2.1
The Markov chain is called reversible with respect to P (dx) if
P@dx)K (x,dy) = P(dy)K (y, dx).

If the acceptance ratio satisfies (2.1), then the Markov chain has reversibility. See monograph
[23] or review [29] for further details.

When E = R?, the most popular choice is R(x, dy) = Ny(x, X) where X is a positive definite
matrix. However, this popular choice reveals the limitation in high-dimension as described in
[24]. Another approach was proposed by [17] which sometimes works better. Let P; be a proba-
bility measure on R¢ with density py(x) with respect to the Lebesgue measure. In this paper, the
following algorithm that generate a Markov chain X¢ = {X }men, is called the pre-conditioned
Crank—Nicolson (pCN) algorithm for the target probability distribution Py if p € (0, 1) and Xj d
is a R¥-valued random variable, and for m > 1,

X4 = V1= pWe, Wi ~ Ny, 1),
xd _ Xd* with probability ag (X;lz—l , Xfln*), (2.2)
" X;ﬂ . with probability 1 —ay(X9_,, X&),

where ag(x, y) =min{l, pg(y)¢a(x; 0, 13)/ pa(x)pa(y; 0, I)}. In this case, the proposal kernel
is Ry(x,dy) = Ny(/px, (1 = p)ly). Then

@a(x;0, 1) dx Ry (x,dy) = ¢q(¥; 0, I5) dy Ry (y, dx).

Thus, the proposal kernel is reversible with respect to the standard normal distribution.

The pCN algorithm works well when the target probability distribution P, is approximately
Gaussian distribution. However, we will see that the algorithm becomes even worse for a class
of heavy-tailed target probability distributions.

2.2. The MpCN algorithm

In this paper, we propose the following algorithm that generates a Markov chain X¢ =
{Xfln}meNO: Set p € (0, 1) and set Xg as a R9-valued random variable, and for m > 1, gener-

ates independent random variables W,fl, W,fl ~ N4(0, I;) and set

Xde = Xy VT Xy |

l Wd I
Then we set
wd | X with probability oy (X% _,, X&),
m d . a1 _ d dx
X1 with probability 1 — ay (mel, X, ),
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where

aq(x, y) =min{1, pa(x[~*/pa)llyII~*}.
In this paper, this algorithm is called the mixed pre-conditioned Crank—Nicolson (MpCN) algo-

rithm for the target probability distribution Py.
Since d!/? W,ﬁ /1l W,Z || follows the ¢-distribution with d-degrees of freedom in R¥ (see (3.3)),
the proposal kernel R;(x, dy) of the MpCN algorithm is expressed by
29—d
s

1 d 1 Yy —/px

Ri(x,dy) =rqg(x,y)dy:= c(—) |:1 + - H _
VT =plx|ld=1/? d| /T~ pllx|ld=1/2

where ¢ =T'(d)/I'(d /2)d 2 /2 is the normalizing constant. Then, by taking a o-finite mea-

sure Pg(dx) = p,(x)dx := ||x[|~¢ dx, we have

Pa(dx)Ry(x, dy) = c(1 — p)2a[IIx11? + Iy11% = 2¢/p(x, )] ¢ dxdy = Pa(dy)Ra(y, dx).

Thus, the proposal kernel is P g-reversible. The expression of the acceptance probability of the
MpCN algorithm comes from this property, since

ra(y.x) _ pa) _ JxlI™?
ra(,y)  Pa) Tt

Since Py has a heavier tail than those of Gaussian distributions, we expect that this new method
works well even for heavy-tailed target probability distributions. We will now check the perfor-
mance of simulation.

2.3. Numerical results

We consider two kinds of numerical experiments.
Efficiency of MpCN algorithm: In Sections 2.3.1-2.3.3, we illustrate efficiency of the MpCN
algorithm. We run M = 108 iterations (no burn-in) for each of the following algorithms:

1. The RWM algorithm with Gaussian proposal distribution. More precisely, the update x*
from the current value x is generated by x* = x 4 o4& where ¢ follows the standard normal
distribution and 03 = 1/d in this simulation.

2. The RWM algorithm with the z-distribution as the proposal distribution (two degrees of
freedom). More precisely, x* = x 4+ o4& where ¢ follows the 7-distribution with two degrees
of freedom and 03 = 1/d in this simulation.

3. The pCN algorithm for p =0.8.

4. The MpCN algorithm for p = 0.8.

The target probability distributions are the following.

(a) The standard normal distribution.
(b) The z-distribution (two degrees of freedom).
(c) A perturbation of the ¢-distribution.
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Trajectory of (||x||*2-d)/sqrt(2d) by Gaussian RWM Trajectory of x[1] by Gaussian RWM
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Figure 1. The RWM algorithm with Gaussian proposal distribution for P; = N;(0, 1) for d = 2.
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For each target probability distribution and each algorithm, we generate a single Markov chain
{X;‘fl }m with initial value Xg ~ N4(0, I;) and plot four figures as in Figure 1.

This example is just for an illustration. The target probability distribution is the two dimen-
sional standard normal distribution and the MCMC is the RWM algorithm with Gaussian pro-
posal distribution. These four plots are

(1) Trajectory of the normalized distance from the origin. When the target probability dis-
tribution is the standard normal distribution, we plot (2d)~V/ 2(||Xf,’, 12 — d)},n and for
other cases, we plot {||X,‘f1 12/d}m (upper left).

(ii) The autocorrelation plot of the above (bottom left).
(iii) Trajectory {ng,l}m where an = (ng,l’ e, Xi,d) (upper right).
(iv) The autocorrelation plot of the above (bottom right).

The simulation results are illustrated in Sections 2.3.1-2.3.3.

Shift perturbation effect: We also illustrate the limitation of our algorithm and how to avoid
it in Section 2.3.4. The target probability distribution is Py(§1 — dx) where 1 = (1,...,1) € R4
and

£=0,1,2,3, or 4
and Py is

(a) the standard normal distribution, or
(b) the z-distribution (two degrees of freedom).

We plot

(ii) the autocorrelation plot of {(2d)~!/ 2(||X;‘f1 — £1||2 — d)},, for the standard normal distri-
bution, and plot that of {||X,‘f, — £1||2/d)},y, for the t-distribution for & € {0, 1,2, 3, 4}.
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Although we can not apply our theoretical results to this non-spherically symmetric target prob-
ability distribution, it is a good example to illustrate the limitation of our algorithm. The perfor-
mance of MCMC for the shift £1 will illustrate shift sensitivity of the MCMC algorithms. The
RWM algorithms are, essentially, free from the shift. However, the pCN and MpCN are sensitive
to this effect. Fortunately, this effect can be avoided by a simple estimate of the center of the tar-
get probability distribution. We will show the results with and without this estimation. Therefore,
in practice, sometimes the performance can be improved by using the estimates of the center and
the covariance structure.

Since RWM algorithm is free from this effect, we only consider the pCN and MpCN algo-
rithms. We can compare the results in this section to that of the RWM algorithms in Sections 2.3.1
and 2.3.2.

2.3.1. The standard normal distribution in R?°

Set P; = Ng4(0, 1;) for d = 20. For this case, the convergence rate for the RWM algorithm is d.
On the other hand, the pCN and MpCN algorithms attain consistency, and so these algorithms
are better than the RWM algorithm (see Section 3.4). The simulation shows that the performance
of the RWM algorithm for the Gaussian proposal and the ¢-distribution proposal are similar
(Figures 2 and 3), and that for the pCN and MpCN algorithms are also similar (Figures 4 and 5)
and are much better than the former two algorithms.

We also observed the effective sample size (ESS; [6]. See also 12.3.5 of [23]) by using coda
package ([22]) in R. The results in Table 1 are calculated from 5000 samples after 5000 burn-in
samples for 50 parallel runs and calculated the average over d coordinates. The value of the ESS
was multiplied by a factor of 100 to reflect the percentage of the total MCMC iterations that can
be considered as independent draws from the posterior. We choose the tuning parameter of the
RWM algorithm so that the acceptance probability is around 25%. The results are not surprising;
as in autocorrelation plot, the pCN and MpCN algorithms work better than the RWM algorithm.

Trajectory of (||x||*2-d)/sqrt(2d) by Gaussian RWM Trajectory of x[1] by Gaussian RWM
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Figure 2. The RWM algorithm with Gaussian proposal distribution for P; = N;(0, I;) for d = 20.
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Trajectory of (||x||*2-d)/sqrt(2d) by Heavy-tail RWM
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Trajectory of x[1] by Heavy-tail RWM
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Figure 3. The RWM algorithm with ¢-distribution as the
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proposal distribution for P; = Ny4(0, 1) for

2.3.2. Py is the t-distribution with two degrees of freedom in R*

Set P, as the t-distribution with v = 2 degrees of freedom with the scale parameter o =5 and
shift 4 = 0 for d = 20. Recall that the probability distribution function is given by

C(v+d)/2)

(2.3)

pa(x) =

/v PPl (14 (e = ) o |2 /v) 7+

For this case, the convergence rate for the RWM algorithm is d2. The pCN algorithm is much
worse than the rate, and the MpCN algorithm attains much better rate d (Theorems 3.1 and 3.2).

Trajectory of (||x]|*2-d)/sqrt(2d) by pCN

Trajectory of x[1] by pCN
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Figure 4. The pCN algorithm for P; = N4(0, 1) for d = 20.
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Trajectory of (||x||*2-d)/sqrt(2d) by MpCN
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Figure 5. The MpCN algorithm for P; = N;(0, 1) for d = 20.
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In the simulation, the MpCN algorithm is much better than other algorithms which correspond

to the theoretical result (Figures 6-9).

As in Table 2, the estimated value of the ESS also reveals the limitation of the pCN, and
efficiency of the MpCN. The estimated ESS for the MpCN algorithm is better than that of the
RWM algorithm as in autocorrelation plots. However, we remark that for this high-dimension
heavy tail case, the estimate of the ESS may not be reliable.

2.3.3. A perturbation of the t-distribution

We show the performance of the MpCN algorithm when the target probability distribution is
not spherically symmetric. Let Py be a probability measure in R?? with the probability density

function

20
X
DP20(X1, X2, ..., X20) X (1 +Z< !

i=1

—1

—(4+20)/2

2
) + x| + Sin(xz)/2>

Table 1. Effective sample size for P; = Ny4(0, 1) for d =20

Method Effective sample size Acceptance probability
RWM 0.828 0.226
RWM ¢-distribution  0.594 0.254
pCN 2.770 0.980
MpCN 2.375 0.801
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Trajectory of ||x||*2/d by Gaussian RWM Trajectory of x[1] by Gaussian RWM
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Figure 6. The RWM algorithm with Gaussian proposal distribution when #-distribution is the target prob-
ability distribution.

The distribution is not scaled mixture, and so we can not say anything for the convergence rate
for this case. However, by simulation, we observe that the MpCN algorithm is much better than
other algorithms (Figures 10-13).

Again, we calculated the ESS in Table 3. We can still observe the gap between the MpCN and
other algorithms though it is smaller than that of the #-distribution case.

2.3.4. Shift-perturbation of spherically symmetric target probability distributions

Let Py = Ng(€1, 1;), where £ =0, 1,2, 3,4 for d =20 and consider the pCN and MpCN algo-
rithms. Compare the results of the RWM algorithms in Section 2.3.1 (bottom left figures of Fig-

Trajectory of ||x||*2/d by Heavy-tail RWM Trajectory of x[1] by Heavy—tail RWM
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Figure 7. The RWM algorithm with z-distribution as the proposal distribution and the target probability
distribution is also the z-distribution.
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Trajectory of ||x||*2/d by pCN Trajectory of x[1] by pCN
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Figure 8. The pCN algorithm when ¢-distribution is the target probability distribution.

Trajectory of ||x||*2/d by MpCN Trajectory of x[1] by MpCN
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Figure 9. The MpCN algorithm when ¢-distribution is the target probability distribution.

Table 2. Effective sample size for 7-distribution

Method Effective sample size Acceptance probability
RWM 0.385 0.194
RWM ¢-distribution 0.498 0.259
pCN 0.052 0.053

MpCN 3.300 0.941
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125 Trajectory of ||x||*2/d by Gaussian RWM Trajectory of x[1] by Gaussian RWM
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Figure 10. The RWM algorithm with Gaussian proposal distribution when the perturbed ¢-distribution is
the target probability distribution.

ures 2 and 3). Figure 14 illustrates that although the performances of pCN and MpCN algorithms
are much better than the RWM algorithms when & = 0, it is sensitive to the value of &. Therefore
for the light-tail target probability distribution in high-dimension, when the high-probability re-
gion is far from the origin, it is important to shift the target probability distribution in advance.
For example, first, calculate rough estimate é of the center of the target probability distribution
P;(dx), and then run the MCMC algorithm for Py(—€ + dx). Tempering strategies might be
useful for the rough estimate of the center of the target probability distribution as in [14].

Next figure (Figure 15) is a result of the pCN and MpCN algorithm with a simple estimation of
the center of the target probability distribution. We run M = 103 iteration of the pCN or MpCN

125 Trajectory of ||x||*2/d by Heavy-tail RWM Trajectory of x[1] by Heavy-tail RWM
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Figure 11. The RWM algorithm with z-distribution as the proposal distribution and the target probability
distribution is the perturbed ¢-distribution.
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Trajectory of ||x||*2/d by pCN
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Trajectory of x[1] by pCN
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Figure 12. The pCN algorithm when the perturbed ¢-distribution is the target probability distribution.

Trajectory of ||x||*2/d by MpCN
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Figure 13. The MpCN algorithm when the perturbed 7-distribution is the target probability distribution.

Table 3. Effective sample size for the perturbed ¢-distribution

Method Effective sample size Acceptance probability
RWM 0.549 0.226
RWM ¢-distribution 0.484 0.195
pCN 0.129 0.088
MpCN 1.863 0.418
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Autocorrelaton plot by pCN algorithm Autocorrelaton plot by MpCN algorithm
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Figure 14. Autocorrelation plots for the pCN and MpCN algorithms for shifted normal distributions.

algorithm to calculate
M—1
E=m">" x4 (2.4)
=0

and then run M = 10 iteration of the pCN or MpCN algorithm for the target probability distri-
bution Pd(—§ + dx). The effect of the shift is considerably weakened.

We consider the ¢-distribution (2.3) with v =2 and 6 =5 and u = &1 where £ =0, 1,2, 3,4
for d = 20. Compare it to the results in Section 2.3.2 for the RWM algorithms (bottom left figures
of Figures 6 and 7). Compared to the light-tailed distribution, the effect of the shift is small for
the MpCN algorithm, and the five autocorrelation plots are overlapped in Figure 16.

The next figure (Figure 17), which is almost identical to the previous one, is a result of M =
108 iteration of the pCN and MpCN algorithm with a simple estimation of the target probability
distribution (2.4) by M = 103 iteration. Thus for heavy-tailed target probability distribution, the
effect of shift perturbation is small, and the gain of the estimation of the center is also small.

3. High-dimensional asymptotic theory

We consider a sequence of the target probability distributions {P;}4en indexed by the number
of dimension d. For a given d, P; is a d-dimensional probability distribution that is a scale

Autocorrelaton plot by pCN algorithm Autocorrelaton plot by MpCN algorithm
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xi

W
Awon s o
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| \ ) , | \ . } , \
0 25 50 75 100 0 25 50 75 100
lag lag

Figure 15. Autocorrelation plots for the pCN and MpCN algorithms for shifted normal distributions with
an initial estimate of the center of the target probability distribution.
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Figure 16. Autocorrelation plots for the pCN and MpCN algorithms for shifted 7-distributions.

mixture of the normal distribution. Furthermore, our asymptotic setting is that the number of
dimension d goes to infinity while the mixing distribution Q of P; is unchanged. Note that
in our results, stationarity and reversibility of the Markov chains generated by Markov chain
Monte Carlo algorithms are essential. However, this can be weakened as explained in Lemma 4
of [11].

3.1. Consistency

In this section, we generalize the consistency of MCMC studied in [11]. For each d € N, suppose
that Markov chain Monte Carlo method M¢ generates a Markov chain {X ;iﬁ m € No} with the
invariant probability distribution P;. The consistency defined in [11] is the property such that
the integral P;(f) = f f(x)P;y(dx) we want to calculate is approximated by a Monte Carlo sim-
ulated value % Znﬁfz_ol fX ff,) after a reasonable number of iterations M. For example, regular
Gibbs sampler should satisfy this type of property (more precisely, local consistency, see [11])
when d is the sample size of the data.

In the current context, the state space for X9 = {X;‘,ﬂ; m € No} (d € N) changes as d — oo
that is inconvenient for further analysis. As in [24] and [10], to overcome the difficulty, we set a
projection 7y x (k < d) to a finite subset by

7T k(X) = (Xi)i=1,...k (x = (xi=1....d)-

Autocorrelaton plot by pCN algorithm Autocorrelaton plot by MpCN algorithm

o 2500 5000 7500 10000 o 2500 5000 7500 10000
lag lag

Figure 17. Autocorrelation plots for the pCN and MpCN algorithms for shifted #-distributions with an
initial estimate of the center of the probability measure.
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Other possibility to overcome this difficulty is to embed R? into RN under suitable metric as
in [1]. We do not follow this approach since it is not obvious how to embed our new algorithm
into RY, and also, we want to avoid further technical difficulties to deal with infinite dimensional
convergence of Markov processes.

Definition 3.1 (Consistency for non-fixed dimensional case). A family M? (d € N) is called
consistent if for any k € N, My — oo and for any bounded continuous function f : RF > R,

My—1

1

W > fomar(XG) — Pa(f omax) =op(1)(d — o0). (3.1)
m=0

It is not hard to show that the pCN and MpCN algorithms are consistent for a class of light-
tailed target probability distributions. However, when P; is a heavy-tailed distribution, these
methods do not have consistency, but weak consistency defined by the following.

Definition 3.2 (Weak Consistency). A family M¢ (d € N) is called weakly consistent with
rate Ty if (3.1) is satisfied for any M; — oo such that M;/T; — oo. We will call the rate Ty,
the convergence rate. If T;/d* — 0 for some k € N, we call that it has a polynomial rate of
convergence.

The rate T, corresponds to the number of iterations until good convergence. Therefore the
smaller, the better. Note that if the family M? is consistent, then the convergence rate is T; = 1.

Example 3.1. Let M? be the RWM algorithm with target probability distribution P; =
N4(0, 1) and the proposal distribution Ng(x, o2/d) for o > 0. We assume stationarity, that
s, Xg ~ Py for the Markov chain {an}m generated by M?. Then as in Theorem 1.1 of [24], for
any k e N, Y,d =g (X Eidt]) converges weakly to a k-dimensional Ornstein—Uhlenbeck process.
Then M? is weakly consistent and the rate is d by Lemma B.3.

When the target probability distribution is heavy-tailed, the performance of MCMC algorithms
is quite different from that for the light-tailed case. In [10], we showed that the convergence rate
for the RWM algorithm is d? for heavy-tailed target probability distribution. We will show that
this rate becomes d for the MpCN algorithm.

3.2. Assumption for the target probability distribution

In this subsection, we describe the class of target probability distributions considered in this
paper. We want to study the property of the MpCN algorithm for this class. The analysis becomes
much more complicated than that for the light-tailed target probability distribution. To avoid
technical difficulties, we want to set the class as minimal as possible. More precisely, we only
consider scale mixtures of the normal distribution. The class is not so rich, but it is sufficient for
our purpose since it includes many important heavy-tailed target probability distributions such
as the 7-distribution and the stable distribution.
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Let Q(do?) be a probability measure on (0, c0). Let P; be a scale mixture of the normal
distribution defined by

Pa=L(X).  Qa=L(|x5]/d). (32)

where X(”)1|02 ~ N4(0,021;) and 02 ~ Q. Note that Q4 — Q as d — oo since ||Xg||2/d — g2
a.s. In this setup, Py and Q4 have probability density functions p; and g4 that satisfy

2
pax) o ||x||2—dqd(@).

Assumption 3.1. Probability distribution Q has the strictly positive continuously differentiable
probability density function ¢ (y). Each ¢(y) and ¢’(y) vanishes at +0 and +oo.

Example 3.2 (Student 7-distribution). The probability distribution function of the z-distribution
with v > 0 degree of freedom is

I'((v+d)/2)
[(v/2)vd/2d/2(1 + ||x||2/v)0td)/2

pa(x) = (3.3)

In this case, Q is the inverse chi-squared distribution with v-degree of freedom with probability
distribution function ¢ (y) oc y~"/2~1e™"/@ Tt is straightforward to check that ¢ (y) and ¢’(y)
vanishes at +0 and +oo. For properties of the (multivariate) ¢-distribution, see [16].

Example 3.3 (Stable distribution). Let « € (0, 2). If P; is the rotationally symmetric «-stable
distribution with characteristic function [ exp(i(z, x)) Pz(dx) = exp(—||2/2]|=%/?), then Q is
o /2-stable distribution on the half line with Laplace transform f exp(—ty) Q(dy) = exp(—t%/ 2)
for t > 0. Although there is no closed form of probability density function ¢ (x), all derivatives
of g(x) are continuous and vanishes at 0 and co. See Section 14 of [26].

For this class of target probability distributions, the acceptance ratio of the MpCN algorithm
can be written in the following form:

_ Ga(ra(y))

= 2T 34
mm{ qd(rd(x»} GH

palxl~4 }

ag(x,y) = min{l,
paylI—

where
- - 1
Gry=2¢"q(e*),  Gar)=2e"qa(e¥),  ra(x)= 5 log(llx1%/d).

We write Q and Qy for probability measure with densities g and gg. N ote that if y ~ Q(dy) and
ya ~ Qq(dyg), then (logy)/2 ~ Q and (logys)/2 ~ Q4. In particular, Qs — Q.
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3.3. Main results

We describe the main results in this paper. The proofs will be given in Section 4. Set p € (0, 1).
We assume that Q is a probability measure on (0, co) and for each d € N, Py is the scale mixture
of the normal distribution defined in (3.2) with the mixing measure Q. We also assume station-
arity of the process, that is, Xg ~ P4. The pCN algorithm does not work well for the class of
target probability distribution.

Theorem 3.1. The pCN algorithm does not have a polynomial rate of convergence if Assump-
tion 3.1 is satisfied.

On the other hand, the MpCN algorithm still has a good convergence property for this class.
Recall that the convergence rate for the RWM algorithm is d? as studied in [10]. Let n = n(p) =

JI=p)2.

Proposition 3.1. Ler Q satisfy Assumption 3.1. Let X9 be a stationary Markov chain generated
by the MpCN algorithm and let Y,d =rq(X fldt]). Then Y? = (Ytd)l converges to the stationary
ergodic process Y = (Y;); (in Skorohod’s topology) that is the solution of

le = a(Yt)dl‘ + vV b(Yt)dWl, Y() ~ Q, (35)

where {W,}; is the standard Brownian motion and
_ n ~\/ _ .2
a(y) = E(Iqu) . b(y)=n".

Theorem 3.2. Let Q satisfy Assumption 3.1. Then the MpCN algorithm has the convergence
rate d.

3.4. Discussion

In this article, we proposed the MpCN algorithm and provide high-dimensional asymptotic re-
sults. The proposal kernel R;(x, dy) used in MpCN is P,-reversible where P;(dx) = ||x |9 dx,
and so this is a special case of MCMC that uses reversible proposal kernel. The relation to the tar-
get probability distribution Py and P is quite important. If P4 has a heavier-tail than that of P,
then MCMC behaves relatively well. On the other hand, if Pyhasa lighter-tail, it becomes quite
poor. The RWM algorithm has P4 = Lebesgue measure. This is a robust choice in the sense that
Sup, crd dPy/ dP is bounded for large class of target probability distributions, but it loses effi-
ciency to pay the price as described in [10]. On the other hand, the pCN algorithm, which has
P4 = Ny(0, I), does not work well except some specific cases. The proposed algorithm, MpCN
is in the middle of these algorithms. It is robust and works well.

It is possible to consider a more general class of the MpCN algorithm: Let Q be any o -finite
measure on (0, 00) and set Py(dx) = py(x)dx where py(x) := [ > ba(x:0,214)Q(dz). For
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m>1, set

74~ ga(X4_150,214) 0(d2) /By (X2 _)),
x4 = /pxd  + A =p)zawd, Wi~ Ny, Ip),

m’ m’

yd Xffl* with probability oy (an_l , an*)
™| x24_,  with probability 1 —aq(X2_,, X2),

where a4 (x, y) = min{l, ps(y)py(x)/pa(x)p,(y)} assuming that p,(x) < oo for any x € R4,
For example, in [14], they set E(dz) o 7727 1e=v/(22)  See also [7]. The MpCN algorithm
studied in this paper corresponds to Q(dz) = z~! dz.

In this article, we did not mention ergodic properties. Ergodicity is also studied for this algo-
rithm. It is geometrically ergodic for broader class of target probability distributions than that of
the RWM algorithm. In particular, the MpCN algorithm can be geometrically ergodic even for a
class of heavy-tailed target probability distributions. See [12].

Also, we did not prove asymptotic properties for a class of light-tailed target probability dis-
tributions, such as P; = Ny (0, 021;) for 0> > 0. The MpCN algorithm has consistency in this
class, but the pCN algorithm has consistency only if o2 = 1. The proof is not difficult but bit
complicated which uses different techniques from that used in this paper. Therefore we omit the
proof in this paper to focus on the heavy tail case.

Finally, we want to remark that the class of target probability distributions that we consider is
fairly restrictive. The extension of the class is not simple and probably requires new techniques.
However, as illustrated in the simulation, we believe that by using our restrictive class, we have
successfully described the actual behavior of the MCMC algorithms. In practice, as discussed
in Section 2.3.3, normalizing the target probability distribution may improves the performance.
That is, it might be better to apply the pCN and the MpCN algorithms for the target probability
distribution P,;(dx) with scaling x — £~ 1/2(x — 1), where 1 and ¥ are estimated values of the
center and the covariance (correlation structure) of Py.

4. Proofs

Let p€(0,1),d eNandlet | -| and (-, -) be the usual Euc~lidean norm and the inner product.
For x € Rd\{O} and for independent random variables wd W ~ Ny, I), let

2

Wd
JBx + /1= plix|

42
Fy(x)=— {log =
W

2n

—log ||x||2}.

This random variable essentially determines the behavior of the asymptotic properties of the
Markov chain generated by the MpCN kernel since the law of log ||X,dn* || — log ||Xffl_1 || is the
same as that of 4!/ and(Xi_ 1)- We first describe some properties of Fy which is useful to
analyze asymptotic properties of the MpCN algorithm and then study some properties of Q.
The proofs of the main results will be described in Section 4.3.
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4.1. Some properties of Fy

To establish asymptotic properties of the MpCN kernel, we need to know some asymptotic be-
haviors of the random variable F;(x). We will prove that the law of Fj is very close to N (0, 1)
and so the behavior of log ||X§1n*|| —log ||X;‘fl_1 || is similar to the Gaussian random-walk. First,
we observe that Fj;(x) is symmetric about the origin.

Proposition 4.1. The law of F;(x) does not depend on the choice of x € R\ {0} and it is sym-
metric about the origin, that is, P(Fy(x) < n) =P(Fy(x) > —n) forany n e R.

Proof. Observe that for independent random variables Wy, Wd ~ Ng(0, Iy),

d 2

T

[lx1l I Wdll

Fy(x) = H\/_

/2

_d—log( +2J/p(1 — ”

2
S\l we [

In order to prove that L(F;(x)) does not depend on x, we show that L(U d (x)) has the property.
But it is obvious since L(Ud x)) = E(Ud(oc Vx)) for any unitary matrix V and « > 0.

Next, we prove that the law of F,; is symmetric about the origin. Since the law of F;(x) does
not depend on x, it has also the same law as that of

Wwd 4172 =
Faim Fa e ) = 5 ogll VAW T= oW | = tog ),

W] 2n

||Wd||2>
( )+( - ) ~ )
w42

where

where we used the fact that the random variables W4 and |W4|| in F;(x) are independent from
W4 /||W4||. Recall that (W¢, ﬁWd + /T= pW¥) is an exchangeable pair, that is,

LW, JpWe+ /1= pWw?) =L(/pW? +/1—pW?, W).
Thus L(Fy) = L(—Fy), that is, the law of Fy is symmetric about the origin. O

By the above result, without loss of generality, we can set

4172 . -
Fiim o /A VT~ g W), @b

for independent random variables W, Wd ~ N4(0, 1), since the law does not change. The other
properties of F; can be studied via the Malliavin calculus in Section A. The results are summa-
rized as follows.
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Proposition 4.2. The random variable Fy has a density with respect to the Lebesgue measure

and the following properties are satisfied.

1. supyen El|F4l*] < o0.

2. There exists a constant C > 0 such that for any absolutely continuous function f : R — R,

|E[Fuf (F)] = E[f'(Fo)]| < Cd™' 2] ] -

3. I£(Fa) = N(O, DIty — 0.

4.2. Some properties of Q

We need the following technical result for the chi-squared distribution.

Lemma 4.1. For d € N, let &; follows the chi-squared distribution with d degrees of freedom.

For k € 7 there exists C > 0 such that for any d € N with —2k < d,

(3]

E“ﬂ/z(%d _ 1) ml/k <(k—1)V2.

Proof. The first clam follows from

Moreover, for k > 2,

2 2 '
E[(s_d)"}_ﬁwkw/z)_ <1+a>“'(1+g<k—l>) ifk >0,

d & T (1_5)..(1_3;() itk <0

The second part follows from Example A.2.

An immediate corollary from the lemma is E[(d /&; — D21 =o(1) since

d 2 d 2 d
El(——1) |=E|(=) —1|-2E|(=)-1]|=0(d"")=0).
[(éd )} [(Sd) } [(&i) } (@) =o®
Proposition 4.3. g4 — qlloc = 0, 1g; — ¢'lloc = O.

Proof. The probability density ¢ is

4.2)
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where g(y; v, @) is the probability density function of the Gamma distribution defined in Intro-
duction. Therefore, in expectation form,

d\d
qa(x) = E[q <X—> P
§a/ &a
where &; follows the chi-squared distribution with d-degrees of freedom. Then

d\ d
lga(x) —q(x)| = ‘E[q (’“a)f_d] —q(x)

d d
oE||— — E By .
S (PRt RS [CARTE

The first term in the right-hand side is o(1) by (4.2). For the second term, by uniform continuity
of g(x) together with limy_, o, g(x) =0, we can find § > 0 and C > 0 for any ¢ > 0O such that
|[x —y| <6 implies |g(x) — g(y)| < € and x > C implies g(x) < €. Then, for x <2C,

——1

d d 5
ello(+5) o] =eolg)) oo [ |- ]
d 5
eoffolog) ool 1]

SN\ 2. Jld 2
§||Q||oo<f> E[ }+a—>a (d = 00)
and for x > 2C,

— =1
&a
d d
E — - E — -
Hq<xsd> q(x)]f Hq<x$d> q(x)|,
d
E )=
#2[Jo(vg,) ~a0o),
d
§I|q||o<>4lEH——l

€4
Thus [|goo — qllco = 0. The proof is completely the same for ¢;. ]

d
d

d
4
&a

.
&

> 1/2}

d
2
&a

< 1/2}

2
:|+s—>s (d — 00).

By this property, g4 and ¢/, converges to ¢ and ¢’ uniformly on any compact set.

4.3. Proof of Proposition 3.1

We prove convergence of Markov chain to the diffusion process. For this purpose, we embed

Markov chain to a continuous Markov process. Let r4(x) = 1 1og(%) (x € R4\{0}) and write

RE =rq(X2), RE* =ry(x4%) (4.3)
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Let N9 be a Poisson process which is independent of {X%, X¢*},,. We will assume that N has
the intensity dt, that is, E[Ntd] =dt. Set )?,d = Ri]d. Then the process Y4isa pure step Markov

process with generator
Af () =d~ (E[f (R])IR] =] = f ().

See Section 4.2 of [5] for the detail. We will apply Theorem 1X.4.21 of [9] to the process Ye.
If Y converges to a limit, then Y¢ defined in Proposition 3.1 converges to the same limit by
Lemma B.1.

Proof of Proposition 3.1. For the proof, we need to show some asymptotic properties of con-
ditional distribution of Rﬁ’ given R? = y e R. For notational simplicity, we write y for R?, and
write P, and E, for the conditional probability and expectation given R = y. By using this
notation, we have Rﬁi* =y + nd~ /2 F; regarding W]d and Wld as W¢ and W¥. Let

aq(y) = dE[R{ — RY].
2
ba(y) = dE,[(R{ — R3)4], (4.4)
ca(y) =dE,[(R{ — RE)"].
First, we consider estimate of a4 (y). We have
Ga(RY* 5 d-12F
aq(y) = dEy[(Ri’* ~ Rj)) min{ 1, 2 ” = ﬂdl/zEv[Fd min{ g, gyt nd TR ”

qa(Ro) ' Ga(y)

Since g; may not be bounded, we introduce a localization function v, : R — [0, 1] which is a
C° function and satisfies ¥, (x) = 1 if |x| <& and ¥.(x) =0 when |x| > 2¢ for ¢ > 0. Then
Ve (d~Y2F;) =14 op(1). Moreover,

E[IFal|l — e (a7 "2 Fa)|] <E[IFal. |[d~*F4| > €] <dPE[|Fa|*]/e® = 0(d77?),

by Markov’s inequality. Suppose that g’(y) > 0. We can find an open bounded neighborhood O
of y such that inf,co ¢'(z) > 8 for some § > 0. In addition, since g/, converges to ¢ uniformly
on a bounded set O, we have inf,c0 ¢/;(z) > 8/2 sufficiently large d, and so for z € O,

. { Ga(2) } )L 2>y, gy(minfz, y)
miny l, ——t =1 qu(2) . =
qa(y) 70 ifz<y qa(y)

Choose ¢ so that (y — 2¢, y + 2¢) C O. Then by Proposition 4.2
ga(y +nd "> min{Fy, 0})
4a(y)

2 [Cffi()’ +nd~ 2 Fy)
=n Ey =
qa(y)

aq(y) =nd'*Ey |:Fd wg(d‘l/QFd)} +o(1)

Ve(dV2F,), Fy < o} +o(1),
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where we note that contribution from the term which includes v/ is o(1), and the convergence is

uniform on O. Then, since g4 and ¢/, converges to ¢ and g’ uniformly on O, and . (d “12F) -
1 in probability, we have

q'(y
q()

267/()’)
q)

2
aq() =1 LBy (Fy < 0) +o(1) = L2 4 o(1),
where we used the fact that L(F;) — N (0, 1) in the last equation. We omit the proof of the case
G’ (y) < 0 since the argument is the same.

Suppose that ¢'(y) = 0. Choose a bounded neighborhood O of y so that infycp g(y) > 8
for some § > 0, and so inf,c g4(y) > 8/2 sufficiently large d. For any & > 0 we can find a
neighborhood O’ C O such that |¢'(z)| < £8/4, and hence |7),(z)| < €5/2 for z € O" when d is
large enough. Then

nd =2\ Fy| < end™"?|Fy),

‘mi {1 c}d(y+nd1/2Fd>}_ ‘< SUpzc 14(2)]
’ Ga(y) - Ga(y)
and hence

|aa()| < enBy[I1Fal?] < en’E, [|Fal*]".

Since we can choose any ¢ > 0, we have a;4(y) — 0 locally uniformly in O. Thus, we proved
that

aq(y) —>

n”q' )
2 40

locally uniformly.
Next, we prove the convergence of by and c4. Observe

Ga(y +nd='?Fy) ”

ba(y) = dE[(R{ = R{)"] = n’E, [F i min{ P

Then,

j d—\2F,

F2 mm{l’ Ga(y Rkl @)
qa(y)

=’E,[F7, |Fal <d"*] +o(1)

bd(y)=n21Ey[ },le| gd‘/“] +o(1)
=n’E,[F7]+o(1) = n* +o(1),

where we used Markov’s inequality twice, and the moment convergence E[Ff] — 1 comes from
convergence in distribution with sup, E[F;] < 00. In the same way,

ca(y) =dB,[(RY = RY) ] < n*d "B [IFal*]=0(1)  (d— o0).
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Thus, we obtain the convergence of the triplet (4.4). This convergence corresponds to the con-
ditions (i) and (ii) of Theorem IX.4.21 of [9], and the condition (iii) corresponds to C(Rg )=
Qd — Q, which is obvious. In addition, the existence and uniqueness of the stochastic differen-
tial equation (3.5) can be checked for example by Proposition 5.5.22 of [15] and hence condition
IX.4.3 (i) holds, and measurability follows by Exercise 6.7.4 of [28] and hence condition IX.4.3
(ii) holds. Thus, the convergence Y4 = Y follows from Theorem IX.4.21 of [9]. Hence Y con-
verges to the same limit by Lemma B.1.

Stationarity and ergodicity of Y is yet to be proved. However, stationarity comes from the fact
that each Y¢ are stationary, and ergodicity comes from positive recurrence by Proposition 5.5.22
of [15]. Hence, the claim follows. O

Proof of Theorem 3.2. First, we note that all proposed values of the MpCN algorithm are ac-
cepted for a finite number of iterations M € N in probability 1 since

P(X4_ =X Ime(l,...,M—1}) < MP(X§ = X{)

m—1 —
G4(RY +nd=1/2F,
=M<1—E[min{1,q"( Ojr"d “)”>—>0.
Qd(R())

Second, for a finite number of iterations, R,‘fl is almost constant, and || W,ﬁ I2/d — 1 is almost 0,
that is,

P(|RE_, —RE|>edme(l,....M —1}) < MP(|nd~"*F4| = ¢) > 0
and

P(||We|P/d —1|= e dmefl,..., M}) < MP(||W{[*/d — 1| = &) — 0.

Let S¢ = m 1 (X%). By above properties of R? and W,ﬁ, it is not difficult to check that the
joint process {(Rfln, Sf,ﬂ)}m converges weakly to {(R,;, Si)}m defined by

Rm = RO’
Sm Z\/ESm—l + v 1 —PeXP(RO)Wm, Wi ~ N (0, Iy)

for m > 1, where Ry ~ Q and Sp ~ Ni (0, exp(2Rp)I;). By Proposition 3.1, the process Y4 =
{Rfldl]}t converges to a stationary ergodic process. Hence, the claim follows by Lemma B.3. [

4.4. Inconsistency for the pCN algorithm

Lemma 4.2. Let {X,‘fl}m be the Markov chain generated by the pCN algorithm. Then, for any
e>0,keN,

d*P(|RY| > &, X # X{) = 0(1).



3736 K. Kamatani
Proof. We have
AP ¢ EAN A ¢ [
d d 1 0
Rl*—R0=§10g< J —Elog J

d d 2
110g<p+2¢p(1——p>< X Wd>+(1_ I )

- 3 1 IO
Ixdi \ixg| X412

2

Let

x4 W2 —d

_ 0 d _ g—1/2 1

=({——-, W7), B;=d _
<||X3|| ‘> ¢ 2

Remark here that E[A4] = E[By] = 0 and sup, E[|Ad|k] < 0o and sup, E[|Bd|k] < oo for any

ke Nby Ag ~ N(0, 1) and the second part of Lemma 4.1.
Suppose now that Rg > ¢. Then ¢ < ||Xg||2/d and

Ré* — R < %log(p +2Vp(1—pe |d™"2A4) + (1 = p)e™* (1 4+ 247> By))
=: %log(l —& +d_1/2Cd),

where £ =1 —p — (1 — p)e % > 0 and Cy = c1|Aq| + 2By for some ¢j, ¢, > 0. Then
sup, ]E[|Cd|k] < 00. By this fact,

2k
P(R{ > R > &) <P(R§ > e, R* > R}) <P(d"*Cy > &) < d‘k}E[{%} } =0(d")

for any k € N. By the same argument, we can prove
IP’(R‘{Z < Rg < —8) = O(d_k).

Since the Metropolis—Hastings algorithm generates reversible Markov chain, and we assumed
stationarity in this paper, (RZ, R‘f ) is an exchangeable pair. Thus

P(Rg > Rld > 8) = O(d_k), P(Rg < Rf < —s) = O(d_k)
and hence
B(|RY| > . &I 2 RY) = 0(d™).

O;: the other hand, since X f #X 6’ implies that X ‘f* is accepted, hence R‘f = R‘f* if X ‘11 #* Xg.
Thus

P(R{ = RY. X{ # X§) <P(R{* = RY) = P(F; = 0) =0,
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since Fy =d!/ 2(Rf* - Rg )/n has a probability density function. By using these estimates, we
have

P(IRY| > e, X{ £ X4) <P(RI| > e, X{ £ X4, RY £ K) + B(|RY] = e, X{ £ X4, &Y = R)
<P(RY| > e R £ RY +P(X{ £ X4 RI =R = 0(@™). O

Lemma 4.3. Let P; be a scale mixture of the Gaussian distribution. Then the pCN algorithm
does not have any polynomial rate of convergence if Q({1}) < 1.

Proof. Since Q({O}) = Q({1}) < 1, there exists an open set O which does not include the origin,
and Q(O) > § for some § > 0. By Qd — Q and by Lemma 4.2, for any p € N,

hmlnf]P’(Vz Jj<d?, Xd Xd)>11m1anP’(RO e O,Vi,j<dP, Xd Xd)

d— o0

>11m1anE”(RO € (9) —hmsup]P’(R0 €0,3i,j<d?, X‘l #Xd)

d—o0
> Q(0) — limsupd?P(RE € O, X{ # X3) = 0(0) > 3.
d—o0
Thus we have the following degenerate property:
1 dP—1
1gglogfﬂb<d—p mz;) foma(X4)=fom d(X0)> 8

for any bounded continuous function f(x).

We show that if this degeneracy holds, we can not have a polynomial rate of consistency.
Assume by the way of contradiction that it is weakly consistent with rate 7; where 7, /d? — 0.
Then the following should also be satisfied:

dP—1

Z fomia(X;,) = Pa(f om1.q) = op(1).

Note here that since Py is the scale mixture of the normal distribution, £(1 4(X (‘f )) = Pj. Hence,
we have

Pi({x;

for any ¢ > 0. By monotone convergence theorem, this is possible only if P;({x; f(x) =c}) >$
for some ¢ € R, and thus it is not satisfied for example, for f(x) = arctan(x) since P; has a
probability density function. Therefore, the pCN algorithm cannot be weakly consistent with
rate T; where T;/d? — 0 for any p > 0 and hence the pCN algorithm cannot have a polynomial
rate of convergence. (]

= Pi(f)] <e}) =liminfP(|f omia(X8) — Pa(fomia)| <e) =8
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Appendix A: Properties of F; via the Malliavin calculus

A.1. Basic operators in the Malliavin calculus

We will study asymptotic properties of Fy defined in (4.1). The basic tool will be the Malliavin
calculus. The following is a quick review of the Malliavin calculus. For the detail, see mono-
graphs such as [20] and [19].

Abstract Wiener space Let $ be a separable Hilbert space with inner product (-, -) and the
norm ||h||% = (h,h)g.Let {W(h); h € $} be an isonormal Gaussian process on (€2, F, IP), that
is, W(h) is centered Gaussian and E[W (g) W (h)] = (g, h) s;. By this definition, W (ag +bh) =
aW(g)+bW(h)as.fora,b R and g, h € $ since E[|W (ag +bh) — (aW (g) +bW (h))|*] =
0. We assume that o -algebra F is generated by W. This triplet (W, £, IP) is called an abstract
Wiener space.

Wiener-Chaos decomposition Let L>(2) be the space of square integrable random variables.

Let H, (x) = (—1)"e*/2 & ¢=*/2 /| be the nth Hermite polynomial:

2 3
x“—1 x° —3x
Hx)=x, — Hx)=——  HBx=—7F

g e

The Hermite polynomial satisfies H, = H,_;. By using this fact together with the integra-
tion by parts formula, we have E[H, (W (h))] =0 and V[H, (W (h))] = 1/n! for ||h|lg = 1.
Random variables H, (W (h)) and H,,(W (h)) are orthogonal in the sense that

E[H, (W (h)) Hy (W (h))] =0

for n # m. Write H, for the closed linear subspace of L?(S2) generated by a subset
{H,(W(h)); h € 9, ||hlls = 1}. The linear space H,, is called the nth Wiener chaos. Then
Wiener chaoses spans L2(€2): any element F € L?($2) can be described by F = E[F] +
ZZil F, for F, € H,, that is, LZ(Q) = @zozo H,, where Hj is the set of constants. This
is called the Wiener-Chaos decomposition or the Wiener-Itd decomposition.

Fréchet derivative A smooth random variables is a random variable with the form F =
f(W(hy),...,W(h,)) where h; € $ and f is a C* function such that all derivatives have
polynomial growth. Then the Fréchet derivative of F is defined by

n 8
DF — 21: a_)J;(W(h]), e W)

and so D F is arandom variable with values in ). For example, D H, (W (h)) = H,_1(W (h))h.
We set

1/2

| Fliprz := (E[IFP] +E[IDFI]) .

Write D2 for the closure of the space of smooth random variables with respect to the norm
I lip1.2 and extend D to D2, Then for any F € L*(Q), E[|IDF |51 = Y. E[| DF,ll3] < o0

if and only if F e D2,
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Ornstein—Uhlenbeck semigroup The Ornstein—Uhlenbeck semigroup (P;);>o is defined by

o0
P,F=E[F]+ Z e "F,

n=1

for F =E[F]+ Zz‘;l F, (F, € H,). The operator L and L™ is defined by
o0 o0
LF=Y —nF, L'F=) —Fy/n,
n=1 n=1

where LF can be defined if an]E[|Fn|2] < 00. Note that we have IE[||DL_1F||%] =
Y E[IDF,lI51/n* <ElIDF|}].

By the so-called hypercontractivity property of Ornstein—Uhlenbeck operator, we have the
following for Wiener chaoses. See Corollary 2.8.14 of [19] for the proof.

Proposition A.1. Let F € H,, for n > 1. Then for p > 2,

E[|FI"]Y? < (p — )"/?E[IFI?]"2.

Example A.1. E[|H,(Wh)|P1'/? < (p — 1)"?//n! forn>1,p >2and ||h| s = 1.

Example A.2. If &; follows the chi-squared distribution with d degrees of freedom, E[(£;7/d —
PP < (p — 1)4/2/d for p > 2. To see this, let {e;};c be an orthonormal basis of §3. Then
Ag = Zle(W,- (e))> — 1) € H, and it has the same law as that of & — d. Thus we can apply
above propositionto F = Ag/d.

A.2. Useful bounds from Stein’s method

By integration-by parts formula, we have

E[Ff(F)]=E[f'(F)] (A1)

for F ~ N(0,1) if f is smooth enough. In fact, the above Stein’s equation characterize the
standard normal distribution: F ~ N (0, 1) if and only if the above equation is satisfied for a
class of smooth functions f. Moreover, the deviation from Stein’s equation bounds the distance
between L(F) and N (0, 1).

Theorem A.1 (Theorem 3.3.1 of [19]).

|L(F) = N@©, Dy < sup |[Ef'(F)—E[Ff(F)]
feFry

where Frv ={f:; || flloo <7/2, | f oo <2}.

)
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Thus the deviation from normality is bounded by the deviation from Stein’s equation. On the
other hand, the deviation from Stein’s equation can be obtained via the Malliavin calculus. The
connection between Stein’s technique and the Malliavin calculus is a hot topic in probability and
statistics community. The following is the key result for our paper. See Theorem 2.9.1 of [19] for
the proof. See also the proof of Theorem 3.1 of [18] to replace smoothness of f by the existence
of the density of F.

Proposition A.2 (Theorem 2.9.1 of [19]). Suppose that F € D"? has a density with respect to
the Lebesgue measure. Then for any absolutely continuous function f,

[E[(F = ELF) £ ()] = E[£' (O] = [ /| E[[1 = (DF, DL F)].

A.3. Properties of F; as a random variable in Wiener chaos

We introduce an abstract Wiener space to the MpCN algorithm. Let {e;; i € Z} be the orthonormal
basis of £ and set

d d
Wi =3 Weee, W= Wie-e:. (A.2)
i=1 i=1
Then
Agi= (VoW +VT=pWi[[g —d)2. Bo= (W[5 —d)2 a3

are in the second Wiener chaos H» since

d d
A=) H(W(/pe_i+/1—pe)).  Ba=) Hy(W()).

i=1 i=1

We also define

d
Ca=Y W(/pe—i+/1—pe)W(e i) —d./p. (A4)

i=1

which is in H, since

g + Al ( ( g+h )) lg —hl% ( ( g—h ))
W@QW(h) — (g h)gy = ———"Ho( W - 2\ iig =i ) )
(OW(h) —(g.h)s > 2 lg+hlg 2 ? g —hlls

Since H,, = H,_1, and H;(x) = x, we have

d d
DA¢=) W(/pe—i +v1=pep)(Jpe—i +v/1=pe).  DBi=3) Wlee;.

i=1 i=1
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By this expression, the joint distribution of (A4, DAy) is same as that of (B4, D B;). In addition,
(DAg4, DBg)g = \/pCq + dp. We can interpret Fy defined in (4.1) as a random element in this
abstract Wiener space via

J12
F;= W(log(d +2A4) —log(d + 2By))

dl/? . 1+2Ad : 1+2Bd
=——7/|Io — ) —1lo — ).
2y \ 8 d g d

Note that since d + 2A; (and hence d + 2 B;) follows chi-squared distribution with d degrees
of freedom,

(A.5)

E[(l + %)k] =1+0(d™") (A.6)

for any k € Z by Lemma 4.1. In addition, E[|A4|¥]"/¥ = O(d'/?) and E[|C4¥]"/* = 0(d'/?)
for k € N by Proposition A.1.

Lemma A.1.

sup E[| F4|*] < oc.
deN

Proof. Since the law of F,; is symmetric about the origin, we have
4 4
E[Fy]=2E[(F;)"]
where xT = max{0, x}. By logx <x — 1,

d2
E[F{]= 8—7741[«:[{ (log(d +2A4) —log(d +2B4)) " }*]

d> _[(d+2A 4
<4g +244 )|
8n* d+2By
By using A; and B, defined in (A.3), the right-hand side is

2 d 4 2 d 89172 1
-2 4 -2 871/2
d _774E|:(72 d) (Ag — Bg) :| <d _774]E|:<72 d) i| E[(Ad—Bd) ]

by Schwarz inequality. The first expectation in the right-hand side is O (1) by Lemma 4.1. For
the second expectation, by Proposition A.1 and Minkowski inequality,

E[(As - B)*]"” < (E[43] " +E[B]]"")* = 0 ().

Thus we have E[F]= O(1). O
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We are now going to prove the main result in this section.
Proposition A.3. There exists C > 0 so that for any absolutely continuous function f : R — R,
[E[Faf (F)] —E[f' (Fo)]| < Cd™ | '] .,
In particular, | L(Fg) — N(0, 1)|tv <2Cd~1/2.

Proof. Let f be an absolutely continuous function, and let C > 0 be a generic constant which
does not depend on the choice of f. Let

E(F)=Ff(F)— f'(F).
Without loss of generality, we may assume f (0) = 0 since E[F;] = 0 by Proposition 4.1. Then
&)= |F(f(F) = fO) = f'(F)] < | f'| (F*+1). (A7)
The first step is to prove
E[&(Fa) — §(Fa0)]| = Cd™*| f'] (A.8)

for a good approximation F, o € D!2, which will be defined below. Recall that F; can be ex-
pressed by (A.S5). We replace logx by a strictly increasing twice continuously differentiable
function v : Ry — R such that ¥ (0) > —oo and ¥ (x) =logx for x > 1/2. Set

F _ﬁ 1+2ﬂ — 1+2ﬂ
o= (7))

Then F, o € D2 by Proposition 1.2.3 of [20]. Since A, and B, have the same law, E[F; 0] =
Moreover, sup, IE[F;’O] < 00 since

12
1/4
E[F;o]"" = W”WHOOE[ = 4

<y EDAT BB <,

since E[AX]V/k = E[BX]1/k = 0(d"/?). Set an event
Eg={Fq# Fao0} C{Ag <—d/4}U{B; < —d/4},

which is a rare event since by Markov’s inequality,

P(Ey) <2P(Ay < —d/4) < ZE[{QH =0(d™")
- - d/4 '



Efficient MCMC in high-dimension 3743
Then by (A.7),

|E[£(Fa) — &(Fa,0)]| = |E[E(Fa) — £(Fa,0), Ea]|
<E[|&(Fa)|, Ea) + E[|€(Fa,0)|. Ed]
< | /' (ELFZ + 1. Ea] + E[F7 o + 1., Ed]}

< o (BLET + 1)1+ E[(Ff o+ 1)1 e cEn V2,

where we used the Schwarz inequality in the last inequality. Since the forth moments of F; and
F; o are bounded, we obtain (A.8), and the first claim follows.

The second step is to show that Fj o has a density with respect to the Lebesgue measure. With
the fact, we will apply Proposition A.2 to Fj ¢ and obtain

[E[&Fa0)]| < | £ E[I1 = (D Fao, =DL™ Fao)g ]

In general, a random variable in a finite sum of Wiener chaoses has a density by Theorems 5.1
and 5.2 of [27]. Hence the joint distribution of (A4, B;) has a density since the pair is in H>.
Since the Jacobian of a map

(a,b) > ((d"?/2n0) (¥ (1 +2a/d) — ¥ (1 +2b/d)), b)

is non-degenerate, Fy ¢ has a density.
The third step is to prove

[E[(DFy0, —DL™"'Fao) — (DFa1, —DL™ ' Fa)g]| < Cd~'7? (A.9)
for

—12
Fyg1=

(Ag — By) € Ha.

By the triangular inequality and Holder’s inequality, the left-hand side of (A.9) is bounded above
by

E[|(D(Fa.0 — Fa, 1) —DL_IFd,o>ﬁ || +E[[(DFa1, —DL™ " (Fa0 — Fa))g|]

1/2

<E[IDFs0 — DFa113]*(E[IDFaoli}] +E[IDF113]"?)

1/2

<E[|DFy0 — DFy11%]*(E[IDFao — DFa113]" + 2E[IDFa113]).

where in the second inequality, we used E[|| DL'F ||%.)] <E[|DF ||%]. Thus, the third step will
be completed if

E[IDFs1l5]=0).  E[IDFs0— DFa1lg]=0(d""?). (A.10)
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For the first part of (A.10), since DFy 1 = (d~'/?/2n)(DAy — DBy), we have

-1

d
2 _
IDFa1l% =

4—)72(||DAd||525 —2(DAq, DBy)sy + | DBal3)

d—l
= 4—”2((41 +2A4) — 2(/pCa +dp) + (d + 2By)),

where C; € H> is as in (A.4). Therefore

—1

d
E[IIDFy11%] = — (2d — 2dp) = O(1).

an?

Since (A4, DAy) and (Bgy, DBg) have the same law, the left-hand side of the second part of

(A.10) is
o (%) 1) -om(v (103 )7
: 7 d 9
- Zdn]/zE[llDAd“%@/(l + 2%) — 1>2]1/2
_ Zd:/zE[”DAdllg]]ME[(l/f/(l n 2dﬂ) _ 1>4]1/4.

We have IE[||DAd||;g] =E[(d +24A4)*] = O(d?), and

{2 ) o) o

Hence, (A.10) follows.
The forth step is to show

E[|1 - (DFy1.~DL™ Fan)g|] = 0(d'7).

Since F; 1 € Ha, we have —L_le’l = F4.1/2, and hence —DpL! F4.1= DFy,1/2. Therefore,

_ 1
(DFa1, DL Fa)g = SIDFu I

and hence together with the fact that n?=(1-p)/4,

-1

d
E[[1—(DFq1, —DL™ Fa.1)g] =E[ 1- 8—)72((d +244) — 2(/pCa + dp) + (d + 2By))

}

-1
= Cé?]E[DAd —2pCa +2B4] = 0(d™'/?),
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since the second moments of A;, By and C; are O(d).
By the above four steps, the proof is completed since

[E[s(Fo]| < [E[s(Fan]|+Ca™ ] ']
= [/ [E[1 = (PFa0. =DL™ Faolg ]|+ Ca™ 2| f]
= | £l lB[1 = (DFar, =DL™ Faa)g ]| + Cd™ 2] £

=Cd™ 2| f] O

Appendix B: Other technical results

B.1. Remark on the time change

Let {Z,‘f,}m be a Markov chain, and let N¢ be a Poisson process with intensity dr. Let

d _ —d vd _ —~d
V=Zigy V=25,

Lemma B.1. If Y¢ converges in law to a process Y, then Y? converges to the same limit.
Proof. Write N¢(t) for N¢. Let
(1) = inf{s > 0; N(s) > [d1]}.

Then N¥(t%(t)) = [dt] and hence Y,d = de. We apply Proposition V1.6.37 of [9] for Y4 as X"
and Y as Y” in the proposition. It is sufficient to show

lim P(sup’tf — s’ > 8) =0 (B.1)

d—o0 s<S
for ¢ > 0, § > 0. Observe that if tsd — s > ¢, then
Nd(s +e) < Nd(tsd) =[ds] <ds.
Similarly, if 7¢ — s < —¢ and if d~! < ¢/2, then
Ne(s —e) > N () =[ds] > ds — 1 > d(s —¢/2).

Therefore, for s < S, we have

d di(e _ o+
{’Tsd—s|>8}c{w—(S+8)s—s}U{w—(s—BVZéSﬂ}
d
C{sup N—S—s zi},
s<§
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where S’ = S + ¢. The probability in the left-hand side of (B.1) is bounded by

d 4 N 21 16 _[|NL—S'*1 164dS
P(sup——s f><—IE|:sup—S—s i|§—2EH57 :|=—2—2
s<s'| d 2 s<8 € d es d
which converges to 0, where we used Doob’s inequality. Thus, the claim follows. (|

B.2. Sufficient conditions for consistency
The following lemma is a fundamental result for consistency of MCMC.

Lemma B.2 (Lemma 2 of [11]). Ler X = (X fln }m be a sequence of stationary processes on R¥.
If X% converges in law to X = {Xn}m, and if X is a stationary ergodic process, then

M-
Z [f(X8)]=0p(1)  (M,d— o0)

for any bounded continuous function f : RF — R.

Proof. Since E(Xg) — L(Xp), we can substitute IE[f(Xg)] by E[ f(Xo)] in the above equation,
and hence it is sufficient to show

M—1
1
E[ il
M
m=0

> r(xi)

} —o(l) (M,d— o)

for f such that E[ f(Xo)] =0. For such f and any ¢ > 0, choose My € N so that

o 2=

Mpy—1

Z f(Xm)

Then, by stationarity,

1 M-1 1 [M/My]—1 Mo—1 1 M—1
S IE ML BT ol sl P | Sl
m=0 m=[M/Mo]Mo
My—1
My| M 1 d — [M/My]IMy
sﬁ[ﬁo} [MO mZOf (X5 }+||f||ooT

Mp—1

1
e ,;) f(Xom)

1

] £ M, d — o0).
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Thus, the claim follows. O

We need a generalization of this lemma. Let k1, k> € N. Suppose that RK1+%2_yalued random
variable Xf}l1 has two parts, Xi = (Xff,’l , Xff,’z) where Xff," is R valued for each i = 1, 2. Cor-
responding to X%! and X%2, the invariant probability measure has the following decomposition

Py(dxy dxp) = Py (dx)) P7(dxa|xy).
Furthermore, we assume the following. Let 7; — oo.

Assumption B.1. 1. For Y,d = X[dfjrl’ Yyi=y (in Skorohod’s sense) where Y is stationary and

ergodic process with the invariant probability measure P!.

2. Random variables X9 = {Xﬁln}m converges to X = {X,,,},», = {(§, X,%l)}m where £ ~ P! and
conditioned on &, the process X2 = {X 31 }m 1s stationary and ergodic with the invariant probability
measure P2!1(-|€).

3. For any bounded continuous function f, P2|1f(x1) = f f(xr, x2) P21 (dxz|x1) is continu-
ous in xj.

Lemma B.3. Ler X9 = {X,‘fl = (Xff,’] , Xf,lfz)}m be a sequence of stationary processes on Rtk
Under the above assumption, for any continuous and bounded function f

Mg—1

1
2o F(Xa) = Pa(f) =ox()

m=0

for My — oo such that Mg/ Ty — oo.

Proof. As in the previous lemma, it is sufficient to show

1 TaM—1
L d
E|: T mzzo f(Xm):|—>0 (M, d — o)

for f such that f f(x)Pz‘1 (dxz|x1) P(dx1) = 0. For such f and for ¢ > 0, choose M so that

E ! " d
— Y;)dt
HMO/O g(¥y)

where g(x2) = P2 f(x»). Then as in the previous lemma,

:| <¢e/2,

T, M—1
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| M/Mol=1 k1) Mg ., | M .
<E||— / g(Y/)dr +E[—f gy, dti|
M k2=: kMo ( ' ) M J vy moimy ( ' )

S e A R [ MEE

1 0
El|— Yode|| <e/2.
- UMO,/(; g¥y) :|_<9/
We still need to show
TaM—1 1 TaM—1
limsup E > f(x g(xqN| | <e/2.
d,M— 00 dM m=0 m=0

Set Sq = Ty M. By replacing f(x) by f(x1,x2) — g(x1), we can assume g = 0. Choose Sy € N
So—1 So—1

so that
[ Zf(Xm)] [ 10 > fEx) ] <&/2.
m=0

Then, as in the previous lemma, we can show that
— [Sa/So0lSo

o5 5 o= 23]« :

[ So—1
Thus, we can conclude that
TaM—1

> F(Xm)
1 d
TdM Z f X

Sqi—1

Sde

So—1

d
Sogfx

:|<(;‘/2

:|+||f||oo

mO
m=0

limsup E
d,M— o0

<limsupi E
d,M—o0

<e.

1 TaM—1

oM Z g(xmh)

m=0

|

Hence, the proof is completed. g

i 3 0|

m=0
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