Bernoulli 24(4B), 2018, 3283-3317
https://doi.org/10.3150/17-BEJ961

Bounded size biased couplings, log concave
distributions and concentration of measure
for occupancy models

JAY BARTROFF!"*, LARRY GOLDSTEIN"" and UMIT ISLAK?

1Department of Mathematics, University of Southern California, Los Angeles, CA 90089, USA.
E-mail: *bartroﬁ'@usc.edu; **larry@math.usc.edu

2Departmenl of Mathematics, Bogazici University, Bebek-Istanbul 34342, Turkey.

E-mail: umit.islakl @boun.edu.tr

Threshold-type counts based on multivariate occupancy models with log concave marginals admit bounded
size biased couplings under weak conditions, leading to new concentration of measure results for random
graphs, germ-grain models in stochastic geometry and multinomial allocation models. The results obtained
compare favorably with classical methods, including the use of McDiarmid’s inequality, negative associa-
tion, and self bounding functions.
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1. Introduction

A random graph on m vertices in which edges are independently present between every two
distinct vertices is one framework that leads to an occupancy model described by a vector

M= (Moz)ote[m] (1)

of nonnegative integer valued random variables M,, where [m] = {1,...,m} and M, is the
degree of vertex «. In such models, given a nonnegative integer threshold d > 0, many authors
have studied the distribution of quantities such as

Yoo = Z 1My >d) and Yeq= Z 1My =4d) @)

ae[m] a€[m]

which, in the Erd6s—Rényi random graph case just described, count the number of vertices that
have degree at least and exactly d, respectively. Interest in the distributions of the random vari-
ables defined in (2) focuses on their approximation by distributional limits such as the normal,
and their finite sample concentration properties. The purpose of the current manuscript is the
latter, the study of the concentration of such random variables via the use of size biased cou-
plings derived from the Stein’s method literature. The concentration of measure phenomenon
has received a great deal of attention since the groundbreaking work of Talagrand [53], and has
found applications in areas as diverse as statistics, random matrix theory, combinatorics, infor-
mation theory, and randomized algorithms. We refer to [9] and [37] for excellent treatments of
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the subject. The results in this paper hold for more general occupancy models (1), not just ran-
dom graphs, and to refer to a generic occupancy model (1) we will call M, a “count” and « an
“arn”.

To give the flavor of our results, continue to consider the Erd6s—Rényi random graph on m ver-
tices where each disjoint pair of vertices is independently connected by an edge with probability
p € (0, 1) and M, is the degree of vertex «. The work [25] derived concentration results for the
number of isolated vertices, or equivalently, for the variable Yy in (2) with d = 1. Here we allow
each vertex to have its own threshold d,, to either meet, exceed, or differ from, and which are
allowed to take any value, each pair of disjoint edges {i, j} is to have its own connection proba-
bility py;, j}, and each vertex to be weighted according to a nonnegative ‘importance factor’ wy.
In Theorem 3.1, for random graph models including the Erd6s—Rényi, we provide sub-Poisson
concentration bounds for random variables of the form

Y= D wel(My >dy) and Yoe= Y wol(My # dy), 3)

ae[m] ae[m]

that is, for the weighted number of components of M having size at least dy, and not equal to d,,
respectively. In addition,

1. For the germ-grain models in stochastic geometry introduced in Section 3.2, Theorems 3.2
and 3.3 provide sub-Poisson concentration results for the volume covered by multi-way
intersections, and counts of neighbors, respectively.

2. For the multinomial model introduced in Section 3.3, Theorem 3.4 provides sub-Poisson
concentration results for urn occupancy counts.

The current work springs from that of [23] and [24], which demonstrated how bounded size
bias couplings can be used to achieve concentration of measure results. Those works in turn were
built on the base of [12], which showed how tools from Stein’s method (see [51] and [52], and
[13] and [46] for overviews), and in particular exchangeable pairs, can be used to expand the
scope of application of the concentration of measure phenomenon. Through the use of bounded
size bias couplings, [24] produced concentration results for examples including the number of
relatively ordered subsequences of a random permutation, the number of local maxima of a
random function on a lattice, the number of urns containing exactly one ball in a uniform urn
allocation model, and the volume covered by the union of n balls placed uniformly over a subset
of R? with volume n. In [25], a concentration result was obtained for the number of isolated
vertices in the Erd6s—Rényi random graph.

Lemma 2.1, one main result in the present work, provides a framework for the construction
of bounded size bias couplings for threshold counts of random variables having a discrete log
concave distribution. Such constructions allow the results of [24] and [25] to be extended to
counts of multinomial urn occupancies that exceed or meet any values, to the covered volume
of multi-way intersections in germ-grain models, and to counts of the number of vertices of
the Erd6s—Rényi graph having any degrees. Further, we do not require an identical distribution
assumption and consider occupancy thresholds and importance weightings that may depend on
the component « € [m]. In Section 4, we show how our results improve on what can be obtained
by competing methods.
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In order to prepare for the rest of the paper, we provide some background on size biased
distributions and couplings. First, recall that for a nonnegative random variable ¥ with finite
positive mean u, we say that Y has the Y -size bias distribution if

E[Yf(]=nrE[f(Y*)] 4)

for all functions f for which these expectations exist. For a survey on the diverse appearances
of size biasing in probability and statistics, see [4]. We say we have a size bias coupling when
a random variable Y* satisfying (4) is defined on the same space as Y, and the coupling is said
to be bounded when there exists ¢ € [0, c0) such that |[Y* — Y| < ¢ almost surely. The work [24]
showed that for nonnegative Y with finite mean p and bounded size bias coupling Y* satisfying
|Y* —Y| <c,if Y*>Y then

12
PY—-—pu<-1=< exp<—2—> forall ¢ > 0. (®)]
cu

And if the moment generating function m(0) = E (€?Y) is finite at 6 = 2 /c, then
2

P(Y —pu=>r) Sexp(—m

) forall t > 0. (6)

The bound (5) holds without the monotonicity assumption and we prove this in the Appendix,
thus providing a left tail bound for any application in [24] which previously lacked one. After a
version of this manuscript was circulated, Theorem 1.1 below of [3] removed the monotonicity
assumption using different methods, and further improved the result of [24] by removing the
assumption that the moment generating function of Y be finite at 2/c, relaxing the bounded
coupling condition to Y* — Y < ¢, and by improving the inequality to (7) which, as shown there,
implies (5) and (6).

The subsequent work [16] strictly generalizes Theorem 1.1 of [3] by, in Theorems 3.3 and 3.4,
relaxing the almost sure boundedness assumption by the condition that there exists p € (0, 1]
such that P[X* < X + ¢|X® > x] > p for all x for an upper tail bound, and P[X® < X 4+ ¢|X <
x] > p for all x for the lower tail. Theorem 3.4 is in the spirit of Bennett’s inequality, with upper
bounds given in terms of a variance proxy, rather than the mean.

Theorem 1.1. Let Y be a nonnegative random variable with nonzero, finite mean ., and suppose

there exists a coupling of Y to a variable Y° having the Y -size bias distribution that satisfies
Y$ <Y + ¢ for some ¢ > 0 with probability one. Then

m (t+p)/c
max[supP(Y—uzt), sup P(Y—ufr)} < (—) ele. @)
>0 —p<t<0 A+t

Note that the upper tail inequality given in (7) can be rewritten in the more familiar form

1t
P(Y—MZI)SGXP(—EI’I<—)) forall¢r > 0,
c \u
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where h(x) = (1 + x)log(1 4+ x) — x, x > —1. Using the inequality
2
h)z ) xz
2+42x/3

(e.g., see [9], Exercise 2.8), one immediately obtains the following Bernstein type inequality as
a corollary, which provides a slight improvement over (6).

Corollary 1.1. In the setting of Theorem 1.1,

2

PY—-—pn>t)< exp(— ) forallt > 0. (8)

2cpn 4 2ct /3

Next, we briefly review constructions of random variables having the size bias distribution of
linear combinations of indicator random variables. Throughout we will write £(-) for law, or
distribution.

We start by stating Lemma 4.1 of [27]. When A is an event satisfying 0 < P(A) < 1 and F is
a o-algebra, a simple application of nested conditioning shows that for all bounded continuous
functions f, the random variable! Y = P (A|F) satisfies

E(YF(Y)) = E(f(Y)14) =P(A)E(f(Y)|A) andhence L(Y|A)=L(Y"). )

Next, Lemma 1.1 is a special case of a result of [28] that suggests constructions of size biased
couplings for sums of nonnegative random variables with finite means.

Lemma 1.1. Let Y = Zae[m] wo Xy be a sum of Bernoulli variables (Xg)aem) weighted by
nonnegative constants (We)ae[m] and satisfying EY > 0. Suppose that for each o € [m] the
variables {X%, B € [m]} are defined on a common probability space such that

L(XG, B €lm])=L(Xp, B €m]|Xe =1). (10)

Then for each o € [m] letting

Y = Z wp X, (11)

; (12)

the law L(Y!) given by the mixture Zae[m] P(I =a)L(YY) is the Y -size bias distribution.

In (9) and below, for an event A we write L(Y|A) to denote the law of the random variable with distribution P(Y €
B|A). We abuse notation in the standard way by writing P(-|F) and P(-|R) to denote conditioning on a o-algebra F
and the o-algebra o (R) generated by a random variable R.
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We note that (Xg)ae[m] is allowed to have any joint distribution with Bernoulli marginals.
In addition, the joint distributions of {X%‘, B € [m]} are constrained only to satisfy (10), and
in particular, if all variables are defined on a common space then the dependence structure
between the collections (X%‘) peim] over o € [m] can be arbitrary. In this latter case, and
when [ is defined on the common space, we construct / independent of (Xg) Be[m] SO that
Eg(Y!) = Zae[m] PUI=a)E@YH|=a)= Zae[m] P(I =a)E(g(Y?)), thus achieving the
desired mixture of the lemma.

To understand the connections between (9) and Lemma 1.1, let us briefly explain how the
former implies the latter. Suppose Y is given as the weighted sum of Bernoulli variables, as in
Lemma 1.1. Then letting w = Zae[m] Wy, for an index J with distribution P(J = o) = wy/w,
a € [m], chosen independently of (Xg)aem], and A = {X; =1} and F = o {Xy, o € [m]} we
obtain

wP(A|F) = Z Wwe Xo =Y. (13)

a€g[m]

Taking expectation in (13) yields wP(A) = EY. Now, if L(Y') = L(Y|A) then, with Y¢ as in
(11) and I with distribution (12), the reader can easily check that E[g(YI)] = E[g(Y")] for
all bounded continuous functions g so that, by (9), £(Y!) of Lemma 1.1 is the Y-size bias
distribution.

The rest of the paper is organized as follows. Section 2 shows how to construct bounded size
bias couplings for random variables of the form (3) when the components M, of M have a dis-
crete log concave distribution, with support bounded from below in the case of Yy, and when
for all « € [m] the remaining counts conditioned on My, =a and My = b for a,b € S, can be
closely coupled whenever a is ‘close’ to b. In Section 3, we provide complete descriptions of the
three models mentioned above, and apply the results of Section 2 to obtain concentration of mea-
sure inequalities. A comparison of the size bias method for concentration with other techniques
in the literature is included in Section 4. The Appendix contains the proof that (5) holds without
the monotonicity assumption Y* > Y.

2. Bounded coupling constructions under log concavity

The purpose of this section is to form the theoretical background for size biased coupling con-
structions that are to be used for obtaining concentration of measure inequalities for the statistics
described in the Introduction. First, we note that Lemma 1.1 gives a recipe for the construc-
tion of a variable having the Y-size biased distribution, and in particular only suggests how a
coupling may be created. Here, we construct couplings not directly on the occupancy vectors
M = (Mg )acpm) themselves, but on a collection of ‘more basic’ variables I/ that we term config-
urations, and of which the occupancy counts are functions. The configuration I/ will be specified
for each application. For instance, when M is the count of vertex degrees in an Erd6s—Rényi
graph on a vertex set [m] we take the configuration U to be the collection of edge indicator vari-
ables (Xiq,g))asp, (o, )cim]» and, similarly, when M counts the number of balls in each urn in a
multinomial model, the configuration U/ records the location of each ball. In these examples, the
variables making up the configurations U/ are random, but we also will refer to realizations of I/
as configurations, so configurations may also contain deterministic variables.
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Definition 2.1. When the occupancy counts M are given as F ({/) for some collection of (possi-
bly random) variables ¢/ and measurable function F', we say that M corresponds to the configu-
ration U/ through F, or that configuration U has corresponding occupancy counts M with respect
to F.

The function F will be fixed in each of our applications, and so we may omit its mention
when there is no possibility of confusion. In such cases we may write, for instance, that I/ has
corresponding occupancy counts M.

Specializing to the case of interest here, Lemma 1.1 suggests the following size bias coupling
construction for sums of the form (3), say Yge for concreteness. Following (10), given a configu-
ration I/ from the model, one constructs /%, one for each « € [m], on the same space as U/, with
law given by

LUY) = LUKy =1) = LUIMy > dy). (14)

One then obtains the variable Yg. by evaluating the sum Yge of (3) on the occupancy counts
corresponding to U/*, and the size bias variable Y, ge by selecting Y* with probability proportional
to the expectation of wy Xy = we1(M, > dy), independently of all else.

For the construction of a configuration satisfying (14), Lemma 2.1 and Corollary 2.1 be-
low show how to achieve a bounded coupling between M, and a variable with distribution
L(My|My > dy) when the distribution of M, is log concave. Lemma 2.4 will be used to con-
struct the remainder of a configuration that has the correct conditional counts for the urns 8 # o
when their marginals have the distribution of the sum of independent Bernoulli variables, that is,
when they have a Poisson Binomial distribution [29]; see (22) for a formal definition.

For any nonnegative integer m let [m]o = {0, ..., m}, and for any subset S of R and any
t1,hh e R, let 1S + tp = {t;s + 1, : s € S}. For instance, [m] — 1 = [m — 1]g when m > 1.
For a discrete random variable M, let p, = P(M = x) and supp(M) = {x € R: p, > 0} be
the probability mass function and support of M, respectively. Recall that M is called a lattice
random variable if supp(M) C hiZ + h, for some real numbers | # 0, hy. We can without
loss of generality assume our lattice random variables M have supp(M) C Z by applying the
transformation (M — h»)/hj. Such a lattice random variable M is log concave (LC) if supp(M)
is an integer interval; that is, if

supp(M) = (k1, k) N Z for some k1, ky € Z U {00}, k1 <ky — 1,

and
2> peipeyr  forallx e Z. (15)

Under a lattice log concave assumption on the distribution of M, Parts 1 and 2 of Lemma 2.1
provide bounded couplings of random variables with distributions L(M|M > d) and L(M|M <
d), respectively, to variables with distributions L(M|M >d + 1) and L(M|M <d — 1). Part 3
shows that there is a bounded coupling of M to a variable having distribution L(M|M # d),
provided M is not degenerate at d. These results are extensions of [27], Lemma 3.3, that showed
the d = 1 case of Part 1 when M is Bin(n, p) with p € (0, 1).

In the following, we let Bern(p) denote the Bernoulli distribution giving mass 1 — p and p to
0 and 1, respectively.
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Lemma 2.1. Let M be a lattice LC random variable with support S C Z.
1. For x,d € Z define
P(M>x+1)P(M=d)

7@ = PM=>d+1)P(M=x)
0, otherwise.

ifx,d+1eSandx >d,

Then the following hold.
(a) 0< nﬁ‘” <l1forall x,d.
() Ifd+ 1€ S and N, Z are random variables such that L(N) = L(IM|M > d) and
L(Z|N) = Bem(n;\,d)), then LN+ Z)=LM|M >d +1).
2. For x,d € 7Z define

P(M<x—1)P(M=d)

p D=1 P(M<d—-1)P(M=x)
0, otherwise.

, ifx,d—1eSandx <d,

Then the following hold.
(a) 0< p)(cd) <ljforallx,d.
() Ifd — 1€ S and N, Z are random variables such that L(N) = L(IM|M < d) and
L(Z|N) =Bem(,01(\7)), then LN —Z)=L(M|M <d —1).
3. Fixd € Z such that P(M =d) < 1. Let Z1, Z_ be conditionally independent given M
with £(Z4|M) = Bemn(z\?) and L(Z_|M) = Bem(p\?). Let Z be independent of Z-.,
Z_, and M with L(Z) = Bern(q), where

_PM>d+1)
T P(M#d)

Then
LIM+X)=LM|M+#4d), (16)
where X =727, —(1—-2)Z_.

In other words, the conclusion (16) says that, given M, a random variable with distribution
L(M|M # d) can be formed by flipping an independent g-coin Z and, if heads, adding 1 to

M with probability ”z(tffl)’ and otherwise subtracting 1 with probability pl(‘fli). We note that when

M < d (resp. M > d), the probability ng) of adding (resp. p,(g) of subtracting) 1 is 0, and when
M =d, M is changed with probability 1 by either adding or subtracting 1. We also note that
when M achieves the upper or lower limit of its support, the Bernoulli probability of adding to,
or subtracting from M, respectively, is zero.

We define the hazard function of a lattice random variable M with support S as

PMM=x) _ ps

h, = =
* P(MZ-X) Zny p}'

forx € S. 17)
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To prove Lemma 2.1, we require the following fact that lattice LC distributions have non-
decreasing hazard functions. This is well known for continuous LC distributions, for example,
[6,42].

Lemma 2.2. If M is lattice LC with support S, then the hazard function h, given in (17) is
nondecreasing on S.

Proof. For any x, y € S with x < y note that by (15), we have

Px+1 > Px+2 . Py-i-l.

Px  Px+l TPy

If x,x +1€S8, then

Vhe=Vhoi= Y py/pe— D, pyo/Pesi= Y (py/Px— Pys1/Pxt1)

yES:y>x yeS:y>x+1 yES:y>x
_ Z Py (Px-H _ py+1) >0.
yeSiy=x Px+1 Px Py 0

Proof of Lemma 2.1. Clearly n,gd) > (), and to show that rcéd) < 1 it suffices to assume that

d,d+1¢€ S since n,gd) = 0 otherwise. Let A, be the hazard function of M defined by (17). For
any d < x € S, by Lemma 2.2 we have hy < hy, and therefore

@ _ Whi—1 _
T g —17 "

proving Part 1a.
To prove Part 1b, letting p, = P(M =x) and Gy = P(M > x), forany k =1, 2, ... we have

PIN+Z>d+k)y=P(N>d+k)+ P(N=d+k—-1,Z=1)
=PMzd+kM=d) +7\) | P(M=d+k—1M=d)

G G _ G

_ d+k+< d+kPd >Pd+k L Gdrk G o)
Gy Ga+1Pd+k—1 Gy GiGan1
G G

= 4k G =2 pMsd kM >d+1).
GaGa41 Gayi

For Part 2a let M = —M, whichisLC.Ford —1e€Sandd >x €S,

) _ P(MZ—X-FI)P(M:—G')
Y T P(M=—d+ HP(M=—x)

=7 0,1

by Part 1a, where 7 is defined with respect to M. The rest of the proof of Part 2 is similar to that
of Part 1.
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Moving to Part 3, letting N denote the random variable M + X on the LHS of (16), we will

show that
P(N<y)=P(M <y|M +#d) forallyeZ,y <d, (18)

the proof that P(N > y) = P(M > y|M # d) for all y > d being similar. Fix y < d and without
loss of generality assume that

y+1eS, (19)

since otherwise (18) holds trivially as both sides are 0 or 1. With p,, G, as above and Fy =
P(M < x),

PIN<y)=PM=y-D+PM=y,Z=0)+PM=y,Z=1,Z, =0)

+PM=y+1,Z=0,Z_=1)

. 20)
=Fy_1+py(1—q)+ pyq(l — 71)(,‘1)) + py+1(1 —61),0;4:1

d
= Fy + py+1(1 - Q)p)(_gl’

this last because n)(,d) =0since y <d.Ifd — 1€ S, then (20) is

G F, Fy_ F,
Fy+py+1(l— d+1>< yPd )sz+< d—1 ) yPd
1 —pa )\ Fa—1Py+1 1 —pa) Fa-

Fy
=——=P(M<y|M+#d).
1 — pa

Otherwise d — 1 ¢ S so p;dJr)l =0, hence (20) is F. If y =d — 1 then min S = d by virtue of the
assumption (19), so

PIN<d—1)=F;_1=0=P(M <d— 1|M #4d).

In the remaining case, d — 1 ¢ S and y < d — 2, we have max S < d — 1 again by virtue of (19),
and in particular d ¢ S. Then

PM<yM#d)=PM<y)=F,=P(N <y),

finishing the proof. U

Corollary 2.1. Let M be a lattice LC random variable with support S satisfying a := infS >
—o0, and let d € S. Then one can construct a random variable A on the same space as M such
that LM +A)=LM|M >d)and )0 <A <d —a.

Proof. It suffices to prove the a = 0 case because given M satisfying the hypotheses and d € S
we have d' :=d — a € supp(M — a). Using that M — a is an LC random variable, the a = 0 case
of the corollary guarantees 0 < A < d’ such that

LM —a+A)=L(M—alM —a>d)=LM —alM >d).
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Using this fact, we have
PM+A<x)=PM—-—a+A<x—a)=PM—-—-a<x—alM>d)=P(M <x|M >d),

which is the desired result.
To prove the a = 0 case we successively construct random variables My, ..., My, all on the
same space as M, such that

LMY =LMM=>k  fork=0,1,....d. 21)

Letting My = M, (21) is satisfied for k =0. For k =0, ...,d — 1, given My, ..., My satisfying
the distributional equality in (21), let X be a Bernoulli random variable on the same space as
Mo, ..., My satisfying

L(X¢|My) =Bern(r}))) andset My =My + X;.

It is easily checked that £(M) being lattice LC implies £(My) is LC. Hence Part 1b of
Lemma 2.1 yields that My satisfies (21) for k + 1. In particular, for kK = d our construction
yields My = M + A with A = Xo+-- -+ X4—1 satisfying 0 < A <d, and (21) yields the desired
distributional property, concluding the proof. g

Corollary 2.1, a consequence of Part 1 of Lemma 2.1, shows the existence of a ‘uniformly
close coupling’ of an LC ‘urn count’ random variable M to one with distribution L(M|M > d),
and will be applied to coupling constructions for Yye. Similarly, Part 3 of Lemma 2.1, depending
on Parts 1 and 2, will be applied to Yye.

Recall that a random variable M is said to have a Poisson Binomial distribution with parameter
P = (p;)jem], denoted by M ~ PB(p), when

E(M):L‘(Z Xj>, (22)
jelm)

where X ; are independent Bernoulli random variables with P(X; = 1) = p; for j € [m].

When there exists p such that p; = p for all j € [m], then M ~ Bin(m, p). We note that the
distribution of a single Bernoulli random variable, with support {0, 1}, trivially satisfies (15) and
hence is LC. Since [34] demonstrates that LC is preserved under convolution, the claim of the
following lemma is immediate.

Lemma 2.3. The Poisson Binomial distribution PB(p) is LC.

When M has distribution PB(p) for p = (p;) jepm), then for all 4 € Z we have

P(M=d)=qeg(d.p)  wheregeqd.p)= > [[ri][]00-pp
sC[m],|s|=d jes jés

and so

P(M >d)=qg(d,p) and P(M #d)=qne(d,p),
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where
m
qee(d,p) = ZQeq(kv p) and ¢gne(d,p) =1—geq(d,p). (23)

k=d

With o € [m], the majority of our constructions make use of the following definition for col-
lections of counts of the form

{NS = (N§.a) gegm) @ € Sa}s 24

where Sy, o € [m], are given support sets. Below, for given weight w = (wy ) e[m] and threshold
d = (dy)ae[m] vectors, let

|w| = max w, and |d|= max d,. (25)
€[m] aelm]

Definition 2.2. For B > 0 and « € [m], we say that the collection of counts (24) has Property
(B, z, ) if

D wpl(N§ 4 = dg) <Y wpl(N§, >dg) +|w|B  forall{a,a+1}CS,.  (26)
B#a BH#a
and Property (B, #, «) if
Z wpl(N§ , #dp) < Z wpl(N§ , #dg) +|w|B
B B (27)
for all {a, b} C Sy with |b —a| =1,

for all w= (wy, ..., wy) € (0,00)" and all d = (dy, ..., dy) € Z™. If the counts have Property
(B, >,a) (resp. (B, #,a)) for all @ € [m], then they are said to have Property (B, >) (resp.
(B, #)).

For x € {>, #} we say that a collection of configurations has Property (B, x) when their cor-
responding occupancy counts do.

The following claims are immediate.
1. For given « € [m], counts (24) have Property (B, >, @) and (B, #, «) if
[{B:B#a Nj,#N§,1}|<B  whenever {a,a+ 1} € Sq. (28)
2. For given o € [m], counts (24) have Property (0, >, o) when
Ng‘)aﬂ < Ng"a forall {a,a + 1} C S, and B # «. (29)
3. For given « € [m], if counts (24) have Property (B, >, «) then
> wpl(N§, =dp) <> wpl(N§, = dp) + [WIB(b—a) (30)
B#a B#a
for all {a, b} C Sy witha < b, all w C (0,00)™ and d € Z™.
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Now let ¢/ be a configuration corresponding to an occupancy model M = (My)ge[m], and for
all @ € [m] let S, be the support of M, ay =infS,, and b, = sup S,. For a € S, let

LVS) = LUMy =a). (31)

Theorem 2.1 is our main tool for the construction of bounded size biased couplings for Y, and
Yye for all applications other than those in Section 3.2. All constants B in the following, whose
value may change between different occurrences, are universal.

Theorem 2.1. Let U be a configuration corresponding to occupancy counts M = (My)ae[m),
where for all o € [m] the component My, is lattice LC. Suppose that for all o € [m] there exists
configurations {Uy , a € Sy} on a common space satisfying

LU)=L(VS)  foralla €Sy, (32)

where VY is given by (31).

1. If {US,a € Sy} has Property (B,>) and ay > —o0 for all o € [m], then there exists a
coupling of variables Y and Y* on the same space such that L(Y) = L(Yge) and L(Y*) =
L(Yy,) satisfying

Y <Y +|w|(Bld—a| + 1), (33)

where d —a = (dy — ag)acm]-
2. If iU, a € Sy} has Property (B, #) for all a € [m], then there exists a coupling of variables
Y and Y® on the same space such that L(Y) = L(Yye) and L(Y*) = L(Y}},) satisfying

YP<Y+[w|(B+1). (34)

Proof of Theorem 2.1. We prove (33) first. Fix @ € [m] and let N, with distribution £(M,) be
defined on the same space as, and independent of, the configurations {1}, y € [m],a € S, ).
By Corollary 2.1 one can construct A, on the same space as N, such that L(N, + Ay) =
L(My|My > dy) with0 < Ay < d, — ag. In particular,

LUMy>de)= Y LVI)P(My=a|My > dy)

a>dy,a€Sy
(35)
= Y LOVPWNe+Au=a)=LOVE, o 0) = LU 4, )-
a>dy,a€S,

Clearly E(U,"\‘,a) = L(U) by (31) and (32). Let N* and Nge be the counts corresponding to U,"\‘,a
and U;‘(la +a, > Tespectively. Since, for all o € [m], the configurations {UY, a € Sy} have Property
(B,>,a)and 0 < A, <d, — ay, we have

> wpl(N§ oo =dg) — > wpl(N§ > dg)
Belm] Belm] (36)
<|w[(BAy+1) < |W|(B(da —ay) + 1) < IWI(BId —al+1),
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where we applied observation (30), and where the factor +1 accounts for the maximum possible
change from 0 to 1 of the indicator associated to urn «.

Let I be a random index with distribution (12) defined with respect to the weighted indicators
in (3) summing to Yg, independent of all other variables, and set N = N’ and Nee = Née. Now,
for nonnegative integer counts n = (4 ) em], Setting

Y)= " wul(ng > da), 37)

aeg[m]
averaging (36) over « distributed as / we obtain
Y (Nge) <Y(N) + |w|(B|d —a| + 1).

The counts N have distribution £(M), as the same holds for N* for all « € [m], by virtue of
L(Z/{“ ) = LIU). In particular ¥ = Y (N) has distribution £(Yge). By (35) the indicators X% =
1(NV ﬁ e = > dp) satisfy (10) with Xg =1(Mpg > dg), and Lemma 1.1 yields Y* = Y (Ng) has the
Yge-size biased distribution. The proof of (33) is now complete.

To prove (34), first recall that we have reduced to the case that P(My # dy) < 1 forall o € [m],
allowing us to invoke Part 3 of Lemma 2.1. Construct Z_, Z and Z as in the lemma, on the same
space as My, so that with Ay = ZZ, — (1 — Z)Z_ we have L(My + Ay) = L(My|My, # dy,),
with —1 < A, < 1. The proof proceeds in the same way as for (33).

Let N* and N7 be the counts corresponding to Uy, and Uy _ , , respectively. Since, for all
o € [m], the conﬁguratlons {UY, a € Sy} have Property (B, #, a) and —1 < Ay <1, we have

> wp(1(NG e #dp) — L(NE #dg))| < IWI(BlAg| +1) < [WI(B +1). (38)
Belm]

Let I be an independent index with distribution (12) defined with respect to the weighted
indicators in (3) summing to Yy and set N = N/ and Ny = Nlﬂe. Then with Y (n) given by (37)
with > replaced by #, we have L(Y (N)) = L(Yye) and, by Lemma 1.1, that £(Y (Npe)) = E(Yge).
Now averaging (38) over I yields

|Y (Nie) = Y(N)| < [W[(B +1),

and the desired conclusion. O

The following lemma is helpful in verifying that the conditions of Theorem 2.1 are in force
when the configurations U/ corresponding to the occupancy counts M are given in terms of inde-
pendent Bernoulli variables.

Lemma 2.4. Let X = (Xy)ae[m)] be a collection of independent Bernoulli random variables with
respective success probabilities pi, ..., pm € (0, 1), and let R = Zae[m] Xo. Then there exists
{X,, a € [m]o} defined on a common space such that, for a € [m — 1],

LX) =LX|R=a) and X; <X, with probability one, 39)

where for {x,y} C {0, 1}* we write x <y when x; < y; forall i € [m].
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Proof. Recall that the density p(n) of an integer valued random variable is a Pélya frequency
function of order 2 (or simply, is PF,; see [47]) when

p(my —ny) p(my —n) -0

for all my > m; and ny > nj.
p(my —ny) plmy—n2)| ~ 2=" 2="

For ¢(y1, ..., ym) a coordinatewise non-decreasing function of (yi, ..., y,) € R", [19], Sec-
tion 3, shows thatif Y1, ..., ¥}, are independent integer valued random variables with PF; densi-
ties then E(¢p (Y1, ..., Yy)|Y1+- -+ Y, =a) is anon-decreasing function of a. As the Bernoulli
density is PF,, we find in particular that

E(¢(X1,....Xw)R=0a) < E(¢(X1,..., Xp)IR=a+1)  forallae[m—1]p, (40)

for ¢ a coordinatewise non-decreasing function on {0, 1}". See [10] for a simple proof of this
fact in the Bernoulli case.

Relation (40) is expressed in Definition 2.1 of [38] as X, < X4 with probability one. Hence
by Theorem 2.4 of [38] there exists a distribution Q,(-, -) on {0, 1}'* x {0, 1} for (VV, W) such
that

LV) =L(X,), LOV)=L(X,11) and V=<W with probability one.  (41)

(See [10] for a specific construction of the pair (V, W).)

With some slight abuse of notation, let Q,(:|-) denote the Q, (-, -) conditional distribution of
the second argument given the first. Let Xy be the vector in {0, 1} with all coordinates equal
to 0, and for a = 1,...,m, given X,_; let X, be sampled from the conditional distribution
Q4(1X,—1). Clearly L(X,;) = L(X|R = a) for a = 0. Assuming this identity holds for a €
[m — 1]o, it holds also for a + 1, as L£(X,41) is the conditional law Q,1(-|X,;) averaged over
the distribution L(X|R = a), which equals L(X|R = a + 1) by construction.

Hence, the first property in (39) holds; the second is a consequence of the last relation in
41). O

3. Applications

We now present in detail the three models mentioned in the Introduction, and use the construc-
tions in Section 2 to prove concentration bounds for each case. With the exception of the volume
of multi-way intersections in germ-grain models, the variables of interest are weighted occupancy
counts of the form

Yee= Y wol(My>dy) and Yne= Y wol(My #dy), (42)

ae[m] ae[m]

although see the next paragraph for related random variables that can also be handled. Without
loss of generality we assume that all summands in (42) are non-constant, for if a summand
were constant then it could simply be subtracted from the corresponding ¥ and the number of
summands m decremented by one. Some consequences of this assumption are that all w, are
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strictly positive and, with S, denoting the support of My, that infS, < dy < sup S, + 1 for all
a € [m] when considering Yge, and 0 < P(My # dy) < 1 for all o € [m] when considering Ype.

The concentration bounds we provide for variables of the form (42) also yield bounds for the
‘complementary’ sums

Zwal(M <d)_2:wa—Yge and Zwal(Ma_d)_Zwa— e

ae[m] ae[m] ae[m]

with the mean u = EY replaced by Zae[m] wy — p and the roles of the right and left tails
reversed. In fact, all our results can be extended further, with essentially only a notational burden,
to random variables of the form

Y=Y wal(My*ods) — Wherexq € (>, #),

ae[m]

and therefore, in like manner, to the sums of complementary form.
Lastly, we note that when M, ~ PB(p,) for each a € [m], by (23) the means jige and fipe Of
Yqe and Yy are given respectively, by

Hege = Z Woqge(da, Pa) and  ppe = Z Woqne(da» Po)s (43)

aelm] a€[m]

where gge and gne are given by (23).

3.1. Degree counts in Erdos—Rényi type graphs

The classical Erd6s—Rényi random graph on m vertices is constructed by placing an edge be-
tween each pair of distinct vertices independently and with equal probability. The model was
originally used in conjunction with the probabilistic method for proving the existence of graphs
with certain properties (see [1]) and has been popular more recently for modeling complex net-
works (e.g., [14]).

The classical Erdés—Rényi graph with constant connectivity p has been the object of much
study. Asymptotic normality of the number of vertices of degree d was shown in [33] when
m@*D/d 5 o6 and mp — 0, or mp — 0 and mp — logm — dloglogm — —oo. Asymptotic
normality when mp — ¢ > 0 was obtained in [7]. Optimal bounds in the Kolmogorov metric can
be found in [36] and [26]. Other univariate results on asymptotic normality of counts on random
graphs are given in [31], and references therein. Smooth function bounds were obtained in [28]
for the vector whose k components count the number of vertices of fixed degrees dy, d3, ..., dx
when p=60/(m — 1) € (0, 1) for fixed 6, implying asymptotic multivariate joint normality. This
work was later extended in [39] to the inhomogeneous random graph model which will be the
setting in the current paper.

Here we consider graph degree counts when the likelihood of an edge may depend on the
identity of the vertices it connects. Formally, let G,, be an Erd6s—Rényi random graph on the
vertices [m], where the presence of an edge joining distinct vertices o and f is recorded by the
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indicator X4 g} with success probability pyq g}, with all such indicators independent. We set
Pia,o) = 0 for all o € [m], making all X, ,, identically zero. The classical model is recovered by
setting pyq, gy = p for some p € [0, 1] for all o # B.

For Yge, with similar remarks applying to Ype, by removing any edge {e, 8} with p(y gy =1
and decrementing each of the two thresholds d, dg by one we may assume that py, g; < 1 for all
(¢, B) € [m] x [m]. Having also reduced to the case where all the indicators in (42) are nontrivial
allows us to assume that Zﬁ:ﬂ;ﬁa Pla,py > 0 forall @ € [m].

Let the components M, of M = (My)ac[m] record the degree of vertex «, that is, M, =
Zﬂelm]X{a,ﬂP By the definition (22), My ~ PB(py) With pe = (Pia.g))p:#a- By (23) the
means fdge and fine Of Yge and Yy have the form (43). With [w| and |d] as in (25), let

cee =|W|(ld|+1) and cpe =2|W|. (44)

Theorem 3.1. Concentration of measure inequalities (5)—(8) hold for counts Yge and Yye given
by (42) in G, for all m > 1, with corresponding i and ¢ given by (43) and (44).

Theorem 3.1 is a direct consequence of the following lemma.

Lemma 3.1. In the Gy, model there exists a coupling of Ye to Ygse, having the Yge-size biased
distribution, that satisfies Yge —Yge < Cge, and a coupling of Yye to Y5, having the Yye-size biased
distribution, satisfying Y3, — Yne < Cne.

Proof. In this model, we take the configuration

U= {X{y,g}, {y.0} C [m]}a

the collection of the independent Bernoulli edge indicator variables of the graph G,,. As the
corresponding counts M have LC marginal distributions with supports S, satisfying infS, =0,
in order to invoke Theorem 2.1 it is only required to show that for all « € [m], configurations
{UZ, a € [m]} exist with Properties (1, >) and (1, #) satisfying (32).

With a € S, and VY as in (31), by independence we obtain

L(VY) = LUIMy =a) = L(X(y.5). {y. 8} C [m]| My = a)

= £<X{V,5}v {V’ 8} C [m]’ Z X{ot,S} =a)

s€[m]

= £<X{a,5},3 € [m]‘ Z X{w,5) =a> x L(X(y.s1. (.8} Fa),

se[m]

where here x denotes product measure.
On the same space and independently of ¢/ and of each other over « € [m], let

Xy = {X?a,é},a9 8 € [m]}, a € [m]
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be the collections of Bernoulli variables guaranteed by Lemma 2.4 when taking (Xq)ge[m] in the
lemma to be (X{q4,5))se[m]- In particular

L(X{, 5).0:8 € m]) = £<X{a,8}, § e [m]‘ Y Xis) =a>,
se[m]

and setting U = {X?ut,S},a’ 8 e [m], Xy,.6y, {v, 8"} # a}, we obtain LIUS) = LOVY).

Again by Lemma 2.4, with a 4+ 1 € S,, the Bernoulli variables equal to one in the collection
X7 | are those equal to one in A, with one additional variable. The configurations Uy and
Uy, therefore correspond to graphs Gy , and G |, where the edge set of the latter is that of
the former plus exactly one additional edge attached to vertex «. In particular, the corresponding
counts N and N 41 agree in all but coordinate « and one additional coordinate. Hence, (28) is
satisfied with B = 1, implying that the configurations {{{, a € [m]} have both Properties (1, >)

and (1, #), thus completing the proof. (I

In the standard case of equal thresholds d, = d and unit weightings, the expectations (43) of
Yge and Yye simplify to

pge =mP(Bin(m —1,p) >d) and pne =mP(Bin(m —1, p) #d), (45)

respectively, and the bounds (5)—(8) apply to Yy with ¢ =d + 1, and for Y, with ¢ =2. In
particular, (5) and (8) yield that, for all # > 0,

t2
PY — < —1) <ex _— and
(o = fge = =) = p( 2(d+1)uge>
: 46)
t
P(Yge — >1) <expl|l — .
ee ~lge 20) = p( 2(d+1)(uge+t/3>>

The special case of the number of isolated vertices

Y= ) 1(My=0)

ae[m]

for the standard Erd6s—Rényi model was handled in [25], using an unbounded size bias coupling,
and with much greater effort. Techniques of the present paper can be used to obtain concentration
bounds for Yis in a much simpler way by noting that m — Yj; = Y,e under unit weightings and
equal thresholds d, = 1. In particular, the bounds (46) hold with Yis — ;s replacing Yge — ptge and
setting d = 1, reversing the roles of the left and right tail bounds, and replacing tge by m — 5.
The left tail bound obtained in this fashion is stronger than the corresponding bound

2
t
P(Yis — puis < —1) < exp<_4u' ),
is

given in [25], for r < 6m(1 — p)"™~! — 3m, with similar remarks applying to the right tail.
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Although the unbounded size bias coupling argument given in [25] applies only to the case of
isolated vertices, Theorem 3.1 applies equally for all degrees d. In particular, keeping p and d
fixed and letting m — oo, the left and right tail bounds for Yy provided by (5) and (8), say, will
behave as exp(—tz/(Z(d + 1)m)) and exp(—tz/(Z(d + 1)(m +¢t/3))), respectively.

A well studied asymptotic is the case where d is fixed and mp — A for some A > 0 so that for
large m, the distribution Bin(m — 1, p) is close to a Poisson random variable with parameter A.
Here focusing on the statistic Yge = Y, [, 1(My > 1) for simplicity, the mean satisfies j1ge —
m(1—e~*), and the resulting left and right tail bounds are asymptotic to exp(—t2 /(4m(1— e ™))
and exp(—12/(4m(1 —e™) +4¢/3)), respectively, as m — oo. Comparisons of these tail bounds
with other techniques from the literature will be discussed in detail in Section 4.

3.2. Germ-grain models

Germ-grain models consist of sets (grains) placed at centers (germs) determined by a random
point process in some multidimensional space. These models are used in applications including
forestry [49], material science [2] and wireless sensor networks [17]. For concreteness, here
we consider models on the space C,, = [0, nl/Pyp c RP, equipped with the Euclidean toroidal
distance D.

In the models considered in this section, a configuration V is given by a collection (Vy)ge[m]
of points in C,,, and each point v,, is associated with a closed ball B, centered at v, with positive
radius po. We let U consist of points Uy, ..., U, sampled independently in C, with strictly
positive densities fi(x), ..., fis(x) in Cp, respectively. The positivity condition on the densities
are assumed for convenience, as along with (48) in Section 3.2.1, and (62) in Section 3.2.2,
respectively, it implies that the support is [m]o for the number M (x, ) of intersections of I/ at
a point x € C,, defined below in (47), and support [m — 1] for the number M, of neighbors of
Uy, o € [m], defined below in (61).

3.2.1. Volume of multi-way intersections in germ-grain models
For a point x € C,, and a configuration V, let
M(x, V)= Y 1(x € By), 47

ae[m]

the number of balls B, that contain the point x in the configuration V. In this subsection, we
make the assumption that # is large enough that

Jpn'/P =2 Z Pa- (48)

ag[m]

Under (48) there exist (Vg )ae[m] C Cp such that By N Bg = & for all o # B, implying the support
of M(x,U) is [m]o.
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For a fixed measurable function d : C,, — [m] and f € [m] let

Lige(V) =1(x € Bge(d(x),V))  where Bge(f. V)= ] [ Be- (49)

rCm]oer
Iri=f

Hence, dropping the dependence on V unless clarity demands it, 1, e = 1 if and only if x is

contained in at least d(x) of the balls B,, o € [m]. Further, emphasizing dependence on the
function d by writing 1, 4 = 1, g, the indicators

lx,eq =1,4—1411 and 1,,.=1- 1x,eq

take the value 1 if x is, and is not, contained in exactly d(x) of the balls By, @ € [m], respectively.
In particular, given a nonnegative, bounded function w(x) over Cy,

Yoo (V) = / WL V) dx and  Ye(V) = / WO Ly ne(V) dx (50)
Cy

Ca

are the volumes, weighted by w(x), of the collection of points x in C,, contained in at least d(x)
balls, and some number of balls other than d(x), respectively. When w(x) = 1 the variables in
(50) are the volumes of the sets of points x € C, that are part of d(x) way intersections, and
intersections of size other than d(x), respectively.

Letting

pa(x)=P(D(x,Uy) < pa),  a€[m], (51

the variable M (x,U) of (47) has the Poisson Binomial distribution PB(p(x)). As, for instance,
{x € Bge(x,V)} = {M(x,V) > d(x)}, we may write

Yee (V) = f w(x)l(M(x, V) > d(x)) dx and

o (52)
Yne(V):/ w(x)l(M(x,V) ;éd(x)) dx

Cy

whose expectations when ) = U are given respectively by

g = /C W) gge (d(), pr)) dx  and  prpe = / W) gne (d(x), p0)) dx.  (53)

Ca

The size biased couplings for the germ-grain models in this subsection and the following one
are simple extensions of those in Section 4 of [27]. There are three differences between the
present case and that of [27]. First, in that previous work one considers only d(x) =1 for all x €
C,, for the covered volume. Next, Uy, ..., U,, were taken in [27] to have the uniform distribution
over C,, and lastly the radii p, were set to some fixed p for all « € [m]. The imposition of these
conditions result in various simplifications in [27], which the following outline generalizes in
these aspects.
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Let Up be sampled independently of &/ with density fo(x) = w(x)1(x € C,)/w where w =
an w(x)dx, and for u € C,, consider the event F(u) = {M (u,U) > d(u)} that the point u lies
in a d(u) way intersection. Then, in view of (52), it is easy to see that Yy (/) = w P (F(Up)|.F)
where F is the o-algebra generated by {U,, a € [m]}. Hence, by (9), E(Yge (U)|F (Up)) has the
Yee (U) size biased distribution. In particular, letting YgSe denote a variable with the Yg (Uf)-size
biased distribution, we have that

L(Yee(U°)) =L(Ys,)  where LU®) = LUIF (V)), (54)

that is, the law of U is that of the configuration U/ conditioned on the event that the additional
randomly chosen point Uy lies in a d(Up) way intersection.
In the following, for o € [m], u € C,, and i € {0, 1} let f , ; be the distributions specified by

Jou,0(E) = P(Ua € EID(Uy,u) > pa) and

(55
Jou 1 (E) = P(Uot € E|D(Uy,u) < ,00()~
With the given weight, threshold functions w(x), d(x) and radii (0 )aec[m], let
W= sup [w(x)|,  |d|=sup|d(x)| and |p|= max p,
xeCy xeCy a€lm]
and with 77, the volume of the unit ball in R”, let
Cge=7Tp|W||d||,0|p and Cne=”p|w||p|p- (56)

Theorem 3.2. Concentration of measure inequalities (5)—(8) hold for all m > 1 for the volume
covered by multi-way intersections in the germ-grain model described above, with Y, u and ¢
given by (50), (53) and (56).

Again, Theorem 3.2 follows from the following bounded coupling construction.

Lemma 3.2. In the germ-grain model described above there exists a coupling of Yee to Yge,
having the Yg-size biased distribution, that satisfies Ygse < Yge + Cge, and a coupling of Yye to

Y3., having the Yyc-size biased distribution, satisfying Y, < Yne + cne.

Proof. As for any event E we have

P(E|F(Up)) =

’

P(E, F(Uo)):/ P(E, F(u)) P(Fu)) w(u)
P(F (Vo)) ., P(F@) P(FUy)) w

we see LU|F (Up)) of (54) is the mixture

P(Fu)) w(u)

LF©0) = [ LF@)T . where T = 5,

Cll

(57)
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Hence, we sample U on C,, with density w(u), and for U= u, construct a configuration &/ with
law L(U|F (u)) in order to achieve L(U|F (Up)); see Lemma 2.3 of [4] regarding size biasing
mixture distributions.

For u € C, let (Xq,u)acim) be independent Bernoulli variables with success probabilities
(Pa(U))aelm] as given in (51), and for a € [m]o, let

P(Xl,u,a=i17-~-7Xm,u,aZim)=P<X1,u=ils--~’Xm,uZim’ Z iaza) (58)
ae[m]

and
X, = {Xa,u,as [OAS [I’I’l]}, a €[m]o

be the collection of Bernoulli variables guaranteed by Lemma 2.4 for the vector of success prob-
abilities (pg (1)) ae[m]-

For a € [m] let Uy;p and Uy,1 have distributions fy ,0 and fy , 1 respectively, as specified
in (55). Then for a € [m]o, writing Uy,q = Uy;x,,, , and letting By o be the ball of radius py
centered at Uy, 4, the configuration U, = {Uy 4, « € [m]} satisfies LU,) = LUIM (u,U) = a).

Let N, be constructed on the same space with distribution £(M (u,U{)). Applying Corol-
lary 2.1 to M (u,U), we obtain A, satisfying

LNy + Ay) = L(Mu,U)|F(u)) with0 < A, <d(u).

Denoting the underlying configurations corresponding to N, and to N, + A,, by Uy, and
UnN,+4, respectively, we have L(Upy,+4,) = LWU|F(u)). Since U =u was sampled according
to density (u), by (57) for the second identity, letting N = N and A = A,

LUN)=LMU) and  LUy+a) = LUIFUp)).

By (54), Yge = Yge (Un1 4) has the Yoe = Y (Uy) size biased distribution.

Note that (39) of Lemma 2.4 implies that for a € [m — 1]y the indicators &4 and X, are
equal, but for one index, say B, such that Xg, v, .« =0 and Xg, v,,a+1 = 1. Hence, the config-
urations U, and U, are the same but for the one point indexed by fB,. Therefore, with Bge 4
given by (49) with By replaced by By 4,

Lege@Uarn) < Lege@Ua)l(x € BET) +1(x € BET) < 1o e Ua) +1(x € BE'),  (59)

implying by (50) that
Yee Up) = / w(x) Ly geUp) dx < Yee(Uy) + 7,5 |W|(D — a)lpl? (60)
Cn

for b=a + 1, and hence for all 0 <a < b < m. In particular,

Yoo = YoeUn14) < YoeUn) +7p|WIA|p|P < YoeUn) + 7p|WIId]|p]” = Yee + 7, [WIId]|p]”,

thus verifying the claim for Yge.
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To handle Yy, with N as before satisfying L(N) = L(M (Up, U)), construct A as in Part 3 of
Lemma 2.1, so that —1 < A <1 and

LN + A) = L(M (Uo)|M (Up, U) # d(Up)).

Arguing as before, we have that Y, = Yo (Uy+4) has the Yy =Y (Uy)-size biased distribution.
As the configurations U, and U, differ only at the point indexed by B,, with A denoting the
symmetric difference of sets, as in (59) one has

1 ne(Uy) < lx,ne(ub) + l(x € BgaAbABZMb) for |a —b| <1, {a, b} C[m].
As |A| <1,
Yie =YneUn1a) < YoeUn) + 75 |W[|Al|p|P < Yie + 7, W] 07,

thus verifying the claim for Y. |

3.2.2. Number of neighbors in germ-grain models

In this section, we consider the occupancy model M(V) = (My(V))ac[m], based on the configu-
ration V = (Vg)ae[m], With components

Mo(V)= ) 1(BaNBs#9) (61)
pelm\a}

where B, is the closed unit ball centered at v,, @ € [m]. That is, M, counts the number of
neighbors of vy, where we say v, and vg are neighbors, and write vy, ~ vg, when o # 8 and
By N Bg # &. The variables Yy and Y, are again given as in (42) for V = U, and are the
weighted sums of the contributions from points U, of U that have at least d, neighbors, and
a number other than d, neighbors, respectively. We drop the dependence on V unless clarity
demands it.

Suppressing the dimension p in our notation, in this section, we specialize to the unit radius
po = 1 case in order to allow Lemma 3.3 below to yield a bound on our coupling in simple terms
of classical geometric constants related to the ‘kissing numbers’ K;"; see [15] and [56]. With By
the closed unit ball of radius one centered at the origin, the constant fcf‘ is the maximum number
of closed unit balls in R” that can be packed so that their closures intersect By, with all balls
having disjoint interiors. The related constant «; arises below, which is the maximum number of
unit balls that can be packed so that they all intersect By, but are disjoint from each other. The
value of « is a lower bound on Ki*. In two dimensions k1 = 5 and Ki“ =0, though k] = Ki“ =12in
three dimensions and it seems likely the equality holds much more generally. In the subsection,
we assume # is large enough so that

ﬁnl/p>2m and n'/? >6, (62)

the first inequality being (48) specialized to the unit radius case, and the second imposed so that
Lemma 3.3 may be invoked over C,.
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For A C {1,2,...} and d = (dy)4e4 @ bounded collection of positive integers, let kg be the
maximum value of k > 0 such that there exists I' C A of size k and a set of points V = (vy)wer
in R” such that

By,NBy#@ and Z 1(ByNBy, #@)=dy, —1  foralla €T,
yel\{o)

with vg the origin, and B, the unit ball centered at v, . That is, the constant «q is the maximum
size of a set I of points in R” such that the number of neighbors of the points in the set I', among
the points indexed by I" U {0}, drops from d, to dy, — 1 (increases from dy — 1 to dy) upon the
removal (insertion) of the unit ball at the origin. If d, = 1 for all o € A, then kq = k1. Let d(q)
be the values of d,, in a non-strict decreasing order, that is,

diyzdeyz---.
Lemma 3.3. In R? for any dimension p > 1,

Kkqa < 0q where oq = Z dw),

a€lk]

and the bound is achieved when there exists a pairwise disjoint collection of indices Q, C A,
a € [k1], with |Qq| = d(«) such that dg = d(y) for all f € Q.

Proof. To show the upper bound, let V = (vy)qer, I' C A, be an arbitrary collection of points in
RP such that, for all @ € I', the closed unit ball around v, intersects the closed unit ball around
the origin and has exactly d, — 1 neighbors in V. As the numbers (dy)yec.4 are bounded, the set
V is finite. Let R be a subset of )V of maximal size with the property that the closed unit balls
centered at the points of R are pairwise disjoint. By the maximality of R, each pointin V \ R
must be a neighbor of at least one point in R, implying that V' is the union of R and those points
of V that are a neighbor of some point of R. Hence,

v=J ({v}u U {w}).

vER weViw~v

As the point v, € V has d, — 1 neighbors in V, and as |R| can be at most x, we obtain

K1 K1
VI<D dy <Y dw) =0a.
a=1 a=1

Taking supremum over all such collections (vy )y 4 We obtain the inequality xq < og.

We now show that the bound is achieved when d satisfies the given condition. By definition
of k1, there exists a collection of points vy, @ € [k1], in R? such that the closed unit balls By,
a € [k1] around each point intersect the closed unit ball By at the origin, but no other ball Bg, 8 €
[x1]\ {o}. Now consider the collection of oq unit balls consisting of d(4) copies of the unit ball
with center u,, for each o € [k1]. Each of the d(, balls with center at u, has d(,) neighbors
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when the closed unit ball at the origin is included, but d() — 1 neighbors when it is not. Hence
for such d, we achieve kg > >\ | d(«) = 04q. O

We prove concentration for the neighborhood counts Yge and Yy by showing that bounded
size bias couplings for these variables exist with respective bounds

cge = |Wlld|(ca +1) and  cpe = [W[(0q +0a+1 + 1), (63)

where |d| and |w| are as in (25) for given threshold and weight vectors, and where d + 1 denotes
the vector (dy + Daepm]-

Noting that the case m = 1 is trivial, for m = 2 we have Yy < 2|W|, hence YgSe is also so upper
bounded, and the inequality Y se < Yge + Cge holds trivially, with similar remarks applying to Ype.
Hence, we may assume in the remainder of this section that m > 3. Under (62) it is not difficult
to see that the constant x; computed over C,, is the same as that over R”, and Lemma 3.3 holds
over C,, as well.

For § # « and x € Cp,, letting
ps(x) = P(D(x, Ug) <2), (64)

we have that the conditional law £(M|U, = x) is Poisson Binomial PB(p, (1)) where pg (1) =
(pp(u))geim\{a}» and Yge and Yy have expectations given respectively by

[ee = Zwa/ qge(da. Pa()) fo(w)du  and
a€g[m]

(65)
Hne = Z woc/ Gne avpa(”))fa(”)du

a€g[m]

Theorem 3.3. Concentration of measure inequalities (5)—(8) hold for all m > 1 for Y, and Yye
as in (42), computed on the neighbor count vector (61) for the germ-grain model, with corre-
sponding u and c given respectively, by (65) and (63).

Proof. First, we show that there exists a coupling of Yy to Y, ge, having the Yg.-size biased
distribution, that satisfies Y. < Yge + cge. To do so, for each o € [m] we apply the reasoning in
the proof of Lemma 3.2, replacing m and Uy there by m — 1 and U,. In particular, upon that
replacement (57) becomes

LUMU) = do) = / L(UIMaa W) = do) Fo ) du
Cy

(66)
P (Mo (U) > do)

where f (1) = P(M’(U) = do) Sa(u),

where My, () is given by (61) with B, replaced by the unit ball centered at u € C,,. Hence,
we sample U, on C,, with density f,(u#), and for U, = u, construct a configuration &/ with law
LU|P(Mgy,,(U) > dy)) in order to achieve L(IU|P (My(U) > dy)).
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Continuing to follow the proof of Lemma 3.2, for each o € [m] and a € [m — 1]p we obtain
coupled configurations

Uy ={Ug,. B elml} satistying L(U)=LUIMy=a),

where Uy , = u for all a € [m], and where U and U7 | differ in only one point indexed by, say,
Ba, where B, # o. We will say Ug‘m , Was removed from the configuration, into which Uga
is inserted.

Let Ny, be constructed on this same space with distribution £(M, , (UA)). Applying Corol-
lary 2.1 to My, o = My, (U), we obtain A, , satisfying

,a+1

L(Nou + Aayu) = LMoulMou = do) — With0 < Agy <dq. (67)

Recalling that u was chosen with density f(; (u), and letting N, and A, denote Ny, and Ay,
respectively for notational simplicity, by £(Ny) = L(M,,(U4)) and (66), as in Lemma 3.2 we
have

LUY) =L and LU, a,)=LUMU) = do), (68)

where Z/l;’\‘,a and Uf{,ﬁ +4,, are configurations corresponding to Ny and Ny + Ag, respectively.

Let N¥ = (Ng’a) pelm] be the occupancy counts corresponding to U and write Yee (V) for
(42) evaluated on the configuration V. By the second identity in (68), the indicators X%‘ =
I(NE‘,NQMQ > dg) satisfy (10) with Xg = l(Ng‘,Na > dg). Hence, by Lemma 1.1, with I in-
dependent of all other variables with distribution (12), Y éfe =Yee (U /{,1 L A1) has the Yge = Y (U 11\’1)
size biased distribution. The first identity in (68) shows that £/ 11\,1) =LU).

As the removal of Ug , from U can only decrease the number of its neighbors in the con-
figuration U, |, increases in occupancy counts for the configuration L{g‘ma 41 over their values
in U can occur only for the point Uga’ a4 1» taking the place of Ug‘a’a, and its set of neighbors.
However, with Uga a41 Playing the role of the origin in Lemma 3.3, its insertion into the point
set {Ug’a : B # B4} can increase at most oq of the counts Ngﬁa, B # Ba, of former value dg — 1
to counts Ng ., of value dg. Hence, also accounting for the possible change of the count at the

B.a+
point indexed by B,, we have

Watil <oa+1  where Nyt ={g € [m]: 1(N§ , >dp) =0,1(Ng ., > dp) =1},

and therefore

Y wpl(Ng oy =dg) = > wpl(N§,=dg)+ Y wpl(N§,,, >dp)

Belm] BEN 11 BEN11
< Y wgl(Ng, =dg) + [W|INayil
ﬁ¢M1+l

< > wpl(N§, =dp)+Iwl(oa+1).
Belm]
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Now, by (67),

Yoo US4 a,) <Y (US,) + IWlAg(0a + 1) < Y(US,) + Iwlld|(oa + D),
and mixing over « yields

Yo =Yee(UY, 1a,) < Y (UL,) + IWIdI(Ga + 1) = Yge + |W]|d|(5a + 1),

verifying the claim for Yge.

Next, we show that there exists a coupling of Yy to Y., having the Yy.-size biased distribution,
satisfying Y5, < Yje + cpe, Where cge and ¢y are given by (63). The construction for Y. will be
similar, the only difference being that the initial removal of Ug can cause oq counts to drop
from d, to dy, — 1, while the insertion of UE‘ a1 can cause og+1 counts of value dy to rise to

dy, + 1. Hence in this case we obtain, as clalmed

Z wpl(N§ 0y #dp) < Z wpl(N§ , #dg) + |W|(0a + oas1 + ).
Belm] Belm] O

When all points are uniformly distributed over C,, fg(u) = 1/n and the probability pg(u) in
(64) is the constant 2”7, /n for all u € C,, where 7, is the volume of the unit ball in dimen-
sion p. Hence with weights wy, = 1 for all & € [m], we obtain

pge =mP (Mg >d) =mP (Bin(m — 1,277, /n) > d),

with similar remarks applying to fine.

3.3. Multinomial occupancy

Among the many applications of multinomial occupancy models, in which n balls are distributed
independently to m urns (see [35] for an overview), are the well-known species trapping prob-
lem (see [11,45], or [50]) and the closely-related problem of statistical linguistics (see [20] and
[54]). The study of the number of empty urns, or equivalently the d =1 case of Y in (2), was
initiated in [44] and [55] where it was shown that the properly standardized distribution of Y is
asymptotically normal when balls land in urns uniformly. Bounds in the L® metric between the
standard normal distribution and standardized finite sample distribution of the d = 1 case of Y
was provided by [22] in the uniform case, for Yeq by [43] in the uniform and some non-uniform
cases, and for all d > 2 for Yeq by [8] in the uniform case. Concentration of measure inequalities
for the number of empty urns were obtained in [18] by exploiting negative association, discussed
in Section 4.2.

For a € [m] let the component M,, of the vector M = (Mg )«e[m] count the number of balls in
urn o when 7 balls are independently distributed into m urns and for j € [n] the location L ; of
ball j is urn o with probability py, ;. In particular,

My=) 1L;=a). (69)

j=1
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As in Section 3.1, we may assume that p, ; < 1 for all (e, j) € [m] x [n], that Z'}zl Da,j >0
for all urns & € [m], and that each of the summand indicators of Yge and Yye in (42) is nontrivial.
With py = (pa, ;) je[n] We have My, ~ PB(py) and, arguing as before, the means (ge and fipe
again have the form (43).

We may now summarize the main result of this subsection.

Theorem 3.4. Concentration of measure inequalities (5)—(8) hold for all m > 1 for multinomial
occupancy counts,

L. with Yge, lLge and cge given by (42), (43), and |w|,
2. with Yye, tne and cpe given by (42), (43) and 2|w|.

Theorem 3.4 will follow immediately from Theorem 1.1 from the coupling construction pro-
vided by the next lemma.

Lemma 3.4. In the multinomial occupancy model there exists a coupling of Yge to Y, ge, having
the Yge-size biased distribution, that satisfies nge < Yge + |W|, and a coupling of Yye to Yy,
having the Yye-size biased distribution, satisfying Y, < Yne +2|W|.

Proof. The reasoning of Lemma 3.1 applies with only minimal changes. We take configurations
in this model to be

the collection of locations of all n balls. As for each « € [m] the corresponding count M, has a
LC marginal distribution with support S, satisfying inf S, = 0, in order to invoke Theorem 2.1 it
is only required to show that, for all « € [m], configurations {{/(S, a € [m]} exist with Properties
(0, >) and (1, #) satisfying (32).

As in Lemma 3.1, through the use of Lemma 2.4, for each « € [m] we obtain configurations
Uy with corresponding counts Nj = (Ng ,)gem] such that

L(u;’) =LU|My =a) for all a € [n]g

and, for all a € [n — 1]o, U, | differs from U7 by a single element, indexed by j,, say. As
Ng ,=aforalla € [n]o, we must have that L“ 4 7o and L“ a1 = where L"‘ denotes the
locatlon of ball j in configuration . In partlcular N < N§ B.a for all B # a and so our

observation in (29) guarantees that the occupancy counts correspondmg to {UY, a € [m]} have
Property (0, >).

For Yye, with {a, b} C S, satisfying |b — a| = 1, we note that the counts corresponding to the
configurations /7 and Z/lg differ only at two indices, one of which is «. Hence, these counts have
Property (1, #) by (28). O

In the asymptotic regime most studied, balls are uniformly distributed, thresholds are constant
and the weights are taken to be identically 1. That is, py ; = 1/m, wy = 1 and dy = d for each
a € [m] and j € [n]. For this special case, the expectations in (43) simplify to

pee =mP(Bin(n,1/m)>d) and e =m(1 — P(Bin(n, 1/m) =d)), (70)
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and the concentration bounds obtained via size biasing can be used for Yy with ¢ =1, and for
Yhe with ¢ = 2.

The expectations in (70) are of a form similar to those of (45) for the standard Erd6s—Rényi
model. Thus, by arguing as in Section 3.1 we can study in the same manner the behavior of the
bounds obtained here.

Remark 3.1 (Multivariate hypergeometric sampling). The techniques used here to construct a
bounded coupling can be modified to obtain concentration inequalities for another relevant model
where we have negative association. Let n be the sum of the given positive integers (nq)aem],
and consider an urn containing n colored balls, n, of which are of color «. For s € [n]g let M,
be the number of balls of color « obtained upon sampling s distinct balls uniformly from the urn
without replacement, and set M = (My)ae[m]. Let Yge and Yye be as in (42).

Then, for all & € [m] the distribution of M, is hypergeometric, and the expected values of Y
and Yy are, respectively,

pee= Y wa ) q(jina,s,n) and pne= Y we Y q(jina.s,n),  (71)

aglm]  jzdy aclm]  jdy

o (R\(i=k (i
"(”k’z”)_<1><6—1)/<e> 7

for values of j, k, £, i such that the quotient (72) is defined, setting ¢ (j; k, £, i) = O otherwise.
Moreover, it is shown in [21], Theorem A, that a hypergeometric random variable can be written
as a sum of independent but non-identically-distributed Bernoulli random variables, from which
we may conclude that the hypergeometric distribution is LC. Our techniques above then can be
modified to show that there exists a coupling of Yy t0 Y, ge, havmg the Yge-size biased distribution,
that satisfies Yge < Yge + |W|, and a coupling of Yy to Yy, having the Yy-size biased distribu-
tion, satisfying Y3, < Yne + 2|w]|. These couplings provide concentration of measure inequalities
where the means are given by (71). We omit the details.

where

4. Comparisons

In this section, we compare our results to concentration bounds obtained by other means. Our
comparisons will be with the following three well-known techniques: (i) McDiarmid’s Inequal-
ity, (ii) Use of negative association and (iii) Self Bounding and Certifiable functions. Of these
three, the last technique is the most comparable. For simplicity and concreteness, in most of our
comparisons below we will consider

Yee= ) 1Ma=d) (73)

a€g[m]

with unit weighting and constant threshold count.
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4.1. McDiarmid’s inequality

One of the most useful concentration results is the McDiarmid, or bounded difference, inequality
which is a consequence of the Azuma—Hoeffding bound; see [5,30] and [40]. The inequality

applies to quantities Y that can be expressed as a function f(Xq, ..., X,;) of independent random
variables X1, ..., X,, when, for all i € [n], there exists a constant ¢; such that
Sup| f(x1, .y Xiy ooy xn) = f(x1, Xl x) | i (74)
Xi x|

Under these conditions, the inequality provides the right tail bound
212
i=16i

and a corresponding left tail bound.

Although the bounded difference inequality is powerful and easy to apply, the quantity
> cl.2 on which it depends, obtained by taking supremums in (74) to estimate the worst-case
behavior of f, may not accurately reflect the concentration properties of f.

To take the simplest example, let Y have the Binomial distribution Bin(n, p). As Y can be
written as the sum of independent Bernoullis, inequality (74) is satisfied with ¢; = 1 and (75)

yields

212
P(Y —np=>t) gexp<—7). (76)
However, for the Binomial it is known (see [41], for instance) that the true decay rate is
exp(—t2/2np). In particular, use of (76) may not be adequate in situations where p is small.

Applying Lemma 1.1 to Y, represented as an independent sum of indicators, we find that Y*
can be formed by replacing any of the summand indicators by 1, yielding Y* <Y + 1. Hence,
the bound (8) yields

2

——) forallt > 0,
2(np +1/3)

P(Y —np=1) SCXP(
which, specializing to the case p € (0, 1/4), improves on the Azuma—Hoeffding bound (76) in
the range 0 < ¢t < 3n(1/4 — p), with upper range increasing to (0, co) as n — oo.

We now turn to the standard Erd6s—Rényi random graph G, on m vertices with fixed edge
probabilities p, as considered in Section 3.1, and let Yy be given by (73) where M,, is the de-
gree of vertex a. Clearly Yy can be written as a function f of n = (';’ ) independent indicators
X1, ..., Xn, where X; denotes the presence of a given edge with respect to some fixed labeling.
As a change in any X; affects the degree of exactly two vertices, f satisfies the bounded differ-
ences condition (74) with ¢; =2 for each i =1, ..., n. Hence, (75) and the complementary left
tail inequality yield

2
maX{P(Yge — tge = —1), P(Yge — tlge > t)} = 6XP<—ﬁ), (77)
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where (g is given by (45). Comparing the left tail bounds of (77) with (46), we see the size bias
bound is preferred when

fge <m(m —1)/(2d +2).

As pge < m due to Y being the sum of m indicators, this inequality is always satisfied for
m > 2d + 3, and we see that the order of the exponent is improved from O(—t2/m?) to
O(—t*/m). Similar improvements will also hold for the Erdés—Rényi type graph models with
inhomogeneous edge probabilities, which, depending on their values, can become even more
significant.

4.2. Negative association

Negative association has been used successfully to obtain concentration of measure inequalities
for occupancy models. We recall from [32] (see also [18] and [48]) that a family of random
variables X1, X», ..., X, is said to be negatively associated if for any disjoint subsets A1, A> C

[m],
E(f(Xi;i € ADg(Xj:j€ A2)) < E(f(Xiii € A))E(g(X); j € Ay))

whenever f and g are coordinate-wise nondecreasing functions for which these expectations
exist.

For the multinomial occupancy model of Section 3.3, the results of [32] show that the indicator
summands 1(M, > d,,) of Y are negatively associated. Referring to Proposition 7 of [18], when
X1, X2, ..., Xy are negatively associated indicators, the random variable ¥ = sz=1 X; satisfies
the right tail bound of (7), and hence bounds (5) and (8) with ¢ = 1. Thus, for this case, the
estimates obtained for the right tail via negative association are at least as good as the ones that are
obtained by using size biasing, with the same holding for the left tail. Indeed, Chernoff’s bound
for sums of independent random variables ([9], page 24) remains true for negatively associated
sums, indicating that one may have strict improvements over the size bias method.

However, none of the other statistics discussed here can be handled using negative association.
For instance, one cannot use negative association for our applications to random graphs and
germ-grain models in Sections 3.1 and 3.2. In particular, for the standard Erd6s—Rényi random
graph, a simple application of Harris’ inequality shows that the summand variables of Y, are
positively associated.

Moreover, even for the multinomial occupancy model where negative association can be used
for Yge, the indicator summands in the multinomial occupancy count

Ye= D 1Mo # do)

aeg[m]

are not negatively associated when the thresholds d,, are not all 0. Hence, the method of [18]
no longer applies, while the methods in this paper are still valid. For instance, when d, = 1 for
each « € [m] and balls are distributed uniformly, Part 2 of Theorem 3.4 yields that (7) holds with
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c=2and

n—1
//Lne:m(l—P(Mlzl)):m<1_£(l_i) )

m m

4.3. Self-bounding and certifiable functions

We have seen above that bounds produced by size biasing may improve on the bound (75) ob-
tained using the bounded difference inequality as it replaces the sum > ;_, cl.2 by some function
of the mean of Y. Bounds produced by the method of self bounding functions [41], of which cer-
tifiable functions are a special case, also have this advantage. We focus on the latter, as it is more
straightforward to address the applications studied here in the framework of certifiable functions.

We begin by recalling the relevant definitions and results on certifiable functions from [41];
see also [9]. Let ¢ > 0, a > 0, and b be given, and let a nonnegative measurable function f on
the product space 2 = IT}_, €; satisfy the following two conditions.

(i) For each x € €, changing any coordinate x; changes the value of f(x) by at most c.
@ii) If f(x) = s then there is a set of coordinates C C [n] of size at most as + b that certifies
f(x) = s. That is, if the coordinates i € C of y € Q agree with those of x, then f(y) > s.

Let Xi,...,X, be independent random variables with X; taking values in ;, ¥ =
f(X1,...,X,) where f satisfies (i) and (ii) above, and u = EY. Then for all # > 0,

t2
PY—pn<-1< -
¥V —n= )_exp< 2c2(au+b+t/3c)>
(78)
t2
PY—p>1)< S ——
¥V—u= )_exp< 2c2(au+b+at)>

Before moving to a discussion of specific examples, we note that the asymptotic Poisson order
O (exp(—tlogt)) as t — oo of the bound (7) with ¢ = 1 and u = 1, is superior to the order
O (exp(—t)) of the bound (78) with ¢ = 1 and a = 1/2, say, with similar types of improvement
in order holding for other choices of constants. The order of the bounds achieved by certifiable
functions, and self bounding functions more generally, seems to be intrinsic. Regarding using the
entropy method to prove concentration inequalities for self bounding functions, via log Sobolev
inequalities in particular, the authors of [9] note after the proof of Theorem 6.21 that, ‘At least
for a > 1, there is no hope to derive Poissonian bounds. . . for the upper tail’.

To focus on a specific example, consider the random graph model of Section 3.1, and let Y
be given by (73) where My, is the degree of vertex o and d > 2. One can now easily show that
the statistic Yge is certifiable with ¢ =2, a = d and b = 0, though both the lower and upper tail
bounds (5) and (8) are superior to those obtained via (78).

Finally, we note that the Poisson tail concentration of measure inequalities of Theorem 1.1
will always provide further improvements over the bounds (5) and (8) applied in the previous
paragraphs. However, the form of these latter bounds, being simpler than that of (7), allow for an
easier comparison with (78), and although they are not the strongest bounds of those produced
by the size bias method, they still suffice to demonstrate the improvements claimed.
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Appendix: Monotonicity assumption

We prove that the monotonicity assumption that Y* > Y assumed in [23] and [24] for the left tail
bound can be removed, and that only Y* <Y + ¢ is required for (5). First, we may assume that
Y is not almost surely constant as inequality (5) is trivially satisfied in that case. Since ¥ > 0
a.s., for all & < 0 the moment generating function m (9) = E(e’) of Y exists in an open interval
containing 0 and is differentiable at 6. Differentiating under the expectation by dominated con-
vergence and then applying the characterization of the size bias distribution (4), followed by an

application of the inequality 1 + x < e”, we obtain
m'(0) = E(YeeY) = /LE(eeYS) = /LE(eQYee(YLY))
> pE(E (146" —Y))) = nE(” (14 60)) = (1 4+ 6c)m(®),
where we have used Y* — Y < ¢ and 6 < 0. Rearranging terms in (79) yields
0<m'(8) — (1 +6c)m(),
and multiplying each side of (80) by e~HO+e6%/2) e see that
0< (m(@)e‘“(9+"92/2))/ forall & < 0.
Integrating both sides of (81), and using m(0) = 1, yields
0
0< /9 (m(x)e HH DY gy = | — m(@)e O+
and hence
m(@) < MO/,
Next letting M (0) = E(e?Y=1) = e=*m(9) and applying (82), we obtain the bound
M©®) < e—,weu(9+c92/2) :elwez/z‘
Hence for fixed t > 0 and all 6 < 0,
PY—-—pu<-t)= P(ee(Y_“) > e_et) <"M@©) < O1inco?/2

by Markov’s inequality. Substituting & = —t/cu yields inequality (5).
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