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On the continuity of Lyapunov exponents of
random walk 1n random potential
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We consider a simple random walk in an i.i.d. nonnegative potential on the d-dimensional cubic lattice 74,
d > 3. We prove that the Lyapunov exponents are continuous with respect to the law of the potential. In the
quenched case, we assume that the potentials are integrable whilst there are no additional conditions in the
annealed case.
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1. Introduction

Let S,, n € N be the simple random walk on Z¢. We denote by P, and E, the probability measure
and the expectation, respectively, of the simple random walk starting from position x. Indepen-
dently of the random walk, we give ourselves a family of independent and identically distributed
random variables V (x, ), x € Z¢ taking values in [0, oo] that we call the potentials. They are
defined on a probability space (€2, F, P) with associated expectation E.

For y € Z4, let us write H (y) for the hitting time of the walk at site y,

H(y):=inf{n >0:5, =y}, (1.1)

with the convention that inf @ = +o00. For any x, y € Zd, w € Q2 we define:

e(x,y, F,w)
(1.2)
H(y)—1
= E, (exp(— > V(S a))), H(y) < oo) (eCx,y, F,w)=1ifx =y),
m=0
where F is the distribution function of V (0). Let us define:
alx,y, F,w):=—Ine(x,y, F,w) € [0, o[, (1.3)
and
b(x,y, F) ::—lnE(e(x,y,F,a))). (1.4)

The quantity a(x, y, F, w) can be interpreted as measuring the cost of traveling from x to y of
the random walk in the potential V. For x = (x1,x2,...,xq) € 74, |x| denotes the £{-norm of x,
|x] =|x1] 4+ |x2] + - - - 4+ |x4]. And |A] is the cardinal of the set A.
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Theorem A (Zerner [19]). Let V be a potential such that EV (0) < co. Let F be its distribution
function. Then there is a nonrandom norm ar(-) on R?, such that P-a.s. and in L' (P), for all
x eZ4:

lim la(O,n)c, F,w)= lim lIE(a(O,nx, F, a))) = inf lI['E(a(O, nx, F, a))) =ar(x). (1.5)
n—-oon n—>oon neNn

The norm aF is called the quenched Lyapunov exponent. Moreover, ar is monotone with respect

to the law of the potential: that is, if Fy, F, are distribution functions with finite means such that

F1 > F, (thatis F1(t) > F>(t) forall t e R), then af, (x) < ap,(x) forall x € 74 . Moreover, the

norm o p(-) satisfies:

ap(x)

—ln/e*’dF(t)f 51n(2d)+/tdF(t). (1.6)

Theorem B (Flury [5]). Let V be a potential such that P(V = c0) < 1. Let F be its distribution
function. Then there is a nonrandom norm Br(-) on RY, such that for all x € 7¢:

1 1

lim —b(0,nx, F) = inf —b(0, nx, F) = Br(x). 1.7
n—oon neNn

The norm B is called the annealed Lyapunov exponent. B is monotone with respect to the law

of the potential: that is, if Fy, F» are distribution functions such that F\ > F», then B, (x) <

BF, (x) forall x € Z2. The norm B inherits from b(0, x) the following upper and lower bounds:

o ot b0, x, F) »
—In[e dF(r)ng In2d—1n [ e " dF @) ). (1.8)

By Jensen’s equality, Br < ar. Moreover, it was shown by Zygouras [20] that for d > 3, for
every . > 0 there is y*(L) > 0 such that for all y €10, y*(M)[: ar(-) = Br(-) (Where F is the
distribution function of the potential ». + y V).

Theorems A and B are analogous to the existence of the time constant in first passage per-
colation. The analogy between first passage percolation and random walk in random potential
was first described by Zerner [19]. Moreover, he also proved an analogue of the shape theorem
of Cox and Durrett [3]. Recently, Sodin [15] proved two theorems on concentration inequalities
for random walk in random potential which are counterparts of Talagrand [18] and Benjamini—
Kalai—Schramm [1]. Although first passage percolation and random walk in random potential
have many similarities, the techniques used in proofs are often very different. In particular, the
use of geodesics is specific to first passage percolation. In this respect, conditions (ii) and (iii) in
the abstract theorem below can be simplified when dealing only with first passage percolation.

Many aspects of the Lyapunov exponents of random walk and of Brownian motion in ran-
dom potential have already been considered. The groundbreaking work appeared in Sznitman’s
book [17]. Kosygina—Mountford—Zerner [9] considered the behavior of the quenched and the
annealed Lyapunov exponents as the potential tends to zero. They showed that both exponents
asymptotically behave in the same way. Mourrat [10] gave optimal conditions for the existence
of Lyapunov exponents, and for appropriate versions of the shape theorem.
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In this paper, we study the continuity of Lyapunov exponents for random walk with respect
to the law of the potential assuming independence. The continuity property of the Lyapunov
exponents for Brownian motion in a stationary potential was investigated by Ruef3 [12]. He also
provided some interesting counter examples. For first passage percolation, Cox and Kesten [2,
4,7] proved the continuity of the time constant with respect to the law of the passage time.
Scholler [13] also studied this question for a random coloring model which is a dependent first
passage percolation model. Random walk in a random potential also shares many similarities
with random polymer although in this model the average is taken over paths of same length. For
random walk in random polymer, when the potential is a function of an ergodic environment
and steps of the walk, Lemma 3.1 of [11] showed the L? continuity (p > d) of the quenched
point-to-point free energy with respect to the law of the potential.

We now state our main results. We denote by D the set of distribution functions F which
assign probability 1 to [0, +oo[ and such that F(0) < 1. And D denotes the subset of D which
contains all distribution functions of finite mean.

Theorem 1.1. Let d > 3. Assume that (Fy) is a sequence of distribution functions in D1 such
that there is a distribution function G € D1, G < F, foralln. If F, = F,thenlim, o 0tF, (X) =
ar(x) for all x € RY and the convergence is uniform on any compact set of R?.

Theorem 1.2. Let d > 3. Assume that (Fy,) is a sequence of distribution functions in D such that
F, = F, F € D. Then lim,_ o BF, (x) = Br(x) for all x € R? and the convergence is uniform
on any compact set of RY.

Remark 1.1. The simple random walk is transient on 7% when d > 3. This is an important
property in our work (see (2.5)). In Propositions 2.6 and 3.4, we consider the cases d = 1, 2.

Now, we extract from the work of Cox [2] a set of sufficient conditions in order to formu-
late his theorem in a very general context. Its proof still holds with some minor modifications.
This abstract theorem is given in Theorem 1.4 below. It combines the results of Proposition 4.4,
Lemma 4.7 and the proof of Theorem 1.14 in [2]. In our applications of the abstract theorem to
Lyapunov exponents, we always take D> = D; and the condition (iii) holds for all 0 < ¢ < 1.
Condition (iv) will be trivially satisfied since D, = D;. But this general formulation allows its
use in first passage percolation. F x G denotes the convolution of F and G. The following three
truncated distribution functions will appear in condition (iv) of Theorem 1.4.

Definition 1.3. For a distribution function F, for & > 0,1ty > 0,

0, ift <0, .
F@), if§=<t, ’

ift <1,
ift>1
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and for 0 < & <1y,

0, ift <ty—§,
Fray={ Fo+8),  iflo—§=t<to+&,
F(@), fro+&=t

Theorem 1.4 (An abstract theorem). Let u: Dy —> RY, F > w(F) be a map that satisfies:

(1) w(F) <u(G) forall F,G € Dy such that F > G, and the following three conditions for

some subsets D of D;.

(ii) For all F € Ds, there exist c1(F) > 0 and fi(F) > 0 such that:
(1) w(F % G) < u(F) +c1(F) fi(F) [tdG(t) for all G € Dy,
2) c1(F) <c1(G) forall F, G € Dy such that F > G,
3) lim, o f1(Fp) = f1(F) forall F,, F € Dy such that F, X F.

(iii) There exists a positive constant c such that for all F € D, and for all to > 0 satisfying
F(t9) < c, there exist c;(F) > 0 and f(ty, F) such that :

(1) |[w(F) = n(F)| < e2(F) fa(to, F),

(2) c2(F) <c2(G) forall F, G € Dy such that F > G,

3) lim,— o f2(t0, Fn) =0 for all F, € Dy such that lim,_, ~ F,(tp—) = 0.
@iv) If F € Do, I}S Fho, Fe are in D; for all ty > 0 and for & > 0 small enough.

I

Then liminf,_, o0 t(F,) > u(F) if Fy — F, F,, F € Ds.

We now explain briefly the application of this theorem in first passage percolation. The re-
sult of [2] is the continuity of the time constant p in F with respect to weak convergence
in Z2. Suppose that F, g F,F,, F € Dy. If F(O) > p. where p. is the critical probabil-
ity of percolation, obviously, liminf, o ttf, > 0= pr. Let Dy = {F € Dy, F(0) < p.}. The
time constant w verifies all the conditions of Theorem 1.4. Indeed, by Proposition 4.4 in [2],
UFxG < ,up—i-uFﬁ fth(t) forall F,U € Dy, F <U, G € D;.By Lemma 4.7 in [2], for all

—1
F € Dy and tp > O such that p := F(ty) < %, we have |pupo — pur| < MF%
P
is the connectivity constant of Z? and y, (x) = (£)* (%)1_". Note that lim oy, '(x) =0 for
0 <x < 1. Thus, (ii) and (iii) of Theorem 1.4 hold with c1(F) = c2(F) = u(F), fi(F) = ﬁ
_oytagn
f2(F) = _17y,,’1(1/r)
continuity of F, (iv) is verified.

For our model, Mourrat [10] showed that n~'a(0, nx, w) converges in probability for all x €
Z% if and only if V (0) < 0o a.s. This defines Lyapunov exponents. However, our arguments are
not suitable to prove that they are continuous with respect to the law of V (0). Cox and Kesten
[4,7] also considered first passage percolation on Z¢, d > 1 with nonintegrable passage times.
But to prove the continuity of the time constant, they used some techniques specific to this model
and in particular the existence and properties of geodesics (e.g., Lemma 2 of [4], (5.9) of [7]...).

where r > 2

where U € D; such that F,,, F < U for all n large enough. By the right-
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Consider now a Markov chain on the extended state space Z4 U {A} where A is an ab-
sorbing state. At each step, the walk jumps to A from x with probability 1 — e~V®) Oth-
erwise, it behaves as a simple symmetric random walk on Z?. The path measure of this
random walk starting at x in a fixed potential V (x,w) will be denoted by P, . One can
think of e(x, y, F, w) as the probability that the random walk reaches y before bemg killed:
e(x,y, F,w) = f’fw(H(y) < 00). Let us now introduce as in [8], for w € Q2 and x,y € 74,

the quenched path measure: 13365() = I3XF »( | H(y) < oo) and the annealed path measure
PrEey = PF(|H(y) < oo) where PF(-) = EP, ,(-). The expectations with respect to Pl

and ]f”,yc are denoted by EY @ F and IAE)y(’F, respectively. This means that, for all x, y € 74, weQ,
and random variable X,

E[X exp(— Y70 v (s, ), H(y) < 0]

EH(X) = : (1.9)
e(x9y’w)
_ N HO-I
P ) = BEAXXP(= 3,2 V(Sn. @), HG) <o0] (110,
Ee(x, y, w)

We prove Theorem 1.1 in Section 2. The proof is divided in two parts. The first step is to prove
that limsupar, (x) < ar(x) and the second step is the proof of liminfar, (x) > ar(x). The
latter is the most involved. To do so, we will show that the conditions of Theorem 1.4 are actually
verified for our model. This is done successively in Proposition 2.1 and Corollary 2.3 by using
some properties of the quenched path measure.

Theorem 1.2 which is the continuity of the annealed exponents is shown in Section 3. No
condition of finite mean is required here. As in [4], the proof of Theorem 1.2 is done in two steps.
First, in Proposition 3.2, we show the continuity of Sr under the hypothesis of Theorem 1.1 and
its proof is similar to the quenched case. Next, to eliminate the condition of finite mean, with
to > 0 arbitrary, in Theorem 3.3 of this paper, we prove that B, — Br when 9 — oo, where
o F' is the distribution function obtained by truncating below at #.

2. Quenched exponents: Proof of Theorem 1.1

The following proposition is the main ingredient in the proof of the continuity of Lyapunov
exponents. It verifies condition (ii) of Theorem 1.4. Properties of the quenched path measure are
important tools here (see (2.2) for example). In particular, if we attach to each trajectory (Sy,)m>0
which starts at O, the lattice animal:

A0, y) = A0, y, Sw)m=0) == {z €2 Hz) < H)}, (2.1)

by using the strong Markov property and the transience of the simple random walk on Z4, d > 3,
we can bound E(’)”;F(H(nx)) by DES”L)F|A(O nx)| where D is a constant that depends only
on d (see (2.6)). In the continuous setting of a Brownian motion in a Poissonian potential, the
similar question is also considered by [16]. Lemma 3 of [19] will be used to estimate the factor
EEGST (H (nx)).
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Proposition 2.1. Let d > 3. For any distribution functions F € D, there exist c1(F) > 0 and
J1(F) > 0 such that:

(1) arpsg(x) <ap(x) +C1(F)f1(F)fth(t)|x|f0rall F,G €D and x € 79,
) c1(F) <c1(G) forall F,G € Dy such that F > G,
(3) 1m0 f1(Fy) = fi(F) for F, € Dy, F, > F.

Proof. Let V (x), x € Z¢ be i.i.d. random potentials with distribution F; W (x), x € Z¢ be i.i.d.
random potentials with distribution G such that the two sequences are independent of each other.
Then, (V + W)(x), x € Z are i.i.d. random potentials with distribution F * G. By Jensen’s
inequality, for x € Z4\ {0}, n > 1, w € Q:

Hnx)—1 H(nx)—1
a(O,nx,F*G,w)=—lnEo<exp<— PRI END W(Sm)),H(nx)<oo)

m=0 m=0

H(nx)—1
= —InE" F<exp<— > W(Sm)>> +a(0, nx, F, ») (2.2)

m=0

Hnx)—1
= ngwF< Z W(Sm)> +a(0,nx, F,w).

m=0

We now use Fubini’s theorem and the independence of (W (x)) and (V (x)):

H(nx)—1
gy (3 wosn)

m=0

]E<E (ZZE"J) "W (S exp(= Y 1V<sm>>,H<mc><oo))
= 0

e(0,nx, F,w)
H(nx)—1 H(nx) 1
_ Xp(— e V(Sn)), H(nx) < oo
_E()(E( mZ:O W(Sm)) ( e(O’mF’w) )) (2.3)
3 xp(— YN (S,)), Hnx) < 00
=Ep <H(nx)]E(W(O))]E< O 7r. F.0) >>

- f 1dG () -EESST (H(nx)).
By using the strong Markov property:

EgnT(H(nx))

H(nx)—1
= > Eg F( > 1{sm=z/}>
m=0

7ezd
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| H(nx)—1 H(nx)—1
= Z mE()( Z 1{Sm=Z/} exp<_ Z V(Sm)> ’ H(HX) = OO)
Z/ezd ’ ’ ’ m=0

m=0

H()-1
1
— Z [m O(H(z/)<H(nx),exp<— Z V(Sm)>>

EZ‘I m=0
H(nx)—1 H(nx)—1
EZ/< Z l{szz/}eXp(— Z V(Sm)>,H(nx) <oo>:|
m=0 m=0
2.4)
H(Z)—1
= Z ; Eo| H(Z') < H(nx), exp| — Z V(Sw) | |e(z nx, F,0)
pt e(0,nx, F,w) !
7€l =
1 Hnx)—1 H(nx)—1
X —FE 1is —.ne — V(S ,H e¢)
T L (DI TREEY Gy SRZCR TR REN |
H(nx)—1
=Y L(O pra ()(exp(— > V(Sm)>,H(z’) < H(nx) <oo>
Zezd m=0
H(nx)—1
rnx, F
x E ( > 1{Sm—z’}>}
m=0
H(nx)—1
Z an <H(nx) nx F( Z I{Sm —) )
7ezd m=0
By applying the Markov property:
H(nx)—1
nx F< Z 1{Sm_zl})
m=0
1 +00 H(nx)—1
= m ]§)E2/ <1{Sk—zf} exp(— mZ_O V(Sm)), k < H(nx) < OO)
B B (2.5)

k—1
1
sz <1{5k Zr}exp< ,,;)V(Sm)> k<H(nx)) o(H(nx) < 00)

+00
<> Es(li5,—z)) := D(d) < o0,
k=0
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since the simple random walk is transient on Z4,d > 3. From (2.1), (2.4) and (2.5):

EgT(H@nx)) < DEGST (| A, nx))). (2.6)
Thanks to Lemma 3 in Zerner [19], we have:

(In2d + [tdF (1))
—In([ e~ dF(t))

Eg5T (A0, nx))) < Inx|. 2.7)

Substitute (2.3) in (2.2) and take the expectation:

E(a(0, nx, F % G, ®)) - E(a(0, nx, F, ®)) +ffdG(t) . EES;;F(H(nx))
n

n o n
(2.8)
E(a(0,nx, F, »)) (In2d + [tdF (1))
s +/th(t).D T e dF () |x].

Remark that the last inequality is from (2.6) and (2.7). Therefore, Proposition 2.1 holds with
c1(F)=D(n2d + [tdF(t)) and f(F) = m O

We will use the proposition below whose proof is analogous to that of Proposition 2.1 to check
condition (iii) of Theorem 1.4.

Proposition 2.2. Letrd > 3. Let V (x), x € Z¢ be i.i.d. random variables which have distribution
function F € Dy. For all ty > 0 such that p :=P(V(0) <1y) < 1, forall y 74, [y] > 1, we
have:

2.9)

(P
EEy; (Z 1{V(Sm><to}>
1

§D(d)(ln2d+/tdF(t)> STy Ayl

where D(d) is given in (2.5).

Proof. Asin (2.4) and (2.5), we have:

H(y)—1

H(y)—1
EVf( > 1{V(Sm><ro1)= > ﬁoy,f(H( ') <HM)EY < Z 1{sm_z}>
m=0

V(7 w)<ty (2.10)

F
E) ( Z 1V(z)<to})

zeA(0,y)
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Take ¢ = c(tg, F) :=1n 1_(1_’%1’)840. Note that ¢ > 0. We use Jensen’s inequality and indepen-
dence as follows:

Ay F
CEES(U( Z l{V(Z)<t0})

z€.A(0,y)
< E(ln EAg’j <exp<c Z 1{V(z)<to}))>
€A0Y @2.11)
< E(a(O, y, F,®) +In Eo<exp(c Y v — Y V(z)), H(y) < oo))
7€ A(0,y) 7€ A(0,y)
<E(a(0,y, F,w)) +1nE0( l_[ E(exp(c{y )<t} — V(z))))-
7€ A(0,y)
We remark that, for all z € Z4:
E(exp(clv)<i) — V(2))) < E(exp(cliv )<} — 001{v0)21,))) 01

= exp(—10)E(exp((c + 10) Ly 5y <r))) = 1.

From (2.11) and (2.12), CEEAg,’af(ZzeA(o,y) Liv<i)) < E@(0,y, F,w)). Combining this

with (2.10) and the fact that E(a (0, y, F, w)) < (In2d + f0+°o tdF(t))|y| (see Lemma 3 of [19]),
we obtain:

H(y)-1
~v,F ~v, F
EEg,w< > 1{V<sm><zo}> < DEE@( > 1{V<z><ro})
m=0 7€ A(0,y)

IA

?E(a(o, v, F, w))

D +00
—<ln2d+f tdF(t))lyl. O
¢ 0

We are now ready to verify the condition (iii) of Theorem 1.4. This is done in the corollary
below.

IA

Corollary 2.3. Letd > 3. Forall F € D; and ty > 0 such that F(t9—) < 1, there exist c2(F) > 0
and fr(ty, F) > 0 such that, for x € 74

(D) Japn (x) —ap(x)| < c2(F) fa(to, F)|x|, where F'0 is given in the Definition 1.3,
(2) c2(F) < c2(G) for all distributions F, G € D1 such that F > G,
3) lim,_ o fo(t0, Fn) =0 for F,, € D1 such that lim,,_, o, F,(to—) =0.
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Proof. Let {V (x)}, .7« beii.d. random variables with distribution function F. Define:

W(x) = V) Ly )z + folive) <)

Then {W(x)}, .z« are i.i.d. random variables with distribution function F.
For x € Z4 and o € Q, we have:

a(O,nx,F'O,a))

|:E0(6XP( ZH(M) 1[V(Sm)l{V(S,,,)zzo}-l-tol{V(Sm><z0}]),H(n)f) < OO):|

e(0,nx, F,w)
+a(0,nx, F,w)
H(nx)—1
< —lnﬁgi;F (exp(— Z tol{v(sm)<,0}>> +a(0,nx, F, w)
m=0

H(nx)—1
< t()Enx F( Z 1{V(Sm)<t()}> +a(0,nx, F, w).
m=0

Taking expectations, we obtain:

Ea(0, nx, F, o) EE Oy 6v<0)  Ea(0, nx, F, o)
Sto + ,
" " " (2.13)
+ap(x).

1
In(1 — (1 = p)e=)/p

The last inequality above follows from Proposition 2.2. Recall here p = F(fp—). Since
F < F, by the monotonicity of Lyapunov exponents, we have: apqy > ap. Combining
this with (2.13), we obtain that Corollary 2.3 holds with ¢a(F) = D(In2d + ftdF(t)) and

— 1o
fz(t()’ F) - ll’l(lf(lfp)eito)/p' |:|

g (x) < t0|x|D<ln2d + / tdF(t))

The inverse of a distribution function G is defined in the usual way, G l'¢t)=influ e R:
G(u) > t},t € R. We will need the following Lemma 2.1 from [2].

Lemma 2.4. If (F,) € D such that F,, < F and F, l F, then Fn_1 — F! point-wise on [0, 1).
The proof of the following proposition is analogous to the proof of Theorem 1.13 in [2].

Proposition 2.5. Let d > 1. Let (F,) € D such that F,, > G for all n and for some G € Dy. If
F, X F, then limsup,_, o, @F, (x) <arp(x) forall x € 74,

Proof. Because of the monotonicity property of Lyapunov exponents, when dealing with F}, it
F, it suffices to consider only two cases: F,, < F for all n and F,, > F for all n. To see this,
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define F, (t) = min{F, (¢), F(t)} and F,(t) = max{F,(t), F(t)},so that F, (t) < F,(t) < Fp(t).
Then oz, <ar, <af,,op <af <ap, and both F, F, % F whenever F, = F.If F, > F,
ar,(x) < ap(x) for all n, hence limsupar, (x) < ap(x). For the rest of the proof, we shall
assume that F,, < F. Let £(x), x € Z¢ be an i.i.d. family of uniform random variables on (0, 1).
Let V(x) := F~1(£(x)), V,(x) := F,; 1 (£(x)) and W(x) = G~'(£(x)). Then V(x), V,,(x) and
W (x) are independent families of i.i.d. random variables with distribution function F, F, and G,
respectively. Furthermore, for each x € Z¢:

V(x) < Viulx) = W(x) a.s.
and by Lemma 2.4:
lim V,(x) =V (x) a.s.
n—oo
By definition (1.3), we can see easily that a(0, kx, F,,, ) — a(0, kx, F, ) when n — oo and
a(0,kx, F,,,w) <a(0, kx, G, w) for all n. Moreover,
E(a(O, kx, G, a))) < k|x| <1n2d + /th(t)) < 0.

Apply the dominated convergence theorem:

n—oo

Ea(0, kx, F,, w) — Ea(0,kx, F, w). 2.14)
Now fix ¢ > 0. From (1.5), we can choose K, large enough such that:

0< Ea0, K x, F, w)

X. —ar(x) <e.

From (2.14), choose N, such that for all n > N,:
Ea(0, K.x, F,,w) Ea(0,K.x, F,w)
< - <e&.

0=
K K
We have hence for all n > N,:
0<oafp(x)—ar(x) (since F,, < F)
E O, K N F N . . E 07 k b F 9
< a( eX, Fn, @) —arp(x) since of, (x) = inf M
K, k>1 k
Ea(0, K.x, Fy,w) Ea(0,K.x, F,w) Ea(0,K.x,F,w)
< - + —arp(x)
K K K
<e+He.
Now let ¢ — 0, we have the result. O

We are now ready to prove Theorem 1.1.
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Proof of Theorem 1.1. In our setting, we take D, = D). Then, by the monotonicity property
of Lyapunov exponents, Proposition 2.1 and Corollary 2.3, we see that all conditions of The-
orem 1.4 are satisfied, we have then liminf, o aF, (x) > ar(x) for all x € 74. Combine this
with limsup,,_, ., o, (x) <ap(x), x € 74 given by Proposition 2.5 to obtain for all x € Z¢,

lim ap, () =ar()  ifF, 2 F. (2.15)
n—

Moreover, it is easy to see that (2.15) holds for all x € Q“. Using (1.6) of Theorem A and
the fact that « is a norm on R?, we can extend (2.15) to x € R?. Now, we will show that
lim,, o0 ¢, (x) = o (x) uniformly on every compact set of RY if F, S F. By contradiction,
assume there exists some ¢ > 0, R > 0, y € B(0, R) and two sequences ny — oo and x,, — ¥
such that |ozpnk (xx) —aFp(xx)| > €. Using (1.6) of Theorem A, for k large enough,

e < |ag, (n) —ar()| < |ag, () —ar, M|+ |ar, ) —arO)|+ |ar() —ar)|
< |xx — y|<ln2d —i—/ th(t)) + |apnk (y) — ap(y)| + |xx — ¥ <ln2d +/ tdF(t))
0 0

< —
3+3+3

where we recall that G is the distribution function that appears in the hypothesis of Theorem 1.1,

G € Dq and F,, > G for all n. This is a contradiction. U

Proposition 2.6. (i) Theorem 1.1 also holds when d = 1.
(i) Let d =2. Let A > 0, D) = {F € D1, F(A) = 0}. Then, Theorem 1.1 also holds if we
replace Dy by D;,.

Proof. (i) If d = 1, the continuity of the Lyapunov exponents of random walk on the line Z in

a random potential readily follows from Zerner’s work. Indeed, thanks to Proposition 10 in [19]
and the proof of Proposition 2.5 (see (2.14)), we have for all m € N:

of(m) =E(a(0, m, F, a))) = nl_i)HéOE(a(O, m, Fy, a))) =nli)rgootpn (m).

(ii) In this case, we have V,,(x), V(x) > A foralln >0, x € 74 where V,, V are the potentials
with distribution functions F,, and F, respectively. As in (2.5), we also have,

H(y)—1 k—1
E;f( Z l{Sm—z}> ZE (1{Sk Z}CX[)( ZV(Sm)>,k<H(nx)>

m=0 k=0 m=0 216
+00 ( ’ )
< Zexp(—k)\) = e :=D(}) < o0.
k=0

Then, we can follow the same argument as in the case of d > 3 to obtain the continuity of the
quenched Lyapunov exponents. (]
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3. Annealed Lyapunov exponents: Proof of Theorem 1.2

We start this section by the following proposition about the ballisticity of the random walk under

. . . iore e
the conditional annealed path measure. Two different proofs that limsup,,_, o, W is finite

can be found in [8] (see Theorem 1) and [6] (see Theorem C). Here when d > 3, we give a simple
argument which provides an explicit expression for the upper bound that will be needed in the
proof of Theorem 1.2.

Proposition 3.1. Let d > 3. Let F be a distribution function whose potential satisfies P(V (0) =
o0) < 1. Then there exists a constant D(d) such that for all y € Z2, y #0:

1
—1In [‘exp(—t)dF(t)

£y H(y) < D) <1n2d—ln/exp(—t)dF(t))|y|. (3.1)

Proof. Asin (2.4), with D given in (2.5), we have:

H(y)—1
E0<H<y)exp<— > V<Sm)),H(y)<oo)

m=0

H(y)—1
- Z EO<H(z') < H(y),exp(— Z V(Sm)>,H(y) < oo)

Z/EZd m=0
2
H(y)—1 (3:2)

A},,F
XEz’,w( Z I{Sm:Z/}>
m=0

H(y)-1
5D-E0<|A(0,y)|exp(— > V(Sm)>,H(y)<oo).

m=0
Then,

EE(H (y) exp(— Y2071y (8,)), H(y) < 00)

r
Ee(0, y, F., w) < DEy” (JAO, »]). (3.3)

By (H () =

Take d) ;= —In [e " dF(t) = —InE(e~V®). By Jensen’s equality and independence of V (x),
x e 74

a &y " (|40, )

< InEF (exp(d; | A, y)
nEy™ (exp(di| A0, y)])) o)

5b(0,y,F)+1nEE0(exp<d1|A(0,y)|— Z V(s)>,H(y)<oo)
s€A0,y)

§b(0,y,F)+lnE0< ]_[ E(exp(dl—V(s)))>:b(0,y,F).
s€A(0,y)
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From (1.8), (3.3) and (3.4), forall y e R?, y #0:

D
—1In [‘exp(—t)dF(t)

iy F D
O(Hgngamaymg In2d —In | exp(—=t)dF () ||y|. (3.5)

O

Proposition 3.2. Let d > 3. Assume that (F,) is a sequence of distribution functions such that
F,eDy, F, L Fand F e Dy. Then lim,, o BF, (x) = Br(x) forall x € Vil

Proof. With the same arguments as in Proposition 2.5, we can obtain that for all x € Z¢:

If (F,) € D such that F,, = F, then limsup B, (x) < Br(x). 3.6)

n—oo

Note that in this case, the condition of finite mean is not required because the sequence of real
numbers b(0, kx, F;) always converges to b(0, kx, F) for any k and x fixed when n — oo.

To show that liminf,_,~ BF, (x) > Br(x), we verify the conditions of Theorem 1.4 with
D, :=Dq. Condition (i) is the monotonicity property of the annealed Lyapunov exponents re-
ferred to in Theorem B. Condition (ii) is verified as in Proposition 2.1 by using the inequal-
ity (3.1) of Proposition 3.1. Then we can choose here ¢ (F) = D(In2d — lnfe_t dF (1)) and

f1(F) = m. And the verification of condition (iii) is analogous to the proofs of

Proposition 2.2 and Corollary 2.3. But here we relay on the fact that

B b, y, F In2d —1In [e ' dF(t
Eg’F< Z 1{V(Z)<lo}> St() ( y ) Sto(n nfe ( ))|y|,
z€A(0,y) In(1 — (1 —ple~)/p In(1 — (1 — p)e=0)/p

whose demonstration combines the idea of (2.11) and (3.4). Then, the constants are chosen as

ch)zlxmzd—JnfeﬁdFa»zmdfﬂm,FyzEﬁtafi;mﬁ; O

We now eliminate the condition of finite mean in the annealed case. To do so, we first prove
convergence of truncated potentials in Theorem 3.3. The proof is inspired from Theorem 7.12 of
[14] and requires only F € D. Proposition 3.1 is useful for our argument.

Theorem 3.3. Let d >3, F € D. Then for all x € Z4: limg—, o0 Bio p(x) = BF(x), where O F is
defined by:

F[, if t 10,
mFayz{lf) §t§£. 3.7)

Proof. Let Vi (x) and V>(x), x € Z¢ be two families of i.i.d. random potentials with distribu-
tion F, independent of one another. Then, Wy, (x) := min{V;(x); 10}, x € 74 are i.i.d. random
potentials with distribution function © F'. Define a distribution function o f by:

0, ifr <0,
of.— ) F(t), if0<r <1, (3.8)
F(1), ift > 1.
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First O F > F >0 F " Indeed, " F 0 F(t) = [y OF (t — y)dOF (y). If t <19, F x" F () <
Jo F(t —y)d"F(y) < F(t). It > 1, F " F(t) < [y d"F(y) = F(t). Then for all x € Z:
Brop(x) < BF(X) < B pyto p(X)- (3.9
Take Uy, (x) = Va(x)1{v,(x)>1}- Hence, Uy (x), x € Z4 is an i.i.d. family of random potentials

with distribution function © £ (Wi +Ug)(x), x € 74 are i.i.d. random potentials with distribu-
tion function © F % 0 F'. Moreover,

b(O,nx,tOF *toﬁ)

BB 3 0 Wiy (S) = 3, 5 U (S HO) <00) - 1
- Ee(0, nx, ,0F) '

+ b(O, nx, IOF).
As in [5], we now define for z € Z¢, n € N the number of visits to the site z by the random walk
up to time n:
L(n):=|{meNg:m<n, S, =2z}|

Since the two sequences (W, (x))cz¢ and (U, (x)),czq are independent of each other, the first
term on the right-hand side of (3.10) is equal to:

1 Eo(E(exp(— Y HOO g (S EExp(— XX W (8,0)), H(nx) < 00)
Ee(0,nx, w,0F)

Eo([ ez E(exp(—£-(H (nx) Uy () E(exp(— Y29~ W, (S,))), H (nx) < o0)
Ee(0,nx, w, 0 F)

——In
@3.11)

Eo([T,ez0 Bexp(—Us, (2)) = H D E(exp(— Y20 W, (8,,))), H(nx) < 00)
Ee(0,nx, w,0F)

= — By F (E(exp(~ Uy, (0))) ™) < — InEexp(~Uy 0)Eg™" (H ().

<—In

We remark that Jensen’s inequality has been used for the first and last inequalities of (3.11).
From (3.5) of Proposition 3.1:
D

~nx,'0F
Ey™"" (H(nx)) < —InEexp(—W,,(0))

b(0,nx,"F). (3.12)

From (3.10), (3.11) and (3.12), for all x € Z4:

b(0, nx, 0 F 0 F) D b(0, nx, 0 F)
< —InEexp(— :
n < ~InEexp(~Uy(0)) “Eexp(—W,(0)  n

b0, nx,OF
| 0 0p)

) (3.13)
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,BfoF*loﬁ(x) <- lnEeXp(_Uto (O)) : ﬁtop(x) + ﬂtoF(X).

—InEexp(—W;,(0))

Note that lims_oo —InEexp(—Uy(0)) = 0 and lim;y— o —InEexp(—W,(0)) = —InE x
exp(—V1(0)) = const. From (3.9) and (3.13):

litm sup B p(x) < Br(x)
0—> 00

D
—InEexp(—W,(0))

< lim <—lnIEexp(—U;0(0))- ),BF(x) +lti0n_1>ioréfﬂr0F(x) (3.14)

< ltlorg 1or<1)f Bio p(x). 0

Proof of Theorem 1.2. Fix 7y > 0. By Proposition 3.2, lim,— By, = P p. Furthermore,
liminf, , o BF, > liminf,_, o Brg F,=Bor since 0 Fy, > F, for all n. Now let 1) — oo and apply
Theorem 3.3, liminf,,_, oo BF, = lim_ o0 Bro p = Br. Combine this with limsup,,_, ., BF, < BF
given by (3.6) in Proposition 3.2 to obtain that lim,_, « BF, (x) = Br(x) for all x € 74 when

F, > F, F,,F € D. The convergence in R and the uniform convergence on any compact set
of R? follow from an argument as in Theorem 1.1 combined with (1.8). [

The following proposition and its proof are analogous to the quenched case of Proposition 2.6.

Proposition 3.4. (i) Theorem 1.2 also holds when d = 1.
(ii) Let d =2. Let . > 0, D) = {F € Dy, F(A) = 0}. Then, Theorem 1.2 also holds if we
replace D by D,,.
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