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This paper proposes a novel test for simultaneous jumps in a bivariate It semimartingale when observation
times are asynchronous and irregular. Inference is built on a realized correlation coefficient for the squared
jumps of the two processes which is estimated using bivariate power variations of Hayashi—Yoshida type
without an additional synchronization step. An associated central limit theorem is shown whose asymptotic
distribution is assessed using a bootstrap procedure. Simulations show that the test works remarkably well
in comparison with the much simpler case of regular observations.
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1. Introduction

Understanding the jump behaviour of a continuous time process is of importance in economet-
rics, as many decisions in finance are based on knowledge of the path properties of the underlying
asset prices. For this reason, a large amount of research over the last decade was concerned with
the estimation of certain jump characteristics or with the construction of tests regarding the ex-
istence and the nature of the jumps in the respective processes. Quite naturally, the focus was
on the univariate setting for most cases, and we refer to the recent monographs [14] and [2]
as well as to the references cited therein for an overview on statistical methods for (univariate)
semimartingales observed in discrete time.

On the other hand, when it comes to portfolio management and diversification issues there is
a clear need for statistical methods which help deciding whether jumps in a specific asset are
of idiosyncratic nature or are accompanied by jumps in other assets as well. Starting with [3],
authors therefore have developed tests for simultaneous jumps in a multivariate framework, but
these tests are typically based on the assumption that all components of the multivariate process
can be observed synchronously and in a regular fashion. See, for example, [16], [18] and [19].

A remarkable exception is the test for co-jumps from [5] which is designed for observations
including additional noise and works in more general sampling schemes than just regular ones.
The authors have shown that the effect of microstructure noise asymptotically dominates asyn-
chronicity, whereas our focus will be on irregular observation schemes and their specific con-
tribution to the asymptotic theory when jumps are the quantities of interest. Allowing for such
models is much more realistic when it comes to practical applications, as even in the univariate
setting observations do not come at equidistant times, and in the case of multivariate processes
it is typically the case that not any observation of one component coincides with observations of
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all the others. For this reason, there has always been some interest in the generalization of meth-
ods for regular sampling schemes to more realistic frameworks. This includes in particular the
(simpler) case of continuous Itd semimartingales. See, for example, [7] or [20] for the asymptotic
properties of power variations in the univariate setting, or [8] and [9] on estimation of covariation
for bivariate processes.

Even more complicated is the situation when the underlying processes contain jumps. In this
case, the (few) existing results involving irregular observations have mostly focused on the uni-
variate situation. Consistency results for certain power variations can be found in Chapter 3 of
[14], but associated central limit theorems are only given in the case where jumps do not play a
role asymptotically. See also [19] for consistency of a truncated Hayashi—Yoshida type estimator
for integrated covariation. On the other hand, [4] provide a central limit theorem which involves
non-trivial parts related to jumps, but only in the relatively simple case of realized volatility.

The aim of the present work therefore is twofold: First, we extend results from [16], provid-
ing a feasible test for simultaneous jumps of a bivariate process X = (X1, X®) over [0, T,
when observation times are asynchronous and irregular. As they discriminate between joint and
disjoint jumps by estimating an empirical correlation coefficient for the squares of the two jump
processes, namely
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(1.1

we need an extension of the results from [4] to a multidimensional framework in order to estimate
CD(;J) from irregular sampling schemes as well. Our technique here utilizes the heuristics behind
the standard Hayashi—Yoshida estimator for realized covariation in order to identify joint jumps,
and we believe that our results are of independent interest as quantities such as <I>(Td) also play a
central role in various other situations related to inference on jump processes.

Second, under the null hypothesis of no joint jumps we provide an associated central limit
theorem for our estimator of (ID(Td). As the limiting variable, not only depends in a complicated
way on the characteristics of X, but also on unknown variables which are due to the fine structure
of the sampling scheme, we provide a bootstrap procedure in order to estimate critical values of
our final test statistic. An extensive simulation study shows that our test has a similar finite
sample behaviour as the standard test by [16] when the (random) number of observations in both
components equals on average the fixed number of observations in the simple regular case. This
is remarkable when it comes to practical applications, as no additional synchronization step is
necessary which inevitably causes a loss of data and therefore leads to a loss in efficiency.

The remainder of the paper is organized as follows: Section 2 deals with the formal setting in
this work, and we introduce our estimator for d>(751) as well as minor assumptions under which
consistency holds. In Section 3, we need stronger conditions, as we are interested in the associ-
ated central limit theorem. The bootstrap procedure leading to the final test statistic is introduced
in Section 4, while its finite sample properties are investigated in Section 5. All proofs are gath-
ered in the Appendix.
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2. Setting and test statistic

Our goal in the sequel is to derive a statistical test based on high-frequency observations which
allows to decide whether two processes do jump at a common time or not. We consider the
following model for the process and the observation times: Let X = (X, X®)* be a two-
dimensional Itd6 semimartingale on (€2, F, IP) of the form

t t t
Xt=X0+/ bsds+/ axdws+/f 805, )L (1305.001<1y (1t — v)(ds, d2)
0 0 0 JR2 (2 1)

t
+// 8(s, DL{s(s,2)1>1y1(ds, dz),
0 JR?

where W = (W, W®)* is a two-dimensional standard Brownian motion, W is a Poisson ran-
dom measure on RT x R?, and its predictable compensator satisfies v(ds, dz) = ds ® A(dz) for
some o-finite measure A on R? endowed with the Borelian o-algebra. b is a two-dimensional
adapted process,

s 0
o5 =
0@ 1= p2e®

is a (2 x 2)-dimensional process and § is a two-dimensional predictable process on Q x RT x R,

05(1), as(z) and p; € [—1, 1] are all univariate adapted. We write AX; = X; — X;— with X;_ =

lim, »; X, for a possible jump of X in s.
The observation times are given by

—_ (D @
= {(t;,, )ieNO’ (t;:n )ieNo}’ neN,
where (ti(g) ieNg» | = 1,2, are increasing sequences of stopping times with télzl =0. By

Tl =sup{t!) AT =10 ATIi = 1,0=1,2}

i—1,n

we denote the mesh of the observation times up to 7. See Figure 1 for an illustration. Throughout
the paper, we use n as an unobservable variable governing the observations and the asymptotics
which does not appear in the statistics used later on.

We introduce the following subsets of 2 to formalize the hypotheses:

QY = [weQ:3s1,52€[0, T] with AX{) #£0and AX2 20,
but AX(VAXP =0Vs [0, T},
QY = {we:3Ise0, T with AXVAXP £0},

QY ={woe:AXV =0V¥se[0,T]or AXP =0Vs €0, T1}.
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Figure 1. A realization of the observation scheme 7, restricted to [0, T'].

Hence, ngl) is the set where XU and X® are both discontinuous on [0, T'] but do not jump

together, Q(Tj) is the set where XV and X® have at least one common jump in [0, T'], and Q(Tc)
is the set where at least one of the processes X or X® is continuous on [0, T']. Our goal in

this paper is to find a testing procedure for deciding whether an observation is from Q(Td) or from

Q(Tj). This means in particular that we focus on a specific path of X, and it might be that the
underlying model allows for joint jumps but none of them occurs on the observed path up to
time 7. In such a case the hypothesis of joint jumps should be rejected. Also, it is reasonable to
apply a test for jumps in any of the processes (like the one from [1]) prior to the analysis, as one
does not know a priori whether w € Q(TC) or not.

All our test statistics are based on the increments
O _ xO

t.([ t([) s 121,121,2,

in i—1,n

Oy
A X=X

O 0

i—1,n°%i,n

and we denote by Il.(lr), =(t 1,1 =1, 2, the corresponding observation intervals. For a

function f :R* — R we set

1 2
V(f, )T = Z f(A,(,SX A.(,,B,X)JI{I_(DHI@)#@}
OO <T o

in the style of the Hayashi—Yoshida estimator for the quadratic covariation ([8]), and for a func-
tion g : R — R we define

vOgmr= Y g(al)x). 1=12
i:t-([)<T

in—
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In particular, as we are interested in estimating Cbgfl) from (1.1), we consider these expressions
for the functions f(x) = (x;x2)? and g(x) = x*. Then our main statistic becomes

V(fs T[n)T
VVD(g, )TV (g, )T

H@ _
QnJ’_

whose asymptotics we are going to study and which will be used to construct an asymptotic test.

In order to describe the asymptotics of 5fld)T we set

Br= Z(AXA@]))Z(AXEZ))Z, B(T[) = Z(AX@)“ forl=1,2,
s<T s<T

so that
Bt

D) R
VBB

Obviously, Cbgfl) is well-defined on the complement of Q(TC) only, and in this case it can be inter-

d) _
D, =

preted as the correlation between the squared jumps of XD and X®: CDSfl) is always in [0, 1],
and it is equal to O if and only if there are no common jumps and equal to 1 if and only if there
exists a constant ¢ > 0 with (AXél))2 = C(AXS(Z))2 for all s < T'. Note that working with the cor-
relation of squared jumps is convenient as the corresponding power variations in the definition
of 5}5’% have limits which do not include the volatility. This is in general not the case for smaller
powers.

In order to derive results on the asymptotic behaviour of EIV)E:’[) , we require the following as-
sumptions on the process X and the observation scheme 7,,.
Condition 2.1. The process by is locally bounded and the processes as(l), 05(2), ps are cadlag.
Furthermore, there exists a locally bounded process I's with ||6(w, s, 2)|| < I's(w)y (z) for some
deterministic bounded function y which satisfies f (y (z)2 A 1)A(dz) < oo. The sequence of ob-
servation schemes (7,), fulfills

P
|ﬂnh‘——>0.

The assumption on the components of X is close to condition (H) in earlier work of Jacod
(compare Assumption (H) in [16] or Assumption 4.4.2 in [14]) and not very restrictive, as it
covers a variety of models studied in financial mathematics. In fact, we are able to incorporate
various dependencies between the price process X; and the stochastic volatility process o; as well
as dependence between jumps in the price and in the volatility process. Assuming additionally
that os(l), as(z), ps have continuous paths as in [4] would simplify the structure of the asymptotics
and the proofs. However, there is empirical evidence that volatility jumps do exist and that they
even occur at common times with jumps in the price (see, e.g., [17] or [23]). This is why we
construct a statistical test that works also within this setting.
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Regarding the observation scheme, we are able to work in the general setting of increasing
stopping times with vanishing mesh in order to derive consistency of the estimator CTD,gd)T This
is a minimal condition since we consider properties like the presence of jumps in the observed
path which depend on knowledge of the entire path in continuous time. The result itself might be
of its own interest, as it generalizes results from Section 3 of [14] to the case of asynchronicity.
However, for the construction of a central limit theorem in Section 3 we are not able to work
within this general setting. Although in practice a theory for endogeneous observation times
might be desirable, previous research shows that even in simple situations it is difficult to derive
central limit theorems (see [6] or [24]). For this reason, we restrict ourselves in Section 3 to
exogeneous observation times which still cover a lot of random and irregular sampling schemes.
We will see that already in this setting the asymptotic theory becomes significantly more difficult
compared to the framework of equidistant observations.

Speaking of consistency only, we are able to prove

P
V(fs 7Tn)T — BT: (22)
vO(g.mr — BY,  1=1,2, 2.3)

whenever Condition 2.1 holds. Note that (2.3) already follows from Theorem 3.3.1 in [14] while
the first statement (2.2) needs a generalization of this theorem to the setting of asynchronous
observations.

Theorem 2.2. Let X be an Ité6 semimartingale of the form (2.1) and (7y,), be a sequence of
observation schemes such that Condition 2.1 is fulfilled. Then we have

g Pos@
o, 7 — @7
(©)
on the complement of Qy".

Theorem 2.2 states that E)fld)T converges to 0 on the set Q(Td) and to a strictly positive limit on

Q(Tj). So a natural test for the null w € le ) against w € Q(Tj) makes use of a critical region of the
form

C,= {5(‘1)T > cn} 24

n

for a suitable, possibly random sequence (c,),eN- In order to choose ¢, such that the test has a
certain level ¢ we need knowledge of the asymptotic behaviour of CIDEld)T on ngl), which will be
developed in form of a central limit theorem in the next section.

3. Central limit theorem

In order to derive a central limit theorem, we first have to specify the asymptotics of the observa-
tion scheme. The methodology and hence the notation in this section are inspired by the results
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in Section 4 of [4]. We start by defining the following two functions for n € N

1 2)12
Gut)=n Y ]z;gmz;g

i,jit (I)Al(2)<t

H,(1)=n Z |I(1)HI(2)|I].
M, ;@

ln jll—

s

(1) ~A7(2) .
(Z)nT 0 #o)
i,j:it;

Here, |A| denote the Lebesgue measure of a Borel set A.
Let i, )(s) denote the index of the observation interval of X) containing s, that is, i, )(s) is
defined via

1)
=y .
S50 6 m

Set W, = (W,(l), Or Wl(l) + /1= p? Wt(z))* such that W"” is the Brownian motion driving the
process X® forl =1, 2. We denote

) (s) = Z (A(I)j JlIm A7G-D

!
oD, RN i )]

IO <1
jin—=
0} O 7\2 G-D
My +(8) = Z (Aj,nW) ]l{IE’?pI% ’;) ;ﬁ@/\]>l,,l)(s)}’
j IﬁlflgT
for I = 1, 2. Following [4], we denote by
I D,d 1 . DIG
nl ) =swplily <s} k) =inflillg =5} 1=1.2.
the observation times immediately before and after time s. Using this notation, we set
3 ) =s -1 (), S @ =1 () —s, I=12.
Then we have the identity
O 7)2
Z (Aj,n W)
j IE%I% ll))m #9
1 1/2 (1) w7 1 1/2
=@+ (@) (W =W )60 6)'7) (3.2)

(3 ) (W W60 0) I 0

for the sum over the squared increments of the Brownian motions driving the processes X ©,

[ =1, 2, over intervals IJ(.IZI which overlap with the observation interval IS(:)Z )n containing s. See



Testing for simultaneous jumps 3529

Intervals for nflll (5) 5,(11)7 () 8,(11)+ () n,(lfl(s) =0

Figure 2. Illustration of Z,(,l)(s) at a time s where X jumps.

Figure 2 for an illustration. We distinguish between increments of W() before and after s to
allow for different volatilities immediately before and after s due to a volatility jump at time s,
and we write

1 1 [ 1
Z0(s) = (nn_ (), nnl s (5), n8_(s), n8, ()"

to shorten notation. Even though the driving Brownian motions WU) are in general dependent,
we will see that the limiting variables of z,S” (s) and Z,(lz) (s) can be chosen to be independent, as
under the null hypothesis both variables never occur at the same time in the limit.

The following condition comprises the assumptions on the asymptotics of the sequence of
observation schemes (77,,),, which are needed for the derivation of a central limit theorem. While
the first one is a rather mild assumption on the mesh of the sampling scheme, the other two
conditions ensure a kind of local regularity which is needed to deduce convergence both of the
purely continuous part and the cross part in the limit. Analogous conditions are needed in [4]
to derive a central limit theorem for the Hayashi—Yoshida estimator for the covariation process
with jumps, and assumptions similar to Condition 3.1(i) and (ii) have also occurred in [10] when
deriving the asymptotics of the Hayashi—Yoshida estimator for the covariation process without
jumps.

Condition 3.1. The process X and the sequence of observation schemes (i), fulfill Condi-
tion 2.1, and the observation times are exogenous, that is, independent of the process X and its
components.

(i) It holds

E[(Imalr)*] =o(n™").

(i) The functions G, (t) and H,(t) converge pointwise on [0, T'] in probability to strictly
increasing continuous functions G, H : [0, o) — [0, c0).
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(iii) For all integers k1, k> and all bounded continuous functions g : Rkitk2 5 R and h(l)
R* >R, p=1,...,k;, 1 =1,2, the integral

k1
'/[0 i g(x1, ey Xy s XYy .,x,’cz)E|:H hfpl)(Z,(ll)(xp))

p=1
(3.3)
X l_[h(z) (Z2(x! ))j| dxp, - dxydxp, - dx;
p=1
converges to
ki
/ / (1) (1

XlyevesXkys X7yuns X DI (x,, dy)

/[o,T]kﬁkzg( 1- X1 kz),l:[l‘é p W pay
(3.4)

ka
x l_[/ h;Z)(y/)FQ)(x;ﬂdy/)dxk] - dxy dxl/cz dxi

as n — oo. Here, F(l)(-, dy),l =1, 2, are families of probability measures on [0, oo)2 X
O, oo)2 such that the first moments are uniformly bounded.

Because of the exogeneity of the observation times we may assume in the following that the
probability space has the form

(Q,F,P)=(Qx xQs5, X®S, Py ®Ps),

where X denotes the o -algebra generated by X and its components and S denotes the o -algebra
generated by the observation schemes (7).

As usual when power variations for orders higher than two are considered, the limiting term
in the central limit theorem will be comprised of a continuous term and a cross term which con-
tains the continuous part of one process and the jumps of the other process. The term originating
from the continuous part is given by

T T
Cr= / 2(ps0 V)’ dG (s) +/ (cMo®)? dH(s),
0 0

where the integrals are well defined as Lebesgue—Stieltjes integrals because G, H are increasing
(as G, H, are increasing) and continuous and hence define measures on (R, B(R)). Here, the
differentials dG and dH are a measure for the asymptotic density of observation times in a
given time interval. Two different functions are needed because the products of increments over
overlapping and non-overlapping observation intervals have different variances.

The limiting quantity originating from the cross terms of the continuous part and the jumps is
given by

Br="Y" ((AX{)RO(s)) + (aXF) RV (s)),
p:Sp<T
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where (Sp) p>0 is an enumeration of the jump times of X. Here R D (s) is given by

RV = (02) 1) + (0260 ) 200 6) + 0 (87 (9) UL ()

5 3.5
+(@@)nle),  seloTi=1,2,
where Z(l)(s) (n(l)(s) n(l) (s), 5(1)(5) 8(1) (s))* are random variables defined on an extended
probability space (Q, F, lP’) Their distribution is given by

BZOW (dy) = 1D (x, dy),

where the Uﬁl)(s), Ufrl) (s) are i.i.d. V'(0, 1) random variables defined on (§~2, .f, ﬁ) as well. The

z® (s) and Uﬁl)(s), Ufrl)(s) are independent of each other and independent of the process X
and its components. It is worth mentioning that we do not consider common jumps, since we
derive the central limit theorem under the null hypothesis of no common jumps. This leads to
independent Z¥) (s) which simplifies the structure of the limiting variables compared to [4]. On
the other hand, the form of the limiting object becomes more complex due to adding volatility
jumps.

Using the above notation, we derive the following central limit theorem on Q(Td).

Theorem 3.2. If Condition 3.1 is fulfilled, we have the X -stable convergence

~ L—s ~ c +l~)
n®) 25 Uy = % (3.6)
BTBT

on the set le).

The central limit theorem states that nd)( . converges X- stably in law on the set Q;fj) to a
random variable U7 on an extended probability space (Q, F, lP’) which means that we have

E[g(nd Y] = E[g(@nYige]

for all bounded and continuous functions g and all X'-measurable bounded random variables Y.
For more background information on stable convergence in law, we refer to [14], [15] and [21].

Example 3.3. Let us discuss the standard setting of equidistant and synchronous observations
times. In this case, t( ) = =i/n, sowe have |7,|7 =n~'. Hence Condition 2.1 and Condition 3.1(i)
are trivially fulﬁlled Furtherrnore

Lz/n]
Hy(0)=Gu()=ny_ (1/n)* —>1,

i=1
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which yields Condition 3.1(ii). We also have 1 (s) = n{", (s) = 0 and 8\"_(s) + 8\ (s) = 1
foralls €[0,T],I=1,2.

Note that the outer integral in (3.3) can be interpreted as the expectation with regard to
k1 + k> independent uniformly distributed random variables S, on [0, T']. Then, as the variables

(8" (S,), n8", (8,)) are distributed like (k, 1 — k) with & ~ U[0, 1], we obtain the limiting
distribution as Z (x) ~ (0,0, kD (x), 1 — k@ (x)) for independent " (x) ~ [0, 1]. Standard
arguments further show that Z,(f) (Sp) and Z,(j/)(S ) are asymptotically independent for p # p'.
Hence, Condition 3.1(iii) is satisfied and we have (3.6) with

T
&= [ o0 + 000 s

2 1/2 1/2 2
Dr= Y ((Ax{) (0 (@)U 40P (1-xP) PUi))
2 1/2 1/2 2
+(AXS) (o5 () U + o) (1) UL )),

for independent standard normal distributed random variables U [(,I’L, U IEIY)JF and independent
U[0, 1] random variables k@, 1 =1,2. Of course, these terms are identical to the corresponding
terms C7 and 5T in (3.12) and (3.14) of [16], and Theorem 3.2 becomes Theorem 4.1(a) of [16]
in this setting.

In order to illustrate the theory laid out above, we also want to discuss a truly irregular and
random setting. Specifically, we consider observation times which are given by the jump times
of Poisson processes, but our conditions cover various other sampling schemes as well. Note
that Poisson sampling has been discussed frequently in the literature; see, for example, [4] and

[9].

Example 3.4. Let the observation times of X1 and X® be given by the jump times of inde-
pendent Poisson processes with intensities n1| and n),. Lemma 8 from [9] states

E[(Imnl7)?] = o(n™®) 3.7)

for any 0 < o < g, so both Condition 2.1 and Condition 3.1(i) are satisfied. In addition,
Proposition 1 in [9] gives Condition 3.1(ii) via

G(t) - ‘,

A+ A2

= (242
— | —+— ).
" A A

Finally, we show that Condition 3.1(iii) is satisfied. Note first that the distributions of the sam-
pling scheme 7 and the rescaled nm, are identical. Therefore, the distributions of Z,(,I)(s) and
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z %l) (ns) are identical, and the distribution of the latter only depends on s through the fact that
the backward waiting times for the previous observations are bounded by ns. This effect be-
comes asymptotically irrevelant as n grows, thus Z,(,l)(s) converges. Note also that the Z,(ll) (s)
are asymptotically independent because the Wiener process W and the Poisson processes have
independent increments and the Z,gl)(S p) overlap asymptotically with diminishing probability.
Therefore the factorization of the expectations in (3.4) holds.

By symmetry, we focus on Z(!(s) only which can be constructed from elementary distribu-
tions. Let E,El)_, E,iljr ~ Exp(A1), k € N, and E(f), Ef) ~ Exp(A2) be independent exponen-
tially distributed random variables. Then, after rescaling, the lengths of the intervals around
s are by the memorylessness of the exponential distribution asymptotically distributed like
E(l) + E(1> and E(z) + E(2> while the other intervals in r](l)(s) and n(l)(s) are Exp(11)-
dlstrlbuted Then if (Uk, )keN, (Uk.+)ken are i.i.d. (0, 1) random variables, it is easy to de-
duce that

Z(l)(s) ( (1)(S) n(l)(s) E(l) Ei}_)'_)* (3.8)

holds, where we set

16 =3 B W Tyt g0 g2
k=2

1
n{ (s) = ZE‘ LU it g 2y

4. Testing for disjoint jumps

We will introduce a test which makes use of a critical region of the form (2.4). In Section 3, we
have derived a central limit theorem for CD( ) . However, this result can not directly be applied
for determining c,,, since the law of the hmltlng variable in Theorem 3.2 is itself random and not
known to the statistician. Hence, in order to develop a statistical test we need to estimate the law
of the limiting variable Ty

Estimating the continuous term Cr in U boils down to estimating the continuous part of X.
This can be done using truncated increments as, for example, in (4.5) of [16]. With g > 0 and
@ € (0,1/2) we set

Anr=n Z (Az(',ln)x(l))z(ﬁi-?ix(”)Q
Lt A <T

x 1 11{1(1)01(2)#@}

(1 (1) @ @
{18, ) XDI<BIL )17 A&, XPN<BIZ; 17 ) jn

In order to estimate the law of 5T in \TIT we need to estimate the law of the Z® (s) first, which
is not known in practice unless one imposes knowledge on the nature of the sampling scheme.
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In principle, we would like to introduce a Monte Carlo approach and simulate the quantiles of
Dr, and a first approach obviously is to replace the increments of the Brownian motion in (3.1)
and (3.2) by appropriately scaled realizations of standard normal random variables. However, we
have to scale by the lengths of the observation intervals which follow an unknown distribution.
Also the distribution of né,(il (s), n8,(1{)+(s) (and therefore of 8@ (s), (Sﬁ) (s)) is unknown. To
circumvent this issue we use a bootstrap method and estimate the distribution of the observation
intervals as well. The idea here is to estimate their distribution around time s by using Z,(,l) (u) for
u close to s. In order for this procedure to work, we will introduce a local homogeneity condition
later, in the sense that Z,(,l) (s) and Z,(f)(s’) have similar distributions for small values of |s — s”|
but remain asymptotically independent.

To formalize, let (K,), and (M), denote deterministic sequences of integers which tend to

infinity. Here, 2K,, 4+ 1 equals the number of intervals I%j,l))( Vren’ |k| < K,,, from which we
in s N

pick u to bootstrap M, realizations of Z,Sl) (s). For any s € (0, T) we define the random variables

~(]) Z U] 0 )2
s)=n (U 1 - s )
i@ =1 2 Tl Unin) Ygpeasy o, sonisiforviiion
w7 i s | s),n
l‘l-i,nsT " o
A(0) _ Z 0} OERY
Mnm,+(8) =1 |Izn (Unim) ]l{z.(’zmz%*f;) tap  FEni=i &+ ep
70 < R O 7 O% ‘

i,n—

N{ A 1 3—-1
5( ) (s) = ”(K( ) (S)|I( ) ) N I( ) y3=0

— (1 .(3—1
n.m, n,m i+ en TS o+ (s),n|

3= ) +
1 —1 s
+( i+ -1 i,S”(s>+v,f,’;,?(s)—1,n) )
0 ) X0
Spm 4 (8) = ”|IV(1,I)(S) n| —8pm,— (),

[ =1,2. The Uﬁm are i.i.d. A0, 1), the K,(,lzn (s) are i.i.d. U[0, 1] random variables and the

Vn(’l,’,ll) (s), Vn(l,: - (s) are distributed according to

B(v5D(5). VEID () = (k1. k)IS)

0] I(3—l) |
(D) :(3-1)
in (8)+ki,n In (s)+ko,n

-1
x< DR A nzG=D y), k1, k2) €Z x {(—Kp, ..., Kp},

.(l . .(3—1 .
i@ +in i)+ jan

jIEZs‘jZ‘SKn

where the (V,ff,’,? (s), Vn(l,,? b (s)) are S -conditionallz in~deBendent asm=1,..., M, varies. All
newly introduced random variables are defined on (2, F, IP) as well. By construction,

= A(l A(l N N{
Z0,(8) = (o, — (), i 1), 850 (), 8, 1(5))”
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|
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() 3-1)
Iz iD(s)—2.n i,(,3_[)(s)—1,n|

Figure 3. Realization of Zn m(s) for V,,(l,,l,) =-2, V(Z 30 (s)=-1

then equals a mixture of the Z,(f) (u) foru € [t(3_l) G- ] where in n,(ll’)f (u),

iSO —Kn—1,0" i)+ Ko
n,(ll) (u) the rescaled increments of the Brownian motion are replaced by independent nor-
mally distributed random variables. By the choice of the distribution for (V,fln? (s), V,,(lm3 71)(s))

and /< o m(s) we obtain further that u# in the mixture is chosen uniformly from the interval
(3 n’ (3=

U800k, 10” i 514K,

martmgale (2 1) are also umformly dlstrlbuted in time. An example can be found in Figure 3.
Consistent estimators for the jumps ax? s » the volatility (o ))2 and for (as(l_))z, [=1,2, are

given by

] This makes sense intuitively, as the jump times of an Itd semi-

AxDs)=(a"  x)

1 ! )
D184 o XIZPIT 4 =)

(l) (l)()
. 1
G0 =0 X (LX)
it els,s+bn]

zln

R 2 1 2
o=y T (el

1 els—bys)

A.1)

where 8 > 0 and @ € (0, 1/2), and b,, is a sequence with b, — 0 and |, |7 /b, L 0.
Using these estimators, we define

(1) ) (l)
DTnm— Z Z A |A(1)X| ﬁ\z(lﬂw}an (,n)
I=1.2440
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with
RO, )= (6 2) 00 )+ (626, (6D ) 20D, )
+6 (s, D1+ ) PUD, L ©))
+ (606,00, . sel0TLI=1,2,
and for o € [0, 1] we set
On7(@) = 0u({Dramlm=1,.... My,}).

where Qa (B) denotes the |« N |th largest element of a set B with N € N elements. We will see

that these expressions consistently estimate the X'-conditional @ quantile of Dr on Q(Td) which
is defined as the A'-measurable random variable Q(«) € [0, oo] fulfilling

P(Dr < Q(@)|X)(@w)=a  foralmost all w € QY 4.2)

and we set (Q(a))(w) =0 for w € (ng))c. Note that Q(«) is well defined for « € [0, 1] as the

X -conditional distribution of 5T restricted to Q(Td) is continuous and has strictly positive density
on [0, co) by Condition 3.1(iii) and Condition 4.1.

The following condition summarizes all additional assumptions we need in order to ob-
tain an asymptotic test. It ensures in particular that the volatility does not vanish, which
yields BT > 0 almost surely, and by (4.3) that the empirical distribution of the 2(11);71 (s) =
(ﬁ,(ll’)mﬁ(s), 77,(11,),”, (8, Sfl{),n,f(s), 8,(1{),,1’ L(s))*form =1,..., M, converges to the non-degenerate
distribution of Z® (s) which is essential for the bootstrap method to work.

Condition 4.1. The process X and the sequence of observation schemes (7,), satisfy Condi-
tion 3.1, and {s € [0, T] : as(l)as(z) =0} is a Lebesgue null set. (b,), fulfills |m,|7/b, i) 0,
(Kyn)n and (M,), are sequences of integers converging to infinity, and |, |7 K, i) 0. Addi-

tionally,

BIBZY) s <xjj=1,...,0|8) = B(zW () <xj, j=1,...,0)| >¢) >0 (4.3)

n,1

as n— oo, forall e >0, J €N, x = (x1,...,x;) € R4, [; € {1,2} and s; € (0,7),
Jj=1,...,J,withs; #s; fori # j.

Theorem 4.2. If Condition 4.1 is satisfied, the test defined in (2.4) with

o At Onr(l-0)
VO (g m)r VO (g T

has asymptotic level « in the sense that we have

a €0, 1],

B(@,7 > cul V) >« (4.4)
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forall FD ¢ ngl) with P(F@) > 0. Because of

P(p@ )

]P’(d)nj > c,|F ) — 1 “4.5)
forall FU) ¢ Q(Tj) with P(FY > 0 it is consistent as well.

Although n appears in the definition of c, it is not used for the computation of ¢, as it also
occurs linearly in A, r and Q, 7(1 — ). It enters indirectly through the choice of b,, K,,, M,,
however, for which usually just a rough idea of the magnitude of » is needed.

Example 4.3. If the sampling scheme is deterministic, then (4.3) holds in all situations where a
minimal local regularity is assumed. This is in particular the case for the setting of synchronous
equidistant observation times as in Example 3.3 where our estimator @n,T(l — «) equals the
estimator Z,(,d> (v) defined in (5.10) of [16] for N, = M,, and any choice of K, (not necessarily
converging to infinity).

Example 4.4. Regarding the Poisson setting from Example 3.4, |7, |7 /b, LN 0 follows from
(3.7) for every b, = O(n™%) with « € (0, 1). Showing that (4.3) holds, however, is rather tedious
and postponed to Section 5.

5. Simulation results

We conduct a simulation study to verify the finite sample properties of the introduced methods.
Our benchmark model is the one from Section 6 of [16], as we use the same configuration as
in their paper to compare our approach to the case of equidistant and synchronous observations.
The model for X is given by

dX}l):X}1>aldW,(1)+a1/ X§9x1u1(dt,dx1)+a3f XPVxapa(de, dxs),
R R

dXt(z) = Xt(2)0'2 th(2) -i-()lz/ Xt(E)XQpbz(dt, dx)) +053/ XZ(E)X3,1L3(dt,dX3),
R R

where [W(D, W@, = pr and the Poisson measures j; are independent of each other and have
predictable compensators v; of the form

Ly, 13010, 11 (Xi)

vi(dt,dx;) = «; 2 — 1)
1 1

dtdx;,

where 0 <l; < h; fori = 1,2, 3, and the initial values are X¢ = (1, 1)7. We consider the same
twelve parameter settings which were discussed in [16] of which six allow for common jumps
and six do not. In the case where common jumps are possible, we only use the simulated paths
which contain common jumps. For the parameters we set 012 = (722 =8 x 107 in all scenarios

and choose the parameters for the Poisson measures such that the contribution of the jumps to
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Table 1. Parameter settings for the simulation

Parameters
Case p o] k1 N hy o) kp I hy o3 k3 I3 h3
I 0.0 0.00 e . . 0.00 o . . 0.01 1 0.05 0.7484
I1-j 0.0 0.00 e . ° 0.00 o . ° 0.01 5 0.05 0.3187
111+ 0.0 0.00 e . . 0.00 o . . 0.01 25 0.05 0.1238

I-m 0.5 0.01 1 0.05 0.7484 0.01 1 0.05 0.7484 0.01 1 0.05 0.7484
II-m 0.5 0.01 5 0.05 03187 0.01 5 0.05 03187 0.01 5 0.05 03187

III-m 05 0.01 25 005 0.1238 0.01 25 0.05 0.1238 0.01 25 0.05 0.1238
1-d0 0.0 0.01 1 0.05 0.7484 0.01 1 0.05 07484 .

I-d0 0.0 0.01 5 0.05 03187 0.01 5 005 03187 e . ° .
1II-do 0.0 0.01 25 0.05 0.1238 0.01 25 0.05 0.1238 e . . .

I-d1 1.0 0.01 1 0.05 0.7484 0.01 1 0.05 07484 o . . .

1I-d1 1.0 0.01 5 0.05 03187 0.01 5 005 03187 e . ° .
m-dt 1.0 0.01 25 0.05 0.1238 0.01 25 0.05 0.1238 e . . .

the total variation remains approximately constant and matches estimations from real financial
data (see [11]). The parameter settings are summarized in Table 1 (compare Table 1 in [16]).

To model the observation times, we use the Poisson setting discussed in Examples 3.4 and 4.4
for A1 = A2 =1, and set T = 1 which amounts on average to n observations of each X M and
X @ We choose n = 100, n = 400 and n = 1600 for the simulation. In a trading day of 6.5 hours,
this corresponds to observing X () and X® on average every 4 minutes, every 1 minute and every
15 seconds. We set 8 =0.03 and @ = 0.49 for all occurring truncations. We use b, = 1/./n for
the local interval in the estimation of os(l) and K, = [In(n)], M,, = n in the simulation of the
Z,(,l)m (s). As discussed in Remark 5.5 of [16] the choice of the parameters 8, @ specifying the
truncation level is critical because it determines which increments are considered to be mostly
driven by jumps and which are not. We choose here the same values as in [16] and thereby follow
their recommendation to pick @ close to 1/2 and § to be about 3 to 4 times the magnitude of
o (which in general is unknown but can be easily estimated from the data). This choice for g is
reasonable as increments AgiX ~ Al(ll)1 C where the jump part is negligible are roughly normally

distributed with variance o2 |Ii(2 |. Thereby these increments are filtered out with high probability
as a normal distributed random variable rarely exceeds 3 standard deviations. b, = 1/4/n is
chosen in the center of the allowed range between a constant b, and b, = O (log(n)/n) which
balances the benefits from choosing b, small (smaller bias in the estimation of o if o is not flat)
and b, large (less variance in the estimation of o). This choice is also close to the optimal one
in the sense of Theorem 13.3.3 in [14] on the estimation of spot volatility. K, is chosen rather
small to keep the computation time low, M, is chosen to be large enough to justify a reasonable
approximation to the theoretical quantiles. In the simulation study the results were very robust to
the choice of b,,, K,,, M,,.
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Figure 4. Empirical rejection curves from the Monte Carlo simulation for the test derived from Theo-
rem 4.2. The dotted line represents the results for n = 100, the dashed line for n = 400 and the solid line
for n = 1600. In each case, N = 10000 paths were simulated.

In Figure 4, we display the results from the simulation. The plots are constructed as follows:
First for different values of « the critical values are simulated according to Theorem 4.2. Then
we plot the observed rejection frequencies against «.

The six plots on the left show the results for the cases where the alternative of common jumps
is true. In the cases I-j, II-j and III-j there exist only joint jumps and the Brownian motions W
and W® are uncorrelated. In the cases I-m, II-m and III-m we have a mixed model which allows
for disjoint and joint jumps and also the Brownian motions are positively correlated. The prefixes
I, IT and III indicate an increasing number of jumps present in the observed paths. Since our
choice of parameters is such that the overall contribution of the jumps to the quadratic variation
is roughly the same in all parameter settings, this corresponds to a decreasing size of the jumps.
Hence, in the cases I-* we have few big jumps while in the cases III-* we have many small
jumps.
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We see that the test has very good power against the alternative of common jumps. The power
is greater for small n if there are less and bigger jumps as can be seen from the dotted lines for
the cases I-j and I-m, because the bigger jumps are detected more easily. On the other hand the
power is greater for large n if there are more and smaller jumps which can be seen from the solid
lines for III-j and III-m, because then it is more probable that at least one of the common jumps
is detected and one small detected common jump is sufficient for rejecting the null.

The six plots on the right in Figure 4 show the results for the cases where the null hypothe-
sis is true. While in the cases *-d0 the Brownian motions W and W® are uncorrelated, the
Brownian motions are perfectly correlated in the cases *-d1. The prefixes I, II and III stand for
an increasing number and a decreasing size of the jumps as in the first six cases.

Under the null of disjoint jumps, we see that the observed rejection frequencies match the
predicted asymptotic rejection probabilities from Theorem 4.2 very well in all six cases. There
are slight deviations for a higher number of jumps. This is due to the fact that disjoint jumps
whenever they lie close together, sometimes cannot be distinguished based on the observations
which leads to over-rejection under the null hypothesis. In the cases *-d1 where the Brownian
motions are perfectly correlated the rejection frequencies are systematically too high for large n.
The results are worse than in the cases *-d0.

In general, the results from the Monte Carlo are very similar to the results displayed in Figure 5
(note that the values for n there are 100, 1600 and 25 600) from [16]. On a closer look we observe
that the power of our test in the asynchronous setting is slightly worse than the power of the test
in the equidistant and synchronous setting while under the null hypothesis the rejection levels
match the asymptotic levels more closely than in [16]. The loss in power is most pronounced for
the smallest observation frequency n = 100 and in the range of at most a few percentage points
for the more relevant frequency n = 1600. Our results in the cases *-d1 are better than in [16]
because the effect of a high correlation in the Brownian motions has less influence on the test
statistic due to the asynchronicity.

All in all we conclude that there is no significant backdraw of working with asynchronous
observations instead of synchronous observations when testing for disjoint jumps in a bivariate
process. This is of great importance, as these results demonstrate that it is possible to construct a
test for disjoint jumps which works efficiently in the case of asynchronous and random observa-
tions without having to synchronize data first. Such procedures are well known in the literature,
but lead inevitably to a loss of data and, thus, power. Also, our methods are applicable in a quite
universal setting without additional knowledge on the underlying observation scheme.

Appendix: Proofs

A.1. Preliminaries

Throughout the proofs, we will assume that the processes by, afl), 05(2), ps and I'y are bounded
on [0, T']. They are all locally bounded by Condition 2.1. A localization procedure then shows
that the results for bounded processes can be carried over to the case of locally bounded processes
(see e.g. Section 4.4.1 in [14]).
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We introduce the decomposition X; = Xo + B(q); + C; + M(q); + N(q), of the It6 semi-
martingale (2.1) with

t
B(q): =/0 (bs —/(5(572)11{n6(s,z>n51} —5(&2)1{y<z>sl/q})/\(dz)> ds,
t
Cl Z/ Oy dWS,
0
t
M(g), = /0 f 55, )1y <1 /g) (1 — V) (ds. d2),

t
N(q),:/o /5(&Z)ﬂ{y(z»l/q}ﬂ(d&dz}

Here g is a parameter which controls whether jumps are classified as small jumps or big jumps.
We will make repeatedly use of the following estimates (compare Section 2.1.5 in [14]). Through-
out the proofs K and K, will denote generic constants, the latter dependent on ¢, to simplify
notation.

Lemma A.1. There exist constants K, K ,,, K, e, > 0 such that

|B@)s+: — B@)s|” < Kyt (A.1)
E[lICs4s — Coll?| Fs] < K 2?72, (A2)
E[|M @)+ — M@)s|*1F] < Kreg, (A3)
E[|N@)s+t — N(@)s|*1F] < Kqt. (Ad)

foralls,t >0,q >0, p>1. Here, e; can be chosen such that e; — 0 for g — 0.

A.2. Proof of the consistency result

Proof of (2.2). We will show

N 1 2 2
lim 11msup]P’(‘ E (A;;N(q)AE.,;N(q)) ]l{Igl)mIgz)¢g} — Br
in j.n

94— pn—oo

> 3) -0 (AS)
L) A <T
and

- 2
lim hmsupP('V(ﬁ )T — E (AE,I,SN(Q)AS?S,N(Q)) Lmaz0 g
in Jjsn

4= p—oco

)

i, jit D AP <r (A.6)

in’"Vjn—

-0
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for all § > 0 from which (2.2) follows. This strategy, namely to artificially introduce auxiliary
parameters such as ¢ which eventually converge as well, will be typical for the entire section on
proofs. In particular, we might even add further additional parameters.

For proving (A.5), we denote by €2(n, g) the set on which two different jumps of N(g) are
further apart than 2|, |7. On Q(n, g) we have

1 2 2 2 2
> (BLN@ALNG) g g g =3 (AN @) (ANP@),)" A7)
i,j:ti(jl)/\t](»,z’sz ' s=T
Note that the right-hand side of (A.7) converges to Br almost surely as ¢ — oo. Thus, (A.5)
follows since P(2(n, g)) — 1 for n — oo.
For proving (A.6), we introduce the elementary inequality

(a1 + b1+ c1 +d ) (a2 + by + 2 + da)? — dy?do?|
(A.8)

<cp Z (a3,12 +b3 >+ 03712)(6112 +b2 e+ d12) + 3pd12d22
1=1,2

which can be proven using Cauchy—Schwarz inequality after introducing appropriate weights
and which holds for real numbers a;, b;, ¢;,d e R,I =1, 2, and p € (0, 1) by setting ¢, =9(1 +
0)%/p%. As we are interested in the sum of the product of the squared increments of X! and
X®@ we can simplify each summand by applying (A.8), that is, we set @; = Al(f,)lB(q), b =
AYC =AM, d=AP N(g).

in in Ln

Note that

1 2 2
3o Y (AIN@ARN@) g0z = 30N @ . NP @]

2o (D) (2)
l’J'[i.n/\tj.nfT

where the right-hand side is bounded in g by 3p[X, X]; which tends to zero for p — 0. Further-
more, forany / =1, 2,

o 2 ((ARB@) + (AL M@)) X Tzang0 g,
G-1) n j.n

P (U]
L, Atj,nST

< (A B@)” + (a0 )’ + (AV M) + (AV, N @))?)

<o T (050N + (a5 M@)))

)
R <T

< (Y (A% B@)* + (aL,0)? + (a0 M@)’ + (VN @)?)
j:lv(1)<T

in—

— ¢([B4@). O @], + [MO (@) MO (9], [x V. X V],
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which tends to zero for ¢ — oo and any fixed p. For the remaining terms, we set

m’

i 1 2
Knr(,8)= sup Yol -k o). =12
m’m/EN’mEm/’|t:yf/),n_t:nl)fl,nIis’t,(,f?‘nfT k=m k,n k—1,n
We have
lim lim sup IP’(K,,,T(I, £) > 8) =0 (A9)

e=>0 p—soo

for any § > 0 due to the ucp convergence of realized volatility to the quadratic variation (see
Theorem I1.23 in [22]). In fact, on the set {K, r(/, &) > §} we have

9]

2 s 2
swp [S°(ch) —cl )= [ (e du

0<s<T i=1 i—l,n/\s

§— K2

Lk, r.0)>8) = >

with |os|| < K.

Using the fact that the total length of the observation intervals of one process which overlap
with a specific observation interval of the other process is at most 3|m,|7, we get on the set
{3l7nlr < €}

— —\2 2 2
o 2o (AGTCEI((ATCO) + (AT NC@) ) ga-00g0 gy Limir=erd)

G-

il O a <1
! 2 I 2
<coKnrB—1Le) Y ((A5,CY) +(A1N@) ) Limir<es3)-
j =T
As the latter sum converges to the quadratic variation of C® + N (g) as n — oo, which remains
bounded in ¢, we obtain that these terms vanish by (A.9) and because of P(|,|7 <€) — 1 as

n — oo for any fixed ¢ > 0. ]

Proof of Theorem 2.2. This is a direct consequence of (2.2), (2.3) and the continuous mapping
theorem for convergence in probability. (]

A.3. Proof of the central limit theorem

We will prove the central limit theorem in three parts: We will begin with the convergence of the
mixed Brownian increments to the continuous term in the limit (Proposition A.2), followed by
the convergence of the mixed term of large jumps and Brownian increments to the mixed term
in the limit (Proposition A.3), and we end with the convergence of the remaining terms to zero
(Proposition A.5).
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Proposition A.2. If Condition 2.1 and Condition 3.1(1)—(ii) are fulfilled, we have

2 2
no DL ((Ane)(age) Mz 20

Lty A <T
P r D _(2)\2 r 1 __(2))2
_>/0 2(ps0 M) dG(s)—i—/() (0VaP)? dH(s).

Proof. We use a discretization of o given via o (r)s = o—1)7/2r fors € [(k — 1)T /2", kT /2"),
and we denote the integral of o (r) with respect to the Brownian motion W from (2.1) by C(r).
Setting

2 2
T R T

Lt A <T

T 2 T 2
Y:/ 2(pso Vo @) dG(s)+/ (cMaP) dH(s),

0 0

Ya=n Y ((A},ﬁZC(r))z(AfiC(r))z)1{1_“)01_(2)#@},

in
Lt A <T

T T
Y(r)= / 2(p(r)5o M ()0 P (r),) > dG(s) + / (0D ()0 (r))> dH (s),
0 0

we will prove

lim limsupP(|Y — Y ()| + |Y(r) = Y, ()| + |Yu(r) — Y| >6) =0  Ve>0.

F—>0 pnse00

It holds o (r); — 05— as r — oo for all s € [0, T], where os_ is well defined as o is cadlag.
Dominated convergence then yields

T T
2 2
Y(r) — /0 2o o @)dGis) + fo 6V ®P an(s),

where the right-hand side equals Y as G, H are continuous by Condition 3.1(ii).

In order to prove | Y (rr) — Y, (r)| ﬂ) 0 as n — oo we apply Lemma 2.2.12 from [14] with

g=n ) ((Algﬁl’?C(r))z(A%C(”))z)ﬂ{z,flfmz%éz}’
@i,j)eL(n,k,T) g

Lk, T) = (G, j): eV, v e[k — )T/2 kT/2)}, k=1,2,...,2", and G =

i—l,n j—Ln .
o (Fk—1r/2m US). Here, r,, is a sequence of real numbers with r,, > r, r, — 0o and

2" sup |G(s) — Gn(s)| = op(1),
5€[0,T]
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2 sup |H(s) — Hy(s)| = op(1), (A.10)
s€[0,T]

2 n(|7alr)” = 08 (1),

Such a sequence exists, because G,, H, and hence G, H are nondecreasing functions and G,
H are continuous such that the pointwise convergence from Condition 3.1(ii) implies uniform
convergence on [0, T'] and because of n(|r, I7)% = op(1) by Condition 3.1(i). Elementary com-
putations then reveal

E[&1G1_ 1] =2(0 (M a—yr/2m o V) —tyrjom @ (I’)(k—l)T/zrn)2
% (Gu(KT/2"") = Gy ((k — DT /2"))
+ (@ VO a2 P O amnyryon ) (Ha(KT/27) — Hy((k — DT /2'))

+ 0p(n(1malr)’).

In combination with the boundedness of o the previous display implies

2
Y(r)— > E[16;_,]
k=1
= K27 ( sup |G(9) = Ga()| + sup [H() = Hy(s)]) + Op(2n(Imalr)?),
s€[0,T] s€l0,7]

where the right-hand side is op(1) by (A.10). Hence the sum over the E[£;'|G}'_;] converges to
Y(r).
Using the Cauchy—Schwarz inequality, the definition of H,, and telescoping sums we also get

2 2rn

2
ZEH&?!ZIQZJSKZ(H > |I“>III(”|1z<;>mz,.<z#m)
k=1 ’

k=1 (i,j)eL(nkT)

<KH,(T) sup | Ha(u) — Hy (s)|,
u,s€[0,T],lu—s|<T27"n+|m, |1

where the right-hand side converges to zero in probability, since H,, converges uniformly to H
which is uniformly continuous on [0, T']. Together with

2'n

ZE& 1G] — Y ()

we obtain
2n
Y= & > v(r)
k=1
by Lemma 2.2.12 from [14].
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Finally, we prove

lim limsupP(|Y,(r) — Y,| > &) — 0. (A.11)
r= p—soo
First, consider the estimate

) =Y <n > (jal)(Cc—cm)||al)(c+cm)||aPicl?

1 2
=

+|A(2) C— C(r))HAf,)l(C-i-C(’”))HA(I)C(’")| ) ZVNz? 22}

Once we take conditional expectations with respect to S and apply Cauchy—Schwarz inequality,
(A.2) and (2.1.34) from [14], we obtain

E[|Y,(r) — Y,|IS]
i(D

=Kn Z <<E|:/(U ”‘7s O'(r)sHZdS|S:|> ‘I(l) 1/2’21(2’3

it A @<t

Njn=
2)

+<E[f(2> |los — U(V)s||2ds|8]> |I(2) 1/2|I(1)) (TN 20) (A.12)

jln

<KeH,(T)

K —
D E[ / 0, ”Us o (s ds|zj, l)’]l{zﬁ”nz-@”aé@}"g]
0, 6D .

=12 i,jit At 52

inNjn
for any & > 0 where we used vab < as + b/e for a,b,e > 0 for the second inequality.
As we have H,(T) — H(T) for n — oo and as & can be chosen to be arbitrarily small
it suffices for proving (A.11) that the last sum in (A.12) vanishes as r,n — oo. Consider
the set (8, N, K’,r) on which there are at most N jump times Si,..., Sy € [0, T] with
lAos; |l > 8, supsepo. 7y | Aos|l < K’ and it holds |joy — o(r)s|| < 28 for all s € [0,T] \
U;V:](LSJ-T/Z’JZ’/T, S;1 and |log — o (r)sll < K’ + 8 for all s € U?’ZI(LSjT/Z’JT/T, Sil.
On this set we obtain the following bound

U]

>3 D) by

2 31
os — o (r) ds]Ij(.’n )‘]l{Ii(‘z;nIi(i1)7&@}19(5,N,K/,r)|81|

=12 5 O a3 <7 fictn
(A.13)
<482H,(T) + 2N (K’ + )’ sup | Hy () — Hy ()|

u,s€[0,T],|lu—s|<T27"+4|m, |1
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which converges to 482H(T) as n — oo. Further it holds

anI:ZE[ L /(z) HGS o (rs ” ds|IJ('?n_l)|]1{1,-(,[%2,-(2_1)#@}19(5’N’K/’r)c|8:|
=1, i ] t l

< KHn(T)IP’(Q((S, N, K, r)€|8) = K H,(T)P(Q(8, N, K',r)°)

which vanishes as r, n — oo for any § > 0 because of P(Q(8, N, K',r)) — 1 for N, K', r — 0
and any § > 0 since o is cadlag. Combining this with (A.13), then yields that the last sum in
(A.12) vanishes as r, n — oo because § can be chosen arbitrarily small. O

Proposition A.3. If Condition 3.1 is fulfilled, we have on Q(Td) the X -stable convergence

n 3 (ALN@) (AR + (AL (ATN@) )z ge )

ROPRO IS

ln jin—

£ (ax) RO, + (AXP) RA(5p)
p:Sp=T

as n — oo and then g — 0. Here, the R(l)(S,,), 1 =1,2, are as defined in (3.5).

Proof. Step 1. Denote by P}l) (g) the number of jumps of N D (g)in [0, T1, by (S[(]l,)p)p< PO ()
=fr

the jump times of N(g) in [0, T'] ordered by the size of || fRZ z,u(S(y,)p, dz)| and set
Y’gl)(s) — ((Zr(zl)(s)) (1) ) (), U(lz;,_(s)) Y(l)(s) — ((Z(l)(s)) (Z)( ), U(Z)(S))*,
. l} ) 1 I
with U, (5) = (W, = W0 )/ @ )12, U0, 5) = (Wi, =W/ ()12,

We begin by showing that Condition 3.1(iii) yields the .X stable convergence of all the
Y,fl)(S(3 l)) to the respective Y(l)(S(3 l)) on Q(Td), that is, we have to show

E[Af((Y! (S(l)))p<P(|>(q) (Y(])(S(z)))p<P<2)(q)) Q(d)]

- E[Af((Y(Z)(Stgg))pgp;”(q)’ (Y(l)(S(z) )),,<P<2>( )) ““]

for all X'-measurable bounded random variables A and all bounded Lipschitz functions f. We
will use the same techniques to prove this as were used in [4] for example, in the proof of
Proposition 3. Similar arguments can also be found in [13] (Lemma 6.2) and [12] (Lemma 5.8).

(A.14)

Denote by Q2(q,m, n) the subset of Q(Td) on which 2|m,|r < 1/m and where two different

jumps S;l]p)l, S;lzlzz < T are further apart than 2|m,|7. As Q(q, m,n) — ngl) for n — oo it suf-

fices to prove (A.14) with the indicator 1 (4,m,n) added in both expectations. Further, we set (see
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the paragraph above (3.1) for the definition of W)

BOmy= (] (max{s{", —1/m,0}, min{S{", + 1/m,T}],

(0]
Sq.p=T

t
—( —(
7 ), = /0 10 (5) 4T s).

Let G(m) denote the o-algebra generated by W (m) and the jump times Sé{)p < T. By condition-
ing on o (G(m) U S) we see that for proving (A.14) with the indicator 1qy,m,») added in both
expectations it is sufficient to consider only G (im)-measurable A’, as restricted to Q (g, m, n) the
Y,fl)(S ») are 0 (G(m) U S)-measurable. By Lemma 2.1 in [13], we may in particular choose A
of the form

s@

A= y(W(m))K((SéT) ‘I’I’)pr;”(q))'

P)psP}”w)’ ( (A-15)

As W(l) (m) converges to 0 in L! as m — oo and because y, k, f are bounded we obtain

mli_r)noo linn_l)sol(l)p‘E[y(o)K((S‘Q;’)pr;I)(q)’ (Sﬂ(l%l)l’)psP}Q)(q))
Xf(((YrEl)(S(f;l)))pgp;*”(q))z:l,2)19<T">]
—E[y (W(m))"((ség)gp;“(q)’ (Sc(la)n)gp;z) (q))

Xf(((YrEl)(S(f;l)))fpf")(q))l:l,2)19(7‘“19(q,m,n)]| =0

and the analogous result for Y,gl) (S;?;l)) replaced with y® (S;?;l)). Hence, it remains to prove

E[K((Stg{;ﬂ)ng;”(q)’ (Stf;?)ng}z)(q))f(((Yél) (S;?I;l)))pgp}3*’>(q))l=1,Z)RQ(T")]

- E[K((S;{;)pff)}l)(q)’ (Stg?;))pgp}z’(q))f(((y(l)(S;?I;l)))pgpf’”(q)L:l,2)152(;”]

(A.16)

for all bounded Lipschitz functions «, f.
Further note that by another density argument it suffices to consider functions f of the form

PO S5 1) 11.2)

=TT T1 72@065) 7000 (550). U, (58,)).
lzl‘zpiSé?;l)ST
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Then because the UL (S55"), UL, (58,7, UL (89,0, UL (857 are iid. N0, 1) dis-
tributed and independent of x and Z,(,l)(S,;?;l) ), respectively Z ) (S[(ﬁ;l)), (A.16) becomes

E[K((S;g)pq’}”(q)’ (Sg;?)pgp;z)(q)) 1_[ H fzgl) (z) (St(i?pl)))]lsz(rd)]
=12 < PP (g)

- INE[K((SC(;L)pSP;])(q)’ (Sﬁa)pgpf-“(q))ll_l[z (!_!) fzgl)(z(l)(sz(i?pl)))]lsz(;”]
=b p:Sq,; <T

This is exactly Condition 3.1(iii) as conditional on the event that there are k; jumps of N (g),
[ =1,2,in [0, T] all the S;{)p are independent uniformly distributed on [0, T]. Note that the

second expectation can be written in the form (3.4) as the Z @ (s) are independent of the S;{)j,, and
of each other. Hence, we have shown

- L— —
(((Yrsl) (S;?p l)))pSP;37])(q))l:1,2) _i (((Y(l) (Sé:?ﬁ l)))pfpy(}il)(q))l:ll)' (A17)

Step 2. We reconsider the discretized volatility process o (r) from the proof of Proposition A.2
and set

t
, 5(r),=/ & (r), ds.
0

o ifse[s® [s® jor]/2r
&(r)s = S;{)p [.(IsP |Vf1,P/ —I/ )
o(r)s otherwise

Denote by Q2(g, r, n) the subset of ngl) where two different jumps 5151,1131 #* S;l,zgz are further apart

than 2|m, |7 and the jump times Sél,)p are further away than 2|, |7 from the discontinuities k /2"
of o (r). On this set we get

nd 2 (AON@) (AR 1 g0 e g lew

25—
:121:2 % (AN(I)(Q)SQ{);:) R, l)(Stg{;’r)]lQ(%M)’
=T p=Pr (@)

(A.18)

where

1/2 1
Pud ()

RO, =6L0) 0" )+ 6L (8- (s))
+650r (6L ) PUL ) + 6P O) ), selo,TLI=1,2.

From (A.17) and Proposition 2.2 in [21], we get
(N(Q)’ (}(l"), ((Sigl,)p)prT(.l)(q))l:l,z’ ((Yl’gl) (S;?;l)))p§P7(.371)(q))l:1,2)

= (V@) 50, (59

0.0)perf @)1y (rO(sg,?

q.p ))p§P}3*’)(q))1:1,2)
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which yields, using the continuous mapping theorem,

DX AN PR g

= 1
! 1’ZPSP})(q)

L—_iz Z (AND(g) <l>) RG- 1)(5(1) )119(11),

= /
=12 <P (q)

(A.19)

where R® (s,r) is defined as R (s) (see (3.5)) with o replaced by o (r). Note that we may
replace the left-hand side of (A.19) by (A.18), since Q(q, r, n) — Q% as n — oco.

But the convergence in (A.19) is even preserved if we replace ¢ (r) by o, because we get
convergence in probability for both sides as r — oo: For the left-hand side of (A.18) we use that
the number of jumps of N(g) and their size is bounded in probability and a similar argument
as for the last step in the proof of Proposition A.2. For the right-hand side of (A.19) we use in
addition that the first moments of the Z® (s) are uniformly bounded.

Step 3. We have

Y. 2 AxGTYROS) =30 30 (AN ) RO(SS),)

piSp<T1=1,2 =12 5 <
(A.20)
> 2 (aMEg)s, ) ROGS)).
p:Sp<TI=1,2

Computing the X'-conditional expectation first and applying dominated convergence afterwards,
it is easy to see that the right-hand side of (A.20) converges to zero in probability as g — oo.
This finishes the proof of Proposition A.3. g

The following lemma is needed for the proof of Proposition A.5.

Lemma A.4. Let Condition 2.1 be satisfied. Then there exists a constant K which is independent
of (i, j) such that

E[(A5C) (AT "M@)18] = Keg|TONITS ") 1=1.2
On the set Q(Td) we further have

1z |I;?,3 . (A21)

nLn

E[(AM@) (%" M(¢) 10 1] < Ke,

Proof. If I(l) N I(2 D = & we use iterated expectations and Lemma A.1. If the intervals do
overlap, we use 1terated expectations for the non-overlapping parts to obtain

E[(ALCP (A% " M@) 18] = Key (1] 20, - 125 020, )

nn

l / 31 3—] 2
FELCY = PO D@0~ MO0 1S
Ln” T gn i in n i—1,n —1.n

7,n jl}’l
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and an analogous result for (A.21). The claim now follows from Lemma 8.2 in [16] which is
basically Lemma A.4 for 70 = Ij(.i;l). The generalization to g # g’ here does not complicate

i,n

the proof. (]

Proposition A.5. If Condition 3.1 is fulfilled, we have

lim limsupIP’({|nV(f, )T — R(n, q)T| > 8} N ngl)) =0 Ve >0
o

4= p—
with
Rugr=n Y. (AL (aPc) +(alN@) (alc)’

Lt A <T

+ (A§,1,1)C)2(AfflN(q))z)ﬂ{zi(.]n)ﬂzﬁ)#@}.

Proof. Since y is bounded by Condition 2.1 we can write
X=Xo+B(¢')+C+M(q)
on [0, T for some positive number g’ (not necessarily an integer) which yields
N(@)=B(q') - B(@) +M(q) — M(g). (A22)
We apply inequality (A.8) with

@ N(q).

in

1 i 1
a=0, b=A)BG@. a=A)Mg. d=alC+a
Then, we have

pn > (ADC+ARN@) (AP C+ AT N@)

1 2
(I NI 22}
Lt A <T

<pn Y 4((AC)’ + (AN N@))((AD0) + (A N@)Y)  (a23)
Lty At <T
X L7070 L5y

nn Ln

and the latter term is bounded in probability by Propositions A.2 and A.3. Hence, it converges to
zero for p — 0.
We also get for [ = 1, 2 using (A.22), Lemma A.1 and Lemma A .4,

Bl X (80" B@) + (35 M@))

.. (31 1
l‘]:ti(,n )N;,Z,ST

< (A% B@)? + (a0 M (@) + (a0 ¢ + 2% N (9)?)
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X 1, G-1) () 1S
@zl 2o Lo

sem Y (KIS Keg) |75

in
GB=D

.o 1
Lty Atj(.yifT

x (Kg|Z) | + Keg +2K +8(Ky + Ky)

,n

I | + 8K (eq + eg)) T},

X ]1{I_<3_z)

L,n

nZ,#2)
< cp(Kglalr + Keg) (Hu(T) + Op(n(lmal7)’)),

where the latter bound converges to zero for n — oo and then ¢ — oo. Therefore, inequality

(A.8) shows that only the terms as in (A.23) remain in the limit. On ngl) , the terms that occur in

(A.23) but not in R(n, gq)7 are of the form

no Y ((aho)+2aho)(al Ng) + (A N@)?)

oL (1 3-1
z,/:ti(.’;/\tj(.v” )§T

(A.24)

x (A 0) (AT N@))L 70 1=1,2.

G0 g 1>
J.1 L.nij,n #2)
From similar arguments as before, we obtain that the sum over terms containing the product
(Agl;N(q))(Afn_l)N(q)) converges to zero because we are on Q(Td).

For the remaining terms, we obtain

n Z (Agffzc)2(AF/?;l)C)(Afn_l)N(q))]l{I,-(/,zﬂIES,f[);éG}
i,j:tf”Asz”fT ' v

nn

3= () N2/ x B=D)

= ( sup - Aj, C)” Z (A,0)° (A}, N(Q))ﬂ{zgl)mz(s—l)qég},
‘:t(,371)<T R W E ) in' Tjn
Jljn = Lt N <T

where the right-hand side tends to zero as n — oo for all ¢ > 0 because the supremum vanishes

as C is continuous and because the sum converges stably in law on ngl) to
B-D ) (cB=D
2. AN RO(S,D).
Spa <T

where (Sl(f,; l)) peN denotes an enumeration of the jump times of N G3=0(g). The stable conver-

gence can be proven similarly as Proposition A.5 and follows from Condition 3.1(iii). (]

Proof of Theorem 3.2. This is a direct consequence of Propositions A.2, A.3 and A.5 as well as
(2.3). O
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A.4. Proof for the testing procedure

Proof of Theorem 4.2. For proving (4.4), we will show
PV (f. 7001 > Ang + Onr (1 — )| FD) >, (A.25)

for all F@ ¢ Q(jfl) with P(F@) > 0. To this end, we will prove in the sequel that Condition 3.1
ensures

ApT N Cr, (A.26)

as well as
~ g
On,1(@)1g@a — Q@)1 @ (A.27)
T T

for each « € [0, 1], where Q(«) denotes the X' -conditional « quantile of 5T on Q(Td) defined in
4.2).
Then, Theorem 3.2 and (A.26) yield the X' -stable convergence

ﬁf‘ ~
nV(f, )1 — An.r = Dr

on Q(Td) from which we obtain together with (A.27)

~ L—s ,~
(nV (f. 7)1 = An1. Qnr (1 =) 1gw = (Dr. Q1 =)L
by Proposition 2.5(i) in [21]. Then, finally,

P({nV(f. 7)1 > An1 + Onr(1 =)} N FD)
- P(|Dr > 01 —a)} N FD) = aP(FD),

where the last equality follows from the definition of Q(«). This implies (A.25) and hence (4.4).
The consistency claim (4.5) follows from the fact that @fld)T converges to a strictly positive

limit on Q(Tj) by Theorem 2.2 while ¢, = 0@(11_1). [
Proof of (A.26). Looking at the proof of Proposition A.5, it is enough to show that

no Y (ahc+ AN (AP c+ Al Ng)

i,j:tifL)At<2><T

Jsn—

(A.28)

x 1 1
UALXI=BIZ )™ AP XI<BIZ 1) (T )NT]) #2)

i,n j.n

converges to Cr.
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We first deal with the terms involving big jumps. Let S;{)I,, p=1,..., P}Z) (g), denote the
(finitely many) jump times of N (¢) in [0, T]. It then holds

nY Y ALN@ALCHALN@) AT C+ AR TING)’

lzl’zi,j:ti(ln)Atf;’)gT

X Tl xizhie sl P zp O Tl 4o (100D
(A.29)
P (@)
O]
=n Z Z |AN (‘1)5},{>,,|1{|Af’(}) o XI<BIZY o 1)
1:1’2 p=1 in (Sq,p),n in (Sq,,,).n
! 31 31 2
X |A§(l)>(5<l) ) n(C + N(‘l))| Z (Aﬂ,n 'c+ A;,n )N(‘i)) 1Q(n,q,7)
n q.p/> j:t;:%n—l)sT

where Q(n,q,T) denotes the set where two jumps of N(g) in [0, T'] are further apart than
2|, |T. (A.29) converges in probability to zero as n — oo because of

o Px o ) Px
|80 50, X = [ANC@gn [ >0 |Zg 0 [ =50,

where Py denotes convergence in X'-conditional probabilities. P(Q2(n,q,T)) - 1 as n — oo
then yields that the terms involving big jumps in (A.28) vanish asymptotically. Hence only the
terms involving squared increments of C(), C® contribute in the limit.

Using Proposition A.2, it remains to show

Ir=n 3 (ALC)(A%0)

Lt A <T

(A.30)
XL a0 x 1z via® x 1= pzm ta izt 2o — O
The conditional Markov inequality plus an application of Lemma A.1 give
1 I 1-2
(Al X| > BIZi|718) < KIZ5| 7 (A31)

Using
~ 2 2
Lrsn 3 (8,0)(a5,0)

s (D) (D)
ll’lz'ti|,n/\ti2,n§T

X Z ]l{IA{[)

I=1.2 ij.n

1
X> ﬁ|Il.<l">n ! {Ii(ll,)n NZ? 4o

ip.n
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and the generalized Holder inequality, as well as Lemma A.1 and (A.31), we get

E[L7|S] < Kn >z 2] S|z |(1=2/v'y

11n ir,n i,n
(l) ( ) <T 1=1,2

(0T £0)

j.n
i1, 12l

(A32)
1-2 /
< K (1malr) " 7P Hy (1)

for any p’ > 1, which tends to zero by Condition 2.1 and Condition 3.1(ii). This yields
(A.30). O

For the proof of (A.27), we need a few preliminary results which yield that the convergence of
the empirical X'-conditional distribution on the Dt , ,,, m =1, ..., M, restricted to Q(Td) to the
X -conditional distribution of 57 restricted to Q(d) follows from the convergence of the common

empirical distribution of the Zn m(s j) to the common distribution of the Z Ui (s ;) provided in
Condition 4.1. These results are proved in Lemma A.6 and Proposition A.7.

Lemma A.6. Suppose that A,, ; N Aj for F-measurable Ay ; € R?, X-measurable Aje RY,
and let S; € [0,T], j=1,...,J, be almost surely distinct X-measurable random variables.
Then, under Condition 4.1, it holds

8) -0

for any X-measurable random variable Y, any ¢ > 0 and any continuous function ¢ :
RE@+OXJ s R such that the X -conditional distribution of p((Aj, Y(l!')(Sj))j:LmJ) is almost
surely continuous. Here,

M,
(L -
—Y'1 iy —P(p((A;, YU(S)), T|X

M, W; 0y 70,0 pery  DOUALYED) ) S Y1) >

[ [ L lj
a5 = (Zum (D) Unn (S, Ui 1 (Sp)",
and Y(l-/)(Sj) is defined as in the proof of Proposition A.3.

Proof. First, note that Condition 4.1 implies that
ﬁ <
< F(

M,
+ﬁ<ﬁ

Mn
1. B W(s)<xi i=1. ...
Z {Ynm(Y )<)C/] 1,...,J} ( (s./)—x]’.] ) ,J)

m=1

1
M,

. )
M,

~ () .
1 —P(Y (s)<xj,j=1,...
2—:1 D 6z oty " BT 6D Sxj i =1 1S)

1

- %) (A33)

m
T <xjj =1 JIS) =B (sp <xj, j=1,...,7)| > %)
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converges to zero as n — oo for any s;, x;, j =1,...,J. In fact, the (f’\n(fﬁ(sj))jzl ,,,,,
conditionally on S independent and identically distributed as m varies. Therefore, M, — oo, the
conditional Chebyshev inequality and dominated convergence ensure that the first term vanishes
asymptotically. In the second term, we may factorize probabilities as the U’s are all independent
of the Z’s. Then the second term converges to zero by (4.3) and the fact that the U’s are all
normally distributed.

To shorten notation, we set

1 i ~
n Man:l (oA Tat ()1 ’ ¢ =P(e((4;. Y (S)) ;. ;) =TIX)

The idea for the following steps is to approximate the function ¢ by piecewise constant functions,
use (A.33) to prove the claim for those piecewise constant functions and to show that the con-
vergence is preserved if we take limits. To formalize this approach, let K > 0, set i (K, r) =
x eR|x; ;€ ((kij — D27"K,k; j27"K1,i <6,j <J}, k= (ki,...., k) € Z r eN,
and define

1
tn(K.r) =+ > LS o aryos (A K27 K < )T 0 <1)

n 1 (V0 (S 1) j<)elg(K.r)}

1 M

= ]]. s k2T . e ]1 ~(; 9
2. (A k27 K== 2. (Tad (S50 eDh (K.
ke{=2r,...,2r}6xJ m=1
——
SR = Y Lk = P(Y(8) 2, € (K, NIX),
kE{—Z",...,Z’}6X‘/

J) evaluated at the rightmost vertex of

.....

where (p((Aj, ka_rK)jﬁj) equals go((Aj, -)./':1
Lk (K, 7).
Using this notation it remains to show

lim lim suplim sup}P’(|§n (K, r)|>e)=0  Ve>0, (A.34)
n—

K—0oo r5o00

lim IP(|§n(K, r)—¢(K,r)|>¢e)=0 VK,e>0VreN, (A.35)

lim l1msup]P’(|§(K r)— §| > 8) =0 Ve > 0. (A.36)

K—o00o r—5o0

Step 1. We start by showing (A.35). It holds
ﬁ(|§n(K, r)— {(K,r)| > 8)

- % f@[ﬁi(

ke(=2r,...,27}6xJ

My

le S
M, o {(Yo,m (Sj)) j=1,...0) €0k (K,r)}

- ﬁ((yaf)(sj))j:l’_”] e (K, r)|X)

> 8/(2”'l + 1)61‘9()],
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where each conditional probability vanishes almost surely as n — oo by (A.33) because the
events

(Ban(S)) oy, €OuE.nl {(r9s)),_, , eDk(K. )

may be written as unions/differences of events of the form

~(; .
(TS ety <viK, ), YOS ey < vi(K, P,

where (vg,; (K, r)); denotes the vertices of the cuboid Ll; (K, r). Note that conditioning on X’
here simply has the effect of fixing the ;. (A.35) then follows by dominated convergence.
Step 2. Next, we show (A.34). It holds

|en — ¢n (K, 1)

+ 1 ) -1 e T
2 |{¢<<An.,-,Yn,fm(sj>),-:1 ,,,,, ety e 2K e, =T
ke{—2r,..,2ry6xJ

1 U

X — 1 )y Tyoay. _ dxJy -
Mnn; (Bt S jmt. €T (K )y (A=t s €-KKIT

The first term in (A.37) becomes arbitrarily small, because for n — oo, we obtain from (A.33)

M,
1 “ P ~ .
— N1 g — P((YY7(S)). —K, K1 \x
Mnn; () () jot s #1-K.K16%7) ((F7S) o0 21 171%)

as in Step 1, where the right-hand side afterwards vanishes as K — oo.
Denote the second term in (A.37) by ¢, (K, r). Then it holds for § > 0
M,

(A.38)
JEl=K.K} )

where

p(K,a,b)

= sup lo((xj. y))j=1..... J)_ﬁ"((x}’yj)j:l ..... Al
(x,3), (", y)el-K, K14FT0XT || x—x' | <a, || y=Y la<b
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The first summand in (A.38) vanishes as n — oo for all § > 0 since A, ; i) A . Denoting the
second summand in (A.38) by ¢,/ (K, r, §), we obtain further

M,

1
& (K, r,8) < — Z Do Lminenymn 075t )= TI<o(K+5,5,27 K))
m=1ke{-2r,...,2r}6xJ

=)

1 1 .
(T S,y €T ) (A =1 LK KT

M,

1
< — 1 .
= 2 M 2 (@ S, s €K )

ke{—27,..., 2r}6></ n m=1

(A.39)
I’ﬁ’((y(zﬂ(sj))j:]MJ e Ok(K, )| X)

+ Z ﬂ{minxeDk(K,r)|W((Aj,xj)j:1 ..... J)=Y|<p(K+8,8,27"K)}
ke{=2",..., 2r}6><1

><ITD((YU./)(S,-))j= L €T MIX) L) ek ke

where the first sum vanishes for n — oo as shown in Step 1. Denote the second sum in (A.39)
by ¢ (K, r, ). Then we finally obtain

& (K, r,8) <B(lo((4;, Y9 (S)),_y ) = T <20(K +8,8,27K)|.X)

.....

which converges to zero because ¢ ((A, YUn(s 1)) j=1,...,s) possesses almost surely a continuous
X -conditional distribution by assumption and because of

llmllmsupp(l(—i—S 8,27 K):O

r—>00

for all K > 0 as ¢ is continuous. Hence, altogether we have shown

lim hmsuphmsuphmsupp(ig'n(K r)| > 8)

X0 5§50 r—oo n—

for all & > 0 which yields (A.34).
Step 3. It holds

“K”):P( 2. oA k2R )Y ek, r)}—TW)
ke{=2",..., 2r}6><]

Hence,

.....
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where

(K, r, (Aj)j=1,.7) = sup (A, ¥ j=1,.0) = ‘/’((Aj’y})jd
¥,y €[—K, K19 :|y—y | <277 K

.....

The first term on the right-hand side of (A.40) vanishes almost surely as K — oo. Further it
holds

7)=0  almost surely

,,,,,

because y > @((A, y;)j=1,...s) is uniformly continuous on [— K, K15/ for fixed w. Using this
result the second term in (A.40) vanishes almost surely as » — oo for any K > 0 because the X'-
conditional distribution of ¢((A, Yy (8j)) j=1,...,7) is almost surely continuous by assumption.
(A.36) then follows by dominated convergence. O

Proposition A.7. Suppose that Condition 4.1 is satisfied. Then

ITD({ >e} mgf’)) 0 (A.41)

for any X -measurable random variable Y and all ¢ > 0.

M,
Z IL{DTn m<"} ]P)(DT = T|X)
m=1

Proof. Step 1. Weuse S;, j=1,...,J, to denote the jump times of the J largest jumps of X in

[0, T'] with respect to a fixed norm on R. Recall that on Q(Zfi) only one component of X jumps at
S, and we use /; as the index of the component involving the jth jump. Therefore, setting

~ (3=1)) A(3l)

Anj=Bu X8, 60" (S5 =) 60 (S5 ),
aj ) (3 lp _(B—lj)
Aj (AX og, o5, )

where the (consistent) estimators have been defined in (4.1), and defining ¢ via

J
p((A7. YD) Ly ) =D (AX))P RO (S)),

.....

j=1

Lemma A.6 proves

(H—Zﬂ{yun my<T} — (Y(J)STlX) >

5} N szg?)) -0 (A.42)

)

as the X-conditional distribution of 37/ e 1(AX )2RG=1)(S;) is continuous on Q(d) In (A.42),

we have used the notation

~
~

y(mm =Y Bax D SH) R S, v = Z Xg/) RO (S)).

j=1 j=1
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Step 2. We prove

M}l
lim lim sup ML Z @(’Y(J, n,m) — 57,,,,,,1’ > s) -0 (A.43)

J—>00 p—oo n
m=1

for all € > 0. Denote by Q2(g, J, n) the set on which the jumps of N(g) are among the J largest
jumps and two different jumps of N (g) are further apart than |, |7. Obviously, P(Q2(¢q, J,n)) —
1 for J,n — oo and any g > 0. On the set (g, J, n) we have

|Y(J7 n, m) - 5T,n,m|
) 0] 0] 2
<> > (AinB@ + A, C+ A, M(q)) Lia® x01=pz0m)
lzl’ztf')gT,iﬂj:SjeI(l) ’ ,
~(3-1j) /.
x RS (0) (A44)

0) 0) ) 2
<2 (Ai,nB(q) + Ai’nC + Ai’nM(q)) ]l{IAfliX”)bﬁlffln)\w}

S @) )

.. (3D )
]-|tj1,, _t,‘.,l‘fbn

where

A(3— ] ~(3—1 NEET 3—-1 NEE 3—1 ~(3-1
GOy =70 D () + 80D U ()2 + 800 U )2 + 00" ).

Mnm i,n n,m,— n,m,+

We first consider the increments over the overlapping observation intervals in the right-hand side
of (A.44). The F-conditional mean of their sum is bounded by

3|7T |T 1 I I 2
L, Yo Y (ALB@+ANCHADM@) L 40 g0 5z,
n l:l,ZIl(l)yl(.fifl)ST in in
. (A.45)

B=1) )2
x (a5, X) ]l{z;f;mzj(ij”;e@}’

since with M;l)(s) = ngn<T II,-(’I,)IIJI we get

() A7 3=
{Z; OZ.(3—I) #J}
In (s),n

UL D W SN
ki1 €Z, k2| <Kn

—1
3-1) 7 hd
x ( Z }Ijl," ) mIi(-‘:jz,nO Mizs b (ti(—‘zkz,n) (A.46)

J1 EZ;'jZlSKn
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K, -1
=n Z iIz(ka < Z |I(QJ2 n |) MI(’L371) (ti(-lgkz,n)

ko=—Kp J2=—Kn

3—-1 I
< sup M )(ti(ﬁk,n) <3n|m,lT.
k=—Ky,....Ky

Because of Theorem 3.2, the sum in (A.45) is of order 1/n, while |m,|7 /by, i) 0 forn — oo
by Condition 4.1. Hence, (A.45) vanishes.

Next, we deal with the increments over non-overlapping observation intervals in the right-hand
side of (A.44). An upper bound is obtained by taking iterated S-conditional expectations using
Lemma A.1, the Holder inequality as in (A.32) and (A.46), and it is given by

"+1- 2K (b
S X (Rl + KT ke 2y D
l=1,2[_(1)<T ;

Ln—

Ky -1
a3 \zfﬁkz( 3" |Iff:m|) MEDEO )

ky=—K, jo=—K,
K (Kqlmalr + (1mlr) 727 4 o) o) Yo Y [T
1=1.2,0
Ky -1
xn Z 1(2k2< Z |11(sz n|> M£l3_l)(z(2k2 n)
ky=—K, J2=—Kn

Now (A.43) follows from Condition 3.1(ii) because of

K, -1
i S 0 Y |( 3" |z,<2,n|) MEDGED )

1=1.2,0 _p k=—Kp, j=—K,

tn—

K, K, -1
SOV DA ATISIND DY NI (b ol )

) (33—l ’ - K -
=12 0 (00 <7 k m=—Kp

D DR D et| l)|]l{I,-(liﬂZ<.3,7’)¢o}
Izl’zt,-(f,z,zf;l)gT g

0 -1 g, -1
( Z |It(2k n ( Z |Iz(f|2m n |> + Z|It(2k n (Z |11(an n ) )
k= k=0

m=—K,

=2H,(T)

and ¢ — oo afterwards.
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Step 3. Using dominated convergence, Y (J) i) 5T as J — o00. Also, as the X'-conditional
distribution of D7 is continuous on Q(Td) by Condition 3.1(iii) and Condition 4.1, for any choice
of &, n > 0 there exists § > 0 such that

P({|P(Dr < Y1X) —B(Dr £8 < Y1X)| > n} N Q(Td)) e

Then it is easy to deduce that
B(Y(J) < T1X) 10 — B(Dr < Y1010 (A.47)
T T

holds for J — oc.
Step 4. For any & > 0, we have

iz

M,

Z Ly (Jon,m) =) Z (Drpm=T)

Q(d):|

M,
~ 1 n
]E[ D Ly (o) B 1Y Lt Tn%@}

m=1

IA

| /\

M
1 n

|: Z(]l{lY(Jnm) Droml>e) T LY (Jnm)—|<e) )]19(d>:|
m=1

By (A.42) and dominated convergence we obtain

M,
1 n
[ > Ay nm- M}%M}P({Iwn T[<efnQp’),  (A48)

m=1

where the right hand side tends to zero as ¢ — 0 using dominated convergence again, because
the X' -conditional distribution of Y (J) is continuous while Y is X'-measurable. By (A.43), we
also have

J—>00 psoo

M,
1
lim 11msupE|: Z Ly (Jonm)— D”m>g}:| —-0 (A.49)

m=1

for all ¢ > 0. Thus, using (A.48) and (A.49), we obtain

lim limsupIF’<H— Z(]l{y(/nm)<T _jl{DTnm<T}) > 5} mgz@) =0 (A.50)

J—>00 p—soo

for all ¢ > 0.
Step 5. The claim follows from (A.42), (A.47) and (A.50). O
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Proof of (A.27). We have for arbitrary ¢ > 0

B({On1(@) > Q@) + ¢} N Q)

M,
~ 1 u Mn —_ (l_O[MnJ —_ 1) (d)
=P — 1,5 > nQ
({ M, n; {D1,n,m>Q(@)+¢} M, T

IA
=k

M,
1 n
({ o 2 Ubram=0@e) — Y(@8) > (1 —0) = T(@, 8)} a Q?)
n

m=1

with Y (a, &) = @(5T > Q(a) + €|X). Because the X'-conditional distribution of 57 is contin-
uous on ngj) with a strictly positive density on [0, co) by Condition 3.1(iii) and Condition 4.1,

we have T (¢, €) < 1 — « almost surely on ngl). Then it is easy to deduce
P({Onr@) > Q@ +e}n?) >0

using Proposition A.7. Analogously, we get ﬁ(/Q\n,T(Ol) < Q) —¢e)—0. [l

A.5. Proof of (4.3) for Example 4.4
First, note that Z&ll,i, (s;) and Zﬁ’f,f, (s;) are S-conditionally independent if we are on the set

. =(: = . . . .
Q2(n, s;, sj) on which Zf,{’,),, (s;) and Z,ﬁf,,), (sj) contain no common observation intervals. With-
out loss of generality let 5; < s;. Using the Markov inequality, we get

) (,(3—1;
P(Q(n,5i,55)) < P(r,f,l(ti(@_li))(s_HK n) > s5i + (s — 5i)/2)
@ GB—1j)
TP@ e o VS =s)/2) (A.51)
n J)—Bn—L
< 2K M
= SRk (s; —si)/2

. P
for a generic constant K ,,. The latter tends to zero as n — oo because of |7, |7 K, —> 0 and

since the stochastic order of |, |7 dominates 1/n as n — oco. Hence, we may assume ,(1’31 (si)

and Z(ll’,,z (s;) to be S-conditionally independent, and it remains to prove (4.3) for J = 1. Also,
we have seen in Example 3.4 that Z D (s) follows a continuous distribution. If we establish weak
convergence of the S-conditional distribution of /Z\;gl,)l (s) to the (unconditional) one of Z® (s),
then (4.3) follows from the Portmanteau theorem and dominated convergence.

By construction it holds

=20 L 1 3y -
Z;i,)l(s) = Zr(ll)(Ul’E,)Kn 5)), UL, (5) ~u[:< ) RES) !

i,?il) (s)—m—1,n ’ i,(,‘Ll) (s)+m,n
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where Lg denotes equality of the S-conditional distribution. Hence it remains to show

Z(l)(U(ZK () £8 z0 (s) which is equivalent to
L
2P (U% ms)) =3 z0(s). (A.52)

In Example 3.4 the law of Z O (s) was obtained as the limit of the laws of Z fl) (ns) for n —
oo. Hence, (A.52) can be interpreted in the following way: If we take a fixed realization of
the Poisson processes and shift this realization according to an independent uniform random
variable on an interval around ns whose diameter increases with n, then this shifted realization
has asymptotically the same distribution as Z gl) (ns). Hence, observing a fixed realization of these
Poisson processes around a uniformly distributed random time is due to the stationarity of the
Poisson processes asymptotically the same as observing the random Poisson processes at a fixed
time.

Lets give a formal proof of (A.52). First, define for / = 1,2

(l) L (8) = U(l) (ns),
z& (s) =inf{z (l)lt,(ll) > t,il)l NOIS k>1,
0 =suplee) <B ). k=
Since the number of increments occurring in Z(l)(U 0 (ns)) is bounded in probability and the

number of exponentially distributed random variables used in Example 3.4 for the construction
of Z()(s) is also bounded in probability it suffices to prove

(7 131( )_tlgl)ln(s))k:—K+l K ( o0 (s )—t,§3 1121(5))k:—1<+1 k)

e e (A.53)
3 ((E(l))k:—K—i-l ,,,,, K’(El(jil))k:—l(-i-l ,,,,, %)

for all K € N where E ,El), E 152) are i.i.d. exponentially distributed random variables with param-
eters A1, A2, respectively.
We first show
~( ~(
GO RGN ) N (A.54)

To prove this, we consider the S-conditional characteristic function
K
. ~( l
E|:exp<l Z Vk (tlgzl (s) — t,E )1 n(s))) S:|
k_

=—K+1
K () Ki() -1
—1/2 0] 0]
= Op(K 7 T
IP’( n )+ ' Z i%l)(ns)—t-j,l‘(, Z if’)(nx)+j’,l|>
J=—K;1) J'=—K;x{)
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K—1

. ]
X exp(l ];(v k| ((l))(nS)+ |+ k+1| (l)(ns)-‘rj-i-k l|)> (A.55)
x E[exp(ivo(Us (ns) — ti({,))(m)ﬂ_l’l(s))
+iv1((f,{( o1~ UIED))IS. Uy(ns) e ) !

iV (ns)+j,1

G- 13D

i ()—Ky—1.n" i)+ K0
QK1)+ 1) + Op(K'*) with KX(I) = | Kphi/A3—r]. With a random variable x ~ [0, 1] in-
dependent of S the conditional expectation in the last line equals

where the number of observations of X® in the interval [ ] equals

E[exp(lv0K|I(l)( - | +ivi (1 — I()|I((Il))( i 1|)|S]
CepGulZy L D-ealT D
- i@ —wIZG
Except for j = 0 the length of each observation interval Z @ 1s exponentially distributed,

i®
(ns)+
up to asymptotically negligible boundary effects, with parameter Al It follows easily that (A.55)

has asymptotically the same distribution as

&9 oK = exp(ivoE j) — exp(ivi E )
E; E;expli Vi Ei 4+ v E; J ~ J
( ) J) Y E P( D kEj i+ vy ;+k)> i — oD E;

Jj=—K}({) Jj=—K}() k=1

for i.i.d. exponentials E/, j €N, with parameter A;. Expanding by (2K 4 1)~! and using the
law of large numbers (note that the summands are independent for |j — j/'| > 2K + 1), this
expression converges almost surely to

K-1
E|:MEO eXP<i Z (v_kEj_i + Uk+1Ej+k)) (i(vo — vl)io)_l(exp(ivofo) - GXP(ivlfo))]
k=1

K—1
= ]E|:exp <i Z (v_kfj_k + Uk+1Ej+k)>:|

= (A.56)

711)6 dx

/0" exp(ivox) — exp(wlx)
X X
0 i(vo —v1)x

Al — Al — 1
P 1 —1vp Aj —iV]

K—1 " N
= ]E|:CXP (i Z (i Ej_x + Uk+1Ej+k))i| ,
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which is the characteristic function of a vector of 2K independent Exp(};)-distributed random
variables. This yields (A.54).
Analogously to (A.54) we obtain
~(3— ~(3—, L —
YO = (B07) (A57)

(S))k=71<+1,..,,1< k=—K+1,...K"

and finally (A.54) and (A.57) yield (A.53), because by the stationarity of the Poisson process and
the independence of the two processes we have that f,ﬁli (s) — flg_)l’n (s) and 515,3;[) (s) — 515,3:11 )n ()
are asymptotically independent, because dependency only occurs in the Op(K, Y 2)—term of
(A.55) which is asymptotically negligible.
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